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Abstract. We consider the problem of frictional contact between an piezoelectric body and a
conductive foundation. The electro-elastic constitutive law is assumed to be nonlinear and the
contact is modelled with the Signorini condition, nonlocal Coulomb friction law and a regularized
electrical conductivity condition. The existence of a unique weak solution of the model is estab-
lished. The finite elements approximation for the problem is presented, and error estimates on the
solutions are derived.
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1. Strong and weak formulation of the mathematical model

In this section, we state the model of equilibrium process of the elastic piezoelectric body in fric-
tional contact with a conductive deformable foundation and give his weak formulation. We con-
sider an elastic piezoelectric body which initially occupies open bounded subsetΩ ⊂ Rd, d = 2, 3
with a sufficiently regular boundary∂Ω = Γ. We decomposeΓ into three open disjoint partsΓ1,
Γ2 andΓ3, on the one hand, and a partition ofΓ1 ∪ Γ2 into two open partsΓa andΓb, on the other
hand, such thatmeas Γ1 > 0 andmeas Γa > 0. The summation convention over repeated indices
is used, all indices take values in{1, ..., d}. Everywhere below we useSd to denote the space of
second order symmetric tensors onRd while ” · ” and‖ · ‖ will represent the inner product and
the Euclidean norm onRd andSd, that is∀u, v ∈ Rd, ∀σ, τ ∈ Sd u · v = ui · vi, ‖v‖ =
(v · v)1/2 and σ · τ = σij · τij, ‖τ‖ = (τ · τ)1/2. Moreover, we denote byu : Ω → Rd the
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displacement field,ε(u) = (1
2
(ui,j + uj,i)) the small strain tensor,σ : Ω → Sd the stress ten-

sor,D : Ω → Rd the electric displacement field,E(ϕ) = −∇ϕ the electric vector field, where
ϕ : Ω → R is an electric potential. We also use the notations for normal and tangential components
of displacement vector and stress:vν = v · ν, vτ = v− vνν, σν = (σν) · ν, στ = σν − σνν ,
whereν denote the outward normal vector onΓ. The static equilibrium of the elastic piezoelectric
body is described by the following strong equations

Div σ + f0 = 0, div D = q0, in Ω, (1.1)

whereDiv σ = (σij,j), and div D = (Dj,j), f0 andq0 the density of volume forces and volume
electric charges, respectively. The constitutive laws of material is assumed of the form (see [3])

σ = Fε(u)− E∗E(ϕ), D = Eε(u) + βE(ϕ) in Ω, (1.2)

in which F : Ω× Sd → Sd is a nonlinear elasticity operator,E : Ω × Sd → Rd is a linear
piezoelectric operator,E∗ : Ω×Rd → Sd is its transpose given byEσv = σE∗v, ∀σ ∈ Sd, v ∈ Rd

andβ: Ω×Rd → Rd is a linear electric permittivity operator.
To complete the model, we have to prescribe the mechanic and electric boundary conditions.

According to the physical setting, we use

u = 0 onΓ1, σν = f2 onΓ2, ϕ = 0 onΓa, D · ν = q2 onΓb, (1.3)

wheref2 andq2 the density of tractions and surface electric charges, respectively. On the contact
surfaceΓ3, we model the contact with the Signorini condition, the regularized Coulomb law and
the regularized electrical conductivity condition, that is

σν(u) ≤ 0, uν ≤ 0, σν(u)uν = 0,

|στ | ≤ µ(‖uτ‖)|Rσν(u)|,
{ |στ | < µ(‖uτ‖)|Rσν(u)| ⇒ uτ = 0
|στ | = −µ(‖uτ‖)|Rσν(u)| uτ

‖uτ‖ ⇒ uτ 6= 0
,

D · ν = ψ(uν)φL(ϕ− ϕ0).





onΓ3. (1.4)

Hereµ is the coefficient of friction andR is a regularization operator. Finally,φL is the truncation
function, used to control the roundedness of(ϕ−ϕ0), whereϕ0 represents the electric potential of
the foundation (see [4]). The formulation of the problem is as follows

Problem P . Find a displacement fieldu : Ω → Rd and an electric potentialϕ : Ω → R such that
(1.1)-(1.4)hold.
Next, we derive a weak formulation of the problemP . To this end, we use the following functional
spaces

H = L2(Ω)d, H1 = H1(Ω)d, H = {τ = (τij); τij = τji ∈ L2(Ω)}.
We also introduce the spaces for the displacement and the electric potential:

V = {v ∈ H1; v = 0 onΓ1}, W = {ξ ∈ H1(Ω)/ ξ = 0 onΓa}.
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On V we consider the inner product given by(u, v)V = (ε(u), ε(v))H, and let‖ · ‖V be the
associated norm. It follows from Korns inequality that‖ · ‖V and‖ · ‖H1 are equivalent norms on
V . Therefore(V, ‖ · ‖V ) is a real Hilbert space. OnW we consider the inner product given by
(ϕ, ξ)W = (ϕ, ξ)H1 for ϕ, ξ ∈ W . Then(W, ‖ · ‖W ) is also Hilbert space. Moreover, letK be the
set of admissible displacements given by

K = {v ∈ V ; vν ≤ 0 onΓ3}.

The following assumptions are made on the given data:

(h1) - The elasticity operatorF is strongly monotone and Lipschitz continuous such that∀ξ ∈
Sd, x → F(x, ξ) is Lebesgue measurable onΩ, andx → F(x, 0) belongs toH;

(h2) - The piezoelectric tensorE = (eijk) is satisfieseijk = eikj ∈ L∞(Ω);

(h3) - The electric permittivity tensorβ = (βij) ∈ L∞(Ω) is assumed to be symmetric and
W -elliptic;

(h4) - The surface electrical conductivity functionψ : Γ3×R→ R+ is a Lipschitz, bounded and
measurable function onΓ3 for all u ∈ R, which satisfiesψ(x, u) = 0 for all u ≤ 0;

(h5) - The coefficient of frictionµ : Γ3 × R+ → R+ is a Lipschitz and measurable function on
Γ3 for all u ∈ R, which satisfies∃ µ∗ > 0 such thatµ(x, u) ≤ µ∗,∀u ∈ R+, a.e.x ∈ Γ3;

(h6) - The density of volume forces, tractions, volume electric charges, surface electric charges
and given potential have the regularityf0 ∈ L2(Ω)d, f2 ∈ L2(Γ3)

d, q0 ∈ L2(Ω), q2 ∈
L2(Γb) andϕ0 ∈ L2(Γ3);

(h7) - The mappingR : H
′
Γ3
→ L∞(Γ3) is a linear and continuous function (see [5]).

Next, we definef ∈ V andq ∈ W as for allv ∈ V andξ ∈ W

(f, v)V =

∫

Ω

f0 · v dx +

∫

Γ2

f2 · v da, and(q, ξ)W =

∫

Ω

q0ξ dx−
∫

Γb

q2ξ da. (1.5)

Finally, we define the mappings` : V ×W ×W → R andj : V × V → R, respectively, by

`(u, ϕ, ξ) =

∫

Γ3

ψ(uν)φL(ϕ− ϕ0)ξ da, ∀u ∈ V, ∀ϕ, ξ ∈ W, (1.6)

j(u, v) =

∫

Γ3

µ(‖uτ‖)|Rσν(u)| ‖vτ‖ da, ∀u, v ∈ V. (1.7)

Using Greens formula and the previous boundary conditions, the variational formulation for the
mechanical problemP is as follows:
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Problem PV . Find a displacement fieldu ∈ K and an electric potentialϕ ∈ W such that:
∀ v ∈ K and∀ ξ ∈ W we have

(Fε(u), ε(v)− ε(u))H + (E∗∇ϕ, ε(v)− ε(u))L2(Ω)d + j(u, v)− j(u, u) ≥ (f, v − u)V , (1.8)

(β∇ϕ,∇ξ)L2(Ω)d − (Eε(u),∇ξ)L2(Ω)d + `(u, ϕ, ξ) = (q, ξ)W . (1.9)

2. Existence and uniqueness result

The main existence and uniqueness result, which we establish in this section, is the following.

Theorem 1. Under the assumption(h1)-(h7), the problemPV has at least one solution. More-
over, there existsL∗, which depends only onΩ, Γ1, Γ2, Γ3,F, E , β, such that ifLµ + µ∗ + LψL +
Mψ < L∗ the solution is unique.

Proof. The proof of Theorem 1 will be carried out in several steps. Let consider the product spaces
X = V ×W andY = L2(Γ3)× L2(Γ3) together with the inner products

(x, y)X = (u, v)V + (ϕ, ξ)W , ∀x = (u, ϕ), y = (v, ξ) ∈ X, (2.1)

(η, θ)Y = (g, λ)L2(Γ3) + (z, ζ)L2(Γ3), ∀η = (g, z), θ = (λ, ζ) ∈ Y, (2.2)

and the associated norms‖ · ‖X and‖ · ‖Y , respectively. LetU = K ×W be non-empty closed
convex subset ofX. We define the operatorA : X → X, the functions̃j, ˜̀on X × X and the
elementf3 ∈ X by:

(Ax, y)X = (Fε(u), ε(v))H+(β∇ϕ,∇ξ)L2(Ω)d +(E∗∇ϕ, ε(v))L2(Ω)d − (Eε(u),∇ξ)L2(Ω)d , (2.3)

j̃(x, y) = j(u, v), ˜̀(x, y) =

∫

Γ3

ψ(uν)φL(ϕ− ϕ0)ξ da and f3 = (f, q) ∈ X, (2.4)

for all x = (u, ϕ) andy = (v, ξ) in X. We have the following equivalence result

Lemma 2. The couplex = (u, ϕ) is a solution to problemPV if and only if:

(Ax, y − x)X + j̃(x, y)− j̃(x, x) + ˜̀(x, y − x) ≥ (f3, y − x)X , , ∀y = (v, ξ) ∈ K ×W. (2.5)

The proof of this Lemma can be found in [3]. Now to prove the existence and uniqueness result of
(2.5), we define two closed convex setK1 = {g ∈ L2(Γ3) / g ≥ 0 and‖g‖L2(Γ3) ≤ k1} andK2 =
{z ∈ L2(Γ3) / ‖z‖L2(Γ3) ≤ k2}with k1 andk2 to be specified. Letη = (g, z) ∈ L2(Γ3)×L2(Γ3) be
given and consider the elementsfη ∈ X given by(fη, y)X = (f, v)v +(q, ξ)W −∫

Γ3
z ξ da, ∀ y =
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(v, ξ) ∈ U, define the functional̃jg(x) =
∫
Γ3

g ‖vτ‖ da, ∀x = (u, ϕ) ∈ U and consider the
following intermediate Problem.

(Axη, y − xη)X + j̃g(y)− j̃g(xη) ≥ (fη, y − xη)X , ∀ y = (v, ξ) ∈ U. (2.6)

Keeping in mind(h1)-(h3) we see thatA is a strongly monotone and Lipschitz continuous oper-
ator. Moreover, it is easy to see thatj̃g is a proper, convex and continuous function onU . The
existence and uniqueness result for (2.6) follow from standard arguments of elliptic variational
inequalities (see [1]). That is, for anyη ∈ K1 × K2. The problem (2.6) has a unique solution
xη = (uη, ϕη) ∈ K ×W .

We now consider the operatorΛ : L2(Γ3) × L2(Γ3) → L2(Γ3) × L2(Γ3) such that for all
η ∈ L2(Γ3)× L2(Γ3), we have

Λη = (µ(‖uητ‖)|Rσν(uη)|, ψ(uην)φL(ϕη − ϕ0)), ∀ η ∈ L2(Γ3)× L2(Γ3). (2.7)

It follows from assumptions(h4)-(h5), (h7) that the operatorΛ is well-defined. We prove the
following result

Proposition 3. If k1 = c2 µ∗ c0 c∗(‖f‖V + ‖q‖W + Mψ Lmes(Γ3)
1
2 ) andk2 = MψL mes(Γ3)

1
2 ,

then the operatorΛ has at least one fixed point.

Proof. We prove that

1. The mappingη → xη, wherexη is the solution to (2.6), is weakly continuous fromL2(Γ3)×
L2(Γ3) to X and the operatorΛ is weakly continuous ofK1 ×K2 into itself.

2. K1×K2 is a nonempty, convex and closed subset ofL2(Γ3)×L2(Γ3). SinceL2(Γ3)×L2(Γ3)
is a reflexive space,K1 ×K2 is weakly compact.

By Schauder’s fixed point theorem the operatorΛ has at least one fixed point. Now, the existence
part follows from the existence of the fixed point of the operatorΛ.
For the uniqueness part. Letx1 = (u1, ϕ1), x2 = (u2, ϕ2) ∈ X be two solutions of problem (2.5)
we establish after some algebra the following estimate

‖x1 − x2‖2
X ≤ c(Lµ + µ∗ + Lψ L + Mψ) ‖x1 − x2‖2

X .

Let L∗ = 1/c, then ifLµ + µ∗ + Lψ L + Mψ < L∗ thereforex1 = x2.

3. Error estimates for the numerical approximation

In this section, we study the finite element approximation of the variational problemPV . Assume
Ω is a polygonal domain, letτh be a regular family of triangular finite element partitions ofΩ
that are compatible with the partition of the boundary decompositionsΓ = Γ1 ∪ Γ2 ∪ Γ3 and
Γ = Γa ∪ Γb ∪ Γ3,that is, any point when the boundary condition type changes is a vertex of the
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partitions, then the side lies entirely inΓ1 ∪ Γ2 ∪ Γ3, andΓa ∪ Γb ∪ Γ3. Corresponding to each
partitionτh. We denote byP1(Ω

e) the space of polynomials of global degree less or equal to one
in Ωe. Let us consider two finite-dimensional spacesV h ⊂ V andW h ⊂ W , approximating the
spacesV andW , respectively, that is

V h = {vh ∈ C(Ω)d, vh
/Ωe ∈ P1(Ω

e)d, Ωe ∈ τh, vh = 0 on Γ1},
W h = {ψh ∈ C(Ω), ψh

/Ωe ∈ P1(Ω
e), Ωe ∈ τh, ψh = 0 on Γa}.

Hereh > 0 is a discretization parameter. Moreover let us consider the nonempty finite-dimensional
closed convex sets of admissible displacements withV h, defined byKh = K ∩ V h. i.e. Kh =
{vh ∈ V h, vh

ν ≤ 0 on Γ3}. We consider the following discrete approximation of problemPV :

Problem PV h. Find a discrete displacement fielduh ∈ Kh and a discrete electric potential
ϕh ∈ W h such that

(Fε(uh), ε(vh)− ε(uh))H + (E∗∇ϕh, ε(vh)− ε(uh))L2(Ω)d + j(uh, vh)− j(uh, uh)

≥ (f, vh − uh)V , ∀vh ∈ Kh.
(3.1)

(β∇ϕh,∇ξh)L2(Ω)d − (Eε(uh),∇ξh)L2(Ω)d + `(uh, ϕh, ξh) = (q, ξh)W , ∀ξh ∈ W h. (3.2)

Using the assumptions of Theorem 1, it can be shown that ProblemPV h has a unique solution
(uh, ϕh) ∈ Kh ×W h. Our interest lies in estimating the numerical errors. We first derive a Céa’s
type inequality.

Theorem 4. Let us denote by(u, ϕ) and(uh, ϕh) the respective solutions to problemPV andPV h.
Under the assumptions of Theorem 1 with the same value ofL∗, the following error estimates are
obtained for allvh ∈ Kh andψh ∈ W h,

‖u− uh‖V + ‖ϕ− ϕh‖W ≤ c inf
(vh,ξh)∈Kh×W h

{
‖u− vh‖V + ‖ϕ− ξh‖W

+ ‖u− vh‖L2(Γ3)d + ‖ϕ− ξh‖L2(Γ3) +
(‖Fε(u)‖

1
2
H + ‖E∗∇ϕh‖

1
2
H + ‖f‖

1
2
V

)‖u− vh‖
1
2
V

+
(‖Rσν(u)‖L∞(Γ3)‖µ(‖uτ‖)‖L2(Γ3)

) 1
2‖u− vh‖

1
2

L2(Γ3)d

}
,

(3.3)

wherec > 0 is independent ofh.

The proof of Theorem 4 is done by using a properties(h1)-(h7) and after some tedious algebraic
manipulations. The inequality (3.3) is a basis for deriving error estimation and convergence anal-
ysis. In an analogous way, if we also suppose thatστ ∈ L2(Γ3)

d and using the classical results of
interpolation (cf. [2]), we have the following result

Theorem 5. Under the assumptions of Theorem 1 with the same value ofL∗, assume additionally
στ ∈ L2(Γ3)

d. Then for some constantc > 0, we have

‖u− uh‖V + ‖ϕ− ϕh‖W ≤ c h
{
|u|H2(Ω)d + |ϕ|H2(Ω) + h |u|H2(Γ3)d + h |ϕ|H2(Γ3)

+ (‖στ‖L2(Γ3)d + ‖Rσν(u)‖L∞(Γ3)‖µ(‖uτ‖)‖L2(Γ3))
1
2 |u|

1
2

H2(Γ3)d

}
.
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