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Abstract. In this paper, we show finite time blow-up of solutions of thewave equation iRY, with
critical Sobolev exponent. Our work extends a result by Galaktionowamdzaev [4]
Keywords and phrases:p—wave equation, Blow-up, critical Sobolev exponent

Mathematics Subject Classification: 35L05, 35L70, 35L80

1. Introduction

In this paper, we consider the following-wave equation:

Uy — Apu = |u'p*_2u inRY xR
u(.,0) = ug € WHP(RN) (1.1)
ug(.,0) = uy € L2(RY),

whereN > 3,2 < p < N, Ayu = div(|Vu|P~2Vu) is thep—Laplacian anc,. = A’;—fp is the critical Sobolev
exponent, and where '
WhP(RY) = {u € LP*(RY) : Vu e LP(RV) }.

Multiplying equation (1.1) by, and integrating by parts, we formally get

/ ututtdm—i—/ \Vu\p_2Vu-Vutdas—/ lu
RN RN RN

d /1 1 1
—(f/ |ut|2d:c+f/ |Vu\pdxf—/ |u
dt \2 RN P JrN P« JrRN

. 1 1 1
SettlngE(u(at)) = 5 /RN |Ut|2d$+ ; /RN |Vu\pdx — ; /RN |u

dE(u(.,t))
dt

P =2yu,de = 0

or

p*dx): 0.

P+dx, we obtain

=0.

*Corresponding author. E-maillbrahims@uvic.ca

(© EDP Sciences, 2012

Atticle published by and available at or


http://publications.edpsciences.org/
http://www.mmnp-journal.org
http://dx.doi.org/10.1051/mmnp/20127206

S. Ibrahim, A. Lyaghfouri Blow-up Solutions of Quasilinear Hyperbolic Equations

In particular, we have

2

1 1 1
E(u(.,t)) = E(u(.,0)) = E(ugp,u1) = 7/ |uy|?dx + f/ |Vug|Pde — —/ |uo|P*dx.
RN P Jr~y P+ JrN

Recall that the function

pP— 1 _p_ p;N
wp(@) = (14 —L———o|7"7)
(N —p)N»=1
solves the equation
Apu = —|u[P*2u inRY,

and is known as thground statelt is related to the best constant of the Sobolev inequality

p. SCWND)|[Vull, Yue WHPRY),

||u

whereC(N, p) is characterized by

{if [lullp. = C(N,p)||Vul||, andu # 0, then

u = Cwy(o(z — z0)) for some constant§' £ 0, > 0, andz € RY.

For more details, we refer for example to [2], [10] and [1].

Define

D= dx

1 1
E(u) = f/ |Vu|Pde — —/ |u
P JrN Ps JrN

and

K(u):/ |Vu|pda:—/ lufP da.
RN RN

One can easily derive the following identities satisfiedy ground state.

Proposition 1.1.

1
P*d — pd —
/RN'“’I" - /RNIVwPI v = SN

1 1
_ _ p = = T <
and &, = &(wp) N/RN Vwy|dz NCN(N,p)

Proof. i) Multiplying equation (1.3) by: and integrating oveR”, we get

Apwy, - wpdr = —/ |wp [P dz
RN RN
or
/ |pr|pdx=/ [w, [P~ da.
RN RN
It follows that
- o % %
wpllp. = [[Vwpllp™ = [[Vwpllg™ [[Vwpllp = [[Vwpllp ¥ [IVwpllp = [[wpllp.™ [[Vwp|[p-
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We deduce that'(N, p) = ||w, ;*%*, and we obtain from (1.8)

1
/]RN |va|pd.'1} = /RN ‘wp p*d.'lj = pr gi = m

i) Using (1.8), we get

1 1
& = f/ |Vw,|Pdr — —/ [w, [P dx
b Jrwy P« JrN

= (% — i*) /RN |w, [P dz

p
1
= N/RN |wpp*d$
1

NCN(N,p)
(|
Now we prove the following variational characterization.gf.
Proposition 1.2.
&, = inf{ E(u) : ue WEPRY), K(u) =0, u#0 } (1.9)
Proof. First, by (1.6) we havé{ (w,) = 0, and therefore
inf{ E(u) : ue WEPRN), K(u) =0, u#0 } <&,
Second, recall [2], [10] and [1] that
IVawpllp = inf { |[Tullfs : we WHRY), flully, = [wpll. }, (1.10)
gl = sup { lullf: = we WHP@RY), lullp. = [[wplln. }- (L11)

Now letu € W'»(RN) \ {0} be such thak’(u) = 0, and sefi = lmﬂjf u. Since||ul|p, = ||wp|],., we have by
(1.10)

||wp 5*
[[ullp
IVully _ (I9ull

IVwp |} < [IVallp =

Vu||£

5

< . (1.12)
lwpllp. — Tullp.
Sincel(u) = K(w,) = 0, we have||[Vw, ||} = [|w, [P~ and||Vu[[b = [[u][?-. We obtain from (1.12)
[[wpl[5: ™ < [lull}: 7 (1.13)
From Proposition 1.1, we know that
1
& = Npr b (1.14)
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Moreover, sinceC(u) = 0, we have

1 1
E(u) = f/ |VulPdx — —/ |u|P=dx
P JrN P« JrN
1 1

= %K(u) + (5 - p—*) /RN |u|P* dx

= (% — pi*) /RN |ulP dx

1
= NHU o (1.15)
We deduce from (1.13)-(1.15) and singe> p, that
(NE) 7 < (NE))
or & < &(u).
Hence the proposition holds. a
We have also:
Proposition 1.3. Letu € Wh?(RY) \ {0} be such thaf (u) < &,. Then we have
K(u) #0, |lullp, # [lwpllp. and [[Vull, # [[Vwy||,. (1.16)
Moreover,
K(u) <0 & lullp, > [[wpllp. < [[Vull, > [[Vwpllp. (1.17)
K(u) >0 & ||ullp, <llwpllp. < [[Vull, <[[Vwpllp. (1.18)

Proof. i) e If we have/C(u) = 0, then from (1.9) we havé, < &£(u), which contradicts the hypothesis.

e Assume that|u ».- Then we have by (1.10)

Py — ||wp

1 1
& = f/ |Vwy |Pdx — —/ |wp |+ d
P Jry D« JrN

1 1
= f/ |pr|pdx——/ |u
b Jrw~ D« JrN

1 1

< f/ |Vu\pdx——/ |u|Pdx
P Jrwy Px JrN

= E(u).

which again contradicts the hypothesis.

P dx

e Similarly, assume thatVu||, = ||[Vw,||,. Then arguing as before and using (1.11), we get a contraulict

b+. We recall from (1.15) that

1 1
£(u) = f/ Vs — 7/ lufP- da
P Jrw P+ JrN
1 1 1
= —K(u) + f——/ u|P*dx
p ( ) (p p*) ]RN| ‘

1 1
= — — P+
p/C(u) + 5 llllp: (1.19)

i1) ¢ Assume that|u

b > llwp
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Using the fact thaf (u) < &, and (1.6)-(1.7), we obtain from (1.19)

K(w) = p€(u) = 1 lul

p
< P&~ 2l

P
P

D
Dx

po Il

= L ((luwy) )

< 0.

e Assume thafC(u) < 0. Then we have

/|Vu|pd:v</ |ulPdx. (1.20)
RN RN

Sety = Ueellee gy Then cleary|ul|,, = ||wpl|p. and using (1.10), we have

HUHP*
/ IV, |Pdz < / ViilPds
RN RN

. » w5, P
that is [Vw,|Pdx < > |Vu|Pdz
RN llullp. S~
. 1 1
or equwalentlyip/ |Vw, [Pdx < 71,/ |Vul|Pd. (1.21)
|lwpl|p. Jr~ ||ullp. Jr~

Taking into account (1.6) and (1.20), we get from (1.21)

Jwpl B [lullp:
wplls. ~ [ullb.

or [[wp [ < [|ul[P-~7
Or||wp|‘p* < H“pr

ThusK (u) < 0 & ||uf

e Assume thatC(u) < 0. We would like to prove thafVul||, > ||Vw,||,. From the previous result and (1.4) we
have

pe > lwpllp, -

lwpllp. <Ilullp. < CN,p)l[Vullp
1
or ———||wpl|p, < ||Vu
C(N,p)” PHP H ||p
Taking into account (1.6), this leads to

e gl = [l < 19ull,
C(N,p) ’ ’
that is|w,||,. < ||Vull,

or equivalentlyl| Vuw,||, < [|Vulp.
e Conversely, assume th@¥u||, > ||Vw,||, and let us show that necessarflju) < 0. Write

p
p*) - m\lwl\i-

1 1
Ku) = p (=||Vul|lP — = ||lu
(w) p(p\l |4 p*ll
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From&(u) < &(wp) = +||Vw,|E, we have

_r

p
K(u) < pubyluny) = 72— |IVullp = 7

g (IIVwylp = IVullp) <0
as desired.

i11) The assertion (1.18) aboki{(«) > 0 is then a consequence of the previous two statements in §itigpol..3.
U

2. Blow-up in finite time of solutions

The main result of this section is the following theorem.

Theorem 2.1. (Finite-time blow-up) Letug, u1) € (WH?(RV) N L2(RY)) x LP(RY). Assume that there exists
a solutionu € C°(I, W'»(RN)) n C(I, LP(RN)) of (1.1) corresponding to the initial dat@az, ;) defined on
the maximal time interval and satisfying

E((ug,u1)) < E((wp,0)) and K(ug) < 0.

ThenI must be a finite interval.

Remark 2.2. We point out that a blow-up result for the equation (1.1) hesrbobtained by Galaktinov-Pohozaev
[4] under the following assumptionsf, v uguidz > 0 and E((ug,u1)) < 0, which are clearly more restrictive
than our assumptions.

Remark 2.3. The existence of local solutions ¢f.1) is still an interesting open question. The Cauchy problem
is not only quasilinear but also with a degenerate or sinqulaaplacianp > 2 or 1 < p < 2, respectively). If a
strong enough dissipation is put into the equation, therethee results about local or global existence of solution.
See for example [5], [3] and [11].

In our proof, we follow an idea from [8] where the problem (wias studied whep = 2. To pave the way for the
proof of Theorem 2.1, we shall need a number of lemmas.
Lemma 2.4. Letu € W?(RY) be such that we have, for sorig> 0,

[[Vaul[b < [[Vw,|[h and E(u) < (1 —dg)Ep.

Then we have
[V7ul[Z < (1= 60)|[Vuy|[2 and &(u) > 0.

Proof. We argue as in the proof of [7] Lemma 3.4, and consider thetiomg (y) = % — Wy% and set
7 = |[Vu|[b. We first observe that by the inequality (1.4)
1 CP+(N &
f@) =1 [ varar - CED (] gupar)
P JrN Dx RN
1 cr(Np) 1 /
< - VulPdr — u|P*dx
p/]RN‘ | p«  CP<(N,p) JRN|
=E(u)
< (1 - 50)5p
1 — 0
= ——. 2.1
NOY(N.p) @Y
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Next we have

f(0)=0
) 1 Cp* N’ « DPx ]_ Cp* N7 P
Fay=t-LEDP ey 1 OF D) e
P Dx p p p
CP+(N,p) z-x
" - ? N—p <
I ==, v <0
flly) =0 y=yc= ! = [[Vupl[;
¢~ CN(N,p) nr
1 CP<(N,p) ==
fye) = ve - %ycp
pCYIND) P (O(N.p) RS
_1_1 1 1
pCN(N.p)  p. CN(N,p)
1
~ NON(N,p)’

It follows that f is nonnegative and strictly increasing between 0 gpdand concave irf0,y|, wherey =

N-—p
oty (w;) 7 is suchthay(y) = .

Sincef is strictly increasing between 0 apd and0 < 7 < y¢, we obtain from (2.1¢ (u) > f(g) > 0.
Using the concavity of and (2.1), we obtain

f@) < (1 =8)f(ye) < f((1—do)yc). (2.2)
Sincef is strictly increasing between 0 apd, we obtain from (2.2)

7 < (1 =do)yc & [[Vaully < (1= do)|[Vuwp|[}.

Lemma 2.5. Letu € W1*(RY) be such that we have, for sorie> 0,

K(u) <0 and E(u) < (1 — 80)E,.

N—p
P

Then we have for the positive constant (1 + %) -1

IVullf = 1+ 6)[[Vawp|[}-

Proof. From the assumption and Proposition 1.3, we know that||, > [|[Vw,||,. Using the inequality (1.4)
and (1.6)-(1.7), we obtain

IVullp > [[Vwy[[; = N& >

T3,

B iv% (%’ /R” e sz(aNp) (/RN Valdo) *)

! ivao (% /]RN Ve C%}(?*NJ’) (/RN |Vu\qu;> Nﬁp)
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This leads to

NCP=(N,p) / 5 N N —p+pdo
_ VulPdx > -1=
(1 — 60)])* ( RN | | ) - (1 — 50)]) (1 — 50)])

~_ N —p+pd 1
P N 7’> p p 0
or (/RN |Vul dx) > N_p Cr(N.p

pdo \FE 1 -
Pdz > (1 S ——— b
or /RN VuPde 2 (1+ 57) T Gy = 0+ OlIVwl

and the lemma follows. O
Lemma 2.6. Let (ug,u;) € WHP(RN) x L2(RY). Assume that there exists a solutiowf (1.1) corresponding
to the initial data(uo, u1) defined on the maximal intervaland satisfyingE'((uo,u1)) < E((w,,0)). Then we
have

K(ug) <0 = [|Vu(t)l, > |[Vw,ll, VteT. (2.3)

Proof. Let 6 > 0 be a fixed positive number such th&{(up, u1)) < (1 — dy)E((wp,0)). Since&(uy) <
E((ug,u1)) < (1 —060)E((wp,0)) = (1 —0p)E and(ug) < 0, we know from Proposition 1.3 that

IV uollp > [[Vwp|lp. (2.4)
Now lett € I. By (1.2), we havel((u(t), us(t))) = E((uo, us)). We deduce that
E(u(t)) < E((u(t),ue(t)) = E((uo,u1)) < (1= o) E((wp,0)) = (1 = 60)&p. (2.5)
If [|Vu(t)|| < ||Vaw,|[2, we obtain from (2.5) and Lemma 2.4

(Va5 < (1= do)[[Vuwp|[}-

N-—p
P

If || Vu(t)|[E > || Vw5, we have by Lemma 2.5, for= (1 + %) -1
IVu@)|[} > (1 + )| Vawy|[}.

Taking into account (2.4) and the continuity 0¥ u(t)||,, the lemma holds. O

Remark 2.7. Under the assumption of Lemma 2.6, we can similarly show that

||vu0||p < vapHp = HVU(t)Hp < ||va”p vt el

We are now able to prove the main result of the paper.

Proof. of Theorem 2.1. Let, > 0 be a fixed positive number such that

E((uo,u1)) < (1= o) E((wp,0)),
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and lety(t) = [, |u(z,t)|*dz. We obtain by using (1.1) and integrating by parts
y'(t) = 2/ w(z, t)ug(z, t)dw
RN
y'(t) = 2/ lug (z, ) |Pde + 2/ u(x, uy(x, t)de
RN RN
2/ lug (z,t)|2dax + 2/ u(Apu + |ulP*~2u)dx
RN RN

= 2/ lug (z,t)|2de — 2KC(u(t))
]RN
= Q/RN lug (2, t)|2dx — Q/RN [Vu(t)|Pdx + Q/RN lu(z, t) [P+ da. (2.6)

For convenience, we s = doE((wy,0)), and we obtain

E((wp,0)) > E((uo,u1)) + 0o = E((u(t), us(t))) + do,
which leads to

/ (£ dz > &/ |ut(x,t)|2da:+p—*/ Vu(t)|Pdz
RN 2 Jry P JrwN

—p.E((wp, 0)) + dops. (2.7)
We deduce from (2.6)-(2.7) and Lemma 2.6 that

V0= @2+ [ Juleof

|Vu(t)|Pdx
]RN
—2p. E((wy, 0)) + 200p, — 2/ \Vu(t)|Pda

= (2+p*)/ |ut(,t)] daz+2(— - 1) /RN |Vu(t)Pdx

20,
N

2D ~
_ (2+p*)/ |ut(x,t)|2dx+l(/ \Vu(t)\pdx—/ [V, ) +25,p.
RN N RN RN

[V w,|Pdz + 26p.
RN

> (24 p.) / gz, 1)[2dz + 260p.. (2.8)
RN

Assuming thaf0, oo) C I, and integrating (2.8), we obtain for> 0, y/(¢) > 250p*t + 3/(0). We deduce that
there existg, > 0 such that/(¢) > 0 for all t > t,. We obtain fort > ¢, by using Cauchy-Schwarz inequality

Y (Hy(t) > (2 —l—p*)(/RN fun (i, ) P (/RN [u(a, 1)) > Pet2
y'(t) _ pe+2Y(1)
MO IO (29)
Integrating (2.9) betweety andt, we obtain forCy = %
y(to 4
Iy (1) > 2 n(y(0)) + n(Co)
ory/(t) > Co(y <>> T
or Y0 _> . (2.10)

(y(t) "
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%
(e—2)(y(t0)) =T

5 < Co(to —t) + Ch.

Integrating again (2.10) betweenandt, we obtain forC, =

4
(P = 2)(y(1)) "+

We have reached a contradiction, since the right hand sideeofast inequality becomes negative folarge
enough, while the left hand side is always nonnegativegsinc- 2.

In the same way we get a contradiction, if we assume(that, 0] C I O

Remark 2.8. From the proof of the Theorem, we see that we just needed agyeimequality which might be
satisfied by just weak solutions.

Remark 2.9. Define the sets:

Ry = {(u,v) € WYP(RN) x L2(RY) : E((u,v)) < &, andK(u) > 0} U{(0,0)}

Ry = {(u,v) € WHP(RN) x LA2RY) : E((u,v)) < & andK(u) < 0 }.
Itis clear from Proposition 1.3, Lemma 2.6 and Remark 24t B and R, are invariant sets under the flow of the
wave equatioril.1). Moreover, Theorem 2.1 shows that datdinlead to finite time blow up solutions. However,

we were not able so far to show that datafin lead to global solutions. Nevertheless, we have the foligwi
priori bounds on the solutions: for dlle I the maximal time of existence

/ |Vu(t)|Pde < NE,, Vtel,
RN

1
5/ g (t |dz+N/ (t)Prde < &, YVt el

Indeed, by assumption we hayey, 1) € Ry and therefore we obtain from (1.2) and the continuity(di:(¢))
that (u(t), u(t)) € Ry forall ¢t € I. In particular we have

K(u(t)) >0 Vtel, (2.11)

and
E((u(t),u(t)) = E((ug,u1)) < &, Vtel,

which can be written

1 1 1
3 [ Ju@Pda / Vu(t)Pde = [ julo)de <,
2 Jpn
1
orf/ lua (8) [2dz + IC / ()P da < &, (2.12)
2 Jpn
It follows from (2.11)-(2.12) that we have
1 1
7/ g (1) 2z + 7/ u(t)|Pda < &, Wt € 1. (2.13)
2 RN N RN
Now using (2.13), we obtain also from (2.12) that
/ V() Pdz <p5p+p£/ lu(t)P da < ( )5 _ NE,, Vel (2.14)
RN x JRN
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