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Weak Asymptotics for Schrodinger Evolution
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Abstract. In this short note, we apply the technique developed in [2] to study the long-time
evolution for Schrédinger equation with slowly decaying potential.
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Consider
H=-90>+q, >0

with Dirichlet boundary condition at zero. If ¢ = 0, we denote the operator by H,. Through the
paper, the potentials is real-valued and satisfies the following condition

q(z)In(|z| +2) € L*(RT) 0.1)

We will use the asymptotics of generalized eigenfunctions obtained in [2] to prove existence
of modified wave operators. Unfortunately, the limits will be understood in some averaged sense
only. In the meantime, the methods are rather robust and can be used for other dispersive equations.
For ¢ € LP(R™), 1 < p < 2 the existence of modified wave operators was proved in [1].

We will start with some definitions. Assume that f(z) € L*(R") and take its odd continuation
to R. Call it f,(z). Then

:n2
BTN I{e” /(4)
Vit

f(z/(2t)) in L*(R), t— oo 0.2)
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where

1 ZW:U
S TR /fO e

so f, denotes the inverse Fourier transform. (In this paper, f ~ g as t — oo if |f — g|| — 0 as
t — oo 1in the specified metric). The asymptotics (0.2) is easy to check if fO is infinitely smooth
and compactly supported away from zero. The general L? case then follows upon making the
simple observation that the l.h.s. and the r.h.s. are unitary in f and then using the approximation
argument. Then, by symmetry,

zacQ/(4t) N
NG folz/(2t))Xes0, in L*(RY), ¢ — +o0

We will need to modify the free evolution. The modification will be made in the physical space as
follows

e—iHotf ~

zx2/(4t)

e e (~i4 [ a(s)as)

Let u(x, k) be the solution to the Cauchy problem

U(t)f:/@

—u" +qu=FKu, w0k)=0, W0k =1 E=Fk

and the spectral measure
dpp = dps(E) + p(E)dE

The negative eigenvalues, if there are any, will be denoted by {—Ii?}, j=1,2,.... We will need
the following trivial lemma

Lemma 1. If f(x) is infinitely smooth function with compact support, then

e ot

x—kt+/1
forany x > kt and fort > 1,k > 0.

Proof. After the change of variables s = t(k + u), we are left with
e itk?/2 / Flk +u)VEe™ Pdu
xt—1-k

Integration by parts and the simple estimate

o g
/ e du
X

finish the proof. [

1
1+z

< , x>0

Below, we will use some notations from [2]. The main result of the paper is
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Theorem 2. For any f € L*(R"), there is W such that
IR
7 [ 1EmU@®F = Wiyt — 0, T o0
0

The exact expression for W (x) will be given in the proof.
Thus, for most large ¢, we have e “HW; ~ U(t) f in L*(R™).

Proof. It is sufficient to show that

1 [2r

T/ ||€ZtHU(t>f - Wf||%2(R+)dt — O, T — o0
T

(this follows, e.g., from the diadic decomposition argument).

Assume that f is such that f,(k)yyso is infinitely smooth with compact support on, say, [a, b] C
R*. If we prove the convergence in this case, then the standard approximation argument can handle
the general situation. Denote the generalized Fourier transform of U (t) f by ¢ (¢, k). For k > 0,

(k) = / "l WU f)(x)da

Using the formula (9) from [2], we have

V)

"Lp(t, k) — —[1 + [2

where by
1 o
L = — [U#) £](2) i (k, )~ heti00k2) gg (0.3)
2tk Jou
1 2bt e ] )
L= [ [U@®)f)(@)jm(k, )08 dy (0.4)
2tk Jout

Splitting the integration in /; as

2bt 2kt 2bt
/ — / +/ = J1 + J2 (05)
2at 2at 2kt
we have

Jp=— i (K - ds | -
ST L (Z (% 33')/0 1) S)

D ( / " fo(s/(2t)) exp <z (Z—i — sk)) ds) dx (0.6)

J1:L1+L2

Integrating by parts,
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L, = ngm(k: 2kt) (\//%tfo (s/( 2t)exp< (Z—i—sk))ds)

The stationary phase argument gives

where

itk? 2bt 2

7 %tﬁ““””“pG(E;-%))@—+ﬁ%quﬁu+@>

uniformly in k& over any compact. So, for any fixed 0, M > 0 and interval I = [, M],

lim sup — / /
T—o0

WL (k1) 2kf(k) (k)X (E)\/w_/2(1+z‘)‘2dp(E)§

lim su dp(E
T%OPT/ p( )/0

where © = R\ O, O, is the support of dp,(F). In the argument above we also used the uniform
bound

Folk) (k. 2kt) — jim(k)xe(E))| dt  (0.7)

‘ 2

limsup—/ dt/dp ) gm (K, 2k1)])* < 00

T—o0

which follows from the estimate (31) in [2] after change of variables 2kt = 7. Making the change
of variables kt = ¢; in (0.7), we have

1 T
limsup—/dp(E)/
T—o0 T I 0

2
dt <

™ Ly(k,t) — 5 kf o (k) jm (k)Xo (B)y/T/2(1 + 1)

T—o0

, 1 ot .
hmsup?/dp(E)/ jm (K, 2t1) — jm(K) xo (E)[Pdty
I 0

The last limit is equal to zero by the theorem 3.1 in [2]. For L,, using the formula for derivative of
0.7 (k,x) ([2], Lemma 2.1), we get

|m<¢-wmwm(mm+%£%@m)

(/ fols/(2t) exp< (Zi—sk))ds)dx

for k£ € I. By lemma 1 we have an estimate

al [ it (1ol + 5 [ latoas) e

Making the change of variables k¢ = ¢; once again, we have

1 2T
?/ ﬂmmW@mﬁsm+m
T I
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where 2
T Cstq |‘7 (k m)Q(l’)l
. :/ /(/ Y dﬂf) dp(E)dt
: T JI 2t (q;_Qtl) +ﬁ p( ) 1
C2T Cat . 2
2 3t1 ’]m(k‘,.flﬁ)ql(aj)‘ )
M = dr | do(E)dt
’ /ClT /1(/2t1 (x—2t1)+ﬁ p(E)dty
and

(o) =1 [ lawldu

By Young’s inequality for convolutions and the following estimate ([2], (31))

sup / i (, k) 2dp(E) < oo
x I

we have

i o ([ o) ([ )

CoT 00
< ln2T/ ¢ (x)dr < / ¢(z)In*zdr — 0, T — oo

T T

For M, the estimate is similar

Py CoT ) <1n2T cT 2
My ST e S = ([ latw)ld

C1T
ln2T cT T

<o(1) + (/ ¢*(z) In*(2 + :c)dx) </ In"%(2 + a:)da:) —0, T—o0
T VT VT

The term .J5 in (0.5) can be handled similarly and we have

L L an(B) [ 16 Doy t) — = (k) jm (B xo (E)/AT3(1 + i)2dt — 0, T
7 [ aoE) [ 16 Diayt) = S fobin (R e ()AL + Dt =0, T o

For I, the analysis is identical with the exception that integration by parts gives

1 2T
—/dp(E)/ |I2dt — 0
T I T

Thus, for any 6, M > 0,

%/T /5 |¢<t,k)+%fo(k)jm(k)X@(E)\/g(lH),zdp(E) 0
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In the statement of the theorem, we can choose Wy (z) as the function with generalized Fourier
transform equal to

Wi(E) = =5 folk)jm(k)xo (E)V2m(1 + )

The function f,(k) is infinitely smooth with compact support and U () f travels ballistically. We
also have sup, ||U(t) f||w1.2) < oo and so by taking suitable cutoff near the origin

U(t)f = s1(t) + s2(t)

where [|s;(t)||2 — 0 and s5(t) € D(|H|/?) with
sup [ (8 -+ 1)fsa(t ) Pdp(B) < o
t
since -
(Hsaos2) = [ (5 + alsaf)da
0

Therefore, .
fimsup [ (e B)Pdp(E) - 0

t—o00 M

as M — oo. We are left with proving

lim sup [P, U(0)f 2 = 0

t—o00

as 0 — 0. If ¢;(x) is eigenfunction for negative eigenvalue —+7 and ||e; || L2w+) = 1, then
(U(t)f,ej) =0, t— o0

for each fixed j. Thus, we just have to show that L? norm of U(¢) f can not accumulate near zero
energy, e.g., that
limsup || P_s5U(t)flla — 0, d—0 (0.8)
t—oo

Write ¢(2)Xz>0 = ¢1(x) + g2(x), where

A

Gi(w) = @(W)X\w|<1, g2 =q—q1

Clearly, g; € W>?(R") and g2 = v’ where v € W?(R). The multiplicative correction in U (%) is

exp (—zé /0 xq(s)ds) — exp (—@é /0 ’ ql(s)ds> exp <—z’£(v(x) - U(O)))

We have
oin?/(4t)

(exp (—itm_lv(x)) — 1) tleO(x/(Qt)) — 0
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in L?(R) as t — oo since lim, ., v(x) = 0. Next, write

exp <—z£ <C + /O ' ql(s)ds>> emj//;t) o/ (20)) 0.9)

~ C) exp <—Zé <C + /Of” ql(s)ds)) ?(e‘itwgfo(w)> (0.10)

where J is the Fourier transform. Since fo has support away from the zero,

F (e‘ithfo(w)> =" Y=-F (w_2e_itw2fo(w)>

and 1 travels ballistically in time as well. Therefore, we can write

exp (—z% (C’ + /OI ql(s)ds)> F (e_it’”QfO(w)) =58 +s, x>1

51 = exp (—zé (C + /0 ql(s)d5>) W

Since s; travels ballistically, sup, ||s1||w22(®) < 00, and ||s2||s — 0 as t — oo, we can write

exp (—zi (O + /0 ' ql(s)d8>) F (e—“w"’fo(w)) = HI, + 1,

where [,(0) = 0, sup, ||l1 [|w22@®+) < 00, ||l2]|]2 — 00, ¢ — oo. These representations show that

where

)
1nnsupy/‘|dkt7kﬂ2dp<ﬁw =0,
)

t—o0

as 0 — 0 (i.e. (0.8) holds). So,

I v i 2
iAﬁAW@MJW@WWQHO

and the theorem is proved. [

It is an interesting problem to try to relax (0.1) to just ¢ € L*(R™). We are not able to do that
at this moment.
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