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Pore Growth in a Planar Liquid Membrane

A. A. Nepomnyashchy?*, V. A. Volpert?

I Department of Mathematics and Minerva Center
for Nonlinear Physics of Complex Systems,
Technion- Israel Institute of Technology, Haifa 32000 Israel

2 Department of Engineering Sciences and Applied Mathematics,
Northwestern University, Evanston, IL. 60208-3125, USA

Abstract. We study the pore dynamics in a stretched membrane, which is considered as a
two-dimensional viscous medium surrounded by a three-dimensional ambient viscous liquid. A
closed equation for the pore radius is derived and investigated.
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1. Introduction

It is known that lipid bilayer membranes, while permeable for water and small molecules, are not per-
meable for larger molecules. This property of lipid bilayer membranes allows one to use lipid vesicles
(liposomes) for transportation of toxic drugs (see, e.g., [1]). When the liposome reaches the target, it is
necessary to release the drug. This can be achieved by creating pores in the membrane. The pores appear
in a stretched membrane due to thermal fluctuations, similarly to pores in thin liquid films [2,3]. In order
to enhance the creation of pores, various methods are used, such as applying heat, light, ultrasound,
electric field (electroporation) or using acids and proteins [4-7]. The pores in membrane demonstrate
nontrivial dynamical behavior [8,9], which so far has been studied only by using simplified models. Our
goal is to investigate the dynamics of pores by means of self-consistent mathematical modeling.

In the present paper, we consider the growth of a pore in a stretched planar membrane. In Section
2, we model the membrane as a viscous incompressible liquid film of finite thickness. In Section 3, we
formulate the problem in the case of a microscopically thin membrane, which turns out to be equivalent
to that of a viscous film. Section 4 is concerned with the effect of viscous flow of the liquid that surrounds
the membrane and Section 5 contains some concluding remarks.

2. Pore growth in a viscous liquid film with free boundaries

As a first step, we consider a film of a viscous liquid of thickness d that has viscosity n and surface tension
o. This approach has been previously applied to study pore dynamics in polymer films [3] and liquid
membranes [9].
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It is known that a pore in a film with free boundaries grows exponentially with a certain growth rate
1/7 [3]. Though the functional dependence of the growth rate on the relevant parameters is clear from
the dimensional analysis (under the conditions that the inertial effects can be ignored and the density of
the liquid p is irrelevant),

nd
T=k- p (2.1)
where k is a non-dimensional coefficient, the value of this coefficient is a subject of certain controversy.
Different values of k are suggested in the basic works on this subject [3,9].

Let us consider an infinite layer of viscous liquid with a round pore of the radius R(t) inside. A
cylindrical system of coordinates with the origin at the center of the pore is used. The flow is assumed
to be axisymmetric and parallel to the boundaries of the layer z = £d/2, i.e., only the radial component
of the velocity v,.(r) does not vanish. The problem is governed by the continuity equation

10(rv,.)
- = 2.2
r Or 0, (2.2)
and the r-component of the Stokes equation,
Op 0 [10
Cor i Tor {r or (TUT')} =0 23)

At the stress-free pore boundary r = R(t), the normal component of the stress tensor vanishes,

ov,
m=—p+2 =0. 2.4
o Pt 24 (24)
Also, the kinematic boundary condition is valid:
dR
r(R) = —. 2.5
(B = (25)
At infinity, i.e., as » — oo, the pressure tends to a fixed value
p(o0) = —a/d. (2.6)

Solving the continuity equation (2.2) with the boundary condition (2.5), we find the distribution of

the velocity in the film

dR 1

According to (2.3), (2.6), the pressure is constant,

p(r) = —o/d. (2.8)

Substituting the solution (2.7), (2.8) into the boundary condition (2.4), we find:
1 dR(t
o, R(t)

MmO (2.9)

Thus, in the framework of the approximation, the pore grows exponentially,

R(t) = R(0) exp(t/T), (2.10)
where
T= 2Z—d. (2.11)

That means that the value of the coefficient k£ = 2 used in [9] is correct, while the value k = 1/2 suggested
in [3] is not correct.
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3. Pore growth in a viscous liquid membrane

Equation (2.9) includes a macroscopic film thickness d. The thickness of a bilayer lipid membrane is
microscopic, therefore from the macroscopic point of view the membrane is a two-dimensional medium.
Thus, strictly speaking, equation (2.9) cannot be used in the case of a membrane.

The dynamic equations governing the motion of a membrane are described, e.g., in the review paper
[10]. In the case of an incompressible viscous flow in a planar membrane, the force balance is expressed
by the equation

f = (=0%p2p +nV?V)ta, (3.1)

where t,, a = 1,2, are orthogonal vectors tangential to the membrane surface, p is the two-dimensional
pressure acting as a negative surface tension, V*, o = 1,2, are the corresponding components of velocity,
and 7 is the shear surface viscosity of the two-dimensional liquid. Thus, equation (2.3) is retained with
a change of variables. The continuity equation (2.2) is also unchanged. The value of pyp at infinity,
pap(00) = —|p(o0)], is determined by the tension applied to the membrane rather than by the physical
parameters of the film. The boundary condition (2.4) at the pore boundary r = R(¢) is also retained [11].
Thus, the full formulation of the problem is equivalent to that of the liquid film dynamics. As a result,

we arrive at the equation

dR
2 = Ip(o0)|R, (3.2)

which does not include the thickness of the membrane.

4. Effect of viscous flow in the surrounding liquid

In this section we consider the influence of the flow in the surrounding liquid on the growth of a pore in
a viscous liquid membrane.

Adopting the assumption of an axisymmetric flow in the film, we obtain the following system of
equations for the axisymmetric three-dimensional flow (v,.(r, z),v.(r, 2), p(r, 2)) in the half-space above
the membrane (z > 0):

dp , [0 |10 0%, B
“or 7 {ar [rar“"“r)] +azz}—07 (41)
op  ,[10 [ Ov, v,
“o: [rar ( m)* 8z2} -0 (42)
10 ov,
;8r(rvr) * 0z =0 (43)

where 7’ is the viscosity of the surrounding fluid. The same equations are valid in the region z < 0. At
the membrane (r > R), the velocity field in the surrounding liquid has to match the surface velocity of
the film,

v, (r,0) = %RR, v,(r,0) =0, (4.4)

where R = dR/dt. At the pore (0 < r < R), the symmetry conditions can be imposed. Due to the
symmetry of the problem, v, (r, z) is expected to be an odd function of z and v,.(r, z) is an even function
of z. Therefore,

ov,.
0z

All the functions are assumed to be bounded as z — +o0.
We solve the formulated problem by means of the Hankel transform. Assume

v,(r,0) =0, (r,0) =0. (4.5)

vr(r,z):/o Vi (k, 2)J1 (kr)dE, vz(r,z):/o V. (k, 2)kJo(kr)dE, (4.6)
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p(r, z) = /000 P(k, z)kJo(kr)dk. (4.7

Substituting (4.6), (4.7) into equations (4.1)-(4.3) and using the properties of the Bessel functions, we
obtain the following system of equations containing derivatives only with respect to z:

2V, ., 1,
5 KV = —Wk: P, (4.8)
o?v, ., 1 0P
_ - — 4.
022 KV n 0z’ (4.9)
oV,
= 0. 4.1
5 +V,=0 (4.10)

Consider the region z > 0. Eliminating V,. and V., we find the closed equation for P,

2
6871; —k*P =0. (4.11)

The solution of (4.11) bounded in the region z > 0 is

P(k,z) = p(k)e %= (4.12)
Solving (4.8), (4.9), we find:
o~ —kz ~ k —kz
Vi (k,z) = 0p(k)e™F +p2—n/ze k (4.13)
and
Vilk,2) = 0. (k)e ™ + porze*> 4.14
(K, z) = 0.(k)e +p2—n/ze . (4.14)

The continuity equation gives the relation between functions v, (k), v,.(k) and p(k),

1
—ki, (k) + 0.(k) + 2—77,]5(/{) =0. (4.15)
Therefore, function ¢, (k) can be eliminated, and the functions v,.(r, 2), v, (r, z) and p(r, z) can be expressed
in terms of two unknown functions, @,.(k) and p(k):

_ [ D E D e k= r
orlr) = [0+ (0] (o (4.16)
_ [ 0 ket ly e h r

ol = [ [0+ EE 0| et san (@17
p(r, z) = / h Ep(k)e™ = Jo(kr)dk. (4.18)

0

Since v, (r,0) = 0 for any r, we have

o0 ) 1 )

/0 l:UTUC) + Wp(k)] Jo(kr)dk =0, 0 <r < co. (4.19)

Using the orthogonality condition for Bessel functions,

/OO rdy (kr)J,(gr)dr = 1(5(k -q), (4.20)
0 q
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we find that
o0 o0 1
/ rdr]o(qr)/ [@T(k) + QIﬁ(k)] Jo(kr)dk =
0 0 n

hence
P(q) = —=2n"0r(q). (4.21)
Substituting (4.21) into (4.16)-(4.18), we obtain

v, 2) = /0 o0 (k) (1 = k) (k) (4.92)
v, (r,2) = — /0 h ki, (k)ze ™= Jo (kr)dk, (4.23)
p(r,z) = =21/ /O h ko, (k)e % Jo(kr)dk. (4.24)

Expressions (4.4), (4.5) give the following integral equations for o, (k):

v (1, 0) = / o (k) Ty () ke — %, P> R, (4.25)
0
ov,. R
E(r, 0)=-2 ko, (k) J1(kr)dk =0, 0 <r <R, (4.26)
0
which are satisfied by the function )
O (k) = R sin kR. (4.27)

k

Substituting (4.27) into (4.22), (4.23), we find the following fields of the velocity components in the
surrounding liquid:

vy (r,z) = —%\/Q —(r?2 422 — R?), (4.28)

_E _L(RQ—T2)2+Z2(R2+7‘2)+Q(R2—T2)
A R RN )

Q= /(r2+ 22 — R?)2 +4R222, 2 > 0.

7 (4.29)

Due to the symmetry of the problem,
v (r,—2) = —v.(r, 2), v.(r,—z) = v.(r, 2).

Let us consider now the influence of the flow in the surrounding liquid on the flow in the membrane.
Following [10], we can present the balance of forces in the form

n-(ot-o7)+f=0, (4.30)

where o is the three-dimensional stress in the surrounding liquid evaluated at both sides of the mem-
brane surface, f1 is the unit normal vector to the membrane surface, and f is determined by formula (3.1).
In our case, equation (4.30) is reduced to the following one:

Op2p 010 .
5 —H?ar{ (’/‘V;-):l +77 -7 =0, (4.31)

r or
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where 9
+ ) OUr

== |._ox . 4.32

TS =0 [aox (4.32)

The tangential stress on the top membrane surface created by the surrounding liquid flow is

T (r) = -2/ /0°° kv, (k)Jy (kr)dk =

[ RR
-2 ’R/ sinkR - Ji(kr)dk = =20 ———, 7> R; 4.33
VR | (k)i = =2 —= (4.33)
due to the symmetry, the stress on the bottom membrane surface
T (’r) = —7'+(7“). (434)
Taking into account (2.2), we find:
Ip2p 4N
~5 +277(r)=0. (4.35)
Thus,
pen(r) =p(0) 2 [ T (p)dp =0, (1.36)
so that - J
pap(R) = p(c0) + 4’ RR S — (4.37)
R p\/p?— R?
Substituting p(co) = —|p(c0)| and calculating the integral, we find
pap(R) = —|p(c0)| + 271/ R. (4.38)
Therefore, the balance equation (2.9) is modified as
R -
QUE + 27’ R = |p(c0)|. (4.39)
Integration of equation (4.39) gives
2nIn(R(t)/R(0)) + 2’ (R(t) — R(0)) = |p(c0)lt. (4.40)

One can see that the exponential growth of the pore is replaced with time by the linear growth.

Note that equation (A.1) suggested in [9] for the description of the influence of the surrounding fluid
based on scaling arguments, is qualitatively similar to (4.39) (with |peo| = o and 7 = 1n2d, where 75 is
the volume viscosity of the membrane), up to coefficient 27 that could not be found by the dimensional
analysis.

5. Conclusions

We have considered the pore growth in a planar stretched liquid membrane in the cases of Newtonian
rheology of the two-dimensional liquid. Unlike previous works based mostly on dimensional analysis and
physical estimates, we have formulated and solved some boundary value problems based on self-consistent
mathematical models. We have found that the predictions of a “naive” approach, which presents the
membrane as a film of three-dimensional liquid, are compatible with those obtained in the framework
of the more appropriate model of two-dimensional liquid. In the framework of the viscous model, an
evolution equation for the pore radius has been derived. It is found that it has the structure suggested
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in the previous works, but solving the boundary value problems allows to find the coefficients in that
equation.

It has to be emphasized that the results obtained in the case of a planar viscous membrane cannot
be directly applied to pores in real liposomes because of the following reasons. The Newtonian rheology,
which ignores the elastic properties of the lipid bilayers, cannot be applied for description of membranes
coated by biocompatible polymers [12] and/or membranes that include such substances as hydrogenated
soybean oil or cholesterol [13], [14]. A real liposome has a finite size and entraps a liquid inside, hence its
stretching is limited, and the pore dynamics is influenced by the layer bending elasticity and the liquid
flow through the pore. Also, the model presented above ignores the motion of the liposome with the
surrounding liquid, e.g., induced by ultrasound pressure [15], as well as multiplicity of pores. However,
these necessary extensions go far beyond the scope of the present paper, and they are left for future
research.
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