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Abstract. An optimal control problem is studied for a predator-prey system of PDE, with a logistic
growth rate of the prey and a general functional response of the predator. The control function has
two components. The purpose is to maximize a mean density of the two species in their habitat.
The existence of the optimal solution is analyzed and some necessary optimality conditions are
established. The form of the optimal control is found in some particular cases.
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1. Introduction

We study an optimal control problem related to the predator-prey system

ayl . hn
Ea_ a1 Ayy + 1y (1 — E> —y2F (y1,92) C(tx)e@Q=10,T] x Q,
% = e Ays + Yo [—d + cF (y1,2)] ,

where () is an open bounded set from R™, m < 3, with the boundary 0f) sufficiently smooth.
Here y; (¢, z) and y5 (¢, x) represent the densities of prey and predator species, respectively, at the
moment ¢ € [0, 7] and the spatial position x €  and o1, as, 7k, c¢,d > 0 are given parameters.
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Function f (y1) = ry1 (1 — %) is the logistic growth rate of the prey species. The parameter

r controls the prey population growth, while the coefficient £ is the prey-carrying capacity. The
predator functional response F (y1, y2) signifies the density of prey consumed per predator in unit
time. It is supposed to satisfy the following conditions:

(Z> F (ylv 92) - ylF (yl>y2) ) with ﬁ et ((O’ 00)2) )

(77) F and its first partial derivatives are bounded on bounded sets;
... oF oF
(i11) F (y1,92) > 0, @ (y1,92) > 0and F (y1,y2) + 92@ (y1,12) > 0, forall y1,y2 > 0.
1 2
Function F' includes as particular cases various classical functional responses ([9], [10]):

by . by%
Holling type II), F' (y1, =

T+ ag, ( g type ID), F (y1,%2) [+ ay?

by

by
————— (Hassell & Valery), F'(y1,y2) = (De
yg + ay} Y. Fyrve) Y1 + ays + ayo

Angelis et al; Beddington), etc. The parameters a, b, n, v are positive. All these functional
responses satisfy conditions (i) — (i77) , the penultimate one for 0 < v < landn > 1.

The predator’s numerical response G (y1,y2) = —d + cF' (y1, y2) shows the per capita growth
rate of the predator population. Parameters d and c are the per capita predator death rate and the
maximal per capita predator birth rate, respectively. More details about these models and their
significance can be found in [9] and [10].

One separates the prey from the predators with the aid of a control function u : ) — R,
0 < wu(t,r) < la. e on Q. Then the term yoF (y;,y2) from the system is multiplied by wu.
The mixture rate at the moment ¢ and point z is u (¢, ). We also introduce a control function
v:Q — R 0<a<wv(t,r) <1a. e. on (@, which signifies the rate of mixture between
the individuals of the prey population. Then the second term of the prey’s logistic growth rate is
multiplied by v. Function v is here strictly positive. This means that the prey individuals can not
be completely separated from each other. The dynamics of the controlled ecosystem is given by

0

% = a, Ay + 1y (1 — %v) —u Yo (Y1, y2)
a Y
% = Oészz + Yo [_d + cu F (y17 y2)]

for (t,x) € [0,T] x = Q. One associates homogeneous Neumann boundary conditions

F (y1,y2) = by, (Holling type 1), F' (y1,y2) =

(Holling type II), F (y1,y2) =

(1.1)

Oy _ O
ov ov
(i. e. we have an isolated environment) and initial conditions of the form

y1(0,2) = yf (2) >0, 42 (0,2) = 95 (z) > 0, z € Q. (1.3)

=0, (t,z) € (0,T) x 90 =% (1.2)

Our goal is to find the optimal control (u, v) such that the total density of the two species to be
maximized. More exactly, we want to minimize the cost functional

T (u,0) = — / (T, 2) + Loys (T, )] dz — /0 / vyt (£, 2) + koyo (£, 2)] dbdz,  (1.4)
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where the constants [y, ls, k1, ko > 0 are not all zero, (yi,y2) is the solution to (1.1) — (1.3) and
(u, v) belongs to the admissible set

U= {(u,v) € (Lz(Q))2, O0<u(t,z)<1l,0<a<wv(t,x)<la.e. onQ}. (1.5)

If £y = ky = 0and [y = [y = 1, the problem is to maximize the total density of the two populations
in the end of the time interval [0, 7']. Similar problems for ODE were analyzed in [1], [2], [13].
Some optimal control problems for related reaction-diffusion equations were investigated in [5],
[7]. For general mathematical methods in the theory of optimal control, the reader may refer to [3].

Papers [4] and [6] are concerned with the optimality conditions for some control problems of
age-structured population models, while maximum principle for linear size-structured population
systems is obtained in [8].

In this paper we first study the existence and uniqueness of the global solution to problem
(1.1) — (1.3) . One shows that a strong solution exists and it is positive and bounded on the whole
set ) (Section 2). Other existence results on the global solutions for predator-prey systems are
studied in [12]. In Section 3 we prove the existence of an optimal solution to problem (1.1) —(1.4).
First order necessary conditions of optimality are established in Section 4. We find the form of u
and v and show that v is constant on (), namely v = a. Finally, we deduce that in some particular
cases u 1S zero.

2. The existence of the global solution to the boundary value
problem
In this section we study the existence of a strong solution for problem (1.1) — (1.3) and show that

it is positive and bounded. We work in the Hilbert space H = L? (Q)2 To this end, denote by A
the operator A : D (A) C L*(Q)> — L? (Q)*,

A
A 31 _ a1 y1> 21
< Yo ) ( @Ay )’ 2D
with the domain
pay=dy=(")em @, 2 -% _yac oo 2.2)
Yo T Ov ov ’

and by ¢ : [0,7] x 2 x R — R the nonlinear term from the system (1.1),

Y1
g(t,z,y) = ( gl(t’i"z) ) = ( T (1 - EU> —uyF (y1,10) ) , (2.3)

Yo [—d + cu F (y1,y2)]
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fory = (y1,12)" andu = u (t,z),v = v (t,2) . Here and everywhere below the superscript 7 from
o’ means the transposed of .. Now let f : [0,7] x D (f) — L2 (Q2)* be given by f = (f*, f2)",

D(f)={ye L’ (), g(t,~y() € L*(Q)*, (Mte[0.T]},

Flty) (@) = (' (ty), () (@) =gty ),

forall y = (y1,42)" € D(f),allt € [0,7], and a. e. € Q. Assume that 3° = (y%,19)" €
D (A). Then, problem (1.1) — (1.3) can be expressed as an abstract Cauchy problem in the real
Hilbert space H = L? (Q)” :

)T

y' (t)=Ay )+ f(t,y (1), t €[0,T], y(0) =y’ € D(A). (2.4)

To prove the existence for problem (1.1) — (1.3), we will use the following result which can
be found in [11], p. 189-190.

Theorem 1. Let A be the infinitesimal generator of a Cy—semigroup of linear operators T (t) , t >
0, on the reflexive Banach space X. If f : [0,T] x X — X is Lipschitz continuous in (t,y)
on [0,T] x X and y° € D (A), then problem (2.4) admits a unique (global) strong solution
y € WH2(0,T; X)), withy € L*>(0,T; D (A)). If f : [0,T] x X — X is only locally Lipschitz
continuous on X, uniformly with respect to t € [0,T), then for every y° € D (A) , the initial value
problem (2.4) has a strong solution y defined on a maximal interval [0, ). Moreover, if § < T,
then limy »5 ||y (1) || = oo.

Since in our case function f is not Lipschitz continuous in y uniformly with respect to ¢, we
cannot use the above result directly. In fact, f is not defined on the whole space H, but on D (f).
One associates the truncated initial value problem (see [7])

yi (8) = Ayn (8) + £~ (tyn (1), t €[0T, yn (0) =", (2.5)
where the positive number N satisfies

N > 2max {|[y|| =), |lvall=@ } - (2.6)

uv = () N 6y () = (Y (6 y (1)), £ (8,5 (1)) and £V, 2 are defined as follows.
If y; (or ) is greater than NV or less than — N, then y; (or y2) from f (¢, (t)) is replaced by N or
by —N, respectively. In such a way, f{ and f}' are defined on [0, 7] x H and become bounded
on ) and Lipschitz continuous in y € H, uniformly with respect to ¢t € [0, 7] . Since y° € D (A),
then making use of Theorem 1, we derive that problem (2.5) has a unique strong solution yy €
W2 (0,T; H) N L?(0,T; D (A)). It can be also shown that yy € L* (0,T; H' (Q)?) .

We now prove that ¢V, 4 € L> (Q). To this end, denote

Ky =max {|| /|| o@): [1f5 ||z (@) W3l oo, 13 oo o) } -
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Then function z{¥ (¢, ) = y{’ (t,z) — Kyt — ||y}||1>(q) is the solution of the Cauchy problem

a1
N

d
{ Nt = ar A2 (1) + fY (LY ) — K, t € [0,7]
2 (0) = o) — ||y]| (o)

This problem admits a unique strong solution which is defined by

A1) =S ) (v = 11y =) +/0 St—s)(fY (s,u) 0 ) — Kn) ds,

where §( ) is the Cp—semigroup generated by a; A. Since 3 (x)—||y|| L) < 0and fi¥ —Ky <
0, we get 2 (t,2) <0, (V) (t,7) € Q.

Similarly, denoting w" (t,z) = y{ (t,z) + Knt + |[4?]|1=(a), we find that wi' (t,2) > 0,
(V) (t,z) € Q. These two inequalities imply that

yi' (t,2)] < Kt + ||y~ (V) (t,2) € Q, 2.7)
therefore y’ € L (Q). Analogously, 4 € L> (Q) , namely
ly2 (t,2)] < Kyt + ||y3lle=(). (V) (t,2) € Q. (2.8)

We prove now that ¥ > 0, 42 > 0 on Q. The boundary value problem verified by 32" is

0

g; = alAyl + fl (y{\f’yé\f) ) (t,l’) S Q
oy _ (2.9)
5 =0, (t,x) e X

y (0,2) =9 (z), z € Q.

Observe that fi¥ is bounded on Q. We write y¥ = (y{v)+ — (yY) ", where (y{V)Jr (t,x) =
sup {y1¥ (t,x),0} is the positive part of y =y (¢, ), while (y)') (¢, z) = —inf {y{¥ (¢,2),0}
is the negative part of y;'. Multiplying (2.9) by (y1') and using for F the form in (i) , we deduce
that

2

= (y) Ay) +’(yiv)

-2 y{V N (, N N
[7”(1—7“)—”3/2]7(3/1#2)

Integrating over €, via Green’s formula and the boundary conditions for 31", we get

%/%‘(y{v)_r( /’V yr) tx)dm—l—
0

+/’(9{V)’ { <1—y71”)—uyévf(y{v,yév)} (t,z) da.
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Integrating from 0 to ¢, ¢t € [0,7"] and making use of (1.3), (2.7), (2.8), and of hypothesis (i),

one arrives at
/‘yl_ tmdac<0//’y1 (s,x)dsdx,

where C' > 0 is a constant depending only on /N. By Gronwall’s inequality, we obtain

/‘yl (t,z)dx <0,

so y} (t,z) > 0 on Q. Similarly one obtains that y5' (¢,z) > 0 on Q. Since 39 (z) > 0, (V) x € Q,
i = 1,2, we conclude that y~ (t,z) > 0, (V) (t,z) € Q,i = 1,2.
We now choose NN satisfying (2.6) . Then there exists s € (0,7") such that

Kns+ |40y < N/2, i =1,2. (2.10)

By (2.7) and (2.8) , we deduce that ¥, y3' € [-N, N], forall t € (0, s) . Thus, for ¢ € (0,s),
[ and f are defined by their first form, that is f~ (¢,41,52) = f (¢,91,y2). This means that
yN = (y1, yY) is alocal solution of (1.1) — (1.3), defined at least on the set (0, s) x €.

We prove now that ||y;||z(0,s)x0) < K, i = 1,2, for some positive constant /. Indeed,
comparing the solution y; of our problem with the solution of problem

0
i 1Az +rzy, (L) €Q

ot 5
21 .
5, =0, (tr)€X

2(0,7) =4 (), 2z €9,

(2.11)

we find that 0 < y; (t,2) < 2 (t,z), (V) (t,z) € (0,s) x €. As above, we can easily prove that
2z € L=(Q), so ||[y1]|=(@) < Ki, for some constant /; > 0. Analogously we can show that
Y2l 2o ((0,5)x02) < Ko, with K5 > 0. This means that y = (y1,y») is defined on the whole set
Q. Moreover, it is positive, bounded on @ and satisfies the conditions y; € W12 (0, T; L* (Q)) N
L2(0,T; H?(Q)), i =1,2.

In the sequel, we derive some regularity results. Taking the second power of the first equation
from (1.1) , integrating by parts on [0, ] x €2 and using Green’s formula, we deduce that

o [*

t
dsdx—f—oﬁ/ /|Ay1|2d8d$+2041/|Vy1|2d9€—
0 Ja Q

t
_2041/ ‘V?/?}Zd;c:/ /f1 (t’y17y2)2d8d$.
@ 0 Ja

Now we use the estimates

Fu(t oy, ) < K,y () [lm2) < Kall Ay (8) 220, t € 0,77
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for some K3, K4 > 0 and conclude that

O[T
= ot 172 or:r2() T ai ||y 72 (0,T:H2(Q)) T 20|y (t) H?‘{l(ﬂ) < K5

and similarly for y5.
Thus we have proved the following result.

Theorem 2. Let oy, oo, 7, k, b, ¢, d, m > 0 and 3° = (39,49) € H?(Q)* such that 30, y3 > 0
0 0
on Q and % = % = 00n 0. If (u,v) € U and (i) — (4ii) hold, then problem (1.1) — (1.3)
2

has a unique strong solution y = (y,y2) € W2 (O T; L () ) with y1, y2 € L>®(Q), y1 > 0,
Yo > 00on Q and yy, yo € L*(0,T; H*(Q)) N L> (0, T; H (Q)) . In addition, there exists K > 0
independent of (u,v) , such that for a. e. t € [0,T],

1%

|2 (0,1:22()? T yll 2 (O,T:H2(Q)> T Iy (2) HHl(Q)2 + HZ/HLOO(Q)2 < K. (2.12)

3. Existence of the optimal solution

In this section we prove the existence of an optimal solution.

Theorem 3. Under the hypotheses of the previous section, problem (1.1) — (1.4) admits an optimal
solution (y3, ys, u*, v*) .

Proof. Let d = inf{J (u,v)} subject to (1.1) — (1.3) and (u,v) € U, where J (u,v) is de-
fined through (1.4) . Since u,v,y1,y2 € L™ (Q), d is finite. Therefore, there exists a sequence
(Y1ns Y2n, Un, Uy) Of solutions of problem (1.1) — (1.3) with (u,,v,) € U instead of (u,v), such
that

1
d < J(up,v,) <d+—, (V)n>1. 3.1)
n

SO (Y1n, Yon, Un, vy Verifies the boundary value problem

a n n
g == alAyln + TYin <1 - £Un> - uny2nF (ylna an)
P b (tw)eQ, (2
8tn = @AYo + Yon [—d + ctnF (Y1n, Y2u)]
ayln o ay2n o
% oy 0, (t,x) € X, 3.3)
Yin (O,iL‘) :y? ($)7 Yon (O,$> :yg (l.)a T e Q (34)
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Inequality (2.12) leads to the estimates

||%HL2(O,T:L2(Q)) < C, yin ) |1a1@) < C; Winllz20,m;5200) < C, (3.5)
foralln > 1,t€[0,T]and i = 1,2.

Since (y;y,) is bounded in C ([0,7]; L? (), (Oy;/Ot) is bounded in L* (0, T; L? (2)), and
(yin (t)) is compact in L? (Q), for each ¢t € [0,7T] (because H' () is compactly imbedded in
L?(9)), by Ascoli-Arzela Theorem it follows that (y;,,) is compact in C' ([0, 7] ; L (€2)) . Thus, at
least on a subsequence denoted again (y;,,) , we have

Yin — yi in L* () uniformly with respect to ¢, i = 1, 2.
Since (Ay;,) is bounded in L? (Q) (in view of (iz) and of the boundedness of y;,,, Qyi,/Ot), it is
weakly convergent on a subsequence (in the sense of distributions). But for every distribution ,
/ PAY i dtdr = / YinAudtdr — / yr Apdtdr = / pAydtd.
Q Q Q Q
This implies that Ay;,, — Ay} (weakly) in L? (Q) . On the other hand, inequalities (3.5) infer that

OYin Oy

N

ot ot

Yin — yi weakly in L* (0, T; H (Q)),
Yin — yi weakly in L* (0, T; H* (Q)) .

We now show that

YonF (Yin, Yon) — 3 F (y5,y5) in L? (0,75 L* (2)) . (3.6)

Indeed, since y;, — y; (strongly) in L?(0,7;L?*(Q)), (yin) is bounded in L>® (Q), and F is
continuous in both variables, from the equality

anF (ylnayZn) - y;F (yikay;) = [F (y1n7y2n) - F (yikv y;)]an + (an - Z/;) F (yikay;) )

we derive (3.6) . Similarly we can show that y2, — (y7)2.

On a subsequence denoted again (u,,v,), we have u,, — u*, v, — v*in L?(Q). Since U
is closed and convex, it is also weakly closed, hence (u*,v*) € U. Then we can easily see that
UnYon F (Yins Yon) — Wy F (47, y5) and vayi, — v*(y)? in L2 (0,75 L* ().

Letting n go to oo in (3.1) —(3.4) , we deduce that (y;, 5, u*, v*) verifies problem (1.1) —(1.3)
and minimize the cost functional (1.4) . The proof is complete.
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4. Necessary optimality conditions

In this section we deduce the optimality system. Let y* = (y7, y3) be the solution of (1.1) — (1.3)
corresponding to the optimal control (u*, v*) . The adjoint system to (2.4) is

pt)+Apt)=—f;t,y)p+Lyaete(0,T)
{ (1) =~y (g (1)) @

where ¥ (y (T,-)) = =l (T,-) — lya (T,+), L(y) = —k1y1 — koya, A* is the adjoint of the
operator A, p = (p1,p2) is the adjoint variable, and f, is the adjoint of the Jacobian matrix f,,.
This system can be written as

op 2rv* oF . .,
— =~ Ap —Tpi + ——yip — ki + U Yoo — (3/1>y2) (p1 — cp2)
p * * k '
—2 = —Apy + dpy — ky + u* (p1 — cps) [F (ylayQ) + 55— (U7, 93)]
ot Y2
on (), the boundary conditions are
o - Opa o o
and the transversality conditions are
m (T,z) =1y, po (T, x) = Iy on 4.4)

First we prove the existence of the solution to this problem.

Proposition 4. If (y],y;,u*,v*) is an optimal element of the problem (1.1) — (1.4), then the
adjoint system (4.2) — (4.4) has a unique strong solution p = (p1,p2) € W12 (0,T; H) , with py,
p2 € L*(0,T5 H' () N L (0, T; H? (Q)) and py, ps € L™ (Q) .

Proof. Let s =T —tand ¢ = (¢, ¢2) be given by ¢; (s,z) = p; (T — s,z) = p; (t,x), (t,x) € Q,
i =1,2. Problem (4.2) — (4.4) becomes

(3q 2rv* ., JOF
S = o Agy g — ——yiq + k— vt i a— (5 03) (@1 — oqe)
q * * * * * * '
2 = apAgy — dga + by — w* (¢ — cqo) [F (i, 03) + v 5 — (W5, 03)]
s Y2
on (), the boundary conditions are
oq1  Og
= == »=(0.T Q 4.6
9~ By 0 on (0,7)x 0 (4.6)
and the transversality conditions are
q1 (0, l‘) = l17 q2 (0, CL’) = lg on ). (47)
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The claim follows by applying Theorem 1 for this linear problem with bounded coefficients.
The proposition is proved.

Lety* = (yi,v3) and y° = (y{, y5) be the solution of (1.1) —(1.3) corresponding to the optimal
control (u*, v*) and to the control (u®, v®) , e > 0, respectively, where u® = u*+cug, v° = v*+evy,
for some (ug,vy) € L*(Q) chosen such that 0 < u* +cug < 1,0 < a < v* +¢evg < la. e. on
[0, 7] . Subtracting the system (1.1) — (1.3) corresponding to (u*, v*) from that corresponding to
(u®,v°) and denoting z{ = (y5 — y;) /e, we arrive at

(
— Az - kg% €__
F(yt, v r c
[F(yl,yg)—l-y Sk . " 2 ]ZQ_EUO (yl) — Up y2F<y17?Jz)
025 F<y%_?§2 F(55,55) “8)
z , ! )
8152 = Az + cuty; .V sy Y. 5% zi + [—d+ cu F (yi, y5) +
1 1
LGt us) — Fy,ys
+cuys ( - 22 *( ! 2)]22+CU092F (y17y2)
\ Y — Yo
for (t,z) € Q,
0z7 0z
1 _ = t > 4.9
ay aV 07( 7x) e ) ( )
27 (0,2) = 25 (0,2) =0, z € Q. (4.10)

As in Proposition 4, we can easily see that this problem admits a unique strong solution (2§, z5)
which is bounded on ().

Proposition 5. There exist the limits z; = lim =——— Y i in L* (Q) , i = 1, 2. In addition, they satisfy

e—0 g
the boundary value problem

2r *, % * *aF Kk
E = a1A21 + [7” — ?U Yy —u y2a_y1 (ylva)]Zl

oF r
—ut \F ivs) + v - (i 05)| 22— g (W3)* — uo s F (v5, v3)
(t,x) €@, (4.11)
e = A2y + cu* y28 (yi,ys) z1 + [—d + cu*F (y5,y5) +

\\

F
+eutys —— (Y1, ¥5) 22 + cuoys F (47, v5)
(9y2

821 o 822 .
21 (0,2) = 29 (0,2) =0, = € Q. (4.13)

In addition, z1, 2, € L* (0, T; H* () N L= (0,T; H' (Q)) and 21, 20 € L™ (Q) .
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Proof. Let A be the operator defined by (2.1) — (2.2), Z¢ = (25, 25)" ,

,
AFZ(MHmm>JW:(7@@W—%£Fwy9)

Mo Mo cuoy I (Y1, 45)
where ) ( ) ( )
e ey o b W Y) — FTUTL Y5
MIIZT_EU (v +v7) —uw'ys : 25 ¥ —
Fyi ye)yl;?g@* v5)
My = —u"F (yiy;) — uyy = ;5 Y o
2~ Yo
F a’ & F *7 5
My = curys (5 ygz *(yl Ys)
yl _F‘i%l * 5) F( * *)
M22 — —d+ cu*F (yiyg) + cu*yg ylayQE - Y15 Y2 )
\ Y2 — Y
Then problem (4.8) — (4.10) can be written as an abstract Cauchy problem of the form
aZE € € € 3 g
5 = AZ) + MZ+ N 1€ (0,T), 75 (0) =0, (4.14)

By a comparison theorem, observe that 0 < 5 (t,z) < Yi(t,z), 0 < 95(t,x) < Ya(t,2),
(V) (t,x) € Q, where Y} and Y verify the problems

Y,

— =AY 1Y), (t1) €Q

ot
% =0, (t,z) e ¥

v
Y1 (0,2) =9 (x), z € Q

and

ot
%:0, (t,z) € X ’

Y (0.0) = ), w € 0
respectively. (Here m; > 0 is an upper bound for F (y1,y2).) This means that y; and y5 are
bounded on (), uniformly with respect to . Thus M*° and N° have also bounded elements in (),
uniformly with respect to ¢.
If {S(t), t > 0} is the Cy—semigroup generated by A, since S (¢) (0) = 0, the solution of
(4.14) can be expressed as

Zf(t):/otS(t—s)Me (s)ZE(S)dH/Otsa—s)Ns (s) ds. @.15)

In view of the boundedness of M* and N°¢, uniformly with respect to €, by Gronwall’s inequality,
one obtains || Z°[|2(g)2 < ma, for some constant my > 0. Thus, we have proved that 27 and 25
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are bounded in L? (@) , uniformly with respect to €. Since ||y§ — y¥||12(Q) = €||2¢||12Q) — 0 as
e — 0, one gets y5 — yf (ase — 0)in L? (Q) , fori = 1,2.

Consider now the system obtained by passing to the limit formally as ¢ — 0 in (4.8) — (4.10),
that is the system (4.11) — (4.13) . If we denote Z = (21, 2,)" , this problem can be written as

0z
E:A(Z)—l—MZ—i-N, te (0, 7), Z(0)=0,
where
2T * ) % * *aF y*7y* * * * * *aF y*7y*
r—==-v y1_U?/2M _UF<yla3/2)_u?bM
Y1, Yo Y1, Y2
cur Yy ————= —d+ cu*F (y7,y5) + cu'ys ————=
L (v7, 3) R
and
T * 2 * *k *
N — ( _EUO (W) — w0y F (y1, y5) ) _
cuoyz F (47, 3)
Then its solution can be expressed in the form
t t
Z (t) :/ S(t—s)M(s)Z(s)ds—l—/ S(t—s)N(s)ds. (4.16)
0 0

Subtracting (4.16) from (4.15) , we get
2 () — Z (t) = /0 S (t— s) M= () [2° () — Z (s)]ds+
+ / S(t— ) {N*(s) = N (s) + [M (s) — M (s)]Z (s)}ds.

Since y§ — y; in L2(Q) and F' € C* ((0,00)%) , it follows that all the elements of the matrix M*
tend to the elements of M in L?(Q) (as ¢ — 0) and similarly for N¢ and N. Using this, together
with Gronwall’s inequality, we arrive at the conclusion that 2§ — 21, 25 — 25 in L?(Q) ,as € — 0.
This completes the proof.

Now we can state the main result of this section.

Theorem 6. If (yi,vs,u™,v*) is an optimal element for problem (1.1) — (1.4), then there exists
p = (p1,p2) € WY2(0,T; H) , such that the following optimality system is verified.:

P (o) €Q (4.17)
Oyi _ 0y _
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yr (0,2) = 4 (), v5 (0,2) = 95 (x), z € Q, (4.19)
dp 2rv* ., LOF
- = —o1Apy —rpy + ——yip1 — k1wt g5 — (yla yz) (pl - Cp2)
o k Oy F (4.20)
p * * * * * *
2 = —Apy + dpy — kg +u* (p1 — cp2) [F (y1,v3) + ys=— (y1, v3)]
ot 0y
om Opo
I ) 4.21
ov ov 0on ( )
pr(T,x) =11, po (T,z) =l on Q, (4.22)
* _ 0>p1_0p2>0 * _ a7p1>0
U (t,l’) - { 1’ P1— Cpa < 0’ v (twr) - { 1’ P < 0 (423)

Proof. We take u® = u* + cug, v° = v* + vy, with (ug, vy) € L? (Q)2 such that 0 < u* +eug <1,
0<a<v*+4eyy <la.e. on|0,7].Asabove, lety* = (yi,vs) and y° = (y5, y5) be the solutions
of (1.1) — (1.3) corresponding to (u*,v*) and to (u®, v®), € > 0, respectively. Then

J (u*,v") < J(uf,0f), (V)e > 0.

Dividing by € > 0 and passing to the limit as ¢ — 0, we arrive at

/ 1 (T, ) + bz (T, 2)] da + / (izr + ko) (£, 7) dtdz < 0, (4.24)
Q Q

Multiplying the equations of (4.11) by p; and p,, respectively and the equations of (4.20) by
z1 and z,, respectively, one obtains

0 0 0 0
(plg + z1§> + (pg% + ZQ%) = 01 (p1AZ1 - ZlApl) + o (pQAZQ - Z2Ap2) -

r * * * *
3 Yop1 (W))? + woys F (y5,93) (cpa — 1) — (k121 + ka2a) .

One integrates over (). In view of Green’s formula and of (4.12), (4.13), (4.21), (4.22), one
deduces that

/ <l121 + 1222) (T, 513') dxr + / (k121 + kQZQ) (t, l‘) dtdx =

“ Q
r * * x ok

=7 /Uopl (y?)? dtdx + /u0y2F (v, u3) (cpy — p1) -

@ Q

By (4.24) , we get
r
- /vopl (y?)? dtdx + /uoygF (y7,vs) (epa — p1) < 0. (4.25)
@ Q
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Taking ug, vg in the form uy = —u* + g, v = —v* + vy with arbitrary (ug, Vo) € U, it follows that
< —u"+ ﬂo,wl >12(Q) + < =" +50,w2 >L2(Q)Z 0,

where < -,- >72(g) denotes the scalar product in L? (Q) and
* * * r *
w1 (t>$) = yQF (ylay2> (pl - cpZ) ; W (t>$) = Epl (y1)2 :
Since (g, vp) is arbitrary from U, in view of hypothesis (i7i) , this implies (4.23) . The theorem is
proved.

Remark 7. Observe that u* (t,x) (p1 — cp2) (t,2) < 0on Q.

We now show that v* = @ on () and find the form of »* in some particular cases, according to
the sign of a specific constant.

Proposition 8. Under hypotheses (i) — (iii) , we have p; > 0 on Q) and thus v* (t,x) = a on Q.
Proof. For s =T —t,let ¢; (s,z) = p; (T — s,x) = p; (t,z), (t,z) € Q, i = 1,2. The adjoint

system can be written in the form (4.5) — (4.7).Comparing the solution (g¢i, ¢2) of this problem
with the solution of a similar problem, but with k; = ks = 0, [; = [y = 0, using Remark 4.4, we
derive that ¢ (¢,2) > 0, g2 (t,2) > 00on @, sop; > 0,p; > 0on Q.

If k&, >0orl; >0,theng; > 0on@,sop; >0andv* (t,2) =aonQ.Ifk; =0,1; =0, then
¢1 can be zero (and consequently p; = 0) if and only if ©* = 0. But this gives a contradiction with
(4.23) . Thus the only possibility is p; > 0 on (). This completes the proof.

To study the form of u*, we take a; = ay = «. Then the switching function P = p; — cpo
verifies the following boundary value problem:

¢ OP oF oF
e = —aAP+ P [d+u* (y;a—yl —cl’ — Cy;é?_yJ (%?E)} -
2ra
—(d+r——vi ) ;= (ki = ko), (t,2) €Q (4.26)
oP
% = 0, (t,l’) € E
L P(T,l‘):ll—CZQ,SCGQ.

As before, making the change of variable s = 7" — ¢, function R (s,z) = P (T —s,x) =
P (t, z) verifies the problem

( OR OF OF
e aAR — R [d—i—u* (y’zka—yl —cl — cyé‘a—w) (?ﬁ;y;)] +
2ra
+ (d+ r— Tyl) p1+ (kL —cks), (t,2) € Q (4.27)
OR
E = O, (t,l') ex
\ R(O,x):ll—Clg,ZL’eQ.
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Theorem 9. Suppose that hypotheses (i) — (iii) hold, the diffusion coefficients coincides (a; =
gy = o) and

2
ki—cky>0,d+r— ﬂyma" > 0, where y{"** = sup yj (t,x). (4.28)
k (tz)eQ

If (u*, v*) is the optimal control of our problem, then v* = a on ) and for u* we have the following
situations:

Case 1. If Iy — cly > 0, then u* (t,x) = 0 on Q.
Case 2. If |} — cly < 0, then for every x € ), there exists T, € [0,T], such that v* (t,z) = 1,
forallt € (1, T).

Proof. Case 1. Suppose first that l; — c¢ly > 0. Then, P (T,z) = l; — cly > 0, (V)z € Q. For
every x € (2, there exists an element 7, € [0,7) such that P (¢,x) > 0, (V)t € (7, T]. Then
u* (t,x) =0, (V)t € (1, T'.

Since Iy — cly > 0 and p; > 0 on @, it follows by (4.27) and (4.28), with the aid of a
comparison result, that R (s,z) > 0. So P (t,z) > 0, (V) (t,z) € Q. Moreover, P (t,z) > 0 on
Q. s0u* (t,2) = 0, (¥) (t,2) € Q.

Case 2. Assume that [y — cly = 0. Then, P (T, x) =1, —cly =0, (V) x € Q and

(OP/0t) (T, z) — — (d b 27’7%; (T, x)> L — (ky — cks) < 0, (V) z € Q.

Therefore P (t,z) > 0 in a left neighborhood (7,,7") of 7. We compare again the solution of
(4.27) with the solution of a similar problem, with R (0, z) = 0 and omitting the terms

2
<d—|— r— ﬂy’f) 1 (T —s,z) and ky — cks.

k
It follows that R (s, z) > 0 and consequently, u* (t,z) = 0, (V) (t,z) € Q.
Case 3. Letl; — cly < 0. Then, P (T,z) =13 — cls < 0, (V) z € Q. For each = € (Q, there
exists a neighborhood (7., T] of T, such that P (t,z) < 0, (V)¢ € (7., T]. Here u* (t,z) = 1,
(V)t € (7., T]. The theorem is proved.
Remark 10. Remark that, in order to minimize the cost functional, the prey individuals should
have the smallest degree of mixture on the whole domain () (their rate of mixture is v* = a on
the Q). If u* (t,xz) = 0, this means that at time t and point x € (Q, the two species should be
completely separated. If u* (t,x) = 1, then the prey and predator are completely mixed. In this
situation, the ecosystem would not be controlled at all. The differential system coincides with the
initial one, missing u and v.
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