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Abstract. The paper proposes a general framework allowing the analysis of wetting problems
in the situation when interfacial tensions depend on external fields. An equation predicting
apparent contact angles of sessile droplets deposited on rough surfaces in the presence of exter-
nal fields is derived. The problem of wetting is discussed in the framework of the variational
approach. Derivation of a general equation generalizing the Cassie and Wenzel approaches
is presented. The effects related to the line tension which are important for nano-structured
surfaces are considered.
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The phenomena of electro- magneto- and optowetting have attracted the attention of researchers re-
cently. These effects have been applied for various microfluidics applications including smart actuation of
droplets and micro-droplets [1-8]. A smart actuation of droplets deposited on nano-structured surfaces is
of particular interest. Krupenkin et al demonstrated the dynamic electrical control of the wetting behav-
ior of liquids on nanostructured surfaces, which spans the entire possible range from superhydrophobic
behavior to nearly complete wetting [4]. Electro-, magneto- and optowetting techniques exploit the de-
pendence of interfacial tensions on external fields [7]. A general approach to the calculation of contact
angles of droplets deposited on flat surfaces in the presence of external fields is given in Ref. [9]. Below, a
general theoretical framework is presented, which allows calculation of apparent contact angles of droplets
deposited on a rough surface and exposed to an external field. The Cassie and Wenzel models [10-13] are
believed to give the theoretical background of wetting of rough surfaces. The Wenzel model implies the
complete wetting of a rough surface, i.e. liquid penetrates into grooves constituting the surface; whereas
the Cassie wetting describes the situation where a droplet partially wets the rough surface and sits on
air pockets [10-13]. The Wenzel and Cassie models helped to explain a considerable diversity of wetting
phenomena occurring on rough surfaces. However, these models have been criticized recently and gener-
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alized over the past decade [14-18]. Below, a generalization of the Cassie and Wenzel models is presented
for the situation when the interfacial tension depends on an applied external field.

1. Results and discussion

We discuss an axially symmetric droplet of the radius a (see Figure 1) containing liquid, deposited on
a solid rough surface and surrounded by a gaseous phase. The system is exposed to an external field
(it may be an electric or a magnetic field, without loss of generality of our treatment). It is supposed
that the most general regime of wetting takes place, i.e. the so-called mixed wetting occurs. This means
that the droplet partially wets the solid surface and is partially supported by air pockets, as shown in
Figure 1. It is assumed that the effects related to line tension are not negligible [19]. The apparent
contact angle of the droplet will be governed by the topography of the substrate, the triad of surface
tensions v,7vsr,vsa, which are the interfacial tensions at the liquid/gaseous phase, solid/liquid and
solid/air interfaces, respectively, and the line tension I" [10] (which is assumed to be field-independent).
All the interfacial tensions are assumed to be field-dependent for the sake of generality. In the majority
of experimental situations ~ygy, is field-dependent. This is typical for electro-wetting [8-10]; however, the
cases where v and yg4 were influenced by an external field have also been reported [7, 20]. For the present
axially symmetric case, it is anticipated that the interaction of the droplet with the field is described by
the linear density U(h,z) of the additional energy with the dimension of (J/m)

h(x)
U(h(z),z) = /0 2rzw(z,y)dy, (1.1)

where w(x,y) is the volume energy density of the droplet bulk in the external field, and h(z) is the local
height of the liquid surface above the substrate (see Figure 1). The functions w(z,y) and U(h(z), z) are
determined by the external field and are supposed to be known. I suggest also that the interfacial tensions
could be expressed as explicit functions of the coordinates:y = v(x,y), Vs, = Ysr(,9),v54 = Vsa(z,y).
The types of these functions are governed by the spatial distribution of the external field and are also
supposed to be known. The free energy G of the axially symmetric droplet exposed to the axially

symmetric field is given by:
“ dh
G= / (Y(z, h)2may [ 1+ (5=)2+ (1.2)
0 dl‘

2rx(ysr(x,0) — vsa(z,0)rdg + 2may(x,0)(1 — Pg) + 20l + 2na ' + U(h, z))dx,

where @g is the fraction of the solid surface that is wetted by the liquid, r is the roughness ratio of the
wetted area, and £ is the perimeter of the triple line per unit area of the substrate under the droplet
(with the dimension of m~!, see Ref. [19]). It is suggested that the radius of the droplet a is much larger
than the characteristic scale of the substrate roughness [15]. In Eq. (1)

/Oa(v(at,h)ch 14 (%)Q)daz

presents the energy of the liquid/air cap interface,

/Oa(Qmﬂ(VSL(:E, 0) — vsa(z,0))rdg)dx

is the energy of the solid wetted with liquid, ['(2727y(x,0)(1 — @5))dx is the energy of the liquid/air
interface over air pockets, foa(27rF)dx is the energy of the external triple line surrounding the droplet,
foa(27rxf ¢)dx is the energy of internal triple lines (see Figure 1, depicting a droplet deposited on a
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substrate built of conical posts; the ”external” and ”internal” triple lines are shown). The condition of
the constant volume V of the droplet also has to be taken into account in solving a variational problem:

V= / (2wah(z)dxr) = const. (1.3)
0
Equations (1) and (2) reduce the problem to a minimization of the functional:
G= / (G(h, b, x)dx), (1.4)
0

G = 2ny(z, h)z\/1 + W2 + 2l () + 2ndah + U(h, ) + 21, (1.5)

where ) is the Lagrange multiplier to be deduced from Eq. (2), and II(z) = (vs(2,0) —ys5a(z,0))rds +
¥(z,0)(1 — Pg) + I'§. The constant term 271" in Eq. (4) can be omitted when the functional G is
minimized; however, it turns out to be important for the analysis of boundary conditions. It has to be
emphasized that I solve the variational problem with free endpoints. Thus, the conditions of transversality
have to be considered [21]. It has been already demonstrated that the use of the transversality conditions
for the analysis of wetting problems is extremely effective [22-27]. In our case, the transversality condition
is given by Eq. (5):

(G =NWG)))pea = 0. (1.6)

Substitution of Exp. (4) into Eq. (5), simple transformations akin to those carried out in Refs. [24-27],
and considering h(a) = 0;U(h = 0) = 0, yield:

v(a,0)a
e = (—all(x) = I')y—q- 1.7
(7 — =) (—all(z) = T') (1.7)
Taking into account h'(x = a) = — tan 6*, where 6* is the apparent contact angle, immediately gives rise
to:
P r
cosf* = — — (1.8)

v(a,0)  ~(a,0)a
Substitution of IT,—, = (vs5.(a,0) — vsa(a,0))rds + v(1 — Pg) + I'¢ into Eq. (7) yields:

vs4(a,0) —vsr(a,0) ., T 1
~(@.0) r®s+Ps—1 (@ 0) &+ a)' (1.9)

It can be recognized that only the values of interfacial tensions at the endpoints (in other words at the
triple line) govern the contact angle. It is also noteworthy that the apparent contact angle 8* does not
depend ezplicitly on the linear density of the external field U(h, x); however, the external field dictates
the types of v = v(«,0),vsr = vsr(2,0), and ys4 = vsa(x,0) [24-27]. Now let us discuss special cases of
wetting. When the substrate is flat (r = 1,Pg = 1), and the effects related to line tension are negligible
(the droplet is sufficiently large; the effects of line tension become considerable for micro-metrically scaled
drops or nano- and micro-structured surfaces [10, 19, 28]), we obtain:

cosf* =

vsa(a,0) —vsr(a,0)

. 0) (1.10)

cos 0* =

When v,vs4 = const,vs, = v2 — CTVQ (C - the capacitance, V - voltage) we obtain the well-known
equation of electrowetting [8, 9]:

2
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cosf* = = cos Oy + , 1.11
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where fy is the Young angle characterizing a solid/liquid pair. When r = 1 and the effects related
to the line tension are negligible, we obtain the modified Cassie-Baxter equation considering the field
dependencies of the interfacial tensions:

0) — 0
cosg = 25400 =150(0.0) 5 (1.12)

v(a,0)

When @g = 1, and the effects related to the line tension are negligible, we obtain the modified Wenzel
equation:

0) — 0
rySA(a” ) ’YSL(G’? )T. (1.13)
7(a,0)
When the effects related to the line tension are negligible, and so-called mixed wetting occurs, r # 1 |
and we obtain the modified Miwa-Marmur equation [14, 16]:

cos0* =

vsa(a,0) — ys.(a,0)
7(a,0)

It also should be mentioned that, as is seen from the above equations, only the area adjacent to a triple
line exerts an influence on the apparent contact angle. Apparent contact angles are governed by interfacial
tensions at the triple line and the geometrical parameters of defects @g, &, r located in the vicinity of the
three-phase (triple) line [26].

cos* =

r®g + dg — 1. (1.14)

2. Conclusions

A general approach allowing the prediction of the apparent contact angle of a droplet deposited on a rough
surface and exposed to an external field is proposed. The approach is based on the use of transversality
conditions of an appropriate variational problem of wetting. The values of interfacial tensions at the
triple line and the topography of the surface in the vicinity of the triple line govern the apparent contact
angle. The equation describing Cassie, Wenzel and Miwa-Marmur wetting of sessile droplets exposed to
external fields is reported.

F1GURE 1. Mixed wetting of a rough surface. Interfacial tensions are spatially dependent:
v =, y),vsL = 1s5L(®,Y), vsa = Vs4(2,Y).
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