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Integer Programming Formulation of the
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Abstract. The Bilevel Knapsack Problem (BKP) is a hierarchical optimization problem in which
the feasible set is determined by the set of optimal solutions of parametric Knapsack Problem.
In this paper, we propose two stages exact method for solving the BKP. In the first stage, a dy-
namic programming algorithm is used to compute the set of reactions of the follower. The second
stage consists in solving an integer program reformulation of BKP. We show that the integer pro-
gram reformulation is equivalent to the BKP. Numerical results show the efficiency of our method
compared with those obtained by the algorithm of Moore and Bard.
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1. Introduction

The Bilevel Multidimensional Knapsack Problem (BKP) is a hierarchical optimization problem
in which the feasible set is determined by the set of optimal solutions of parametric Knapsack
Problem (KP). The BKP can be formulated as follows:

(BKP) Maximize f 1(x, y) = d1x + d2y, (1.1)

subject to B1x + B2y ≤ b1, (1.2)

x ∈ Nn1

, (1.3)

y ∈ Argmax{f 2(y′) = c2y′ : a1x + a2y′ ≤ b, y′ ∈ Nn2}, (1.4)
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where the vectorsd1 anda1 (respectivelya2, c2, d2) are of dimensionn1 (resp. n2). The vector
b1 is of dimensionm. The coefficients of the matricesB1(m × n1) andB2(m × n2) are integers.
We assume that the coefficients of the vectorsa1 anda2 and the second memberb are positives
integers. Vectorx (resp. y) of dimensionn1 (resp. n2) represents the leader variables (resp. the
follower). The functionf 1(x, y) (resp. f 2(y)) corresponds to the objective of the leader (resp.
follower).

Bilevel programs have been the subject of extensive study both from a theoretical and a practi-
cal point of view (see [3], [6] for example). Several methods were proposed to solve linear bilevel
problems with or without integer variables [4]. The particular structure of the bilevel knapsack
problem with a continuous leader variable was studied by [5] and [1]. The main difficulties are due
to the nonconvexity of its feasible region, which may result in an exponential number of local op-
tima [2]. The nature of variables of bilevel mixed integer programming problem influences directly
the existence of optimal solution. For example, bilevel mixed integer programming problems may
not admit an optimal solution if there are continuous leader variables and integer variables for the
follower [4]. In this paper, we propose an exact method for BKP which is decomposed into two
phases. In the first one the dynamic programming algorithm is used to determine all possible reac-
tions of the follower. In the second phase the result of the dynamic programming phase is used to
provide an equivalent reformulation of BKP as an integer linear program. Then this integer linear
problem is solved by a branch-and-bound algorithm.

2. Dynamic programming

In this phase, we consider only the integer knapsack problem of the follower by ignoring the
resourcesa1x consumed by the leader:

(KP ) Maximize{f 2(y) = c2y : a2y ≤ b, y ∈ Nn2}.

The dynamic programming (DP) is a fundamental technique for solving optimization problems.
The DP is also suitable if we want to solve the knapsack problem KP for all capacities0, ..., b.
This is our goal in this phase since we try to obtain the set of the feasible solutions of the follower
problem. Formally, the DP approach [7] consists to break down the problem KP in terms of its
sub-problems fork = 1, ..., n2 andβ = 0, ..., b:

f 2
k (β) = max{

k∑
j=1

c2
jyj :

k∑
j=1

a2
jyj ≤ β, y ∈ Nk}.

The recurrence rules for computingf 2
k (β) are:

f 2
k (β) = max{f 2

k−1(β − h× a2
k) : h = 0, ..., uj, β, y ≥ h× a2

k},

for k = 2, ..., n2 andβ = 0, ..., b, whereuj is an upper bound of the variableyj.
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3. Integer programming reformulation of the BKP

The goal of the second phase is to reformulate the BKP problem as a linear integer program using
the information resulted from the dynamic programming algorithm. To achieve this, we will link
the leader action with the compatible reaction of the follower by respecting the optimality of the
follower problem. More precisely, we propose to define explicitly a set of follower reactions for
fixedx in order to replace the follower optimization problem by the convex hull of these reactions.
The follower’s rational reaction set for fixedx, is

P (x) = Argmax{f 2(y) = c2y : a2y ≤ b− a1x, y ∈ Nn2}.

To construct the follower’s rational reaction set for fixedx, P (x) we first compute the sensitivity
intervals of the follower reactions,y, respecting the leader action. These sensitivity intervals are
determined by the bounds of each intervalsl, which can be generated by the following rules:

s1 = 0, sl = min{b− a1x : f 2
n2(b− a1x) > f 2

n2(sl−1)}, sp+1 = b + 1,

wherep = max{l : f 2
n2(b) > f 2

n2(sl−1)} is the number of intervals. The Inducible Region (IR), or
the field on which the leader optimizes,

IR(BKP ) = {(x, y) ∈ Nn1 × Nn2

: B1x + B2y ≤ b1, a1x + a2y ≤ b, y ∈ P (x)}.

From the definition of the inducible region of the bilevel knapsack problemIR(BKP ), the BKP
is equivalent to the following optimization problem:

(BKP ′)max{f 2(y) : (x, y) ∈ IR(BKP )}.

Finally, the BKP can be reformulated as the following integer program:

MIP(BKP) Maximize f 1(x, y) = d1x + d2y, (3.1)

subject to B1x + B2y ≤ b1, (3.2)

a1x + a2y ≤ b, (3.3)

a1x +

p∑

l=0

sl+1zl ≥ b + 1, (3.4)

c2y =

p∑

l=0

f 2
n2zl, (3.5)

p∑

l=0

zl = 1, (3.6)

x ∈ Nn1

, y ∈ Nn2

, z ∈ {0, 1}p+1. (3.7)

For each fixed leader decisionx, we should seek for the unique sensitivity interval[sl, sl+1[ con-
taining the resourceb − a2x. The binary variableszl are introduced for choosing the compatible
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interval. The reaction of the followery must be feasible for the leader constraints (3.2) and the fol-
lower constraints (3.3). The choice constraint (3.6) expresses that for each leader decision, only a
unique sensitivity interval has to be chosen. The constraints (3.4) and (3.5) ensure that the accurate
interval chosen corresponds to the optimal value of the follower problem. In other words the se-
lected interval must be compatible with the leader decisionx. The integer programMIP (BKP )
can now be solved exactly (if possible) using an exact algorithm. In our experiments this model is
solved by the ”Branch-and-Bound” of CPLEX software.

4. Computational experiments

In this section, we present initially a comparative study between the proposed algorithm called
DBKP (Dynamic Programming for the BKP) and that of Moore and Bard (1990) [8]. Algorithms
were developed in C++ language and by using the solver CPLEX 11.1. The tests were carried
out on a computer based on a processor Xeon 5160 of capacity 3 GHz and 16 GB of RAM.
Test cases are generated randomly by varying the number of variables (n1, n2) and the number
of leader constraints. The generation of the follower data was carried out by generator for the
Knapsack problems according to a non correlated degree of correlation. We consider that the
maximal size of the coefficients is1000. Note that all the variables of the problem are limited by
the value 10. The results shown in Table 1 represent the average of10 test cases. We present here
the results obtained for the cases associated withm1 ∈ {5, 10, 15}, n1 ∈ {5, 6, 7, 8, 9, 10} and
n2 ∈ {10, 15, 20, 25, 30}.

The significant execution times of the algorithm MB can be justified by the fact that problems
which have to be solved at each node are NP-Hard. Moreover, the upper bound provided at each
node is not strong. Consequently, the number of nodes traversed by the branch and bound increases
very quickly with the size of the test cases. The DBKP algorithm is very effective to solve all the
est cases of Table 1. The application of the dynamic programming on the problem of second level
with maximum 30 variables is instantaneous. Note that our algorithm solves one mixed linear
program where the MB algorithm solves several mixed linear programs at each node.

5. Conclusion

We proposed a new exact approach to solve the Bilevel Knapsack problem in which the leader con-
trols a set of integer variables and the follower solves an integer parameterized knapsack problem.
Our method is decomposed into two phases: the first phase is based on the dynamic programming,
in which the recurrence rules take into account only the follower problem. Consequently, in the
second phase we reformulated BKP problem as a linear integer program. Our numerical experi-
ments showed that our algorithm is significantly more powerful than the algorithms proposed in
the literature, Moore and Bard [8].
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m1 n2 n1 DBKP MB m1 n2 n1 DBKP MB m1 n2 n1 DBKP MB

5

10

5 0.01 0.21

10

10

5 0.01 0.18

15

10

5 0.01 0.40
6 0.01 2.77 6 0.01 0.04 6 0.01 2.34
7 0.01 0.01 7 0.01 3.39 7 0.01 2.53
8 0.01 6.18 8 0.01 4.39 8 0.02 8.90
9 0.02 40.01 9 0.00 0.01 9 0.01 6.53

10 0.01 0.01 10 0.00 0.49 10 0.01 0.03

15

5 0.01 0.11

15

5 0.01 18.36

15

5 0.01 12.69
6 0.01 14.43 6 0.01 10.84 6 0.01 3.87
7 0.01 40.32 7 0.00 0.01 7 0.01 6.15
8 0.02 105.41 8 0.01 24.97 8 0.01 4.91
9 0.01 27.80 9 0.02 18.40 9 0.01 48.15

10 0.05 26.68 10 0.00 0.41 10 0.02 21.04

20

5 0.01 2.81

20

5 0.01 4.32

20

5 0.01 0.12
6 0.01 6.08 6 0.02 33.63 6 0.04 167.42
7 0.06 821.46 7 0.01 0.01 7 0.01 6.67
8 0.02 10.22 8 0.11 639.46 8 0.12 920.60
9 0.01 9.49 9 0.01 1.23 9 0.01 64.56

10 0.01 0.08 10 0.03 2663.35 10 0.24 1671.82

25

5 0.01 7.49

25

5 0.01 0.01

25

5 0.01 24.89
6 0.01 26.33 6 0.03 250.34 6 0.02 386.34
7 0.02 4.62 7 0.08 2096.18 7 0.15 336.00
8 0.08 728.79 8 0.11 64.36 8 0.01 25.10
9 0.03 18.44 9 0.02 201.19 9 0.11 1435.86

10 0.04 834.47 10 0.06 10233.96 10 0.13 3373.12

30

5 0.07 3374.58

30

5 0.01 0.15

30

5 0.03 70.50
6 0.12 9152.25 6 0.02 6.11 6 0.02 33.15
7 0.02 10.11 7 0.03 14.06 7 0.07 1630.47
8 0.14 14874.49 8 0.14 1585.35 8 0.14 21658.78
9 0.01 0.08 9 0.11 12652.31 9 0.02 415.01

10 0.01 0.70 10 0.06 163.91 10 0.02 247.63

Table 1: Comparison between DBKP and MB algorithms.
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