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2 Faculty of Science, University of Yaoundé I, P.O. Box 812 Yaound́e, Cameroon

Abstract. We present an iterative method based on an infinite dimensional adaptation of the suc-
cessive overrelaxation (SOR) algorithm for solving the 2-D neutron transport equation. In a wide
range of application, the neutron transport operator admits a Self-Adjoint and m-Accretive Split-
ting (SAS). This splitting leads to an ADI-like iterative method which converges unconditionally
and is equivalent to a fixed point problem where the operator is a2 by 2 matrix of operators. An
infinite dimensional adaptation of a SOR algorithm is then applied to solve the matrix operator
equation. Theoretical and numerical results of convergence are given.
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1. Introduction and mathematical setting

This paper focus on developing iterative methods for the numerical treatment of the single group
steady state first order neutron transport equation in 2-D cartesian geometry verified by the neutron
flux u(r, ω) : Q := R×B → R+, solution of:

{
Tu(r, ω) := Au(r, ω) + Σu(r, ω)−Ku(r, ω) = q(r, ω), (r, ω) ∈ Q
u(r, ω) ∈ D(T )

, (1.1)
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with operatorsA, Σ andK defined by:

Au = ω∇ru; Σu = σ(r)u; Ku =

∫

B

κ(r, ω, ω′)u(r, ω′)dω′, (1.2)

and,
D(T ) = {u ∈ L2(Q) : ω∇ru ∈ L2(Q) andu|Γ− = 0}, (1.3)

whereΓ− = {r ∈ ∂R × B : µnx + ηny < 0} (n = (nx, ny) being the outer normal to∂R),
r = (x, y), ω = (µ, η), R =]0, 1[×]0, 1[ andB = {ω ∈ R2 : |ω| < 1}. The functionσ(r)
represents the total cross section andκ(r, ω, ω′) is a non negative kernel describing the scattering
of particles. The functionq is the non negative source term. We equip the spaceD(T ) with the
norm

‖u‖2
D(T ) = ‖u‖2 + ‖ω · ∇ru‖2 , (1.4)

where‖.‖ is the standardL2(Q) norm. Letα be a positive constant. The norm‖.‖α is defined in
D(T ) by

‖u‖α = ‖(A + αI)u‖, (1.5)

whereI is the identity operator inL2(Q). This norm is equivalent to norm‖.‖D(T ), defined by
(1.4) [1].

In the following, it is assumed that: (a)σ ∈ L∞(Q) and∃σ0 > 0 such thatσ(r) ≥ σ0 a.e. on
Q; (b) κ(r, ω, ω′) = κ(x, ω′, ω) andκ is positive; (c)∃c ∈ [0, 1),

∫
B

κ(r, ω, ω′)dω′ ≤ σ0c a.e. on
Q. The operatorA is m-accretive and following the above assumptions, the operatorS = Σ −K
is self-adjoint and positive definite. ThusT is positive definite and it follows the existence and
uniqueness of the solution of problem (1.1). Moreover,T admits a self-adjoint and m-accretive
splitting (SAS) which yields the SAS iteration method.

Forα > 0, the SAS iteration method for solving (1.1) is defined as follows: givenu0 ∈ D(T ),
{

(αI + S)u(k+ 1
2
) = (αI − A)u(k) + q

(αI + A)u(k+1) = (αI − S)u(k+ 1
2
) + q

. (1.6)

Let u∗ be the exact solution of (1.1). We have for anyk > 0,

‖u∗ − u(k+1)‖α ≤ ‖M(α)‖‖u∗ − u(k)‖α, (1.7)

whereM(α) = S1(α)A1(α), with S1(α) = (αI−S)(αI+S)−1 andA1(α) = (αI−A)(αI+A)−1.
Let σ(S) denotes the spectrum ofS. It is proved [2, 3] that‖A1(α)‖ ≤ 1 and‖S1(α)‖ ≤ β(α) <
1, whereβ(α) = sup

λ∈σ(S)

∣∣α−λ
α+λ

∣∣ and, the theoretical optimal parameterα∗ for the boundβ(α) is

α∗ =
√

λminλmax with λmin andλmax denoting respectively the lower and upper bound ofσ(S).
It then follows that,‖M(α)‖ < 1. For anyu(0) ∈ D(T ) andk > 0,

‖u∗ − u(k)‖α < [β(α)]k‖u∗ − u(0)‖α. (1.8)

Thus the SAS iteration (1.6) converges unconditionally to the solution of (1.1) with respect to
norm‖.‖α and‖.‖D(T ). Since foru ∈ D(T ), we have‖u‖ ≤ ‖u‖D(T ), the convergence of the SAS
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iteration with respect of the standardL2(Q) follows. The convergence analysis of the incomplete
version of SAS iteration where each subproblem of (1.6) is solved approximately, is given in [2].
The remainder of this paper is structured as follows: we give the description and the convergence
properties of the SOR acceleration of the SAS iteration in Section 2. A bound for the spectral
radius of the Jacobi iteration operator which depends solely on the spectrum of the self-adjoint
part of the transport operator is derived. This bound allows the approximation of the optimal
convergence parameter of the SOR method when the eigenvalues of the Jacobi iteration operator
are real numbers. The numerical illustrations are presented in Section 3. Concluding remarks are
given in Section 4.

2. The SOR acceleration of the SAS iteration method.

The following fixed point equation can be derived from the definition of the SAS iteration (1.6):

T(α)u = q, (2.1)

whereT(α) =

(
(αI + S) −(αI − A)
−(αI − S) (αI + A)

)
, u =

(
u1

u2

)
andq =

(
q
q

)
.

Forα > 0, the operators(αI + A) and(αI + S) are positive definite. It follows that(αI + A)−1

and(αI + S)−1 exist and it holds that

T(α) =

(
I 0

−(αI − S)(αI + S)−1 I

)(
(αI + S) −(αI − A)

0 A(α)

)
,

with A(α) = (I −M(α))(αI + A). Since‖M(α)‖ < 1, (I −M(α))−1 andA(α)−1 are bounded.
It then follows the existence and the uniqueness of the solution of (2.1).
Let u = (u1, u2)

t ∈ H ×H. We consider inH ×H the norm‖|u‖|2 = ‖u1‖2 + ‖u2‖2. Let u∗ be
the solution of (1.1) and, letu∗ = (u∗, u∗)t. Forα > 0, we have
T(α)u∗ = ((αI + S)u∗ − (αI − A)u∗,−(αI − S)u∗ + (αI + A)u∗)t = (Tu∗, Tu∗)t = q.
Thusu∗ is the solution of (2.1). Conversely, letu∗ = (u∗, v∗)t be the solution of (2.1). The
functionsu∗ andv∗ satisfy(αI + S)u∗ − (αI − A)v∗ = q and−(αI − S)u∗ + (αI + A)v∗ = q.
Through subtraction and substitution, we obtainv∗ = u∗ andTu∗ = q. It follows that problems
(1.1) and (2.1) are equivalent.
Let consider inD(T )×D(T ) the operator

P(α) =

(
(αI + S) 0

0 (αI + A)

)
. (2.2)

The preconditioning of the system (2.1) from the right by[P(α)]−1 leads to the following system

T1(α)u = q, (2.3)

whereT1(α) =

(
I −A1(α)

−S1(α) I

)
. The operatorT1(α) is bounded and the solutionv∗ (2.1)

readsv∗ = [P(α)]−1u∗, whereu∗ is solution of (2.3).
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The Jacobi method for the solution of (2.3) proceeds as follows: Letu(0) ∈ H × H be an initial
guest fork ≥ 0,

u(k+1) = J(α)u(k) + q, (2.4)

whereJ(α) =

(
0 A1(α)

S1(α) 0

)
. The corresponding SOR iteration with the relaxation param-

eter θ > 0, is
u(k+1) = Lθ(α)u(k) + qθ(α), (2.5)

whereLθ(α) =

(
(1− θ)I θA1(α)

θ(1− θ)S1(α) (1− θ)I + θ2M(α)

)
. The choice ofθ = 1 in the method

(2.5) results in the Gauss-Seidel iteration for solving the system (2.3).

Proposition 1. Letα be a positive constant. It holds that:

‖|J(α)|‖ < 1, (2.6)

‖|L1(α)|‖ < β(α). (2.7)

It the follows that the Jacobi and Gauss-Seidel iteration methods for the solution of (2.3) converge.
Moreover, the Gauss-Seidel and SAS iterations have the same bound for their contraction factors.

Proof. Foru = (u1, u2)
t ∈ L2(Ω)× L2(Ω),

‖|J(α)u|‖2 = ‖A1(α)u2‖2 + ‖S1(α)u1‖2 ≤ ‖u2‖2 + β2(α)‖u1‖2 < ‖|u|‖2.

It follows that‖|J(α)|‖ < 1 and the Jacobi iteration method (2.4) converges.
Let u∗ = (u∗1, u

∗
2)

t be the exact solution to (2.3) andu(k) = (u
(k)
1 , u

(k)
2 )t be thekth iterate obtained

from the Gauss-Seidel iteration. We have

u
(k+1)
1 − u∗1 = A1(α)S1(α)[u

(k)
1 − u∗1] and u

(k+1)
2 − u∗2 = S1(α)A1(α)[u

(k)
2 − u∗2].

Since‖A1(α)S1(α)‖ ≤ β(α) and‖S1(α)A1(α)‖ ≤ β(α),

‖u(k+1)
1 − u∗1‖ ≤ β(α)‖u(k)

1 − u∗1‖ and ‖u(k+1)
2 − u∗2‖ ≤ β(α)‖u(k)

2 − u∗2‖.

Therefore, the solutionu∗ verifies

‖|u(k+1) − u∗|‖ = ‖|L1(α)(u(k) − u∗)|‖ ≤ β(α)‖|u(k) − u∗|‖ < ‖|u(k) − u∗|‖.

It follows that‖|L1(α)|‖ ≤ β(α) < 1 and the Gauss-Seidel iteration method converges.

Proposition 2. [1] Assume thatθ 6= 0. If λ ∈ σ(Lθ(α)) \ {0} and if τ satisfies

(λ + θ − 1)2 = λθ2τ 2, (2.8)

thenτ ∈ σ(J(α)). Conversely, ifτ ∈ σ(J(α)) and ifλ satisfies (2.8), thenλ ∈ σ(Lθ(α)).
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The relation (2.8) between the spectrums of the operators of the Jacobi and SOR methods is the
same as in the presence of finite dimensional linear systems with coefficient matrices possessing
block Property A. Therefore, the results obtained in the last case may be generalized for the SOR
acceleration of the SAS method. In particular, settingθ = 1 in (2.8), we have theoretically that
Jacobi and Gauss-Seidel methods converge simultaneously and the Gauss-Seidel method is two
times faster than Jacobi method. We also have the following convergence results of the SOR
method [4, 5].

Proposition 3. 1. If σ(J(α) ⊂ R, the SOR method converges for0 < θ < 2 and the optimal
convergence parameter is

θopt =
2

1 +
√

1− (r(J(α)))2
, (2.9)

wherer(J(α)) is the spectral radius ofJ(α).
2. If σ(J(α)) contains complex numbers, the SOR method converges if for some positive number
τ ∈ (0, 1) and eachλ = µ + iβ ∈ σ(J(α)), the point(µ, β) lies in the interior of the ellipse

ε(1, τ) =
{

(µ, β) : µ2 + β2

τ2 = 1
}

and0 < θ < 2
1+τ

. Theoretical results for the determination of

the SOR optimal parameter are given in [5].

Remark 4. From relations (2.7) and (2.8), we deduce that the spectral radius ofJ(α) verifies

r(J(α)) <
√

β(α). (2.10)

Therefore, ifσ(J(α)) ⊂ R, the optimal SOR parameter can be approximated byθa = 2

1+
√

1−β(α)
.

3. Numerical results

We took particular data for which an exact solution is known in each case.The iterations are stopped
when the relative error‖U − Uexact‖2/‖Uexact‖2 < ε (ε > 0).
R =]0, 1[×]0, 1[; for x = (x1, x2) ∈ R andΩ = (µ, η) ∈ B, we setσ(x) = σ, κ(x, Ω, Ω′) = σc

π

and

q(x, µ) =





µx2 + ηx1 + σx1x2 − σc
4
; µ > 0, η > 0,

−µx2 + η(1− x1) + σ(1− x1)x2 − σc
4
; µ < 0, η > 0,

−µ(1− x2)− η(1− x1) + σ(1− x1)(1− x2)− σc
4
; µ < 0, η < 0,

µ(1− x2)− ηx1 + σx1(1− x2)− σc
4
; µ > 0, η < 0.

The exact solution of this test problem is given by:

ψ(x, µ) =

{
x1x2, µ > 0 η > 0; (1− x1)x2, µ < 0 η > 0,
(1− x1)(1− x2), µ < 0 η < 0; x1(1− x2), µ > 0 η < 0.

The spatial and angular discretization are carried out by a difference method based on volume
control and a quadrature formula respectively. The spatial mesh size ishx1 = hx2 = 1/10 and we
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c 0.1 0.3 0.5 0.7 0.8 0.9 0.95
SI 7(0.23) 13(0.42) 22(0.73) 42(1.39) 66(2.20) 138(4.92) 281(9.64)

SAS 5(0.50) 8(0.71) 12(1.09) 21(1.87) 31(2.90) 53(4.84) 56(4.95)
Jacobi 8(0.67) 14(1.15) 22(1.92) 40(3.34) 60(4.87) 104(9.07) 110(9.20)

GS 4(0.32) 7(0.59) 11(0.96) 20(1.70) 30(2.48) 52(4.42) 55(4.67)
SOR

(ω = 0.93)
5(0.39) 5(0.42) 6(0.54) 11(0.92) 14(1.17) 18(1.48) 24(2.15)

Table 1: Iterations number and CPU time in s (in bracket) at fixedσ = 100

divided the unit disc in 100 regions. We study the behavior of Source Iteration (SI), Jacobi, SAS
Gauss-Seidel (GS) and SOR with respect toσ andc. At fixed σ = 100, we setα = σ(1 − c)
and compare thec-dependence of the iterative methods. As shown by Table 1, all the method
converge. It is observed that SOR method is efficient compared to the other methods. At fixed
c = 0.95, we setα = 10 and compare theσ-dependence of the method. The numerical results in
Table 2 show the efficiency of the SOR method. It can be observed that SAS is comparable to GS,
which is two time faster than Jacobi method. This confirms the theoretical results. We setα1 = σ,
α2 = σ

√
(1− c), ωa = 2

1+
√

1−β(α1)
for σ > 15 andωa = 0.93 for σ ≥ 15. Comparative numerical

results of SAS (α = α1), SAS (α = α2), SOR (α = α1, ω = ωa) and SOR (α = α2, ω = 0.93)
methods are plotted in Figure 1 at fixedc = 0.99 (σ ∈ [1, 100]) and in Figure 2 at fixedσ = 100
(c ∈ [0.10.99]). It is observed that the SOR (α = α2, ω = 0.93) method is efficient compared to
the other methods.
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Figure 1: Comparison of the methods at fixed
c = 0.99, for σ ∈ [1, 100], (ε = 1E − 08).
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Figure 2: Comparison of the methods at fixed
σ = 100, for c ∈ [0.1, 0.99], (ε = 1E − 08).
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σ 20 40 60 70 80 90 100
SI 235(7.35) 268(8.43) 276(8.84) 278(8.71) 279(8.79) 280(8.81) 281(8.78)

SAS 62(5.04) 36(2.96) 35(2.87) 40(3.26) 44(3.70) 49(3.93) 53(4.34)
Jacobi 121(9.39) 67(5.20) 68(5.25) 78(6.00) 86(6.65) 96(7.53) 104(8.00)

GS 61(4.82) 35(2.73) 34(2.60) 39(3.09) 43(3.34) 48(3.67) 52(4.09)
SOR

(ω = 0.93)
71(5.46) 41(3.15) 28(2.14) 24(1.89) 21(1.60) 19(1.48) 19(1.50)

Table 2: Iterations number and CPU time in s (in bracket) at fixedc = 0.95 (α = 10)

4. Conclusion

The analysis of a SOR acceleration of the SAS method yields convergence results similar to those
obtained in finite dimensional linear systems with coefficient matrices possessing Property A. Pre-
vious numerical results have demonstrated the effectiveness of the SOR acceleration of the SAS
method for solving the 2-D neutron transport problem.
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Volume 2, Masson, Paris, 1987.

[5] D. M. Young. Iterative solution of large linear systems. Academic Press, New York and Lon-
don, 1971.

66


