Math. Model. Nat. Phenom.
Vol. 5, No. 7, 2010, pp. 84-90

DOI: 10.1051/mmnp/20105714

Analysis and Numerical Approximation
of an Electro-elastic Frictional Contact Problem

El. Essoufi, El. Benkhira and R. Fakhar*

University Hassan |, FSTS, Department of Mathematics and Informatics,
B.P. 577, 26000 Settat, Morocco

Abstract. We consider the problem of frictional contact between an piezoelectric body and a
conductive foundation. The electro-elastic constitutive law is assumed to be nonlinear and the
contact is modelled with the Signorini condition, nonlocal Coulomb friction law and a regularized
electrical conductivity condition. The existence of a unique weak solution of the model is estab-
lished. The finite elements approximation for the problem is presented, and error estimates on the
solutions are derived.
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1. Strong and weak formulation of the mathematical model

In this section, we state the model of equilibrium process of the elastic piezoelectric body in fric-
tional contact with a conductive deformable foundation and give his weak formulation. We con-
sider an elastic piezoelectric body which initially occupies open bounded Sobsdt?, d = 2,3

with a sulfficiently regular bounda§<2 = I'. We decomposg into three open disjoint parts,,

I'; andI's, on the one hand, and a partitionIof U I'y into two open part$’, andI’,, on the other
hand, such thatieas I'y > 0 andmeas I', > 0. The summation convention over repeated indices
is used, all indices take values {i, ..., d}. Everywhere below we us& to denote the space of
second order symmetric tensors BA while ” - 7 and || - || will represent the inner product and

the Euclidean norm o? and$¢, that isVu, v € R4, Vo, 7 € ST u-v = w; - v;, v =
(v-v)¥? and o-7 =0y -7y |7 = (7-7)Y2 Moreover, we denote by : 2 — R? the
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displacement fields (u) = (3(u;; + u;;)) the small strain tensog : @ — $? the stress ten-
sor,D : Q — R< the electric displacement field;(o) = —V the electric vector field, where

¢ : 2 — Ris an electric potential. We also use the notations for normal and tangential components
of displacement vector and stress:=v-v, v, =v—uv,v, o,=(ov) v, o, =0V—0,V,
wherer denote the outward normal vector bnThe static equilibrium of the elastic piezoelectric
body is described by the following strong equations

Dive + fo =0, divD = qy, ing, (1.2)

whereDivo = (o45,), anddiv D = (D;;), fo andg, the density of volume forces and volume
electric charges, respectively. The constitutive laws of material is assumed of the form (see [3])

o= Fe(u) — EE(p), D = E&e(u)+ BE(p) inQ, (1.2)

in which 7 : Qx 8¢ — §¢is a nonlinear elasticity operataf, : Q x $¢ — R? is a linear
piezoelectric operato£* : Q x RY — $¢is its transpose given b§ov = o€*v, Vo € ¢, v € RY
andg: Q x RY — R is a linear electric permittivity operator.

To complete the model, we have to prescribe the mechanic and electric boundary conditions.
According to the physical setting, we use

u=0 onl'y, ov=/fy only, =0 onl,, D-v=gq only, (1.3)

where f, andg; the density of tractions and surface electric charges, respectively. On the contact
surfacel's, we model the contact with the Signorini condition, the regularized Coulomb law and
the regularized electrical conductivity condition, that is

o,(u) <0,u, <0,0,(u)u, =0,

72| < () [ R ()] =y =0
T < T R v ) Ur ’
o < iRl {177 2 2 o

D-v=1(u,)oLle — ¢o)-
Herep is the coefficient of friction and is a regularization operator. Finally; is the truncation

function, used to control the roundednes$wf- (), wherep, represents the electric potential of
the foundation (see [4]). The formulation of the problem is as follows

onl's. (1.4)

Problem P. Find a displacement field : 2 — R< and an electric potentiap : QO — R such that
(1.1)}(1.4)hold.
Next, we derive a weak formulation of the probldm To this end, we use the following functional
spaces

H=L*Q)? H =H()" H={r=(r);n=mi€L*(Q)}

We also introduce the spaces for the displacement and the electric potential:

V={ve H;v=00onT}, W={¢ec H(Q)I¢=00nT,}.
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On V' we consider the inner product given oy, v)y = (e(u),e(v))x, and let| - ||y be the
associated norm. It follows from Korns inequality thiat||,y and|| - ||z, are equivalent norms on
V' . Therefore(V, || - ||v) is a real Hilbert space. OW we consider the inner product given by
(0, )w = (p, &) for o, & € W . Then(W, || - ||w) is also Hilbert space. Moreover, |&t be the
set of admissible displacements given by

K={veV;v,<0 onl}.
The following assumptions are made on the given data:

(hy) - The elasticity operato§ is strongly monotone and Lipschitz continuous such tffat
Sz — §(z,&) is Lebesgue measurable fnandxr — F(x,0) belongs taH;

(hy) - The piezoelectric tensat = (e, ;) is satisfies:;;, = ei; € L>();

(hg) - The electric permittivity tensof = (3;;) € L*(2) is assumed to be symmetric and
W-elliptic;

(hy) - The surface electrical conductivity functien: I's x R — R, is a Lipschitz, bounded and
measurable function ol; for all u € R, which satisfies)(z, u) = 0 for all u < 0;

(hs) - The coefficient of frictiory : I's x R, — R, is a Lipschitz and measurable function on
I'; for all w € R, which satisfies] 4* > 0 such thapu(z,u) < p*,Vu € Ry, a.e.x € I's;

(hg) - The density of volume forces, tractions, volume electric charges, surface electric charges
and given potential have the regularify € L*(Q)?, fo» € L*(I'3)%, qo € L*(Q), 2 €
L*(Ty) andypg € L*(T'3);

(h7) - The mappingR : H}g — L*>(T'3) is a linear and continuous function (see [5]).

Next, we definef € V andg € W asforallv € V and§ € W

(f,v)V:/Qfo-vdx—i— fa-vda, and(q,S)W:/quﬁdx—/r @€ da. (1.5)

I

Finally, we define the mappings V x W x W — R andj : V x V — R, respectively, by

E(”? %075) = ¢(%)¢L(Sﬁ - %00)5 dCL7 Vu € Vvv v@uf S W’ (16)

s

j(u, v) =/F plllu- [ B (w)] [|o-|| da, Vu,v e V. (1.7)

Using Greens formula and the previous boundary conditions, the variational formulation for the
mechanical problen® is as follows:
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Problem PV. Find a displacement field € K and an electric potentialb € W such that:
Vv e KandV¢ € W we have

(§e(u),e(v) —e(u))r + (Ve e(v) — e(u)) 2 @)e + j(u, v) — j(u,u) = (f,0 —u)y, (1.8)

(BV@, V&) 120ya — (Ee(u), VE) 12y + L(u, 0,&) = (¢, )w- (1.9)

2. Existence and uniqueness result

The main existence and uniqueness result, which we establish in this section, is the following.

Theorem 1. Under the assumptioth,)-(hz), the problemPV has at least one solution. More-
over, there existd.*, which depends only o, I'y, I, I's, §, £, 3, such that ifL,, + p* + L, L +
My, < L* the solution is unique.

Proof. The proof of Theorem 1 will be carried out in several steps. Let consider the product spaces
X =V x WandY = L?(T'3) x L?(T'3) together with the inner products

(x7y)X = (U,U)V + <¢7§)Wa V= (U, 90)7 Yy = (U7§) € X, (21)

<n7 9>Y = (97 /\)LZ(FS) + (27 C)L2(F3)7 VT] - (ga Z)7 0= (>\7 C) € Y7 (22)
and the associated nornjis || x and|| - ||y, respectively. LeU = K x W be non-empty closed

convex subset off. We define the operatot : X — X, the functions;, fonX x X and the
elementf; € X by:

(Az,y)x = (Se(u),e(v))n + (BVe, VE) 12y + (E7V, e(v)) 12yt — (Ee(u), VE) 12y, (2.3)

/jv(xﬁl/) = j(u,v), Z(.Z’,y) = w(uu)QﬁL(QO - ()00)5 da and f3 = <f7 Q> S X7 (24)

s

forall z = (u, ) andy = (v, &) in X. We have the following equivalence result

Lemma 2. The coupler = (u, ¢) is a solution to problenPV" if and only if:

(Az,y — z)x +}(x,y) —j(:v,x)+2(x,y—x) > (fs,y—2)x,,Yy=(v,§) € K xW. (2.5)

The proof of this Lemma can be found in [3]. Now to prove the existence and uniqueness result of
(2.5), we define two closed convex $ét = {g € L*(I's) / g > 0 and||g||,2(r,) < k1} andiC, =
{z € L*(I's) / || 2|l r2(ry) < k2} with &y andk, to be specified. Lef = (g, z) € L*(I's) x L*(I's) be
given and consider the elemerfise X given by(f,,y)x = (f,v)o+ (¢, {)w — fr3 z&da, Yy =
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(v,€) € U, define the functionaj,(z) = Jr, 9 llv-llda, Va = (u,p) € U and consider the
following intermediate Problem.

(Azy,y — 79)x "‘jg(y) —Jo(xy) = (fpyy —2p)x, Vy=(v,§) €U (2.6)

Keeping in mind(h; )-(hs) we see thatd is a strongly monotone and Lipschitz continuous oper-
ator. Moreover, it is easy to see thgtis a proper, convex and continuous function@n The
existence and uniqueness result for (2.6) follow from standard arguments of elliptic variational
inequalities (see [1]). That is, for any € K; x Ks. The problem (2.6) has a unique solution
Ty = (Uy, py) € K X W.

We now consider the operatdr : L?(T'3) x L*(T'3) — L*T'3) x L*(T'3) such that for all
n € L*(T3) x L*(T3), we have

A = (pll[wge )1 Row (un)], ¥ (unn)dL (04 — @0)), ¥ € L*(T's) x L*(Ts). (2.7)

It follows from assumptionghy)-(hs), (h7) that the operaton is well-defined. We prove the
following result

N

Proposition 3. If k; = ¢y i co e (| fllv + llallw + My Lmes(Ts)2) andky = MyL mes(Is)z,
then the operaton has at least one fixed point.

Proof. We prove that

1. The mapping; — x,, Wherez,, is the solution to (2.6), is weakly continuous frad(T';) x
L?(T'3) to X and the operatah is weakly continuous ok; x IC, into itself.

2. K1 x K4 is a nonempty, convex and closed subset®is) x L2(I'3). SinceL?(I'3) x L*(T's)
is a reflexive space; x I, is weakly compact.

By Schauder’s fixed point theorem the operatdnas at least one fixed point. Now, the existence
part follows from the existence of the fixed point of the operator

For the uniqueness part. Let = (uy, ¢1), T2 = (usz, p2) € X be two solutions of problem (2.5)
we establish after some algebra the following estimate

w1 — x|k < (L + p* 4+ Ly L+ My) ||z — 2o|%

LetL* =1/c, thenifL, + p* + Ly L + M, < L* thereforer; = x,.

3. Error estimates for the numerical approximation

In this section, we study the finite element approximation of the variational proBémAssume
Q) is a polygonal domain, let" be a regular family of triangular finite element partitions(df
that are compatible with the partition of the boundary decompositions I'; U I'; U I'; and
I =T,uUTl,uUTI;sthatis, any point when the boundary condition type changes is a vertex of the
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partitions, then the side lies entirely Ih U T, U T, andl’, U T, U T5. Corresponding to each
partition7". We denote byP, (Q¢) the space of polynomials of global degree less or equal to one
in Q°. Let us consider two finite-dimensional spaé¢&s C V andW" c W, approximating the
spaced” andWW, respectively, that is

Vi ={u" € C(Q), vy € P1(Q°)%, Q€ 7" v =00n T},
Wh = {y" € C(Q), w%e e P1(Q°), Q¢ e, Yh=00nT,}.
Hereh > (is a discretization parameter. Moreover let us consider the nonempty finite-dimensional

closed convex sets of admissible displacements Withdefined byk™ = K N V". i.e. K" =
{vh e V' " < 00onTs}. We consider the following discrete approximation of probl&in:

Problem PV". Find a discrete displacement field® ¢ K" and a discrete electric potential
" € W" such that
(Fe("), e(0") = e(u)) + (€ V" e(0") = £(u")) p2(apa + 5(u",0") — j(u”, u")
> (f,o" =)y, e K"

(ﬁVSOh) vSh)LQ(Q)d - (gg(uh)7 th)LQ(Q)d + E(uha ()Oh7£h) = (Q7£h)W7 vgh € Wh' (32)
Using the assumptions of Theorem 1, it can be shown that ProBfgthhas a unique solution

(uh, o") € K" x W". Our interest lies in estimating the numerical errors. We first deriveaisC
type inequality.

(3.1)

Theorem 4. Let us denote bfu, ) and(u", ") the respective solutions to problefy and PV".
Under the assumptions of Theorem 1 with the same valiié¢,dhe following error estimates are
obtained for allv" € K" andy" € W,

ol + o=@l <, int L=l + o = €

1 1 1 1
+ llu = Mz + llo = € llawy) + (I8e@)IZ + 1€V 12+ 1F17) u = G3)
1 1
+ (I1Row (W)l e oy 1l D | 22rg)) * 1w = vhlliz(ps)d},
wherec > 0 is independent of.

The proof of Theorem 4 is done by using a properties)-(h7) and after some tedious algebraic
manipulations. The inequality (3.3) is a basis for deriving error estimation and convergence anal-
ysis. In an analogous way, if we also suppose that L*(I'3)¢ and using the classical results of
interpolation (cf. [2]), we have the following result

Theorem 5. Under the assumptions of Theorem 1 with the same vall&, @ssume additionally
o, € L?(I'3)%. Then for some constant> 0, we have

lu = u"lv + [l = "[lw < ch { ula2(@)e + [@lm20) + 1 |ulmeg)a + R lelmmy)

1 1
+ (lorllp2rgye + [[Row ()] oo s el D L20) ) 2 [0l Fpo g0 }
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