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Abstract. In Ly(R?% C"), we consider a wide class of matrix elliptic second order differ-
ential operators A. with rapidly oscillating coefficients (depending on x/¢). For a fixed
7 > 0 and small € > 0, we find approximation of the operator exponential exp(—.4.7) in the
(Ly(RY; C") — H'(RY; C"))-operator norm with an error term of order e. In this approxi-
mation, the corrector is taken into account. The results are applied to homogenization of a
periodic parabolic Cauchy problem.
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1. Introduction

The paper is devoted to some problems of homogenization theory for periodic differential
operators (DO’s). In homogenization theory, the behavior of the solutions of differential
equations with rapidly oscillating coefficients in the small period limit is studied. It turns
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out that approximately the solution of such an equation behaves like the solution of the
"homogenized” equation with constant effective coefficients. The character of convergence
and error estimates are studied. A broad literature is devoted to homogenization theory.
First of all, we mention the books [BeLP], [Sa], [BaPa], [ZhKO)].

In [BSul-5], a new operator-theoretic approach to homogenization problems was sug-
gested and developed. The main idea of this approach is that the homogenization procedure
can be studied as a spectral threshold effect. By this approach, the results of a new type in
homogenization theory (the so called ”operator error estimates”) have been obtained. We
start with a survey of these results.

1.1. The class of operators

We consider matrix second order DO’s acting in Lo(R%; C") and admitting a factorization of
the form

A= f(x)"b(D)"g(x)b(D) f (x). (1.1)
Here f(x) is an (nxn)-matrix-valued function and g(x) is an (m x m)-matrix-valued function
such that f, ™' € Lo, 9,97 € Lo, and g(x) is positive definite. The coefficients f(x) and
g(x) are assumed to be periodic with respect to some lattice I' C RY. By Q we denote the
cell of the lattice I'. Next, b(D) is an (m X n)-matrix homogeneous first order DO. It is
assumed that m > n, and that the symbol b(€) is a matrix of rank n for 0 # &€ € R?. In the
case f = 1,, we use the notation

A =b(D)*g(x)b(D). (1.2)
Many operators of mathematical physics admit a factorization of the form (1.2) or (1.1).
The simplest example is the acoustics operator A4 = —div g(x)V = D*g(x)D.
Let £ > 0. We denote ¢°(x) = ¢(¢'x) for any I-periodic function ¢. The operators

~

Ae = b0(D)"g"(x)b(D), A: = (f*(x))"b(D)"g"*(x)b(D) f*(x), (1.3)

are our main objects. The coefficients of operators (1.3) oscillate rapidly as € — 0.

1.2. Elliptic homogenization problems

A typical elliptic homogenization problem is to study the behavior of the solution u. of the
equation A.u. + u. = F, where F € Ly(R% C"). As ¢ — 0, the solution u. converges (in
some sense) to the solution ug of the "homogenized” equation A%ugy + uy = F. Here

A" = p(D)*¢°(D) (1.4)

is the so called effective operator, and ¢° is a constant positive effective matriz. To define
¢°, we introduce a T-periodic (n x m)-matrix-valued function A(x) which is the solution of
the problem

b(D)*g(x)(b(D)A(x) + 1,,) =0, /QA(X) dx = 0.
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Then ¢° is given by ¢° = |Q|7! [, 9(x)(b(D)A(x) + 1,,,) dx.
In [BSul,2], it was proved that

[ue — ||, mey < Cc||F|| L, mae)- (1.5)

Estimate (1.5) is order-sharp, and the constant C' is controlled explicitly. Inequality (1.5)
means that, as ¢ — 0, the resolvent (A. + I)~' converges to the resolvent of the effective
operator in the operator norm in Ly(R%; C"), and

||(A\g "’ ])_1 - (./Zt\o —|‘ I)_1||L2(Rd)—>L2(]Rd) S CE. (16)

n [BSu3,4], more accurate approximation of the resolvent (.,zl\s + I)7! in the operator
norm in Lo(R%; C") with an error estimate of order £? was obtained:

”(le\g + ])_1 - (A\O + ])_1 — 5K(£)‘|L2(Rd)~>L2(Rd) S 052. (17)
In (1.7), the corrector K (e) is taken into account; K (¢) is the sum of three terms:
K(e) = Ki(e) + (Ki(e))" + K. (1.8)

The first term K (¢) corresponds to the traditional corrector used in homogenization theory.
It is given by Kj(e) = A°H(D )(A° 4 I)~'I1., where IL is an auxiliary smoothing operator
(see (11.1) below). In some cases it is possible to ”eliminate” II. and to replace K;(g) by
Ab(D)(A° 4 I)~!. The third term K3 does not depend on ¢.

In [BSu5], the resolvent (A. 4+ I)~' was approximated in the norm of operators acting
from Lo(R% C") to H'(R?;, C") with an error estimate of order :

H(./Zl\g + [)_l - (./10 + [)_l — 5Kl(£)‘|L2(Rd)~>H1(Rd) S Ce. (19)

We see that here the corrector is given by K;(¢).
The results for the operator A. with f # 1, obtained in [BSul-5] are similar to (1.6),
(1.7), (1.9), but more complicated.

1.3. Parabolic homogenization problems

By the method discussed above, it is also possible to study homogenization for a parabolic
Cauchy problem. Let u.(x,7), x € R%, 7 > 0, be the solution of the Cauchy problem

Oru. = —Au., u.(x,0) = ¢(x), (1.10)

where ¢ € Ly(R% C"). The solution u. is represented in terms of the operator exponential:
u. = exp(—A.7)¢. Also, we consider more general problem

Q°(x)drve = —Av., Q°(x)vo(x,0) = p(x). (1.11)
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Here Q(x) is a I-periodic positive definite and bounded (n x n)-matrix-valued function.
We factorize Q(x)~! as Q(x)~! = f(x)f(x)* and consider the operator A. (see (1.3)). The
solution of problem (1.11) is represented as v. = f¢exp(—A.7)(f¢)*¢. One can also study
the Cauchy problems for the corresponding nonhomogeneous equations. R

The problem is reduced to the study of the operator exponential exp(—.A.7) and the
bordered operator exponential f€exp(—.A.7)(f%)* for small . In [Sul,2], the principal term
of approximation for these operators for a fixed 7 > 0 in the operator norm in Ly(R%; C")
was found. Let A" be the effective operator (1.4). Then

| exp(— A7) — exp(—A°7) || L@ty Loy < CeT™ 2, 70, > 0. (1.12)

Next, let @ be the mean value of Q(x) over the cell Q, and let fy := (Q)~'/2. We introduce
the operator A° = fyb(D)*¢"b(D) fy. Then

| exp(—=AT)(f)" — fo eXp(—AOT>f0HLQ(Rd)HLQ(Rd) <Cer ™% 7>0, e>0. (1.13)

In the paper [V] by E. Vasilevskaya, more accurate approximations than (1.12) and (1.13)
were obtained. In particular, it was proved that

| exp(—A.7) — exp(—A°T) = eK(2, T)|| Lyt o Lomay < C277H, 7> 0, 0<e <7V (1.14)
The corrector K(g,7) is similar to the elliptic corrector (1.8) and is represented as
K(e,7) = Ki(e,7) + (Kile, 7))" + Ks(7). (1.15)

The first term Ki(e,7) corresponds to the traditional corrector used in homogenization

theory. It is given by
Ki(e,7) = A°b(D) exp(—A°7). (1.16)

In the study of the Cauchy problem for the nonhomogeneous equation 0,u. = —./Zl\gus +
F(x,7), besides (1.14) estimates for the case ¢ > 7!/2 are required. In this case, one has to
include the smoothing operator II. in the corrector (1.15).

1.4. Main results

In the present paper, we find approximations for the operator exponential exp(—ﬁg) and
the bordered operator exponential f€exp(—.A.7)(f%)* in the norm of operators acting from
Ly(R4;C") to HY(RY; C"). In particular, we obtain the estimate

| exp(—A.) —exp(—A°T) — Ky (e, T) || oty < C(7)e, 7>0, 0<e <72 (1.17)

where K, (g, 7) is the corrector (1.16), and C(7) = C177 + Cor— /2,

Comparing (1.14) and (1.17), we see that in parabolic problems, as well as in elliptic ones,
the form of the corrector depends on the kind of an operator norm in approximation. In
order to approximate the operator exp(—.A4.7) in the (Ly — H')-norm with an error of order
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e it suffices to use the one-term corrector (1.16), while for approximation of this operator in
the (Ly — Lg)-norm with an error of order €% one has to use the three-term corrector (1.15).

Estimate (1.17) allows one to approximate the solution u. of problem (1.10). Let ug be
the solution of the homogenized problem

Orug = —A’uy, w(x,0) = P(x).
Applying (1.17), we have
[u. = wg — eA*D(D)ug|| 1 ey < C(7)el| Bl Lyey, T >0, 0<e <72

Also, we obtain approximation of the so called ”flux” p. = ¢°b(D)u. in the Ly(R%; C™)-norm
with an error of order ¢. R

In the study of the Cauchy problem for the nonhomogeneous equation 0,u. = —A.u. +
F(x,7), besides (1.17) we need to have estimates for the case ¢ > 7/2. For this, we have to
include the smoothing operator II. in the corrector ICi(g, 7). Then it is possible to obtain
approximations of the solutions in H'(R%; C") and of the fluxes in Lo(R?%; C™) also for the
nonhomogeneous problem.

Similar results are obtained for more general problem (1.11) and the corresponding non-
homogeneous problem.

1.5. The method

Let us explain the way of the proof of estimate (1.17). In essential, (1.17) is reduced to the
inequality

e Aem oA eKa(e, 7)) lpomay opomay < CT7le, 7>0, 0<e<7Y2  (1.18
"Zl\;/? 4 4 2(RY)—La(RY)
By the scaling transformation, estimate (1.18) follows from the inequality

| A2 (e_“ZT - I+ Ab(D))e_“ZOT> L@ty ro@ey < CT7Y, 7> 1 (1.19)

Next, for the proof of (1.19), the operator A is decomposed in the direct integral of the
operators A(k) acting in Ly(€; C") and depending on the parameter k € R? (the quasimo-
mentum). The operator ﬁ(k) is given by the differential expression b(D + k)*¢(x)b(D + k)
with periodic boundary conditions. Estimate (1.19) is equivalent to the inequality

1 A(K)1 /2 (ewkﬁ — (I +Ab(D + k))af@(kﬁ) s oma@ <O 7>1,  (1.20)

which must be uniform in k.

The main part of investigation is devoted to the study of the operator family ,Zl\(k)
The operator .,Zl\(k) has compact resolvent and depends on k analytically. This allows one
to apply the analytic perturbation theory (with respect to the one-dimensional parameter
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t = |k|). Herewith, a good deal of considerations can be done in the framework of an abstract
operator-theoretic scheme.

In the abstract scheme, we study a family of factorized operators A(t) = X (¢)* X (¢) acting
in some Hilbert space $). Here X (t) = Xy + tX;. It is assumed that the point Ao = 0 is
an isolated eigenvalue of multiplicity n for the operator A(0). The family A(t) is studied by
methods of the analytic perturbation theory. The crucial role is played by the spectral germ
S of the operator family A(t). The germ is a selfadjoint operator acting in the n-dimensional
space M1 = Ker A(0) and defined in terms of the threshold characteristics of the operator
A(t). Tt is possible to approximate the operator exponential exp(—A(¢)7) in terms of some
finite rank operator acting in . Herewith, the principal term of approximation is given by
the operator exp(—t2S7). Application of this abstract result leads to estimate (1.20).

The method described above shows that the homogenization procedure can be studied
as a spectral threshold effect at the bottom of the spectrum of a periodic elliptic operator.

1.6. A different approach

Note that the papers [BSul,2] stimulated interest in homogenization theory to obtaining
error estimates in the operator norm. In [Zh], [ZhPasl], estimates of the form (1.6), (1.9) for
the acoustics operator and the elasticity operator (which are of the form (1.2)) were obtained
by a different (nonspectral) method. This method is related to inclusion of the additional
parameter in a problem; this parameter corresponds to the shift of the vectors of the lattice
[ by an arbitrary vector of Q2. In [ZhPas2], by a similar method estimates of the form (1.12),
(1.17) were obtained for the acoustics operator A, = —div ¢°(x)V.

1.7. The plan of the paper

The paper consists of three chapters. Chapter 1 (Sec. 2-4) contains necessary operator-
theoretic material. In Chapter 2 (Sec. 5-10), periodic DO’s of the form (1.1), (1.2) are
studied. Approximations of the operators exp(—ﬁT) and fexp(—Ar7)f* are obtained (in
Sec. 9 and 10, respectively). Chapter 3 (Sec. 11-13) is devoted to parabolic homogenization
problems. In Sec. 11, 12, approximations of the operators eXp(—fLT) and f€exp(—A.7)(f)*
are deduced from the results of Chapter 2 by the scaling transformation. In Sec. 13, the
results of Sec. 11, 12 are applied to the study of the solutions of parabolic Cauchy problems.

1.8. Notation

Let $ and & be separable Hilbert spaces. The symbols (+,-)g and || - || stand for the inner
product and the norm in $); the symbol || - ||_s denotes the norm of a bounded operator
acting from 9 to . Sometimes we omit indices, if this does not lead to confusion. By I = I
we denote the identity operator in $). If A : $§ — & is a linear operator, then Dom A denotes
its domain. If 9N is a subspace of §, then M+ := § S N. If P is the orthogonal projection
of $ onto M, then P~ is the orthogonal projection onto 91*. The symbol (-,-) stands for
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the standard inner product in C", | - | is the norm of a vector in C"; 1,, denotes the unit
(n x n)-matrix. If a is an (n x n)-matrix, then |a| denotes the norm of this matrix as a linear
operator in C™.

Next, x = (1,...,24) € R, iD; = 0; = 0/0zj, j = 1,...,d, V = grad = (0y,...,0s),
D =—iV = (Dy,...,Dy).

The L,-classes of C"-valued functions in a domain O C R? are denoted by L,(O;C"),
1 < p < oo. The Sobolev classes of order s of C"-valued functions in a domain @ C R?
are denoted by H*(O;C"), s € R. For n = 1, we write simply L,(O), H*(O), etc., but
sometimes we use such simplified notation also for the spaces of vector-valued or matrix-
valued functions.

By C, ¢, C, € (probably, with indices and marks) we denote various constants in estimates.
By /8 (with indices) we denote various absolute constants.

Chapter 1. Abstract operator-theoretic method

2. Threshold properties of a factorized operator family

2.1. The operator family A(t)

Let $ and $, be complex separable Hilbert spaces. Suppose that X, : § — $, is a densely
defined and closed operator, and that X; : $ — $, is a bounded operator. We put

X(t) == Xo+tX1, DomX(t) =Dom X, teR.
The family of selfadjoint operators
A(t) = X()"X(t), teR, (2.1)
in 9 is our main object. The operator (2.1) is generated by the quadratic form
a(t)[u,u] = | X (t)ul., u € Dom X,
which is closed in $. We denote A(0) = XXy =: Ay,
N := Ker Ay = Ker X, N, := Ker X|.

Let P and P, be the orthogonal projections of $ onto 91 and of $, onto N,, respectively. It
is assumed that the point \g = 0 is an isolated point of the spectrum of Ay (an eigenvalue),
and that

0<n:=dimMN<oo, n<n,:=dimM, < oo.

The distance from the point Ay = 0 to the rest of the spectrum of Ay is denoted by d°. Let
F(t, s) be the spectral projection of the operator A(t) for an interval [0, s]. We fix a number
§ > 0 such that 86 < d°. It turns out that

F(t,8) = F(t,35), rank F(t,6) =n for [t| <to:= 62Xy, (2.2)
see [BSu2, Ch. 1, (1.3)]. Below we usually write F'(¢) in place of F'(t,0).
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2.2. The operators Z and R

Let D := Dom X, N9, and let u € §,. We consider the following equation for an element
¥ € D (cf. [BSu2, Ch. 1, (1.7)]):

X5 (Xoth — u) =0, (2.3)
which is understood in the weak sense. It means that ¢y € D satisfies the identity

(Xo, XoQ) s, = (u, Xo()g,, V(E€D. (2.4)

Equation (2.3) admits a unique solution v, and [|Xo¥|lg, < ||u]ls.. Now, let w € M and
u = —Xjw; the corresponding solution of equation (2.3) is denoted by ¥ (w). We define a
bounded operator Z : $§ — $ by the following relations:

Zw=9Yw), weN;, Zr=0, rcN. (2.5)

Observe that
ZP =7, PZ=N0. (2.6)

Now, we introduce an operator R (see [BSu2, Ch. 1, Subsec. 1.2]) as follows:
R:M—MN,, Rw=Xow(w)+ XjweN,.
Another description of R is given by the formula

R = P.X\|m. (2.7)

2.3. The spectral germ

The selfadjoint operator
S=RR:N—N (2.8)

is called the spectral germ of the operator family (2.1) at t = 0 (see [BSu2, Ch. 1, Subsec.
1.3]). From (2.7) and (2.8) it follows that S = PX; P, X;|n, whence

ISIF < (14, (2.9)

The germ S is said to be nondegenerate if Ker S = {0}, or equivalently, rank R = n.
According to the general analytic perturbation theory (see [Kal), for |t| < to there exist
real-analytic functions \;(¢) and real-analytic $-valued functions ¢, () such that

At)a(t) = Nt)pu(t), 1=1,...,n, [t| <t,

and ¢;(t), I = 1,...,n, form an orthonormal basis in F(¢)$). For sufficiently small ¢, (< tp)
and |t| < t., we have the following convergent power series expansions:

Al(t):7lt2+/fblt3+"') %207 MZERa l:]-?"'ana (210)
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pt) =wi+ ) + PP+ 1=1,. 0.

The elements w; = ¢;(0), [ = 1,...,n, form an orthonormal basis in 9. In [BSu2, Ch.
1, Subsec. 1.6] it was shown that the numbers -, and the elements w;, [ = 1,...,n, are
eigenvalues and eigenvectors of the operator S:

Swy=yw, L=1,...,n. (2.11)

2.4. Threshold approximations
In [BSu2, Ch. 1, Theorems 4.1, 4.3] it was shown that

IF(t) = Pllg—g < Chlt], [t] <to, Ci= 50| X4, (2.12)

IA@R)F(t) = 2SP|lsmg < Caltl, [t] S to, Co= G201 X4 1. (2.13)

We recall that § (with indices) denotes various absolute constants.
Besides (2.12), we need more accurate approximation of the spectral projection F(t):

F(t) = P+ tF, + Fy(t), (2.14)
where || Fy(t)|| = O(#?). According to [BSu3, (2.15)], the operator F} is represented as
F=ZP+PZ". (2.15)
From (2.15) and (2.6) it follows that
FP=ZP, (2.16)
Relations (2.13) and (2.9) imply that

AW F(®)ll5—5 < LIS]| + Calt]® < Cst?, [t] < to,

2.17
Gy = X + Cato = (1 + B)|1Xa 2 (217)

Here we have used expressions for ¢y and Cy (see (2.2), (2.13)). By (2.17), the eigenvalues
Mi(t) of the operator A(t) satisfy the estimates A (t) < Cst® for |t| < to, I = 1,...,n.
Consequently,

I A@®2F @)l 5-5 < C5Jt], 1t < to. (2.18)

We also need the estimate for the operator A(t)'/2F,(t) proved in [BSu5, (2.23)]:

IA®) 2 Ea(t) |99 < Cut?, [t < to, Ca= G306 2(1X4 ] (2.19)

398



T. Suslina Homogenization of a periodic parabolic Cauchy problem

3. Approximation of the operator exp(—A(t)7)

3.1. The principal term of approximation for ¢ 407
We assume (cf. [BSu2, Ch. 1, (5.1)]) that for some ¢, > 0 we have
A(t) > e, |t| < to. (3.1)

This is equivalent to the fact that the eigenvalues A (t) of A(t) satisfy the estimates
M) > e d? |t <ty, I=1,...,n. (3.2)
Combining this with (2.10), we see that v, > ¢,, [l = 1,...,n. Hence, by (2.11), we have
S > culm. (3.3)
Thus, the germ S is nondegenerate. Obviously, relations (3.1) and (3.3) imply that
lexp(=A(t)T) 50 < e, 7> 0, [t < t,
| exp(—t2ST)P||gs < e =7, 7> 0. (3.4)
In [Su2, (2.11)], on the basis of approximations (2.12), (2.13), it was shown that
le A OTF(t) — e 5P| gms < (2C1]H] + ColtPr)e 0", 7> 0, |t| < to. (3.5)

From (3.5) it was deduced (see [Su2, Theorem 2.1]) that for large 7 the principle term of
approximation for the operator exp(—A(t)7) is given by the operator exp(—t2S7)P, and

o407 — 5P g g < Co(14+7) 72, 7> 0, [ < to. (3.6)

The constant Cy depends only on 4, || X;]|, and c,.
More accurate approximation of the operator exp(—A(¢)7) in the operator norm in
with an error estimate of order O(7~!) was found in [V].

A(t)

3.2. Approximation of the operator e=*\"7 in the ”energetic” norm

Here we obtain another approximation of the operator exp(—A(t)7) (in the ”energetic”
norm). Precisely, we study the operator A(t)/2exp(—A(t)7). Our goal is to prove the
following theorem.

Theorem 3.1. Suppose that the operator family A(t) satisfies the conditions of Subsection
2.1 and also condition (3.1). Let P be the orthogonal projection of $) onto the subspace
M = Ker Xy. Let Z be the operator defined by (2.5), and let S be the spectral germ of the
family A(t) att =0. Then for |t| <ty and T > 0 we have

A2 (e*A@T (I +tZ)e’t2STP) lgg < Cs7 L. (3.7)
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The number to is defined by (2.2), and the constant Cs is defined below in (3.18); it depends
only on ¢, || X1]|, and c..

Proof. We put
A(t, 1) == A(t)? exp(—A(t)T), (3.8)

and represent this operator as
AL, 7) = At, ) F ()" +A(t, 7)F(t)(F(t) — P) + F(t)A(t, 7)P. (3.9)

1

By (2.2) and the obvious inequality e~ < ™', a > 0, we have:

1A, T)F ()Y |logos < sup A2e™™ < (36)" V2771 750, |t] <to. (3.10)
A>35

Next, by (3.2), for 7 > 0 and |t| < ¢y we obtain
124(t, ) F (1) |55 < sup (Ai(t))%e 07 <771 sup ()2 < e VP
1<I<

I<n 1<i<n
Combining this with (2.12), we arrive at the estimate
|A(t, 7)F(t)(F(t) — P)|lgog < Cres Y277 7> 0, |t| < to. (3.11)
The last term in the right-hand side of (3.9) is represented as
FOUEL, 7)P = A()2F) (e OTF(t) — e S PYP 4+ A(t)/2F(t)e 7P, (3.12)
From (2.18) and (3.5) it follows that for 7 > 0 and |t| < ¢, we have
IA@2F(@)(e*O7P(t) = e P)Pllsg < C3|t|2Ch 1] + ColtPr)e "7 < Cor ™,

(3.13)
where
Cs = C§/2 ili%)(QCloz + Cha?)e . (3.14)
By (3.8)—(3.13) for 7 > 0 and |t| <t we obtain:
JA@Y2 (407 — (141 2)e7SP) [l < 77 ((30) 72 + Cre 2 4 C) -
+JA®)VA(F{)P — P —tZP)e "5 P|l5 g
From (2.14) and (2.16) it follows that
F()P — P —tZP = (P + tF, + Fy(t))P — P — tZP = Fy(t)P. (3.16)
Then, using (2.19) and (3.4), we estimate the last term in the right-hand side of (3.15):
A 2Ry (1)e 5 Pllgos < Cat?e P < Cuc'77Y, 70, |t] < to. (3.17)
Now, relations (3.15)—(3.17) imply estimate (3.7) with the constant
Cs = (30) Y2+ CLe] P+ Co + Cuct. @ (3.18)
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4. Approximation of the bordered exponential

4.1. The operator family A(t) = M*A(t)M

Now we consider an operator family of the form A(t) = M *A(t)M (see [BSu2, Ch. 1, Subsec.
1.5, 5. 3]) Let 53 be > yet another Hilbert space, and let M : § — 9 be an isomorphism. Let
X(t) = Xo+tX1: $ — 9, be a family of the same type as X (t). Suppose that

MDom Xy = Dom Xo, Xo = XoM, X, =X, M.
Then X(t) = X (t)M. Consider the family of operators
A =Xt X)) H— 9. (4.1)

Obviously, R
A(t) = M*A(t)M. (4.2)

In what follows, all the obJects correspondmg to the family (4.1) are supplied with the upper
mark ”~”. Note that 9t = M9 and N, = N.. We denote

Q:=(MM) "' =M "'M"': 95— 9 (4.3)

The operator @ is positive and continuous together with Q~'. Let (05 be the block of the
operator () in the subspace :

Qs,= PQlg: M — M. (4.4)

Obviously, Qg is an isomorphism in M. As was shown in [Su2, Proposition 1.2], the orthog-

onal projection P of the space $ onto 9 and the orthogonal projection P of the space 9
onto N satisfy the following relation:

P=M"Qg) ' P(M*)7, (4.5)
According to [BSu2, Ch. 1, Subsec. 1.5], for the spectral germs S and S we have
S = PM*SM|q. (4.6)
Let 2Q be the operator in 5 that takes an element u € 5% to the solution QZQ of the equation
Xi(Xovg +X10) =0, Qug LM, (4.7)
where © = P € M. Equation (4.7) is understood in the weak sense (cf. (2.4)). Then
Zo=MZM™'P, (4.8)
where Z is the operator (2.5) (see [BSu3, Lemma 6.1]).
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4.2. Approximation of the operator Me AN )1+
Under the assumptions of Subsec. 4.1, we find approximation of the operator
Me= A0\ — pfe=MAOMT yps 5% — 5?) (4.9)
Let (5, be the operator defined by (4.4). We put
My = (Qs)" V2 : M — M. (4.10)
In [Su2, Theorem 2.4], the principle term of approximation for the operator (4.9) was found:
| Me= AT A — Moe‘tQMogMoTMolgH%_@ <Co|MIPA+7)"Y2 70, |t| <ty (4.11)

More accurate approximation for the operator (4.9) in the operator norm in § with an
error term of order O(77!) was found in [V].
Now we study the operator A(t)/2Me~4®7M* and prove the following theorem.

Theorem 4.1. Under the assumptions of Subsec. 4.1, 4.2, for 7 > 0 and |t| < to we have

I1A()? <Me‘A(t)TM* (I + tZQ)MOe_t2M°§MOTMOﬁ) <M (412)

I5-5

Proof. Estimate (4.12) follows from (3.7) by recalculation. By (4.5) and (4.6), it is easily
seen that R R
MoeftQMQSMoTMOP — M@itQSTPM*,

see [Su2, Proposition 2.3]. Combining this with (4.8), we obtain:
‘|A\<t)1/2 (MefA(t)TM* B (I 4 tZ\Q)MoeftQMogMoTMoﬁ) H,%_>,%

— (X0 + tX,)M (e—AW —(I+ tZ)e‘tQSTP> M ls .

= [(Xo +X,) (e74O7 = (I +42)e™ 5P ) M5,

< IMIIA®Y (7407 = (1 +2)e5P) 55,

Together with (3.7), this implies (4.12).

Chapter 2. Periodic differential operators

5. Matrix periodic DO’s. Direct integral expansion

Here we recall the description of a class of matrix second order differential operators (DO’s)
admitting a factorization of the form A = X*X, where & is a homogeneous first order DO.
This class was introduced and studied in [BSul,2].
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5.1. Factorized second order operators

Let b(D) : Ly(R% C") — Ly(R% C™) be a homogeneous first order DO with constant coeffi-
cients. We always assume that m > n. The symbol b(€), &€ € R?, of the operator b(D) is an
(m x n)-matrix-valued linear homogeneous function of €. It is assumed that

rankb(€) =n, 0# ¢ e R (5.1)
Condition (5.1) is equivalent to the inequalities
aol, <b(0)*b(0) < ail,, ST 0<ay<a;<oo, (5.2)

with some constants «g, a;. Note that
d
b(E) =D bi& bl <oy j=1,....d, (5.3)
j=1

where b; are constant (m X n)-matrices.
Suppose that an (n x n)-matrix-valued function f(x) and an (m x m)-matrix-valued
function h(x) are bounded, together with their inverses:

fo 71 € Lo(RY); hy b7 € Loo(RY). (5.4)
We consider the DO X : Ly(R%; C") — Lo(R%; C™) given by
X = hb(D)f, DomX = {u € Ly(R%:C"): fuec H'(R%C")}.

The operator X is closed. The selfadjoint operator A(g, f) = A = X*X in Ly(R%C") is
generated by the closed quadratic form

alu,u] := H)C’uH%Q(Rd;Cm), u € Dom X.
Formally, we have
Alg, [) = A= f(x)"b(D)"g(x)b(D) f(x), g(x) := h(x)"h(x).
By using the Fourier transformation and (5.2), (5.4), it is easily seen that
co/ D(fu)[2 dx < afu,u] < cl/ D(fu)[dx, u e Dom X,
Rd RY

Co = ang*le;, a1 = ailglr...

(5.5)
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5.2. Lattices I' and . The Fourier series

In what follows, the matriz-valued functions f and h are assumed to be periodic with respect
to some lattice ' C R?. Let ay,...,ay be the basis in R? that generates this lattice, i. e.,

F:{a:nlal+---+ndad, anZ}.
By Q C R? we denote the cell of the lattice I':
Q={x=mnar+---+maq 7€(0,1)}

The basis by, ..., by in R? dual to the basis ay, ..., a, is defined by the relations (b;, a;) =
2m0j;. Let I' be the lattice dual to I':

f = {b =miby+ -+ mdbd, m; € Z} (56)
By  we denote the Brillouin zone of the lattice (5.6):
Q={keR’: |k|<|k—b|, 0£bel}. (5.7)

Let 1o be the radius of the ball inscribed in clos Q. Note that 2rg = min|b|, 0 # b € T
The following Fourier series expansion for a function u(x), x € 2, is associated with the
lattice I':

u(x) = Q7> "y, exp(i(b, x)).

bel

The corresponding discrete Fourier transformation {tip} — u maps ly(I'; C*) onto Ly(€2; C™)

unitarily:
/ () Pdx = 3 Ji (5.8)
Q

bel

By ﬁ[s(Q;(C") we denote the subspace of all functions in H*(€; C™) whose I'-periodic
extensions to R? belong to HE (R% C"). We have

/ (D +k)ufdx=> b+k’lan>, ue H(Q;C"), keR’, (5.9)
@ bel
and convergence of the series in the right-hand side of (5.9) is equivalent to the inclusion

u e H'Y(Q:;C"). From (5.7)—(5.9) it follows that

/ (D +k)uldx > > [k[[iy]* = |k|2/ lul?dx, ue HY(Q:C"), ke Q. (5.10)
Q Q

bel
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5.3. The Gelfand transformation

Initially, the Gelfand transformation V is defined on the functions u € S(R% C") of the
Schwartz class by the formula

t(k,x) = (Vu)(k,x) = Q7> exp(—i(k,x +a))u(x+a), xeQ, keQ.

acl

/~/|ﬁ(k,x)|2dxdk:/ lu(x)*dx, u=Vu,
QJQ Rd

V extends by continuity to a unitary mapping

Since

V: LyR%:CY) a/@LQ(Q; C") dk =: K. (5.11)
Q

The relation u € H'(R?% C") is equivalent to the fact that u(k,-) € H*(Q;C") for almost
every k € 2 and

/Q/Q ((D + k)u(k,x)|* + |u(k,x)|?) dxdk < co.

5.4. The forms a(k) and the operators A(k)

We put § = Ly(;C"), 9. = Ly(2;C™), and consider the operator X (k) : § — 9., k € R?,
defined by the relations

X(k) = hb(D+k)f, DomX(k)={ue$H: fue H(QC"} = 0.
The operator X' (k) is closed. The selfadjoint operator
Ak) =X(k)*X(k): 9 —9H (5.12)
is generated by the closed quadratic form
a(k)[u, u) == [|X(K)ul[5,, ueo.

Using the Fourier series and conditions (5.2), (5.4), it is easy to check that
co/ (D +k)v|>dx < a(k)[u,u] < cl/ (D +k)v]?dx, v=fueH(QC"), (513)
Q Q

were ¢g and ¢; are defined in (5.5) (cf. [BSu2, Ch. 2, (2.6)]). From (5.13) and the compactness
of the embedding of H'(€2; C") in Ly(€; C") it follows that the spectrum of A(k) is discrete.
Observe also that the resolvent of the operator A(k) is compact and depends on k € R?
continuously (in the operator norm). Let

N := Ker A(0) = Ker X(0). (5.14)
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Relations (5.13) with k = 0 show that
M={ue L(%C"): fu=ceC"}, dimMN=n. (5.15)
From the lower estimate (5.13) and from (5.10) it follows that
A(k) > ¢, |k]2I, ke, (5.16)
where

ex = oollg M Iz IS (5.17)

5.5. The direct integral for the operator A

The operators A(k) allow us to partially diagonalize the operator A in the direct integral K
(see (5.11)). Let u = Vu, u € Doma. Then

u(k,-) €0 fora. e ke, (5.18)
alu,u] = /Q a(k)[u(k,-), u(k, -)] dk. (5.19)

Conversely, if u € K satisfies (5.18) and the integral in (5.19) is finite, then u € Doma
and (5.19) is valid. The above arguments show that, under the Gelfand transformation, the
operator A expands in the direct integral of the operators A(k):

VAV~ = /~ D A(k) dk. (5.20)

6. The effective characteristics for the operators A(k)

6.1. Incorporation of the operators A(k) in the general scheme

For k € R? we put k = t0, t = k|, @ € S*!, and view t as the perturbation parameter. At
the same time, we must make our constructions and estimates uniform in 6.

We apply the scheme of Sec. 2, putting $ = Ly(2;C"), 9. = Ly(2;C™). The role
of X (t) is played by the operator X(t;0) = X (t0) = X, + tX1(0), where Xy = X(0) =
hb(D)f, Dom Xy = 9, and X;(0) = hb(@)f. The role of A(t) is played by the operator
A(t; 0) = A(t0). According to (5.12), A(t;0) = X (¢;0)* X (t;0). By (5.14) and (5.15), we
have M = Ker Xy = Ker X(0), dim = n. The condition m > n ensures that n < n,.
Moreover, the following alternative takes place: either n, = oo (if m > n), or n, = n (if
m = n); see [BSu2, Ch. 2, §3]. As was shown in [BSu2, Ch. 2, §3], the distance d° from the
point A\g = 0 to the rest of the spectrum of A(0) satisfies the estimate

d® > de,rg. (6.1)
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Thus, all the assumptions of Sec. 2 are satisfied. In Sec. 2, it was required to choose a
positive number ¢ such that 86 < d°. Using (6.1), we fix § as follows:

§ = carg/4 = (ro/2) a0l S IZ2 g7 1T (6.2)

The estimate || X1(8)|| < o1’?(|f||1._ |2/ allows us to choose t, equal not to §1/2|| X;(6)||~!

(see (2.2)) but to a smaller number independent of 8. Namely, we put

—1/2 _ _ 1/2 —1/2 _ _ _ —1/2 _ —1/2
to = 82 P FILIRIZE = (ro/2)ad o AN I gl 2 e~ IEY 2 (6.3)

From (6.3) it follows that ty < ro/2.
Finally, condition (3.1) for A(t; @) is satisfied due to (5.16).

6.2. The operator A\(g) .= A(g,1,) and the matrix ¢°

In the case where f = 1, we agree to mark all the objects by the upper hat 7 ~". For the
operator A = A(g) = b(D)*g(x)b(D), the family

A(k) = b(D + k)*g(x)b(D + k) (6.4)
is denoted by A(t;@). If f =1, the kernel (5.15) takes the form
N={ueH: u=ceC"}. (6.5)

Let P be the orthogonal projection of § onto the subspace (6.5). Then
Pu— |Q|—1/u(x) dx, uc . (6.6)
Q

In other words, P is the operator of averaging over the cell.
Inequality (5.16) with f = 1,, shows that

AK) = A(t;0) > 6121, k=16 € Q, (6.7)
where
&= aollg™'I7L (6.8)

The spectral germ §(0) of the family A\(t; 0) acts in M and depends on 6. From (6.7) it
follows that the germ is nondegenerate uniformly in @ (see Subsec. 3.1):

S(0) >l 0SS (6.9)
According to [BSu2, Ch. 3, §1], the spectral germ §(9) is represented as
5(6) = b(6)*¢°b(0), 6 €SP, (6.10)
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where ¢° is a constant positive (m x m)-matrix called the effective matriz.
To define ¢°, we introduce a I'-periodic (n x m)-matrix-valued function A € H*() which
is the solution of the problem

b(D)*g(x) ((D)A(x) + 1,,) = 0, /ﬂ A(x) dx = 0. (6.11)

The equation in (6.11) is understood in the weak sense. Next, we define the (m x m)-matrix-
valued function

9(x) = g(x)(b(D)A(X) + 1n). (6.12)
The effective matriz ¢° is given by the relation
[~ |Q|1/§(x) dx. (6.13)
Q

We also introduce the following operator with constant coefficients
A® = A(¢°) = b(D)*¢"b(D), (6.14)
and the corresponding operator family A\O(k) acting in Ly(€2; C™) and given by the expression
A (K) = b(D + k)*¢°b(D + k) (6.15)

with periodic boundary conditions. The operator (6.14) is called the effective operator for
A(g). By (6.10) and (6.9), the symbol of the operator A° satisfies the estimate

b(k)*¢°b(k) > ¢,|k|*1,, k€ R% (6.16)

Then, estimating the quadratic form of the operator (6.15) by using the Fourier series and
(5.10), we obtain
A'(k) > & k|’I, keQ. (6.17)

6.3. Properties of the effective matrix ¢"
Concerning the following properties of ¢*; see [BSu2, Ch. 3, §1].

Proposition 6.1. The effective matrixz satisfies the estimates
9<9’<3, (6.18)

where
g =0 / o) dx, gt =0 / 9(%)" dx.
Q Q

If m = n, then the effective matriz ¢° coincides with g: ¢° = g

In homogenization theory, estimates (6.18) are known as the Voight-Reuss bracketing.
From (6.18) it follows that [¢°| < ||lgllz.., [(¢°) 7' < g7 |-
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Now, we distinguish the cases where one of the inequalities in (6.18) becomes equality.
The following statements were obtained in [BSu2, Ch. 3, Propositions 1.6 and 1.7].

Proposition 6.2. The identity ¢° = g is equivalent to the relations
b(D)'gr(x) =0, k=1,...,m, (6.19)

where gr(x), k =1,...,m, are the columns of the matriz g(x).

Note that condition (6.19) implies that A(x) = 0.

Proposition 6.3. The identity ¢° = g 1s equivalent to the representations

L(x) =10 +b(D)ywy, 19€C™ wpe H(QCY), k=1,...,m, (6.20)

where 1,(x), k= 1,...,m, are the columns of the matriz g(x)~'.

Note that under conditions (6.20) the matrix g(x) defined by (6.12) coincides with g,
i. e, g(x) = ¢° = g (see [BSu4, Remark 3.5]).

7. Approximation of the operator exp(—.A(k)7)

7.1. Main theorem
In the present section our main goal is to prove the following theorem.

Theorem 7.1. Let .Z(k) be the operator family (6.4), and let ﬁo(k) be the effective operator
family (6.15). Suppose that the matriz-valued T'-periodic function A(x) is the solution of

problem (6.11). Let P be the orthogonal projection (6.6). Then for k € Q and T > 0 we have

H,Z(k)m (e—A(k)r — (I + Ab(D + k)ﬁ)e—,@(k)T) | 1@ —La@) < @1(7), (7.1)

ClT_l7 T Z 17
@1(7) = {627_1/2, O <7< 1. (72)

The constants C; and Cy are defined below in (7.24) and (7.29) respectively; they depend only
onm, oy, a1, |9/, |7 o, and the parameters of the lattice T.

Note that the left-hand side of (7.1) can be estimated by C;7~! as well as by Co7—'/2 for
all 7 > 0, but for 7 > 1 the first estimate is preferable, while for 0 < 7 < 1 the second one
is preferable.

Estimate (7.1) is most informative for 7 > 1 and [k| < %, where %, is defined according
to (6.3) with f = 1,, (see (7.6) below). For k € Q, |k| > %, and also for 0 < 7 < 1, estimate
(7.1) is rougher, since each term in (7.1) is estimated separately; however, these cases also
require attention.
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7.2. Estimates in the case |k| <%,
We apply Theorem 3.1 to the operator A(t: 8) = A(k). By (6.6),

(6.10), and (6.15), we have
25(0)P = b(k)*¢°b(k) P = b(D + k)*¢°b(D + k)P = A°(k)P, k€ €,

whence

exp(—125(8)7)P = exp(—A°(k)7)P, k € Q. (7.3)

According to [BSud, (4.2)], the role of Z is played by the operator Z(8) = Ab(8) P, where
A denotes the operator of multiplication by the matrix-valued function A(x). Then

tZ(6)P = Ab(k)P = Ab(D +k)P. (7.4)

Estimate (3.7) is applicable. We only need to specify the constants. The constant ¢, is
defined by (6.8); d and #, are defined as in (6.2) and (6.3) with f = 1,,. Namely,

3 = (ro/2)%a0llg Iz, (7.5)
to = 02| gll1 % = (ro/2)ag gl g I (7.6)
Using that ||X1( )| < a1?|lg]li?, instead of the precise values C(8) = 5,6~ /2]|X,(6)]| and

Co(0) = a0~ 1/2||X1( )|I? (see Subsec. 2.4) we can take
1/2 1/2 —-1/2 1/2 1/2 _ 1/2
= 610 2y ||g|li = 2605 ag P ar gl P g2 (7.7)
3/2 3/2 _ —-1/2 3/2 3/2 _ 1/2
= 5o 2032|9132 = 28075 ey P gl[3 P 197 (7.8)

Similarly, instead of the precise values C5(0) = (14 32)]|X1(8)12, C4(0) = B56Y/2|| X1(0)]?
(see (2.17), (2.19)), we take

Cs = (1+ Br)aillgllz.. (7.9)
= B30 201 |lgll1.. = 28575 g e gl Nl (7.10)
Next, we put (see (3.14))
Cs = 65/2 sup(261oz + 52a2) exp(—c.a). (7.11)
a>0

Applying Theorem 3.1 to the operator family A(t;0) = A(k) and taking (7.3) and (7.4)
into account, we obtain the estimate
HA( )1/2 ( —AK)T (I—I—Ab(D + k))e—]fo(k)Tﬁ) HLQ(Q)—>L2(Q) < 657_—1’ >0, |k| < %\07
(7.12)
where %, is defined by (7.6), and the constant Cs is given by

Cs = (30) 2+ C1(E) "V + Cs + Ca(@) ™. (7.13)
From (6.8), (7.5), (7.7)~(7.11), and (7.13) it is clear that the constant C5 depends only on
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7.3. Estimates in the case k € Q, |k| > %
From (6.7) it follows that

| AK)2 exp(—A)T) | o) o) < supfA2e 0 A= 88} < @) A (f)
>0, ke, [kl >1.

(7.14)
Combining (6.17), the identity b(D + k)P = b(k) P and (5.2), we have
5D -+ 1) exp(= A 0)7) Pl ra(e)-1aten < o1’k exp(—2.k[*r) 715)
< la?@) k)Y T>0, ke, |k >
Consequently,
1K) exp(—A"(K)7) P| @) - Lace) = [197°D(D + k) exp(=A°(K)7) P () La(e)
<77 Y gl 2 (@) (?) L 7>0, keQ, |kl >t
(7.16)
In order to estimate the operator A(k)Y2Ab(D + k)e=A"®7 P, we represent it as
A(K)2AND + k)e X0 P = (A(k)V2AP,,)(b(D + k)e A" 07 p). (7.17)

Here ﬁm is the orthogonal projection of $), = Ly(€2;C™) onto the subspace of constants.
According to [BSub, (6.22)], we have

T o 1/2 _ 1/2 —-1/2 1/2 — 1/2
I AK)Y2A Pl () a0y < Ca = mY2|[g|l 12 (1 +r1(2r0) ey ag P lg 2 lg 1 12).

q
Here 2r, = diam Q. From (7.15), (7.17), and (7.18) it follows that (7 Y
A 2AND + 1) X Pluor e < 700l @) @) T
>0, keQ, [kl >t.
Combining this with (7.14), (7.16), and (7.19), we arrive at the estimate
||¢Z(k)1/2 (e—ﬁ(k) (I +Ab(D +k))e —A%( k)rp) s La@) < 677_—1’ 7o)

>0, keQ, [kl >7.

Here R R
Cr = @) (to) ™ + o (@) (Bo) " (llgll;> + C).

Relations (6.8), (7.6), and (7.18) show that the constant Cy depends only on m, ag, oy,
HgHLoo7 Hg_luLoo? To, and 7.
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7.4. Proof of estimate (7.1) for 7 > 1
Finally, from (7.12) and (7.20) it follows that

||A( )1/2 ( —A(x)r — (I + Ab(D +k))e TP) HL2 (Q—L2(Q) < ClT , >0, ke ﬁ,
(7.21)
where C; = max{Cj, C;}.
Now we show that in the principle term of approximation in (7.21) P can be replaced by
I; only the constant in the remainder estimate will change under such replacement. Using
the Fourier series representation for the operator b(D + k) eXp(—le\o(k)T) (I — P), we have:

A0 220 (= Pl g0ty = 972D + k)L = P)| (o) -1ate)
<lgll? sup [b(b + k) exp(—b(b +k)*g°b(b + k)7)|. (7.22)
0#£bel

By (5.2), (6.16), and the estimate [b +k| > 7 for k € Q and 0 # b € T, we obtain

A~ 7’\0 T A~ ~
LA(k) 2= 207 (I — P)| y0)— Lo < lgll7201”* sup b+ k| exp(—c.[b + k[*7)
0#bel’

<7t el 2P @) gt >0, ke

(7.23)
From (7.21) and (7.23) it follows that

1 A(K)" ( A0 (] + Ab(D + k)ﬁ)e—«@(kﬁ) lia@)—ra@ <G, 7>0, keQ,

where B
Cr =Ci+ gl 2ar?@) 'y (7.24)

Thus, (7.1) is proved in the case where 7 > 1.

7.5. Proof of estimate (7.1) for 0 <7< 1

If 0 < 7 < 1, we estimate each term under the norm sign in (7.1) separately. We have:

| A(k)? eXp(_le\(k>T)||L2(Q)_>L2(Q) <sup A2 <72 >0, ke (7.25)
A>0

Next, similarly to (7.23), we obtain

16D + k) exp(—A° (k) 7)| a@)—La(@) < 1" sup [b + K| exp(~2.[b + k|*7)
beT (7.26)
< 7_1/2a}/2(/c\*)_1/2, >0, ke.
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Consequently,

-~ _A0(k)r _A0(k)r
[AK)2e™ O )o@ = [|9720(D + k)e M7 1, 0)— 1o

N (7.27)
<T Pl e @) 7 T >0, kel

Now, from (7.18) and (7.26) it follows that
IAK) 2 AbD + K)e 0P|l L)) < 720t @) V% >0, ke (7.28)
Relations (7.25), (7.27), and (7.28) imply estimate (7.1) for 0 < 7 < 1 with
Co=1+0a;@) 2(lgll2 +Cn). (7.29)

This completes the proof of Theorem 7.1.

7.6. Approximation of the operator gh(D + k) exp(—A(k)7)
Besides Theorem 7.1 we need the following statement.

Theorem 7.2. Suppose that the assumptions of Theorem 7.1 are satisfied. Let g(x) be the
matriz (6.12). Then for 7 > 0 and k € Q we have

lgb(D + k)e AW — Gh(D + k)e X O P| 1) - 1y00) < Ra(T), (7.30)

C37—_17 T2 17
Ry(r) = {647—1/2, 01 (7.31)

The constants C3 and Cy are defined below in (7.40); they depend only on d, m, ag, oy,
l9llzes g7 o, and the parameters of the lattice T.

Proof. Estimate (7.21) can be rewritten as

[9/26(D + 1) (4097 — (1 4 AB(D +10)e 97 P) [y 0y paiey < G, 7> 0, ke
(7.32)
From the other side, by (7.25), (7.27), and (7.28), we have

lg'*6(D +k) (e‘ﬁ(“” — (I +Ab(D + k))e_ﬁo(k)7ﬁ> lat@)=taiey < Cor™2 7> 0, keQ.

(7.33)
Applying (7.32) for 7 > 1 and (7.33) for 0 < 7 < 1, we obtain

lgb(D + k) (e—fﬂkﬁ — (I +Ab(D + k))e—«@(k)fﬁ) | a@) Loy < Ra(7), 7>0, ke,
(7.34)

= 1/2 _
El(T) _ CngHL/OOT Lor>1,
Collgll 2%, 0 <7< 1.

413



T. Suslina Homogenization of a periodic parabolic Cauchy problem

Now we transform the term with A in (7.34). By (5.3), we have

d

b(D +k)(Au) = (b(D)A)u+ Y bAD; + kj)u.
Consequently,
gb(D +K)(I + Ab(D + k))e X0 P = g(1,, + (6(D)A)(D + k)e A" ®7p

d PP, (7.35)
+9 ) bAD; + k;)b(D + k)e 7P,

j=1
Let us show that the second term in the right-hand side of (7.35) can be viewed as an error
term. Taking (5.3) into account, we have

||g Z b A (D + k>€_A0(k)Tﬁ||L2(Q)—>L2(Q)
d (7.36)
1/2 fa T
Z 190l 2 0t *[IA P | o) Lo || (D + F7)b(D + k)e™ Pl La(@)—La@)-
=1
Next,
APl o) Lo = Q072 (A o) < mY2(2r0) g gl g 12 (7.37)

Here we have used an estimate for ||A||L2(Q) obtained in [BSu4, Subsec. 7.3]. Due to the
presence of the projection P, we have

1(D; + k)b + K)e 07 Pl 1)1 0 = [kib(K) exp(—b(k)"g°b(k)7)]

N (7.38)
< oy?[k>exp(—C.|Kk[>r), T>0, ke

We have taken (5.2) and (6.16) into account. For 7 > 1 we estimate the term |k|2e=%/k’7
by 774(c,) ", while for 0 < 7 < 1 we estimate it by 77Y2(¢,)""/?r;. As a result, from
(7.36)—(7.38) it follows that

d
lg > b;AD;+k)b(D+k)e O Pl o)1y < dm 2 (2r0) g gl g M p(7),
Jj=1
(7.39)
~\—1_-—1 >
pr) =1 o _Efz) T4 b
() VErmr 2 0< T < 1.

Recall the notation g = g(1,, + b(D)A) (see (6.12)). Now, relations (7.34), (7.35), and
(7.39) imply estimate (7.30); the constants Cs and Cy in (7.31) are given by

Cs = Cillglly? + dm*?(2r0) oy Panl|gl lg~ M1 (@) 7,

B (7.40)
Ci = Callgll 2+ dm'/(2r0) g Pan gl 2llg M L2 @) o e
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7.7. Special cases

Under the condition
Ax)b(8) =0, x€Q, cS, (7.41)

we have Z(0) = 0. Then the corrector in (7.1) is equal to zero. In particular, (7.41) is
satisfied if ¢° =g, i. e., under condition (6.19); A(x) = 0 in this case.

Under condition (7.41), the constants in estimate (7.1) can be made sharper. Indeed, in
this case estimate (7.12) takes the form

||./Zt\(k)1/2 <6—A(k)‘r . e—AO(k)Tﬁ> ||L2(Q)HL2(Q) < 657_—1’ >0, |k| < %\0
For k € Q and |k| > f, we use estimates (7.14) and (7.16). Hence,
||./2l\(k)1/2 (e—./z(k)T —_AO 7—P> ||L2 Q) La() S 67107_—17 > 0’ k e Q’

where
1/2 1/2 ~\_
CO_maX{C’g,,(c*) 1/Q(t) —l—HgHL/Ooozl/ (@) (o) ')

We also take estimate (7.23) into account, and for 0 < 7 < 1 apply inequalities (7.25) and
(7.27). As a result, we arrive at the following statement.

Proposition 7.3. Suppose that the assumptions of Theorem 7.1 and condition (7.41) are
satisfied. Then for T > 0 and k € Q) we have

||¢Zl\(k)1/2 <€—A(k)7 N e—AO(k)7—> ||L2(Q)HL2(Q) < (I)(l)(T),

Ot r>1
0 _ 1 ) = 4
) = {chw, 0<r<l (7.42)

The constants CY and CY are given by
€ =C +llgllZen@) gt €3 =1+ gl 2en* @)

they depend only on g, a1, |9z, |¢7 |1, and the parameters of the lattice T.

Finally, we consider a special case in approximation (7.30). Suppose that condition (6.20)
is satisfied. In this case g(x) = g = ¢°. Then for 7 > 1 inequality (7.30) takes the form

lgb(D + k)e A7 — g% (D + k)e A" P || o)y S Com Y, T>1, keQ. (T.43)
Here P can be replaced by I. Indeed, similarly to (7.22) and (7.23), we have
lg°b(D + k)e (1 — P)|| 0y ra0) < [9°lor’® sup_[b+ k| exp(—2.[b +k[*r)
0#bel (7.44)

<7 Y gl @)yt T>0, ke Q.
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For 0 < 7 < 1 we apply the estimate which follows from (7.25) and (7.26):
lgb(D + K)e A7 — 00D + K)e X 07| o) mra@ < CITV2 r>0, ke Q. (7.45)
Here
€3 = llgll2 + llgllzcen*@) 72 (7.46)
As a result, relations (7.43)—(7.45) imply the following statement.

Proposition 7.4. Suppose that the assumptions of Theorem 7.2 and condition (6.20) are
satisfied. Then for T > 0 and k €  we have

lgb(D +k)e 07 — °b(D +k)e ™7 1y 0y ry0) < RY(7),

Cir =t r>1
0 — 3 ’ = 5
i(7) = {627‘_1/2, 0<r<1. (7.47)
The constant C3 is given by CY = C3 + lglleoca(@) " ryt, and CO is defined by (7.46). The
constant C) depends only on ag, oy, ||9]lz.., |97 le; C3 depends on the same parameters
and on d, m, and the parameters of the lattice I'.

8. Approximation of the operator fexp(—A(k)7r)f*

8.1. Incorporation of A(k) in the framework of Section 4

Now we consider the operator exponential exp(—.A(k)7) for the operator
Alk) = f(x)"0(D + k)" g(x)b(D + k) f(x) (8.1)

(with periodic boundary conditions) in the general case f # 1,. Applying Theorem 4.1, we
shall obtain approximation of the operator fexp(—A(k)7)f*.

Now the assumptions of Subsec. 4.1 are satisfied with § = 5% = Ly(2;C") and %, =
Ly(Q;C™). The role of A(t) is played by the operator A(t: @) = A(t0), and the role of A(t)
is played by A(t;0) = A(t@). An isomorphism M is the operator of multiplication by the
function f(x). Relation (4.2) corresponds to the identity A(k) = f*A(k) .

Next, the operator @) (see (4.3)) is the operator of multiplication by the matrix-valued
function Q(x) = (f(x)f(x)*)~'. The block Qg of @ in the subspace N (see (6.5)) is the

operator of multiplication by the constant matrix

Q=) = o / (F()f()") " dx.

The operator My (see (4.10)) acts in M as multiplication by the matrix
fo= (@77 = (££)"" (82)
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Obviously,
[fol M lpws 1CF)TH <N e (8.3)

Now we specify the operators from (4.12). By (6.10), we have
PALE(0) Mo = fob(k)"g°b() fo (5.4)
Let A° be the operator in Lo(R%; C") given by the expression
A? = fob(D)*g"b(D) fo.
Let A°(k) be the corresponding operator family in Lo (§2; C") given by the expression
A°(k) = fob(D + k)*¢°b(D + k) fo, (8.5)

with periodic boundary conditions. By (6.16), (8.3), and the identity ¢, = /c\*||f*1||zi, the
symbol of the operator A° satisfies the estimate

fob(k)*g°b(k) fo > c.|k|*1,, k € R% (8.6)
Hence, using the Fourier series representation for the operator A%(k) and (5.10), we obtain
A'(k) > e, kI, ke (8.7)
By (8.4), (8.5), and (6.6), we have t2MyS(8)MyP = A°(k) P, whence
Moe PMSOMoT \p B fo=AMT £ B (3.8)
According to [BSu4, §5], the role of 2Q is played by the operator
Zo(0) = Agh(8)P. (8.9)

Here Ag is the operator of multiplication by the I'-periodic (n x m)-matrix-valued function
Ag(x), which is the solution of the problem

D) gx) (HD)Aglx) + 1,) = 0. [ Qx)Aglx)dx =0,

Note that . L
Ag(x) = AX) + A, A% = —(@) (@A), (8.10)

where A is the I-periodic solution of problem (6.11). From (8.9) due to the presence of the
projection P it follows that

tZo(8)P = Agb(k)P = Agh(D +k)P. (8.11)
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8.2. Estimates in the case k| <

In order to approximate the operator fexp(—A(k)7)f*, we apply Theorem 4.1. We only
need to specify the constants in estimates. The constants c,, d and ty are defined by (5.17),

(6.2), and (6.3). Using the estimate || X1(0)| < 1/2||g||1/2||f||L00, instead of the precise
values C(0) = 3,072|| X1(0)|| and Cy(0) = B20~/2||X1(0)]|> (see Subsec. 2.4), we take

1/2 1/2 —1 2 1/2 1/2 _ 1/2
Cr = B Y2 gl 2 1 fllee = 26075 e 2o Ngl 2 g N2 ol Moy (8:12)

= God V2P| g2 I3 L = 285 g 2o a2 g 2 AR e (8.13)
Similarly, instead of the precise values C3(8) = (1 + (32)[| X1(0)||?, C4(0) = Bz071/2|| X1(0)]?
(see (2.17), (2.19)), we take

Cs = (14 Bo)au gl I FII2, (8.14)

Cy = B30 e |lgll el FI2 . = 20375 g Panllglleallg 2N AR e (8:15)
According to (3.14), we put

Cs = C§/2 sup(2C o + Coa?)e 2, (8.16)

a>0

where ¢, is defined by (5.17), and Cy, Cy, C5 are defined by (8.12)—(8.14).
By Theorem 4.1, taking (8.8) and (8.11) into account, for 7 > 0 and |k| < ¢y, we obtain:

JA()/2 ((feA07 £ — (1 + Agb(D + X)) foe 4O foP) ||y -ratey < Cll fllrat ™,
(8.17)

where

Cs = (36) V2 + CLe.V? + Co + Cuc ™. (8.18)
According to (5.17), (6.2), (8.12)—(8.16), the constant (8.18) depends only on «y, a1, |91,

Hg_luLoou ||fHLoo7 Hf_IHLOO, and 7.
Using (8.10), we show that Ag can be replaced by A in (8.17). Ounly the constant in

estimate will change under such replacement. Indeed, due to the presence of the projection
P, taking (5.2), (8.3), and (8.7) into account, we obtain:

IAK)Y2AL(D + k) foe 17 £ Pl| 1 0) - o)
= ||g"*b(D + k)AQH(D + k) foe M7 fo Pl| Ly o)
< [lgll 2 1b(k)ADb(K) foe = O fo Pl o0y La(e) (8.19)
< ng“zufuLer oy [k [2e e
<t gl 2R IAY Jaue!, >0, keQ
Next, according to [BSu4, §7], we have

—1 2 1/2 _ 1/2
IAS] < mY2(2ro) Loy 2 Ngll 2 g 2N A3 (8.20)
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Combining (8.17), (8.19), (8.20), and taking (8.10) and (5.17) into account, we obtain

| A(k)Y/? (f e AT (T 4+ AB(D + k) foe W7 £, P ) o) — a0y < G771,
T > 0, |k| S to,

(8.21)

where
_ —-3/2 _ 3/2
Cs = Cs|| fllpe. +m2(2r0) oy ™ anllglleollg™ 1132 1ANE_NF 2L

8.3. Estimates in the case k € Q, [k| > ¢

For |k| > ¢y each term under the norm sign in (8.21) is estimated separately. We have:
LAY fem 2097 ]| (o) Lage) = 190D + 1K) fe= 207 ]| Ly 1)
= [A®) 2= | o) o) < I llow [MAG) 26407 Ly 0y 1)
From (5.16) for |k| > ¢ it follows that

(8.22)

JAK) e A0 L)) £ sup AV <r Tl Vgl £ >0, ke Q, (k| >t

A>c.t2
Hence,
LAK)Y2 fe= 207 )| oy < 770 Pt | flliws T >0, kEQ, |k >to.  (8.23)
Combining the identity b(D + k)P = b(k)P with (5.2), (8.3), (8.7), we obtain

_AYK)r . D
16(D + k) foe ™ ®7 £ Pl 1) a0y < a1’ *1F112 |k exp(—c.k[*7)

(8.24)
<7t fIE Myt >0, ke Q, (k| >t
Hence,
A2 foe™ 8 foPllyo -1t = 9D + K foe™ M foPlrs@mrae) g o
<7t ' llgl 2N e et T>0, keQ, |K| >t
Next, from (8.24) and (7.18) it follows that
A0 286D + k) foe™ 8" foPllao-rae < T PR Ch o
>0, keQ, [kl >t.
Finally, relations (8.23), (8.25), and (8.26) imply the estimate
002 (77407 1 = (1 -+ AD + 1) foe™ " o) [naio-saiey S Cor ™ o

>0, keQ, |k|>t,

where
_ 1/2 —1,— 1/2
Co = VPt | fllow + ad L F 12 e 5 (gl + Ca).
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8.4. Further estimates. Final result
Now, relations (8.21) and (8.27) show that for 7 > 0 and k € Q we have

JA)Y2 (fem A7 = (I + AB(D + X)) foe 4O foP) |y -raie) < G, (8:28)

where Cs = max{Cy, Cy}.
Similarly to (7.22) and (7.23), taking (5.2), (8.3), and (8.6) into account, we obtain

1T —A° T D —Cx
IA(K) Y2 foe ™07 fo(I = P)|| oL@ < ar g2 1F 17 sup [b+K[ee P
0#£bel’

<7 ool 2N fI2 e trgt, >0, ke
(8.29)
From (8.28) and (8.29) it follows that

I A(<)2 (fem A0 f* = (I + AB(D + ) P) foe "8 fo) [ ry(0) o) < G, 7> 0, k € 9,
(8.30)

where
Cs = Cs + oy *|lgll 211 F 112 et (8.31)

If 0 < 7 < 1, each term under the norm sign in (8.21) is estimated separately. By (8.22),
”-’Zl\<k)l/2f€_A(k)Tf*HLz(Q)HLz(Q) < |[[fllre Tilo) A2emT < T_l/szHLoo7 >0, ke Q.

(8.32)
Next, similarly to (8.29), we have

16(D + k) foe ¥ foll L)o@ < [ f13. sup [b + k| exp(—c.[b + k[*7)
bel’ (8.33)
< V20l fI e

, 7>0, ke Q.
Hence,

A2 foe O foll ooty < 772 Plgl2 I T2 7> 0, ke (834)
From (7.18) and (8.33) it follows that

IA(K) 2 AD(D + k) foe ™" 0 o P| 1y o)) < 72PN IR e PCh, T >0, ke Q.
(8.35)
Using (8.32), (8.34), and (8.35), we arrive at the estimate

||/T(k)1/2 (fe_A(k)Tf* — ([ +AD+k)P )f0€_A fO) | L) —L200) < Cor /2,

. (8.36)
>0, ke,
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where
1/2 _ 1/2
Co = | fllow + a2 (gl 2 + Ca). (8.37)

Estimate (8.30) is preferable for 7 > 1, and estimate (8.36) is preferable for 0 < 7 < 1.
We have proved the following result.

Theorem 8.1. Let A(k) be the operator family (6.4), and let A(K) be the family (8.1). Let
A°(k) be the operator family (8.5). Let A(x) be the T-periodic solution of problem (6.11).
Let P be the orthogonal projection (6.6). Then for T > 0 and k € Q we have

&)Y ((fem A0 1 = (I + AB(D + ) P) foe "% fo) | a0 -ra(e) < Pa(7),

CST_17 T Z 17
(1) = {067_1/2, 0<7<1. (8.38)

The constants Cs and Cg are defined by (8.31) and (8.37) respectively; they depend only on
m, o, a1, |9llee, 17 e, | fllzes 1f 7 L, and the parameters of the lattice T.

8.5. Approximation of the operator gb(D + k) feAKT f*
Besides Theorem 8.1 we shall need the following statement.
Theorem 8.2. Suppose that the assumptions of Theorem 8.1 are satisfied. Let g(x) be the
matriz (6.12). Then for 7 > 0 and k € Q we have
lgb(D + k) fe= 407 £ — Gb(D + k) foe M7 fo Pl Ly~ L) < Ra(7), (8.39)

C7T_17 T Z 17
Ro(r) = {687_1/2, 0<7T<1. (8.40)

The constants Cz, Cg are defined below in (8.45); they depend only on d, m, o, a1, ||9lL..,
lg e, 1fllzes 1S 2o, and the parameters of the lattice T .

Proof. For 7 > 1 we use estimate (8.28), and for 0 < 7 < 1 we apply estimates (8.32),
(8.34), (8.35). Then for 7 > 0 and k €  we obtain

lgb(D + k) (fe A0 £ (1 + Ab(D + X)) foe 0 foP) [la(@) -1y < Falr),  (841)

g 1/2 _
fairy = Gl r =
Collgll 2%, 0<7<1.

Next, similarly to (7.35), we have

gb(D + K)(I + Ab(D + k) foe O £, P = Gb(D + k) foe A 07§, P

d —.Ao(k)T ey (842)
+9 ) bA(D; + kj)b(D + k) foe foP.

j=1
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Similarly to (7.38), taking (5.2), (8.3), and (8.7) into account, we obtain

1(D; + k;)b(D + k) foe 07 £y Pl ryo) a0y < @[ FI2 [k[? exp(—c.|k[>r).  (8.43)

Land for 0 < 7 < 1 it is

estimated by ¢, "/*r;7=1/2. Combining this with (5.3) and (7.37), we arrive at the estimate

For 7 > 1 the term |k|? exp(—c.|k|?7) is estimated by c 7~

d
g Z bA(D; + k;)b(D + k) foe ™ ®7 £, P|| 1, (0)— o)
=1

(8.44)
< dm"?(2r0) oy Va2 g 2113 A (),
~ ctrl o>,
p7) = {0;1/27:;7'_1/2, 0<r<l
Relations (8.41), (8.42), and (8.44) imply (8.39) with
Cr = Csllgll,2 +dm!(2r0) g P anllgl 2 g™ 2N FIZ 2™ 8.45)

Cs = Collglly> + dm*/2(2r0) 2y o |lgll3 2 lg 12 N2 e 2re. o

8.6. Special cases

Relation (8.10) shows that under condition (7.41) we have Ag(x)b(0) = 0 forx € 2,0 € S™1.
Then (8.17) turns into the following inequality

A (k)2 (fe_A(k)Tf* - foe_AO(k)Tfoﬁ> lra@)—120) < Csllfllt™t 7>0, |k| <to.
For k € Q and |k| > t, we use estimates (8.23) and (8.25). Hence,
H.,Zl\(k)l/Q (fe*-A(k)Tf'* _ foefAO(k)TfOﬁ> HLz(Q)—>L2(Q) < @)771, 7>0, ke 57

where
5 _1/9,— /2 11/2 1.
C2 = max{Cs|| flloe, 7245 I Fll e + 0PNl N 112 e

We also take estimate (8.29) into account, and for 0 < 7 < 1 apply inequalities (8.32) and
(8.34). As a result, we obtain the following statement.

Proposition 8.3. Suppose that the assumptions of Theorem 8.1 and also condition (7.41)
are satisfied. Then for 7 > 0 and k € Q we have

A2 (e AW £+ — foe AT 1) 1001y < BY(7),

Cor-t. r>1
0 _ 5 ) - 4
(1) = {687‘1/2, 0<7<l. (8.46)
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The constants CY and Cg are defined by
A 1/2 1/2 _ _ 1/2 1/2 _—
C=CO+ gl 212 ety €O =1 F e + @ IIFN2 Nl 2 e

they depend only on ag, a1, |9lloe, 19 W iws |fllzes |f 7 2o, and the parameters of the
lattice T'.

Finally, we consider a special case in approximation (8.39). Suppose that condition (6.20)
is satisfied. Then g(x) = g = ¢°, and for 7 > 1 relation (8.39) takes the form

|gb(D+K) fe A0 f*— g0h(D+K) foe O fo Pl Loty ooy < Com Y, 7> 1, k€ Q. (8.47)
Similarly to (7.44), taking (5.2), (8.3), and (8.6) into account, we obtain

19°B(D + ) foe 287 fo(I = P)|ag@yaey < 6%l ol sup_[b+ Kl exp(—c.[b +k[7)

0+4bel
<7 ' o llgll I FIF eyt >0, ke
(8.48)
For 0 < 7 < 1 we apply the estimate which follows from (8.32) and (8.33):
lgb(D+k) fe= 07 f*— g0 (D+k) foe ™ O fol| L) —raioy < CoT7V2, 7> 0, k € Q, (8.49)
where
1/2 1/2 _
=gl 21 £l + a2l gL 17 e 2. (8.50)

As a result, relations (8.47)7(8.49) imply the following statement.

Proposition 8.4. Suppose that the assumptions of Theorem 8.2 and also condition (6.20)
are satisfied. Then for 7 > 0 and k € Q2 we have

lgb(D + k) fe AW £ — gO(D + k) foe ™ O fol 1) Lai) < RS(T),

CO -1 >1,

The constant C? is given by C¥ = C; + cziﬂl\gﬂLooHfH%OOc;lrgl, and CQ is defined by (8.50).
The constant C§ depends only on ag, oy, |9lle, 19w, 1 lees I 2e; the constant C2
depends on the same parameters and on d, m, and the parameters of the lattice T'.

F

9. Approximation of the operator exp(—.Ar7)

9.1. Main theorem

We return to the operator A = b(D)*g(x)b(D) acting in Ly(R% C"). Let ¢° be the effective
matrix, and let A° = b(D)*¢"b(D) be the effective operator. Let V denote the Gelfand
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-~

transformation defined in Subsec. 5.3. Using expansion (5.20) for the operator A, we
represent the exponential e™4" as

AT Pt < /~ pe AT dk> V.
Q

A similar expansion is valid also for e~A’7 Under the Gelfand transformation, the operator
b(D) turns into [z @b(D +k) dk, and the operator of multiplication by the periodic matrix-
valued function A(x) turns into the operator of multiplication by the same function in the
fibers of the direct integral K (see (5.11)). Also, we need the operator II = V’l[ﬁ]V acting
in Ly(R% C"). Here [ﬁ] is the projection in K that acts in the fibers as the operator P
(the operator of averaging over 2). As was shown in [BSu4, (6.8)], II is a pseudodifferential
operator in Ly(R%; C™) with the symbol x(€), where xg stands for the characteristic function

of the set €. Thus,

Q

(ITu) (x) = (2r) " / OT(E) de, 0.1)

where u(&) is the Fourier image of u(x).
The next result follows directly from Theorem 7.1 by the Gelfand transformation.

Theorem 9.1. Let A = b(D)*g(x)b(D), and let A° = b(D)*¢°b(D) be the corresponding
effective operator. Let A(x) be the I'-periodic solution of problem (6.11). LetII be the operator
(9.1). Then for T > 0 we have

| AY2 (e’“‘” — e AT - Ab(D)efAOTH) oty Lame) < Pa(7), (92)

where ®1(7) is defined by (7.2).

9.2. Elimination of the operator II in the corrector for 7 > 1

Now we analyze the possibility to replace II by the identity operator in the corrector. We
have to estimate the operator AY/2Ab(D)e~A"7(I — II).

Proposition 9.2. For any | > 0 the operator b(D)e_“ZOT(] —1I) is a continuous mapping of
Ly(R4;C") to HY(RY C™), and

Hb(D)eiﬁoT<[ — H)HLQ(Rd)*}Hl(Rd) S ClTi(lJrl)/Q, 7> 0. (93)

The constant C is defined below in (9.4) and depends only on l, ag, oy, ||¢g7 |1, and ro.

Proof. The operator b(D)e*ﬁOT(I — II) is a pseudodifferential operator with the symbol
b(€) exp(—b(&)*g°b(&)T)(1 — x5(&)), whence

[6(D)e™ 7 (1 = T0)|| gty ey < sup (1= X (€))(1 + [€1%)/2[b(€) exp(—b(€)" g b(&)7)

¢cRd
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Combining this with (6.16), (5.2), and the estimate || > rq for &€ & Q, we obtain

_ 407 ~
[B(D)e™ (1 = T Ly me) - igeey < e’ Sup (1 +[€[%)"%]€] exp(—2.|€[*)
>7o

< T_(ZH)/QQO&/Q(E*)_(l+1)/2(1 + T62)1/27

where

¢; = sup oF1/2p—a I+ 1)(”1)/2(26)’(”1)/2_
a>0

This proves estimate (9.3) with

C) = qal?(@) D21 4 p2)2 e (9.4)

Now we estimate the norm of AY2[A] as an operator acting from H'(R%C™) (with
appropriate [) to Ly(R%; C"). Here [A] denotes the operator of multiplication by the matrix-
valued function A(x). Let v;, j = 1,...,m, be the columns of the matrix A(x). Then
v; € H 1(Q; C") is a weak I'-periodic solution of the problem

b(D)*g(x)(b(D)v; +e€;) =0, / v;i(x)dx = 0. (9.5)
Q
Here ey, ..., e,, is the standard orthonormal basis in C™. It is easy to check that (see [BSu4,
Subsec. 6.3])
Vil < (14 1/4r0)ag Q1 lgI 2 g2, G=1,..om. (9.6)

Proposition 9.3. Letl =1 ford=1,1>1 ford =2, andl = d/2 for d > 3. The operator
AY2[A] is a continuous mapping of H'(R%; C™) to Ly(R% C"), and

LAY 2| i ) — Lo ety < (9.7)

where the constant €4 depends only on m, n, d, ag, a1, |gllr.., |67 |1, and the parameters
of the lattice T'; for d = 2 it depends also on [.

Proof. It suffices to consider the operators A"/ ?[v,] as operators acting from H'(R?) to
Ly(R4;CM), for all j =1,...,m. Let u € C(RY). According to (5.3), we have:

b(D)(vju) = (B(D)vj)u+ Y bpv;(Dyu).

k=1

Hence,

22050 e = 9B (v, e
1/2
< 900wl + 2ol ([ i)
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Let us show that the first term in the right-hand side of (9.8) is controlled in terms of the
second term and the norm of u in Ly(R?). Relation (9.5) implies that

[ (atD)v; + &), bDIw) dx = 99)
R
for any w € H'(R% C") such that w(x) = 0 for |x| > R (with some R > 0). As above, let

u € C°(RY). We put w = |u|*v;. Then

b(D)w = [ul*(b(D)v;) + Y bi(Dlul)v;.

k=1
Substituting this expression in (9.9), we obtain

d

/Rd (g(x)(b(D)v; + e;), [ul>(b(D)v;) + Z b (Dglu)?)v;) dx = 0.

Consequently,

J = / 19" 2B(D)v, [Pluf? dx = — / (g"¢;, g/2b(D)v,) ul? dx
R4 R4
d d
—/ <91/25(D)Vj791/2Zbk(Dk‘UP)VﬁdX—/ <gejazbk<Dk|u|2)Vj>dX'
R4 k=1 Rd k=1

We estimate the first term on the right by $J + [|g]| .. [ull?,za)> the second one by

d
1
ol ?lgll2 [ | lo"HD)v| (Z 2|Dku||u|> vildx < 37+ daullgllad [ s PDufax

k=1

The third term is estimated by

d
1/2
ol ?lglen [ 3D 2ADwlullvilax < gl | (oa VPP +dfuf) ax.
k=1
As a result, we obtain
1
5 192l dx < gl DIl o + lolwon (1) [ v, PIDufax

(9.10)
Relations (9.8) and (9.10) imply that

nt 1
IAY2(v0) || oy < 11911172 (2d + 2)Y2 | ]|y ey

1/2 1/2 1/2 1/2 2 2 s (9-11)
+ gl 2’ ((8d +2)? +d )(/Rdwjy |Du| dx) :
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So, the problem is reduced to estimating the last integral on the right.

It is convenient to assume that 1 < [ < 2 for d = 2. (If the statement of Proposition is true
for such [, then it is also true for larger [.) We use the embedding H*(Q; C") C L,(Q;C"),
where ¢ = oo for d =1, ¢ < oo for d = 2 and ¢ = 2d/(d — 2) for d > 3. For d = 2 we choose
qg=2/(l —1). Let ¢(d,n) be the norm of the corresponding embedding operator. Then

IVillzg@ < eld;n)l[vjllm @) (9-12)
By the Holder inequality,

/Q!Vj\leUIde < Vil IDulL, @), (9.13)

where p=2ford=1,p=2q/(¢—2)=2/(2—1) ford=2, p=dford> 3.

Now we use the embedding H'"1(2; C?) C L,(Q;C?), where [ = 1 and p = 2 for d = 1,
l<l<2andp=2/(2—1)ford=21=d/2and p=dfor d> 3. Let ¢q be the norm of
the corresponding embedding operator. Then

IDull, @) < éallull e (9.14)
As a result, relations (9.12)—(9.14) imply that
/QIVJ'|2|DUI2dX < e(d n)?* el vl oy 1ullFn o) (9.15)

Since v; is I-periodic, we can write inequality (9.15) for the shifted cells Q2+ a and sum over
aecl. Then

[ 1D i < e s o e, (9.16)
Finally, combining (9.11), (9.16), and (9.6), we arrive at the estimate
/\1 ~
A2 (viu) || ey < Callul gy,

where
€= [lgll/2 (2d+2)*+((8d +2)"/2 + d'/?) e(d, )ea(1+1/4r3) Pag P on |12 gl g~ 122
This implies (9.7) with the constant €; = €;m'/2. e

From Propositions 9.2 and 9.3 it follows that

H./Z‘.\l/2Ab(D)€7A\OT([ — H)|’L2(Rd)—>L2(Rd) S ClQ:dTi(lJrl)/Q, T > 0,

where | =1ford=1,1>1ford=2,and | =d/2 for d > 3. If 7 > 1, then 7~ (+1/2 < 71,
Let us fix [ in the case d = 2 (for instance, [ = 3/2). Together with the statement of Theorem
9.1 for the case 7 > 1 the above arguments imply the following result.

Theorem 9.4. Suppose that the assumptions of Theorem 9.1 are satisfied. Then we have
||./zt\1/2 <€_ﬁ7— — (] + Ab(D))e_A\OT> ”LQ(Rd)—)LQ(Rd) S CiT_l, T Z 1. (917)

The constant C; = Cy + C1€4 depends only on d, m, n, ag, oy, ||9lle., 197 L., and the
parameters of the lattice I'.
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9.3. Approximation of the operator gb(D) eXp(—./zl\7'>
By the Gelfand transformation, Theorem 7.2 implies the following result.

Theorem 9.5. Suppose that the assumptions of Theorem 9.1 are satisfied. Let g(x) be the
matriz (6.12). Then for 7 > 0 we have

lgb(D)e™" — Gb(D)e || () Lore) < Ri(T), (9.18)

where Ry(T) is defined by (7.31).

We show that for 7 > 1 it is possible to replace the operator II by I in (9.18). Only the
constant in estimate will change under such replacement.

Proposition 9.6. Letl =1 ford = 1,1 > 1 ford = 2, and |l = d/2 for d > 3. The
operator [g] of multiplication by the matriz-valued function g(X) is a continuos mapping of

HY R4 C™) to Ly(R% C™), and
1[9] 1] £t (rey— 1o (RE) < (o (9.19)

The constant €, is defined below in (9.21) and depends only on d, m, n, oy, a1, ||9]lL.,
197 1., and the parameters of the lattice T'; for d = 2 it depends also on .

Proof. Let v;(x), 7 = 1,...,m, be the columns of the matrix A(x). From (9.10), (9.16),
and (9.6) it follows that

||[gl/2b(D>V]} ||Hl(]Rd)—>L2(]Rd) S Q:g, j = ]_, N IS

4= g2 (2d + 2)Y2 4 (8d + 2)Y%e(d, n)éa(1 + 1/4r8) 20y 20y 10172 gl oo g2

Hence,
1/2
1[gb(D)A]|| 1t ety - Loy < M2 gll}2 €. (9.20)

Since g = g + gb(D)A, then (9.20) implies (9.19) with

1/2
¢ = [lgllre +m gl 2 €. o (9.21)

From Propositions 9.2 and 9.6 it follows that
1G6(D)e™(F = 1) ey gy < Ci€r™ V2, 7 >0,

where [ is such as in Proposition 9.6. In the case d = 2 we fix [ (for instance, [ = 3/2).
Together with the statement of Theorem 9.5 for the case 7 > 1 this leads to the following
result.

Theorem 9.7. Suppose that the assumptions of Theorem 9.5 are satisfied. Then
_Ar ~ _ A0y _
lgb(D)e " — gb(D)e | o)=Ly ey < CaT Lor>1

The constant Cy = Cs + C€); depends only on d, m, n, ag, oy, ||9lle., |97 L., and the
parameters of the lattice I'.
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9.4. Special cases
By the Gelfand transformation, Proposition 7.3 implies the following statement.

Proposition 9.8. Suppose that the assumptions of Theorem 9.1 and also condition (7.41)
are satisfied. Then we have

—Ar —A0r
H./Zl\l/Q (6 - (& B > ”LQ(Rd)—»LQ(Rd) S q)(l)(T), T > O, (922)

where ®Y(7) is defined by (7.42).

Similarly, Proposition 7.4 implies the following result.

Proposition 9.9. Suppose that the assumptions of Theorem 9.7 and also condition (6.20)
are satisfied. Then we have

_Ar _ o,
lgb(D)e " — ¢°b(D)e | La(rt)—1o(rey < RY(T), T >0,

where RY(7) is defined by (7.47).

10. Approximation of the bordered exponential e~

10.1. Approximation of the operator fe " f*

By the Gelfand transformation, Theorem 8.1 implies the following result.

Theorem 10.1. Let A = b(D)*g(x)b(D), and let A = f*Af. Let A° = f,b(D)*¢°b(D)fo,
where fo is defined by (8.2), and ¢° is the effective matriz (6.13). Let A(x) be the T -periodic
solution of problem (6.11). Let I1 be the operator (9.1). Then for 7 > 0 we have

A2 (fefATf* — foe " fo — Ab(D)f0€7A07f0H> 2oty Lomey < @2(7),

where ®o(T) is defined by (8.38).
It is easy to prove the following statement by analogy with Proposition 9.2.

Proposition 10.2. For any | > 0 the operator b(D)foe "7 fo(I — 1) is a continuous
mapping of Ly(R%; C") to H'(R%;C™), and

16(D) foe T fo(I = )| pympn < Crr~ED20 7 50,

where the constant C, is given by C; = clai/Qc;(lHWHfH%m(l +15%)? and depends only on
l, ag, v, ||g_1||ch>7 Hf||Loo7 ||f_1||Loo7 and ry.

Now Propositions 9.3 and 10.2 imply the estimate

||A\1/2Ab(D)f0€_AOTf0(] — H)||L2(Rd)—>L2(Rd) S GZQdT_(H_l)/Q, T > 0,
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where [ is such as in Proposition 9.3. For d = 2 we fix [ (for instance, [ = 3/2). Together
with the statement of Theorem 10.1 for the case 7 > 1 this implies the following result.

Theorem 10.3. Suppose that the assumptions of Theorem 10.1 are satisfied. Then we have
A2 (fe*ATf* —( +Ab(D))fo€7AOTfU) o) oey S C577", T2 L (10.1)

The constant C; = Cs + €aCy depends only on d, m, n, o, a1, llglees g™ lecs 1f e
/7Y, and the parameters of the lattice T.

10.2. Approximation of the operator gb(D)fe " f*

By the Gelfand transformation, Theorem 8.2 implies the following result.

Theorem 10.4. Suppose that the assumptions of Theorem 10.1 are satisfied. Let g(x) be
the matriz (6.12). Then for T > 0 we have

lgb(D) fe7 f* = Gb(D) foe " foll|l gty -1y may < Ra(r),
where Ro(T) is defined by (8.40).
Propositions 10.2 and 9.6 imply that

1Gb(D) foe™ 7 fo(I — || £, ®d)—Lo@ey < Cieyr= 02 s,

where [ is such as in Proposition 9.6. For d = 2 we fix [ (for instance, [ = 3/2). Combining
this with the statement of Theorem 10.4 for the case 7 > 1, we arrive at the following result.

Theorem 10.5. Suppose that the assumptions of Theorem 10.4 are satisfied. Then we have
lgb(D) fe™ A7 f* — ﬁb(D)foe_Aono|\L2(Rd)_>L2(Rd) <Crh, oT>1,

where the constant Cl, = C7+5z€él depends only on d, m, n, ag, o, ||g||, ”g_1||LW 1l
1/~ z, and the parameters of the lattice T.

10.3. Special cases
By the Gelfand transformation, the following statement is deduced from Proposition 8.3.

Proposition 10.6. Suppose that the assumptions of Theorem 10.1 and also condition (7.41)
are satisfied. Then we have

||«2F/2 (fG_ATf* - foe_Aon0> ||L2(Rd)—>L2(Rd) < (I)S(T), T >0, (10.2)
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where ®Y(7) is defined by (8.46).
Similarly, Proposition 8.4 implies the following statement.

Proposition 10.7. Suppose that the assumptions of Theorem 10.1 and also condition (6.20)
are satisfied. Then we have

lgb(D) fe=*7 £* = g°b(D) foe ™ foll y ) Loy < BI(T), 7> 0,
where RY(7) is defined by (8.51).

Chapter 3. Homogenization of periodic DO’s

We proceed to the homogenization problems in the small period limit for periodic differential
operators acting in Lo(R%; C"). If ¢(x) is a measurable I'-periodic function in R?, we denote
¢°(x) := ¢(e7'x), € > 0. We consider the operators

~

Ae = b(D)"g*(x)b(D), A. = (f*(x))"b(D)"g" (x)b(D) f*(x),

with coefficients oscillating rapidly as € — 0. Our goal is to obtain approximation for the
operators exp(—A.7) and f€exp(—A.7)(f°)* for a fixed 7 > 0 in the norm of operators
acting from Lo(R?%;C") to HY(R?; C").

AN

11. Approximation of the operator exp(—A.7)

11.1. Main theorem

Consider the scaling transformation 7 given by (T.u)(y) = ¢¥?u(ey), y € R The operator
T, is unitary in Lo(R%;C"). The following identities are true:

A = e 2THAT,, AV? = ' AVPT,
exp(—.ZET) =717 exp(—ﬁTe_Q)Ta,
exp(—JZl\OT) =17 exp(—ﬁoﬂs’z)TE,
b(D) = ' T20(D)T., [A%] = TZ[A]T..
We put II. := T*IIT.. Then II. is a pseudodifferential operator in Lo(R% C") with the
symbol Xﬁ/g(@a i e.,

Q/e

(M) (x) = (27) /2 / SO (g) de. (11.1)
Thus, we have

@/2 (6—257 N (] + SAab(D)HS)B_“&OT>
R A (11.2)
— ol Q12 (W‘Tf” —(I+ Ab(D)H)e*A(’Tf”) T..
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Applying inequality (9.2) with 7 replaced by 772 and identity (11.2) and taking into
account that 7. is unitary operator, we obtain

|22 (6727 = (1 4+ eABDI)e ™) [y nyeny < a(7,2), 7>0, >0, (113)

i _[Crtle, >0, 0<e< T2
i(r8) = Cor~ 12, >0, €>71Y%

Using (11.3), we shall obtain approximation of the operator e~ in the (Ly — HY)-
norm. Similarly to (5.5), we have

a /R Dul?dx < |AY?ul?, e, ue H'(RGCM). (11.4)

Combining this with (11.3), we arrive at the estimate
ID (&4 = (1 eA DD )e A7) [l gy < (@) 2 (r,). (11.5)
It remains to estimate the operator e~ — (I—i—aAab(D)He)e_ﬁoT in the (Ly — Ls)-norm.

According to [Su2, Theorem 7.1], we have

le 7 — e 7| i) ra@ey < Cor Ve, T>0, &> 0. (11.6)

The constant Cy depends only on g, a1, ||gllr.., [[¢7 ]|z, and the parameters of the lattice
I
Now we estimate the (Ly — Ly)-norm of the corrector. By the scaling transformation,

_A0+ _A0re—2
€HAab(D)H€€ A HLQ(R‘”H[@(RQ = HAb(D)He A're HLQ(Rd)*)LQ(Rd)

— (11.7)
< ||AHm||L2(1Rd)—>L2(Rd)||b(D)€_“40T8 i

| Lo (RY)— L5 (RY) -
Here II,, is a pseudodifferential operator with the symbol xg /8(5) acting in Ly(R%; C™). By
(5.2) and (6.16), we have

IBD)e™ " | L) Lorey < sup [b(€) exp(—b(€)"g"b(€&)r=72)|
eR

(11.8)
< oy sup [€] exp(—a.[€Pre?) < em 720 ?(@) 72 70, e>0.
£cRd
Using the Gelfand transformation and (7.37), we estimate the norm of the operator AIL,:

= _ —1/2 1/2 _ 1/2
AT | 1y (20) — Loty = (APl a0y —at) < mY2(2r0) Lo Pllgll 2 g7 2. (11.9)

Relations (11.6)—(11.9) imply that

le™T — (I + eA*b(D)IL)e A" L) Laey < Cor V%€, 7>0, &> 0, (11.10)
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where
= 21 —1/2 1/2 0 \— /2y —111/2
Co = Co+m"/?(2r0) oy 20y/*(@) 1/2||9||L/0<,||9 1||L/oo' (11.11)

Inequalities (11.5) and (11.10) lead to the following result.

Theorem 11.1. Let A. = b(D)*¢°(x)b(D), and let A° = b(D)*¢°b(D) be the effective
operator. Let A(x) be the T-periodic solution of problem (6.11), and let A°(x) = A(e7'x).
Let 11 be the operator (11.1). Then for 7 > 0 and € > 0 we have

le™ 2 — (I + eA*b(DYIL)e A || 1, oty g mety < W (7€), (11.12)

Uy (re) = (Cir 'V +Cor ), T>0, 0<e< TV
nher= T7V2(Cy +Coe), T>0, e>7Y2

The constants C; = (E*)_1/2617 Cy = (5*)_1/2C2 and Cy depend only on m, oy, aq, ||9]L..,
lg7 ||z, and the parameters of the lattice T.

(11.13)

11.2. Approximation of the operator eXp(—./Zl\57'> for ¢ < 71/2

Now we apply Theorem 9.4. Similarly to the proof of (11.3), by the scaling transformation,
(9.17) implies that

”@/2 (@_ﬁgr — (I + €A€b(D))e—fTOT> ||L2(]Rd)—>L2(]Rd) < 017_15, 70 0<e< 12
Combining this with (11.4), we obtain
D (e—ﬁsr —(I+ EASb(D))e—ﬁ°T> L)y < (&) Y2Cr e, 750, 0<e< 12

(11.14)
Let us estimate the (Ly — Ls)-norm of the corrector. By the scaling transformation,

5||A€b(D)€_AOT||L2(Rd)_,L2(Rd) - HAb(D)e_AO7—872 ||L2(Rd)—>L2(Rd)' (1115)

We need to estimate the operator b(D)e‘“ZOT in the (Ly — H*)-norm and the operator [A]
in the (H®* — Ls)-norm (with appropriate s).

Proposition 11.2. For T > 1 the operator b(D)e_“‘TOT is a continuous mapping of Lo(R%; C™)
to H*(R%; C™) with any s > 0, and

Hb(D)ei.’@THLg(Rd)HHS(Rd) <Cor'? T > (11.16)

The constant C? is defined below in (11.17) and depends only on s, o, ay, ||¢g7 L., -
Proof. By (5.2) and (6.16), we have

1(D)e ™ | Lagget oy < sup (1+ [€°)/%[b(€) exp(~b(€)"sb(€)r)]
EeR
< oy sup (1 + [€2)*/%|¢| exp(—2.[€ 7).
£cRd
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We denote ¢; = sup,-o(1 + a)*?al/2e=. Then for 7 > 1 we obtain

A . L+IEP " gl
b(D)e A’ ho(ray < '’
D) rammren < G b (T3 0ep ) @oreig

<G @) 1+ @)Y L

Thus, inequality (11.16) is valid with the constant

C; =70 (@) 71+ (@))% . (1L17)

Proposition 11.3. Let s =0 ford =1, s >0 ford =2, s =d/2—1 ford > 3. Then
the operator [A] of multiplication by the matriz-valued function A is a continuous mapping
of H*(R% C™) to Ly(R%C"), and

AN s (rt)— Loy < €d> (11.18)

where the constant & depends only on d, m, n, ap, ||gllr.., 197 2., and the parameters of
the lattice I'; in the case d = 2 it depends also on s.

Proof. Let us assume that 0 < s < 1 in the case d = 2. Consider the operators [v,]| of
multiplication by the vector-valued functions v;(x) (the columns of A(x)). It suffices to
estimate the norm of [v;] as an operator from H*(R?) to Ly(R% C"), for all j = 1,...,m.
Let ¢(d,n) be the norm of the embedding H'(Q; C") C L,(2;C"), where ¢ = oo for d = 1,
q=2/sford=2,q=2d/(d—2) for d > 3. By ¢; we denote the norm of the embedding
H*(Q) C L,(2), where s=0andp=2ford=1;0<s<landp=2/(1—-s)ford=2;
s=d/2—1and p=d for d > 3. Similarly to (9.12)—(9.16), we obtain

[ VSOOIl dx < cld v, o

2
Hs(RY)"
Combining this with estimate (9.6), we obtain

5]

Estimate (11.19) implies (11.18) with €; = m'/2¢’,. e

mm%mm%§d¢m@U+UM@W%N%WQMMQMlwz:QEjzlwwmj
11.19

Let s be as in Proposition 11.3. In the case d = 2, we fix s (for instance, s = 1/2). From
(11.16) and (11.18) it follows that

1AB(D)e™ 27| 1y ety — oty < Co€ar V%, 7> 1. (11.20)
Relations (11.15) and (11.20) imply that
e[| AZB(D)e™ || 1y ity o) < Co€ur Ve, 70, 0<e< V2 (11.21)
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The following result is a direct consequence of (11.14), (11.6), and (11.21).
Theorem 11.4. Suppose that the assumptions of Theorem 11.1 are satisfied. Then we have

le™7 = (I + eAB(D))e ™ | ymay ey < £(Cl'T ™ +CITT), T>0, 0<e<T

The constants C%) = (E*)—1/2C{, Cg) — CAo =+ C’;’&d depend only on d, m, n, ao, a1, ||g|lr_.
197 1., and the parameters of the lattice T.

11.3. Approximation of the operator ¢°b(D)exp(—.A.7)
By the scaling transformation, Theorem 9.5 implies the following result.
Theorem 11.5. Suppose that the assumptions of Theorem 11.1 are satisfied. Let g(x) be
the matriz (6.12), and let °(x) = g(e'x). Then for 7 > 0 and ¢ > 0 we have
1g°b(D)e™" — FFb(D)e I 1, (k) 1oty < Zn(7, ), (11.22)
Cyrte, T>0, 0<e< T2
i) = {047_1/2, >0, ¢>71Y2

The constants Cs, Cy depend only on d, m, ap, a1, ||gllr., |67 L., and the parameters of
the lattice I

(11.23)

Similarly, Theorem 9.7 implies the following statement.

Theorem 11.6. Under the assumptions of Theorem 11.5, we have
1lg°b(D)e AT — GFb(D)e || Lyt oo < Cy7 e, T>0, 0<e< 7Y
The constant Cy depends only on d, m, n, oo, a1, |9llr., g7 |2, and the parameters of

the lattice T'.

11.4. Special cases

Suppose that condition (7.41) is satisfied. Then, by the scaling transformation, from (9.22)
it follows that

H“Zl\l/Q (eiA\ET - eiﬁOT) |‘L2(Rd)—>L2(Rd) < E]?(T7 5)7 7>0, >0,

€

~ COr7le, 7>0, 0<e<7l/2
0 _ 1 ) ) = )
Vi(r.e) = { CIr=12 >0, e>7Y2

Combining this with (11.4), we obtain
ID (787 = A7) |y oy < (@) 28 ), 70, e >0,
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Together with (11.6) this leads to the following result.

Proposition 11.7. Suppose that the assumptions of Theorem 11.1 and also condition (7.41)
are satisfied. Then for 7 > 0 and € > 0 we have

He—ﬁgr i e—.ZO

oty 1 ey < UY(T, €),

Wo(r,e) = e(COT1 + VCAOT‘lA/Q), >0, 0<e< 72
B T V2(CY + Coe), T>0, e>71'2

The constants CO = (¢,)~1/2C0, C9 = (2,)~1/2CY, Cy depend only on ao, a1, |9l g7 1,
and the parameters of the lattice T.

Finally, by the scaling transformation, Proposition 9.9 implies the following result.

Proposition 11.8. Suppose that the assumptions of Theorem 11.1 and also condition (6.20)
are satisfied. Then for T > 0 and € > 0 we have

g _"\57_ —AOT
lg°b(D)e A —gob(D)e A HLQ(W)HLQ(RCZ) < E(1)(77 £),

Corle, 7>0, 0<e<7l/2
0 o 3 ) 3 = )
il €) = { CIr=12 7>0, e>7Y2

The constant CY depends only on ag, a1, [|9llr., |97 |1.; the constant CY depends on the
same parameters and on d, m, and the parameters of the lattice T'.

12. Approximation of the bordered operator e "

12.1. Main theorem

By the scaling transformation, Theorem 10.1 implies the estimate
”"Zl\é/z <f€eiA€T(f€)* - (I + E;Aeb(D)He)foeiAOTf(]) ||L2(Rd)—>L2(Rd) < @2(7—7 5)7

P G, T>0, 0<e< T2
2(r.€) = CoT~ 12, >0, ¢>71/2

Combining this with (11.4), for 7 > 0 and £ > 0 we obtain
|D (fae_AET(fg)* — (I + 5A€b(D)HE)f06_AOTf0> | Lo (R = Lo (RE) < (@) PUy(r,e). (12.1)
According to [Su2, Theorem 7.3], we have
1£2e™2 ()" — foe™ ' foll Logrey oy < Com V%, T>0, >0, (12.2)
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where the constant Cy depends only on «ag, ay, ||9llz., 19 2w, I flzws 1/ L., and the
parameters of the lattice I'.
Let us estimate the (Ly — Lo)-norm of the corrector. By the scaling transformation,

E — A0 — OTE_Z
el|A*B(D)IL foe ™ foll 1ty Loqrey = [[ADD)Lfoe™ ™ foll 1y (ma) 1y (me)

—A0re—2 (123)
< [[AIL, || Ly ey — Lo () [[D(D) foe foll Loa)— Lo (mey-
Similarly to (11.8), taking (5.2), (8.3), and (8.6) into account, we obtain
16(D) foe™ 7 foll ey racrey < 021117, sup €] exp(—c.lgf*re™?)
geRd (12.4)

<er a7 e P T >0, e >0,
Relations (12.2)-(12.4) and (11.9) imply the estimate
| foe™ AT (£2)" — (I +eAD(D)ILL) foe ™ foll Loty — Loy < Crim~ %, 7> 0, &> 0, (12.5)

where
—1/2 1/2 1/2 _ 1/2 —
Cir = Co+m"2(2re) g Pt F12 Mgl 2 g M 12 e .

Loo *
The next theorem follows from (12.1) and (12.5).

Theorem 12.1. Let A. = (f°)*b(D)*¢°(x)b(D)f¢, and let A° = fob(D)*¢°b(D) fo, where

O is defined by (6.13), and fo is defined by (8.2). Let A(x) be the T'-periodic solution of
equation (6.11), and let A°*(x) = A(e'x). Let 1. be the operator (11.1). Then for T > 0
and € > 0 we have

| fee= 7 (f5)" — (I + z—:AEb(D)Ha)foe_Aono||L2(Rd)—>H1(Rd) < Uy(7,¢),

Uy(r,e) = e(Cst P+ Cpum V), 7>0, 0<e< T2
214 N _1/2(06+Cn€) T >0, €>7'1/2.

The constants Cs = (¢,)~'/2Cs, Cs = (¢,)~/?Cs, and Cyy depend only on m, ag, a1, |91,
N9 News Iflzes If 7 2o, and the parameters of the lattice T.

12.2. Approximation of the operator fe=*7(f°)* for ¢ < 71/2

Now we apply Theorem 10.3. By the scaling transformation, (10.1) implies that
AL (fge_A”(fa)* -+ 5/\Eb(D))foe_““offo> |2 () 1o () < CET e,
>0, 0<e<rt!/2
Combining this with (11.4), we see that

”D (fae_AsT(fa)* - ([ + EAab(D))fOG_AOTf()) ||L2(Rd)~>L2(Rd) S (C*) 1/2C/T_1€

(12.6)
>0, 0<e<r7l/2
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Let us estimate the (Ly — Lo)-norm of the corrector. By the scaling transformation,

el|A*B(D) foe " foll are)—La(rety = [ADD) foe™ 7 foll o) Laret)- (12.7)
It is easy to check the following statement by analogy with Proposition 11.2.

Proposition 12.2. For 7 > 1 the operator b(D)foe_AOTfo is a continuous mapping of
Ly(R% C") to H*(RYC™) for any s > 0, and
Hb(D)f()eiAOTfOHLQ(Rd)*}Hs(Rd) S 057'71/2, T Z 1.

The constant Cy is defined by Cy = 6Sai/2c;1/2(1 +c. 1) 2| fI3, and depends only on s, g,

ar, 197 2o 1 lzoer 17 |2 -

Let s satisfy the assumptions of Proposition 11.3; for d = 2 we fix s (for instance,
s = 1/2). Propositions 11.3 and 12.2 together with relation (12.7) imply that
e[ A*B(D) foe ™7 foll L@ty Loray < Cs€am Ve, 7>0, 0<e < Y2 (12.8)

The next result follows directly from (12.2), (12.6), and (12.8).
Theorem 12.3. Suppose that the assumptions of Theorem 12.1 are satisfied. Then we have
£ () = (L + ABD)) foe ™ foll gy micey < =€) + €7 72),
>0, 0<e<t2

The constants C\y) = (c.,) 3¢, c? = ¢y + €y depend only on d, m, n, ag, o, 9]l 2o
lg ey I fllzws If 7 2o, and the parameters of the lattice T.
12.3. Approximation of the operator ¢°b(D) fee=7(f)*

By the scaling transformation, Theorem 10.4 implies the following statement.

Theorem 12.4. Suppose that the assumptions of Theorem 12.1 are satisfied. Let g(x) be
the matriz (6.12), and let °(x) = g(e~'x). Then for 7 > 0 and ¢ > 0 we have

lg°b(D) fee AT (f)* — gsb(D)foe_AOTf()Hs||L2(Rd)—>L2(Rd) < ¥y(T,€),
ZQ(T, E) = {

The constants C;, Cs depend only on d, m, ag, aq, |9, Hg_lHLm; I fllze s ||f_1HLoo, and
the parameters of the lattice I

Cotle, 7>0, 0<e<7V?
Cst~ Y2, >0, ¢>71Y2%

Similarly, the following result is deduced from Theorem 10.5.
Theorem 12.5. Under the assumptions of Theorem 12.4, we have

|g°b(D) fee™ AT (f5)* — gsb(D)foeiAOTfOHL2(Rd)*,L2(Rd) <Clrt7l, 7>0, 0<e<7TY2
The constant C, depends only on d, m, n, oy, a1, |9llee, 19 News |fllze, If e, and

the parameters of the lattice I'.
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12.4. Special cases

Suppose that condition (7.41) is satisfied. Then, by the scaling transformation, (10.2) implies
that

—AeT * - AT Jr
||"Zl\;/2 (fee - (fa) - fOe A f0> ||L2(Rd)—>L2(Rd) < \11(2)(7-7 8)7 T > 07 € > 07

Corle, 7>0, 0<e< 12
087_1/2, >0, ¢>712%

#(re) = {

Combining this with (11.4), we obtain

ID (£ (1) = foe™" o) lnagun 1oy < (@) V2B (7,6), 7> 0, & >0,

Together with (12.2) this yields the following result.

Proposition 12.6. Suppose that the assumptions of Theorem 12.1 and also condition (7.41)
are satisfied. Then for T > 0 and € > 0 we have

—A-T * —A%r
1£7e AT () = foe ™ foll Lot rrrceey < (),

PO(r,c) — e(Cor + goT_1/2), >0, 0<e<rtl/?
20 T V2(CY + Coe), T>0, £>71/2

The constants CO = (¢,)~Y2C2, CY = (€.)~'/2CY, Cy depend only on ag, a1, |9z, |97 low,
1 fllews I/ 2o, and the parameters of the lattice T.

Finally, by the scaling transformation, Proposition 10.7 implies the following statement.

Proposition 12.7. Suppose that the assumptions of Theorem 12.1 and also condition (6.20)
are satisfied. Then for 7 > 0 and € > 0 we have

1g°b(D) foe 4 (£2)* — g°b(D) foe ™" foll Lo@a) - Lo(may < 29(7, ),

Corle, 7>0, 0<e<7/?
EO — 7 ) ) = )
2(7', 5) { Cngl/Q, >0, > 71/2

The constant CY depends only on g, a1, [|9]loe, 19 N ews 1Sl [/ 2o ; the constant C9
depends on the same parameters and on d, m, and the parameters of the lattice T".

13. Homogenization of a parabolic Cauchy problem

13.1. The homogeneous Cauchy problem

Now we apply the results of Sec. 11, 12 to investigate the behavior of the solutions of a
parabolic Cauchy problem in the small period limit.
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T. Suslina Homogenization of a periodic parabolic Cauchy problem

Let u.(x,7), x € R% 7 > 0, be the solution of the problem

ou,
or

where ¢ € Ly(R%; C"). The solution u. can be represented in terms of the operator expo-

nential: u. = exp(—A.7)o.
Let ug be the solution of the "homogenized” problem

M0 (D) D, up(x,0) = (x), (13.2)
where ¢° is the effective matrix defined by (6.13). Then ug = exp(—A%7)¢.

We obtain approximation of the solution u, in the norm of H'(R?; C") and approximation
of the so called "flux” p. = ¢°b(D)u. in the norm of Ly(R%; C™), for a fixed 7 > 0 and small
e. In all the statements of this section, we assume that A(x) is the I'-periodic solution of
problem (6.11), and A*(x) = A(e7'x); g(x) is the matriz (6.12), and §°(x) = g(e~'x).

Applying Theorems 11.4 and 11.6, we obtain the following result.

= —b(D)* ¢ (x)b(D)u., u.(x,0) = ¢(x), (13.1)

Theorem 13.1. Let u. be the solution of problem (13.1), and let uy be the solution of
problem (13.2). Let p. = ¢g°b(D)u.. Then for 7 >0 and 0 < ¢ < 7Y% we have

[uc(,7) = wo(:,7) = eAD(D)uo (-, 7)1 mey < C(7)el| @l o),
Ip=(, 7) = Fb(D)uo (-, )| oy < Co7 ell Dl e)-

Here C(7) = C\Pr=1 + 7712, The constants C\), ¢'2, C} depend only on d, m, n, o,
a1, 191z, |97 2o, and the parameters of the lattice T

13.2. The nonhomogeneous Cauchy problem

Now we consider the following Cauchy problem for a nonhomogeneous equation:

88“5 = —b(D)*¢*(x)b(D)u. + F(x,7), xR 0<7<T,
-

u.(x,0) = p(x).

Here 0 < T < 00, ¢ € Lo(R%GC"), F € H,y(T) := L,y((0,T); Ly(R%: CM)), 2 < p < oo. (If
T = oo, then 0 < 7 < 00 in the equation.) We denote

(13.3)

T 1/p
Flagioy o= ([ 1PN g d7) o 1< 0,
{3 (r) = ess- sup IE (7)1 (ra)-
0<7<T
The solution u. of problem (13.3) is represented as

u.(-,7) :e—ﬁaf¢+/ eI (- F) dF (13.4)
0
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Let ug be the solution of the "homogenized” problem

oug « 0 d
ouo <
5 = —bD)g’b(D)ug + F(x,7), x€R’, 0<7<T, (13.5)
uO(X7 0) = ¢(X)
Then T
uoC,T)=:6_JWT¢-+Q/)e_A%T‘ﬂF%n%)d%' (13.6)
0

Now we rely on Theorems 11.1 and 11.5, since in order to approximate the solution u.
in H'(R?; C") for a fixed 7 > 0, we need to use approximations for the operator exponential

exp(—A.s) for all values s € (0, 7).

Theorem 13.2. Let u. be the solution of problem (13.3), where ¢ € Ly(R%C") and F €
Hy(T), 2 < p<oo. Let ug be the solution of problem (13.5). Let p. = g°b(D)u.. Let IL. be
the operator (11.1). Then for 0 <7 < T and 0 < ¢ < 72 we have

Jue (-, ) —uo (-, 7) —eATD(D)eug (-, 7)1 ey < Co(T)el|@l| 1, ey +01(T: € D) [F [l24,m), (13.7)
where Co(1) = Cyr—" + Cor™ /2,

c 81—2/17 + Cllng/Q—l/p 2 < p < 00
P1(7'75§p): 5 1 _oy Lo : 1/2 7
Cieln (1e72) + 2Cae + 2CoeT/?, p = o0, (13.8)

¢, =G/ =)+ GO -2, =G -p/2)7
Here p™ ' + (p/) ' =1. For0<7<T and 0 < ¢ < 7'/2 we have
Ip-(, 7) = Fb(D)eag (-, 7)l| ymey < Co7 ' ellBllromey + p2(7 & D) F gy (13.9)

(r.6:p) = Eel TP 2 < p < o0,
P2RT, & P) = Cseln (7672) + 2C4e, p = o0,

& =Cs(p/ — 1) + Cy(1 —p'/2) M7

Proof. Let 0 < 7 < T and 0 < ¢ < 7%/2. By (11.12), (13.4), (13.6), we have
[uc(-,7) —uo(-, 7) — eAD(D)ILug (-, 7)|| g1 (rey

v ) i i (13.10)
SCo(T)€\|¢HL2<Rd)+/ Uy (7 = 7,e)|F (. 7|y ey 47,
0

where Cy(1) = Ci7' + Cor /2, and W (7,¢) is defined by (11.13). The integral in the
right-hand side of (13.10) can be written as

2

/ Ui(7 =7, e)IF( 7)ll Lo(rey df:cvﬁ/ (7 —=7) F(C,7)l py(ray dT
0 0 (13.11)

+Cg/ 2(7—%)_1/2HF(-,%)HL2(W)d%+695/ (1 = 7)Y2F (-, 7))l Lo ey dF-
T—€ 0
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For 2 < p < oo we apply the Holder inequality. Hence,
T T—g2 l/p'
/ Ui(r = 7, )IFC Tl pymay dT < [[F g, () Cre (/ (r—=7)" d?)
0 0

5 T ) 1/p T ) 1/p
+ ||F[#, () Ca (/ (1 —7)7P/? d%) + |||, () Coc </ (1 —7)7P/2 d%)
T—e2 0
< HFHHp(T) <é1(p/ B 1)—1/p’€172/p + é2<1 . p//2)—1/p’€172/p + ng(l _p//2>—l/p’7_1/271/p) )

Convergence of all the integrals under consideration is ensured by the condition 2 < p < oo,
whence 1 < p’ < 2. Together with (13.10) this implies (13.7) in the case where 2 < p < 0.
If p =00, (13.11) implies the estimate

/ V(7 — 7,2)[F 7)1y dF
0

S (516/ <T—%)‘1d%+63/ (T—%)_I/Zd%Jnga/ (T—%)—l/%ﬁ)
0 - 0

—e2

= || F[[#00 ) (élsln (Te7%) 4 2Coe + 2C9571/2) ‘

Combining this with (13.10), we arrive at (13.7) in the case p = oco.
In order to prove (13.9), we use (11.22), (13.4), (13.6). Then

Ip=(, 7) = FO(D)ILeag (-, )| ymey < Ca7"el| Bl 1y may + / (1 = 7, )F (7 Ly (re) A7

0
(13.12)
Using (11.23), we rewrite the integral in (13.12) as

| it = 2P Dl a7
T e . (13.13)
2035/ (7= 7)HFC D py@ey d%—l—C4/ (1= 7) V2R, 7) | py ey dF-
0 .

e2

If 2 < p < o0, by the Holder inequality, we obtain
| S = 2B Ao 47 < B (Ca = )7+ Caf1 = pf2)7 ) 20
0

Together with (13.12) this proves (13.9) in the case 2 < p < 0.
If p = o0, it follows from (13.13) that

/ St = 7,8 |[FC, ) || Ly ey A7 < || F ) (Coeln (167%) 4 2Cae)
0
Together with (13.12), this yields (13.9) if p = oc0. e
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13.3. Special cases for problem (13.3)

The case where the corrector in (13.7) is equal to zero is considered with the help of Proposi-
tion 11.7. It is easy to deduce the following statement by analogy with the proof of inequality
(13.7).

Proposition 13.3. Suppose that the assumptions of Theorem 13.2 and also condition (7.41)
are satisfied. Then for 0 <7 <T and 0 < ¢ < 72 we have

e, 7) = o, 7)1 ey < CulT)ell @l oray + p3(T: € D) IF [l24,0),
where C, (1) = COr~1 + Cor /2,
Sl 4 Fert/27P 2 < p < o0,

& =Cop — 1) 4 CU1L—pj2) @ = Co(1—pl2)

Now we distinguish the special case where approximation of the flux p. does not depend
on e. Using Proposition 11.8, it is easy to check the following statement by analogy with
the proof of inequality (13.9).

Proposition 13.4. Suppose that the assumptions of Theorem 13.2 and also condition (6.20)
are satisfied. Then for 0 <7 <T and 0 < ¢ < 7Y% we have

1P (-, 7) — g°b(D)uo(-, 7) || Lyray < C37el| @l Lo(ray + pa(T, € ) |F 24,

where
hel™2P 2 < p < oo,

pa(T,Ep) = {Cgaln (re™?) +2CYe, p= o0,
&= Y — 1)+ COL— 2

13.4. More general homogeneous Cauchy problem

Now we consider more general Cauchy problem. We start with the case of homogeneous
equation. Let Q(x) be a measurable I-periodic (n x n)-matrix-valued function in R¢ such
that Q, Q7! € Lo, and Q(x) > 0. Let v.(x,7), x € R% 7 > 0, be the solution of the problem

aVE * € £
Q602 = WD) ¢ D)V, Q). (x.0) = D). (13.14)
where ¢ € Ly(R% C"). We write Q(x)~! in a factorized form Q(x)~! = f(x)f(x)*, where
f(x) is a I-periodic (n x n)-matrix-valued function such that f, f~' € L. (For instance,
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one can put f(x) = Q(x)"2) We put w. = (f°)"'v.. Then w. is the solution of the
problem

ow,

5 = ~(f7(x)"b(D)"g"(x)b(D) f*(x)we, we(x,0) = (f(x))"d(). (13.15)
The solution of problem (13.15) is represented as w. = e~<7(f¢)*¢. Then
v. = [l AT (), (13.16)
Let v be the solution of the "homogenized” problem
@% = —b(D)*¢°b(D)vy, Qvo(x,0) = P(x). (13.17)

Here @ is the mean value of Q(x) over the cell Q. Let f, be defined by (8.2), 1. e., fo = (Q)~'/2.
Then the solution of problem (13.17) can be written as

Vo = foe_AOTf0¢. (1318)

Approximations of the solution of problem (13.14) and the corresponding flux follow
directly from Theorems 12.3, 12.5 and representations (13.16), (13.18).

Theorem 13.5. Let v. be the solution of problem (13.14), and let vy be the solution of
problem (13.17). Let q. = ¢°b(D)v.. Then for 7 >0 and 0 < ¢ < 7Y% we have

Ive(-i7) = Vo, 7) = eABD)Vo (-, 7) a1 ey < C()z ]| Bl auery;

e (- 7) = G70(D) Vo (-, 7) || Lomay < Co el Ly ey
Here C(7) = C07= 1 + 27712 The constants C\), €2, €L depend only on d, m, n, o,
ar, 19w 19 2w 1QNze, 1Q 2o, and the parameters of the lattice T.

13.5. More general nonhomogeneous Cauchy problem

Now we consider the Cauchy problem for a nonhomogeneous equation:

ov. d
&€ — * € <
@002 = D) (IHDIv. + Flx7). x€RL 0<7<T o)
Q*(x)ve(x,0) = ¢(x),
where ¢ € Ly(R%C"), F € H,(T), 2 < p < co. The solution v, is represented as
Vo= FEATEY S [ e AT ) (13.20)
0
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Let vo be the solution of the ”homogenized” problem

@? = —-b(D)*¢"b(D)vo + F(x,7), xR 0<7<T,
-

_ (13.21)
Qvo(x,0) = ¢(x).
The solution v is represented as
vo = foe 7 fogp +/ foe T foF (-, F) dF. (13.22)
0

Using Theorems 12.1 and 12.4 and representations (13.20), (13.22), it is easy to prove
the following result by analogy with the proof of Theorem 13.2.

Theorem 13.6. Let v. be the solution of problem (13.19), where ¢ € Ly(R%C") and
FeH,(T), 2 <p<oo. Let vo be the solution of problem (13.21). Let q. = ¢g°b(D)v.. Let
I1. be the operator (11.1). Then for 0 <7 < T and 0 < & < 72 we have

Ve (-, 7) = Vo, 7) = A DDITLvo (-, 7) [ z11rey < Colm)el|Bl| ey + p5(7 8 D) [Fllrey ),
where Co(1) = Cym~! + Cpy7 /2,

(r,e:p) = el 4 Pert/2 U, 2 < p < oo,
PsAT> &5 Cseln (1e72) + 2Cge + 2C11e7Y/2, p = o0,

CZ(JI) =C5(p' - 1)_1/])/ +Co(1 - p//2)_1/p/7 05,2) =Cu(l- PI/Q)_l/p/-
Here p™ '+ (p/) ' =1. For0<7<T and 0 < ¢ < 7'/2 we have

la:(-,7) — ~5b(D)H€v0(-,7)||L2(Rd) < C7T_l5||¢\|L2(Rd) + pe(T, 5;p)||F||Hp(T)a

pe(T,€;p) = ey e, 2 < p < oo,
oA Creln (1672) + 2Cse, p = o0,

0523) — C7(p’ . 1)—1/p’ + Cg(l _ p//Q)—l/p"

13.6. Special cases for problem (13.19)
The case of zero corrector can be easily considered on the basis of Proposition 12.6.

Proposition 13.7. Suppose that the assumptions of Theorem 13.6 and also condition (7.41)
are satisfied. Then for 0 <17 <T and 0 < ¢ < 72 we have

[Ve(-,7) = Vo, Tl ey < Cul(T)el| @] ymay + p7(7, €5 P)IF |3, ()
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where 5'*(7') =Cor7 + Cor V2,

(repy = | G EYer P 2 < p < oo,
P & Cleln (1672) + 2C%e + 2Coe'/?, p = o0,

o) = CO = ) L= 2 ) = Cof1 = )

Finally, using Proposition 12.7, we consider the case where approximation of the flux q.
does not depend on e.

Proposition 13.8. Suppose that the assumptions of Theorem 13.6 and also condition (6.20)
are satisfied. Then for 0 <7 <T and 0 < e < 7'/2 we have

la=(7) = g°b(D)vo (-, ) Loy < C77ellllarey + £5(7: 5 ) [F llg, ),

where ©
1-2/p 9
. — CP € I < p < 007
p8(T; 6,])) {C?&Tln (T€_2) T 20357 p = 00,
o) =C )T+ -2
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