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Abstract. Spatial heterogeneity greatly affects the population spread. Although the theory
for biological invasion in heterogeneous spatially continuous habitats have received considerable
attention, spatially discrete models have remained outside of the mainstream. In this study, we
formulate and analyze a Coupled Map Lattice model for a single species population invading
a two dimensional heterogeneous environment. The population growth rate and dispersal coef-
ficient depend on the site quality. We first find an analytical criterium for the spread success
in terms of the population growth rate and the dispersal coefficient in unfavorable regions. We
then implemented our model for two distinct spatial configurations: periodical stripe-like and
randomized environments. The spread rate is computed numerically and it shows a decrease
with an increase of the fraction of the hostile sites. However, we observed that invasion success
does not depend on the fraction of favorable sites but crucially depends on the connectivity of
favorable regions.
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1. Introduction

The study of biological invasions is widely recognized as an important issue and has been attracting the
attention of the scientific community for decades. Understanding the pattern of spread and estimating the
rate at which an invasion takes place is of fundamental importance for designing control and management
strategies. Mathematical models have shown to be an important tool as they allow the test of hypothesis
and provide insights into the invasion properties and the control strategies performance [23,30].

Since habitat heterogeneity due to natural processes or human disturbances greatly influence the pat-
tern and rate of invasions, much effort has been dedicated to understand its effects on biological invasions.
Not only in natural environments but heterogeneity is also observed in well organized habitats such as
agriculture plantations for which the study of invasive insects is of great importance. In fact, relevant
progress on this subject has been observed since the pioneering work by Shigesada and collaborators [28].
In their seminal paper, they used a reaction-diffusion equations to examine the spatio-temporal dynamics
of a single species invading an heterogeneous one dimensional habitat consisting of favorable and unfa-
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vorable patches alternately arranged. They presented an invasion condition, in terms of the fraction of
favorable area, for an introduced species: above a certain threshold of the favorable area the popula-
tion can invade the habitat by means of a periodic travelling wave. They also calculated the velocity of
the travelling periodic wave in terms of the population diffusivity and growth rate. After that, several
other aspects have been developed. Kinezaki and collaborators [12] studied the population invasion of
a heterogeneous two-dimensional habitat where the favorable and unfavorable sites were alternately ar-
ranged in stripes. The existence of travelling periodic waves for periodic habitats and its rate of spread
were rigorously analysed [1, 32]. The effects of the of spatial configuration of the habitat fragmentation
on the population invasion has been carried out by Kinezaki and colleagues [14]. Using the framework
of reaction-diffusion equations, they analyzed lattice-like corridor environments, island-like and striped
habitats and concluded that for each periodically fragmented habitat, the population persistence depends
on the fraction of favorable area. Recently, the directional movement towards favorable patches, that
is, taxis, has also been taken into consideration in a reaction-diffusion equation model for invasion in
heterogeneous periodically habitats and showed to enhance biological invasion in heterogenous habitats
[10].

Biological invasion of heterogenous environments through longe-range dispersal was examined by means
of Integrodifference equation models [9, 31, 33].

However, most of the work on biological invasions in heterogenous habitat have considered contin-
uous space models with either continuous time (reaction-diffusion equations) [14, 28] or discrete time
(Integrodifference equations) [3, 9]. Although in the literature there are also works based on spatially-
explicit simulation models [4, 34], to our knowledge, space-discrete system described via Coupled Map
Lattices (CML) are out of the mainstream of heterogeneous habitat invasion models. When the individ-
uals present discrete generations (like many insect species that reproduce in a well established period of
time), time-discrete models are more adequate than the continuous ones. Furthermore, if the space, at
some convenient scale of observation, has a markedly discrete feature such as citrus groves where each
tree can be viewed as a patch or systems of agricultural fields, then a description via the CML formalism
would be more appropriate.

This approach, which constitutes a powerful tool to analyze spatial and temporal patterns in biological
interactions, has been used in the last three decades to study many problems such as host-parasitoid
interactions [5, 19], dispersal-driven instability [24, 25, 35], biological invasions [2, 20] and critical patch-
size [18].

In this paper, we propose a simple CML model for single species invasion process in heterogeneous
habitat. In Section 2, we describe the model formulation. Specifically, we consider that the growth
and movement rates depend on the habitat quality which is classified as favorable or unfavorable. We
consider that movement rate in favorable sites is less than that in the unfavorable ones to reflect the
tendency of individuals to stay longer in suitable regions and flee from hostile sites. We further employ
a heuristic method to derive an invasion condition depending on the distance between favorable patches.
In Section 3 numerical simulations are presented for two distinct habitat configurations: periodically
alternated stripes of favorable and unfavorable sites and randomized fragmented habitat. Finally, we
reserved Section 4 for the discussion of the results.

2. Discrete Model for Dispersion in Heterogeneous Habitat

In this section, we describe the proposed two dimensional CML model in order to study a single species
invasion process in a heterogeneous habitat. It could represent, for instance, an herbivorous insect
introduced in a heterogeneous plantation or natural environment, which exhibit favorable high plant
quality patches and unfavorable (or even inhospitable) low quality sites arranged so that high and low
quality patches compose a heterogeneous habitat. We assume that in the time scale of observation, the
landscape does not change, that is, there is neither depredation by the population nor growth of the
resources.
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In the two dimensional CML model, the habitat is split into patches or sites xi that are arranged in
a grid or lattice Ω = {x−∞, . . . , x0, . . . , x∞} × {y−∞, . . . , y0, . . . , y∞} and represent real locations where
the population is distributed. At each lattice point xi = (xi, yi) (with xi = ih, yi = ih, where h is the
patch size and i is an integer) localized at the center of the patch, we represent the mean population
density over the patch [2].

The individuals are supposed to present discrete generations and the system dynamics consists of two
distinct stages: a sedentary reaction stage and a stage of dispersion. Population growth occurs in the
sedentary reaction stage while in the dispersal stage, individuals can move to neighboring patches or
remain in their original patch [5, 24,35].

The update rule for the density of individuals in each patch takes into account the two distinct process
above mentioned so that, at each time step, two phenomena occur: a) population growth, described by
the equation:

N
′

xi,t
= f (Nxi,t,xi) , (2.1)

where f takes into account the species life history and dependence on the spatial position and b) spatial
movement, in which a fraction of individuals leaves their home position and colonize the neighbouring
sites while the remainder fraction stay in its original position. The dispersal stage is described by the
equation:

Nxi,t+1 =
∑

xj∈Vxi

k(xi,xj)N
′

xj ,t
, (2.2)

where Nxi,t is the population size in site xi at time step t, N
′

xi,t
is the population size before dispersal

and after reaction. We assume that migration occurs only between the closest neighboring sites (that
is, individuals are not able to develop long-jump dispersal). Hence for Vxi

we choose the von Neumann
neighbourhood including the central patch so that, the number of neighbouring sites is |Vxi

| = 5. k(xi,xj)
is a discrete dispersal kernel, it indicates the fraction of individuals that migrate from site xj = (xj , yj)
to site xi during the dispersal process. It depends on the species behaviour and individuals response to
the environment and will be described below.

Equation (2.1) and (2.2) can be rewritten in the more concise form

Nxi,t+1 =
∑

xj∈Vxi

k(xi,xj)f
(
Nxj ,t,xj

)
. (2.3)

We incorporate the heterogeneity of the habitat by assuming that the growth rate and the fraction of
individuals that leave its position are not constant but vary depending on the environment quality.

As for the reaction stage, we will assume the non-dimensional Ricker function [9] as a paradigm of
growth:

f (Nxi
,xi) = Nxi

erxi
−Nxi , (2.4)

where erxi , the intrinsic growth rate, depends explicitly on xi as a consequence of the habitat hetero-
geneity. So, we define

rxi
=





r1, if xi is a favorable site

r2, if xi is an unfavorable site,
(2.5)

where r1 > r2 indicates that the population growth in favorable is higher than in unfavorable patches.
The redistribution kernel, in its turn, depends not only on the distance between sites but depends

explicitly on xj ,

k(xi,xj) = k(δ,xj) =





(1− µxj
) if δ = 0,

µxj

4 otherwise
(2.6)
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where δ = |xi − xj |+ |yi − yj | and the dispersal coefficient µxj
, is defined by the piecewise function:

µxj
=





µ1, if xj is a favorable site

µ2, if xj is an unfavorable site,
(2.7)

where 0 ≤ µ1,2 ≤ 1.
In this work we consider that individuals have a limited sensorial perception so that they can only

identify their current location as favorable or not but cannot qualify their neighbouring sites in order
to decide where they should move [8, 26]. Furthermore, individuals of many species disperse with less
intensity in favorable regions and, in this way, stay longer in high quality positions. In an attempt to
explain the tendency of the individuals to remain longer in favorable regions, several model formulations
have been proposed in the specialized literature [6, 7, 16]. We describe this tendency by considering the
fraction of individuals that leaves its position to be small on favorable sites and great in the unfavorable
sites, so that µ2 > µ1.

2.1. Species Introduction and Establishment

It is well recognized that not every introduction results in successful invasion [30]. Biological invasions
consist of three distinctly different stages such as (i) alien species introduction, (ii) establishment and
(iii) spatial spread. While the conditions for a successful spread are well understood in space-continuous
systems [3,9,12,27,28], to our knowledge, no work has been done to reveal the corresponding condition for
alien species spread in heterogeneous space-discrete systems. This problem is addressed in this section.

The linear conjecture [21], widely used in continuous space models [3, 32, 33] for obtaining an approx-
imation for the spread rate, will be used here for achieving a criterium for the successful population
spread. We suppose that on the leading edge, the population density is low and then the equation (2.4)
can be approximated by the linearized equation

Nxi,t+1 =
∑

xj∈Vxi

k(xi,xj)R(xj)Nxj ,t, (2.8)

where R(xj) =
∂f
∂N

(0,xj) is the linearized growth rate. For the growth function (2.4), R(xj) = R1 = er1

on a favorable patch while er2 = R2 corresponds to the linearized growth rate on unfavorable patches.
Notice that R1 > R2 and R2 < 1 indicates a completely hostile patch. It is important to mention that for
r2 > 0 the population spread is always possible and for this reason, in what follows we consider r2 < 0.

We now consider an island-like environment where the favorable regions consist of squares L1 × L1

sites regularly distributed in the environment and separated by L2 unfavorable sites in each direction, as
illustrated in Figure 1. For simplicity we take L1 = 1 and then suppose that N0 individuals are released
in a favorable site x0 = (x0, y0) located at the center of the habitat. We observe the evolution of the
population density in the horizontal direction; it will occur the same in all directions. After t∗ time steps
individuals travel t∗ hostile sites so that, the density in patch (xt∗ , y0), is

N(xt∗ ,y0),t∗ =
µ1R1N0

4

(
µ2R2

4

)t∗−1

. (2.9)

With the purpose of avoiding undesirable artificial results, such as population growth from densities
of the order of 10−30, below a critical value Nc ≈ 0 we will set the population density as zero. Hence, in
order to spread, the population must not vanish before it reaches a favorable patch, that is, it must exceed
the critical value Nc. This hypothesis gives us the maximum number of unfavorable sites t∗, henceforth
denoted by L∗

2, for the population successful spread,

L∗

2 = ⌊log µ2R2

4

µ2R2Nc

µ1R1N0
⌋, (2.10)
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Figure 1. Portion of the island-like habitat for L1 = 1 and L2 = 8. Black color
represents favorable habitat while gray corresponds to hostile sites.

where ⌊x⌋ represents the largest integer less than x.

If the closest favorable patch is located more than L∗

2 patches away from the original one, individuals
are not able to cross the hostile region, that is, they die out before reaching the another favorable site.
In this case, the population cannot spread and remain confined to the original site. On the other hand,
if favorable sites are located less than L∗

2 from one another, individuals can reach other favorable sites
and the population spread is guaranteed.

The piecewise constant curve in Figure 2 illustrates L∗

2, given by (2.10), as a function of the growth rate
in unfavorable sites r2, for r1 = 1.8, µ1 = 0.1, µ2 = 0.9, N0 = 1 and Nc = 10−10 fixed. For L2 taken in
the gray region, the population spread takes place. The dots indicate the results obtained by simulations
with the whole nonlinear model (2.3) with favorable sites arranged as in the island-like scenario described
before and N0 = 1 individuals initially released in the favorable central site. For each value of r2, we
increased L2 from L2 = 1 and found its greatest value for which the spread succeeds, that is, L∗

2. We can
observe in Fig. 2 that if L2 is small enough, the invasion always occurs, as it was observed in a similar
integrodifference model by [9]. However, differently from what was obtained by Kawasaki and Shigesada
[9], we observed that for negative close to zero values of r2, there will be a sufficiently large value of L2

for which the spread will fail.

The success of the invasion does not depend on L1, the width of the favorable region where the
individuals are introduced, as it will be confirmed in the next section through numerical simulations
for the stripe-like habitat. The invasion accomplishment depends on how hostile and how large the
unfavorable region is. We point out that we chose the simplest environment configuration for the criterium
achievement, however, we will heuristically use (2.10) for other habitat configuration (stripe-like and
randomized environment).

3. Simulation

Since we are interested in investigating the dispersal process of an initially introduced population, we
considered a sufficiently large domain so that the effects of the boundaries are negligible during the time
considered. As initial condition, we assume a small inoculation of individuals in the center of the lattice
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Figure 2. Maximum number of unfavorable sites for the population spread, L∗

2, as a
function of the growth rate in the hostile sites r2, for r1 = 1.8, µ1 = 0.1, µ2 = 0.9,
Nc = 10−10 and N0 = 1. Dots represent the value of L∗

2 obtained by simulations with
the whole nonlinear model (2.3) and island-like environment.

and study Eqs. (2.3) with (2.4) to (2.7) by means of numerical simulations for two different spatial
configuration of the resources: striped and randomized environments, which will be described below.

3.1. Striped Habitat

In this numerical experiment, we consider the single species invasion in a stripe-like periodic environment
where the favorable and unfavorable patches are alternately arranged in the two dimensional grid so that
a favorable stripe is located at the center of the habitat, where the individuals are initially released. In
this context, parameters (2.5) and (2.7) are defined as:

rxi
=





r1, if qL− L1 ≤ xi < qL

r2, if qL ≤ xi < qL+ L2, q ∈ Z,
(3.1)

and

µxi
=





µ1, if qL− L1 ≤ xi < qL

µ2, if qL ≤ xi < qL+ L2, q ∈ Z
(3.2)

where L1 and L2 represent, respectively, the width of favorable and unfavorable stripes and L = L1+L2.
In this scenario, the fraction of favorable sites and the fraction of unfavorable sites are, respectively,

L1

L1+L2

and L2

L1+L2

. We recall that r1 > r2, that is, the growth rate in the favorable sites is greater than
that in the hostile sites while µ1 < µ2, that is, the motility rate in the unfavorable sites is greater than
that in the favorable ones.

We observed that when the distance between two favorable stripes is greater than L∗

2 sites, the invasion
fails and the population, initially released in a favorable stripe, colonizes all the stripe extension and
remains confined to it. On the other hand, if the distance between favorable stripes is less than L∗

2

patches, the invasion occurs through a propagating front similar to those obtained by Kawasaki and
Shigesada [9] for integrodifference equation models. The shape of the front varies with time, so that no
superposition of the front in different time-steps can be obtained by shifting. The typical population
spatial configuration is illustrated in Figure 3 where the dark (light) gray colors indicate high (low)
individuals density. Figure 3(a) corresponds to L2 = 2 while fig. 3(b) depicts the population distribution
for L2 = 10, both for L1 = 1 at t = 50.

The spread rate is different in each direction: it is highest along the stripes (over the favorable ones)
and is lowest across the stripes. For estimating the spread rate in the direction perpendicular to the
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(a) (b)

Figure 3. (a) Spatial distribution of individuals at t = 50 for the stripe-like environment
with L1 = 1, L2 = 2 and parameters: r1 = 1.8, r2 = −0.75, µ1 = 0.1, µ2 = 0.9. (b)
Spatial distribution of individuals at t = 50 for the stripe-like environment with L1 = 1,
L2 = 10 and the same reaction and movement parameters. Dark (light) gray colors
indicate high (low) individuals density.

stripes, we adopt the average frontal speed proposed by Morozov and colleagues [22]:

c̃ =
x∗

j,t − x∗

j,t′

t− t′
, (3.3)

where x∗

j,t correspond to the location of the front, in the direction xj and time t, where the population
density first reaches a detectable small value N∗. That is,

x∗

j,t = max
xj∈Ωt

xj

and
Ωt = {xj |N(xj ,y0),t > N∗}.

The time step t in (3.3) must be taken so that the border effects do not affect the results while the time
step t′ must be chosen in order to avoid the impact of the transients on the resulting velocity.

In order to analyse the dependence of the spread rate on the unfavorable stripe width, we fix L1 = 1,
r1 = 1.8, r2 = −0.75, µ1 = 0.1 and µ2 = 0.9 and vary L2. Figure 4 illustrates the average frontal speed
in the direction perpendicular to the stripes (which we fixed as the horizontal direction) as a function of
L2, for L1 = 1 (diamonds), L1 = 2 (squares) and L1 = 5 (circles). We observe that the average spread
rate decreases with L2 and increases with L1. However, population spread is not possible for L2 ≥ 11
regardless how large L1 is. Note that criterium (2.10) foresees L∗

2 = 10 as the maximum unfavorable
stripe width for successful spread.

3.2. Randomized Habitat

In this second experiment, in order to study the population spread in natural habitats, we use a simple
rule for generating a random-like environment. For each site xi, we use the Mathematica’s Random
function to generate a uniformly distributed pseudorandom real number rndxi

in the range 0 to 1. If
rndxi

< L1

L1+L2

then the site is qualified as a favorable site, otherwise the site is set as unfavorable. rxi

and µxi
are then specified according to (2.5) and (2.7), respectively.

L1 and L2 have now a different meaning: these parameters are related to the fraction of favorable and
hostile sites in the domain, which are the same as before. However, the distance between two different
favorable sites is now variable. After the initial release in the central site, individuals must be able to
colonize the closest favorable sites and from those, migrate to other favorable patches and so on. We
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Figure 4. Rate of spread as a function of the unfavorable stripe width L2, for r1 = 1.8,
r2 = −0.75, µ1 = 0.1, µ2 = 0.9 and L1 = 1 (diamonds), L1 = 2 (square) and L1 = 5
(circle).

(a) (b)

Figure 5. (a) Spatial distribution of individuals at t = 50 for the randomized habitat
with L1 = 1, L2 = 1 and parameters: r1 = 1.8, r2 = −0.75, µ1 = 0.1, µ2 = 0.9. (b)
Spatial distribution of individuals at t = 50, for the randomized habitat with L1 = 1,
L2 = 10 and the same reaction and movement parameters. Dark (light) gray colors
indicate high (low) individuals density.
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Figure 6. Rate of spread as a function of L2, for L1 = 1, r1 = 1.8, r2 = −0.75, µ1 = 0.1
and µ2 = 0.9.
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observe that the spread will not take place if favorable sites are separated by more than L∗

2. On the other
hand, if the distance between favorable sites is less than L∗

2 patches then the population spread will occur
by means of an irregular front. The population distribution in the colonized region is heterogeneous with
different density values in different sites. Figure 5 illustrates the typical configuration of the population
distribution for L1 = 1 and L2 = 1 (Fig. 5(a)) and for L1 = 1 and L2 = 10 (Fig. 5(b)).

As for the spread rate, we modify formula (3.3) so that any fixed direction is chosen. We now take

c̃ =
x∗

i,t − x∗

i,t′

t− t′
, (3.4)

with,
x∗

i,t = max
xi∈Ωt

√
(xi − x0)2 + (yi − y0)2, (3.5)

where x0 = (x0, y0) corresponds to the location of the initial individuals release and

Ωt = {xi|Nxi,t > N∗}.

x∗

i,t represents the radius of the colonized region with respect to the central site x0 = (x0, y0), that is,
the location of the front where the population density first reaches a detectable value N∗.

In order to analyse the effects of habitat fragmentation on the velocity of spread in randomized en-
vironments, we fix L1 = 1 and increase L2 so that the fraction of favorable sites decreases. We use the
Mathematica’s SeedRandom function so that the same sequence of pseudorandom numbers is generated.
In this way, we keep the same environment scenario and, as we increase L2 we increasingly disturb the
habitat, such as it occurs in a deforestation processes, for instance.

We consider SeedRandom = 10 and a 300×300 grid size while the reaction and movement parameters
are taken as before (r1 = 1.8, r2 = −0.75, µ1 = 0.1, µ2 = 0.9). The resulting rate of spread as a function
of L2 is illustrated in Figure 6. As L2 increases, the rate of spread decreases but the population fails to
invade only for L2 sufficiently large. For this particular habitat configuration, invasion still occurs for
L2 = 100, which represents approximately 1% of favorable sites in the habitat. This a very low fraction
of favorable habitat compared to the stripe-like scenario, where the invasion fails (with the same reaction
and movement parameters) for approximately 31% of favorable sites (L1 = 5 and L2 = 11). In fact, in the
stripe-like scenario, invasion will fail for more than 31% of favorable sites if the width of the unfavorable
region is greater than L∗

2.
For a given set of dynamical and movement parameters, the rate of spread and value of L2 for the

invasion failure in random environments can fluctuate with the value of the SeedRandom and the grid
size used in the simulation, since they alter the sequence of pseudorandom numbers and consequently,
the habitat configuration and connectivity of favorable sites.

4. Discussion

There have been a vast literature focusing on species invasion in continuous heterogenous habitats [3, 9,
10,12,14,17,27,28]. These studies focused on the minimum fraction of favorable area for the population
persistence and spread, the invasion speed considering random and also directed movement. When
the species habitat is distinctly patchy, the spatially discrete models seems to be the most appropriate
modelling framework. Although there are several works dealing with simulation models, to our knowledge,
there is no attempt to investigate the invasion processes in heterogeneous discrete-space systems.

In this work, we focused on the Coupled Map Lattice (CML) modelling framework to analyze the
spatial spread of a single species released in a heterogenous-discrete environment. We first derived an
analytical condition for a successful invasion for a regular heterogeneous habitat, which nevertheless,
can also be applied to irregular environments. Equipped by this result, we then performed numerical
simulations for two spatial configuration: (1) periodic alternating stripes of favorable and unfavorable
patches and (2) randomized habitat.
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Contrary to previous findings [14] we observed that it is not the fraction of favorable sites in the
environment that determines the invasion success. In discrete-space models, the relevant parameters for
a successful invasion of a species, with limited dispersal ability, are the intrinsic growth rate in unfavorable
sites and the extent of the hostile region that the individuals must travel before they reach a favorable
site. That is, the spatial configuration of favorable and hostile sites which determine the connectivity of
the favorable regions is crucial for the population invasion success. Figure 4 shows that in the stripe-like
habitat, the population failed crossing L2 = 11 hostile sites for different fractions of favorable sites ( 1

12 ,
2
13 and 5

16 , for L2 = 11 and L1 = 1, L1 = 2 and L1 = 5, respectively). Simulations carried out with
concentric circular stripes showed results analogous to those obtained with parallel stripes. On the other
hand, in the random habitat, the population succeeded invading even when the fraction of favorable sites
is very small, such as, 1

101 . Random environments can be easier to invade than stripe-like habitat because
of the connectivity of favorable sites. We observed that the rate of spread decreases as L2 increases in
both habitat scenarios considered.

Our results can be applied either to indicate protecting strategies for species threatened by habitat
fragmentation or to suggest measures to control invasive pests or pathogens. Restoration of landscape
connectivity can be necessary for native species conservation. On the other hand, barrier zones, made
either by spraying toxic substances or by cutting the host plants, can be an alternative to control pests
invasions. Agricultural fields interplanted with less attractive cultures can delay an invasive species that
develop short range movements and has limited sensorial perception.

We argue that CML constitute a powerful tool for analyzing biological invasions in heterogeneous
habitats since, on one hand, its flexibility allows the simulation of a great number of spatial structures
and population features, while on the other hand, it can also provide analytical results.
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