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Abstract. We investigate the zero-stabilizability for the prey population in a predator-prey
system via a control which acts in a subregion w of the habitat {2, and on the predators only.
The dynamics of both interacting populations is described by a reaction-diffusion system with
nonlocal terms describing migrations. A necessary condition and a sufficient condition for the
zero-stabilizability of the prey population are derived in terms of the sign of the principal
eigenvalues to certain non-selfadjoint operators. In case of stabilizability, a constant stabilizing
control is indicated. The rate of stabilization corresponding to such a stabilizing control is
dictated by the principal eigenvalue of a certain operator. A large principal eigenvalue leads
to a fast stabilization to zero of the prey population. A method to approximate all these
principal eigenvalues is presented. Some final comments concerning the relationship between
the stabilization rate and the properties of w and {2 are given as well.
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1. Problem formulation

Let 2 ¢ RY N € {2,3} be a bounded domain (open and connected), w CC §2 (i.e., @ C 2) an open
subset, both with sufficiently smooth boundaries 92 and Ow, respectively, and such that 2\ @ is a
domain. Consider a reaction-diffusion system with nonlocal terms that describes the dynamics of two
interacting populations (prey and predator) which live in the same habitat {2 and are subject to a control
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u that acts in the subset w:

Oh(z,t) — dAh(z,t) = r(z)h(z,t)(1 — h[(;z;;;)) + /Q ky(z, 2" h(2' t)dx'
—F(h(z,t))p(z, 1), (z,t) € Qo

Op(x,t) = —a(z)p(z,t) + C/Q ko(z,2") F(h(2,1))p(2’, t)da’ (1.1)
+xw (@) u(z, t), (z,t) € Qo

5‘Vh(x,t) = 0, (I,t) € 20

h(x,0) = ho(z), p(x,0) = po(z), x € f2,

where X, is the characteristic function of w, Qr = 2 x (T, +00), Xp = 002 x (T, +0), and 9, denotes the
normal derivative. Here h(x,t) is the density of the prey population species and p(z,t) is the density the
predator population species at position & and moment ¢t. The natural growth rate of the prey population
is 7(z) and the natural decay rate of the predator population is a(x) at position x. A ratio ¢ of the prey
population may diffuse and the ratio 1—¢ of it migrates. If the diffusion rate in the absence of the migration
is d and the proportion of preys emigrating from z to other locations in the absence of diffusion is w(z),
then we denote d = éd and w(z) = (1 — &)w(z), and we get that the population immigrated at position
xis [, ki(x,2")h(a’ t)da’, where ky(xz,2") = I(z,2’)w(z’) and I(x,2’) gives the proportion of preys
immigrating to 2 from location 2’. The prey population diffuses in the whole habitat, while the predator
population does not. };gf;)) represents a logistic term (K (x) being the carrying capacity of the habitat for
the prey population) and the term [, k1 (x, z")h(z’,t)dz’ describes the immigration of the prey population
at position z and moment ¢. We have denoted by F'(h) the functional response to predation, see [5], [14],
[15]. The prey captured at location 2’ and moment ¢ is transformed into biomass via the conversion factor ¢
giving a numerical response to predation cF'(h(z’,t))p(a’,t), this quantity being distributed over {2 via the
kernel ko which must respect the total biomass conservation. We assume there is no population exchange
through the boundary of the habitat. The control u € U = {v € L*°(w x (0,4+00)); 0 < v(x,t) < L a.e.}
(L € (0,+00)), represents the density of an infusion of predators in the subdomain w. The initial densities
of prey and predator populations are hy and pg, respectively.

We shall work under the following hypotheses:

d, c€(0,400), r, K, a, hg, po € L=(2), ki, ko € L*=(£2 x );
T’(ZL') Z To, K(I) Z K07 a(z) Z ap,

where 1o, Ky, ag are positive constants;
ki(z,2") >0, ko(z,2') >0  a.e. in 2 x £, / ko(z,2"Ydr =1 ae. 2’ € §2;
0

ho(x) >0, po(xz) >0 a.e. in 2, ||hol|pe(2) > 0.

Function F : [0,400) — [0,400) has one of the following forms: F(h) = ph, F(h) = %qkhk (pyq €
(0, +00), and k is a positive integer), corresponding to Lotka-Volterra or Holling k+ 1 functional response
to predation. Remark that in all cases, F' is continuously differentiable, strictly increasing and F(0) = 0.
For other population models with nonlocal terms we refer to [8], [10].

Our goal is to stabilize to zero the prey population via an infusion of predators in the subdomain w.
It corresponds to real situations when it is very difficult to act directly on the prey population. Such a
problem is totally justified if we view for example the preys as an insect herbivore population (a pest) and
the predators as a population of parasitoids. The Lotka-Voltera and the Holling II functional response
to predation correspond to a specialized parasitoid while the Holling k& + 1, with k > 2, corresponds to
a generalist parasitoid population. Another example is that of a damaging herbivore population and a
population of carnivores. This is a stabilization problem with an indirect control (we act on the preys

via the predators) and state constraints (both population densities must be nonnegative).
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Existence and uniqueness of a solution (h*, p*) to (1.1) as well as the nonnegativity of its components,
ie.
h*(z,t) >0, p“(xz,t) >0 a.e. in Qo

follow as in [2], [3], [4], [5].

Definition 1.1. We say that the prey population is zero-stabilizable if for any hg,pg satisfying the
hypotheses there exists u € U such that
. u o . [e%)
tilgrnooh (,t)=0 in L>(0).

Remark that we are dealing here with stabilization with control constraints and with state constraints.
Actually, for any v € U, h* and p“ are nonnegative. For stabilization of diffusive systems without
constraints we refer to [13], while for some stability results concerning a non local reaction-diffusion
equation sce [18].

We will show that there is a deep relationship between the zero-stabilizability and the sign of A\ (w,7),
the principal eigenvalue of

—dAp(w) — r(z)p(x) - /Q Fi(2,2)p(a')da! +1P(@)p(a) = Aplz), @€ 2 1)
dyp(x) =0, x € 092,
where P(x) = Lxw (@) a.e. in 2 and ~ € [0, +00).

a(x

The present pa(pe)r continues the investigations in [1], [2], [3], [4], [5]. The main difference is that in
the present paper we intend to erradicate the prey population by increasing the number of predators (in
the previous papers the control was done by decreasing the number of prey or by decreasing the number
of predators). Since we cannot use the same comparison results for reaction-diffusion systems as in the
previous papers we have to consider here a different approach.

Here is the plan of the paper. Section 2 concerns a necessary condition for the zero-stabilization of
the prey population in terms of the sign of the principal eigenvalue of a certain non-selfadjoint operator.
A sufficient condition for the nonnegative zero-stabilizability, also in terms of the sign of the principal
eigenvalue of another non-selfadjoint operator is given in the next section. A large principal eigenvalue
leads to a fast stabilization to zero via a constant control. A method to approximate the above mentioned
principal eigenvalues is indicated in Section 4. Some final comments concerning the relationship between
the stabilization rate and the properties of w and (2 are given in Section 5.

2. A necessary condition for the zero-stabilization of the prey population

The existence of A\;(w, ) (for any v € R) and their basic properties follow via lemma 2.1 in [3]. Their
proofs are based on Krein-Rutman’s theorem [9]).
Here is the necessary condition for the zero-stabilizability of the prey (pest) population:

Theorem 2.1. If the prey population is zero-stabilizable then A\ (w, F'(0)) > 0.

Proof. Assume that for any initial data hg, pg satisying the hypotheses there exists a stabilizing control
w. Since limy, o0 R%(+, 1) = 0 in L°(£2), it follows that for any & > 0, there exists ¢1(g) € (0,400) such
that

0 < h%(z,t), F(h"(z,t)) <e ae x €2,

for any ¢t > t4(¢).
Integrating over {2 both terms in the equation satisfied by p* we obtain that

d u u U
%(/Qp (z,t)dz) < f/Qa(x)p (x,t)deereas(w)Jrec/Qp (z,t)dx
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(we have used that [, ko(x,2")dz =1 ae. 2’ € 2)

< fao/ p“(x,t)d:chLmeas(w)Jrsc/ p*(z,t)dz,
o) 2

for any ¢ > t1(¢). Integrating this ordinary differential inequality we conclude that

L
limsup/ p“(x,t)dx < Lmeas(w)
Q

t—+o00 ap — cg

for sufficiently small & > 0, and consequently the mapping ¢ — [, p“(x, t)dz is bounded on [0, +00) (i.e.,
there exists M € [0, 400) such that 0 < [, p“(x,t)dz < M, for any t € [0, 400)).
Using a comparison result for the solutions to ordinary differential equations we get that
p*(z,t) < P.(x,t) a.e. in 2 x (t1(g), +00),

where P- is the solution to

0iP(z,t) = —a(z)P(x,t) + ecKoM + Lx,(x), (2,1) € Q4 (o)
P(ﬂ]‘,tl(@) :pu(ﬂj,tl(f))—Fl, JSEQa

where Ky € (0, +00) satisfies 0 < ko(x,2") < Ky a.e. in 2 x 2. Since

L KoM
lim P.(-t) = LXw TechaM L%(9)
t——+oo a
we may infer that
Lxy, KoM .
hmsuppu(7t) S w in LOO(Q)

t——4o0 a

for sufficiently small € > 0. So, for any such e, there exists t(g) > ¢1(¢) such that

u Lxw .
ph(x,t) < . +e ae in Q-

This yields: there exists t5(g) > ta(e) such that
0 < F(h"(z,t) < (F'(0) +)h"(z,t) ae. in Que),

for sufficiently small ¢ > 0.
Since h" satisfies

Beh™ (2,t) — dAR (2, t) > r(x)h"(z,t) — ﬁfijh“(x,t) + /Q ky(z, 2 h(a', t)da' — (%“’ + &) F(h*(x,t))

a.e. in Q,(c), we may infer that there exists co € (0, +00) such that
Lxu
Bh¥(2,t) — dAR (2, t) > r(x)h"(z, t) + / kr (2, 2 h(a', t)dz' — %F’(O)h"(m,t) — coeh®
(7]

a.e. in Qy,(e), for sufficiently small € > 0.
Since the equation satisfied by A* may be viewed as a parabolic equation
Oth — dAh = 7h + G(z,t),
with G(z,t) > 0 in Qo and hg satisfies the hypotheses, we may conclude that h*(z,t) > 0 a.e. in Q.
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Using a comparison result for integro-partial differential equations ([3], lemma A.3; for comparison
principles for parabolic equations without nonlocal terms we refer to [16]) we get that

0< H.(z,t) <h"(z,t) ae. in Qe
(for sufficiently small e > 0), where H. is the solution to

O H(z,t) — dAH (x,t) = r(z)H (x,t) + / ki(x, 2 YH (2, t)da’
| Lxu() ;

o(z) F'(0)H (x,t) — coeH (1), (x,t) € Qry(e)
O H(x,t) =0, (z,1) € tg(e)
H(l’,tg(é‘)) = hu($7t3(€)), x e (.

We may infer that
t—l)HJpoo H.(,t)=0 in L>(£2)
and in conclusion (using the positivity of h*(z, t3(c))) we obtain (via theorem 2.3 in [3]) that A\; (w, F'(0))+
cae > 0 for sufficiently small € > 0, and finally that A;(w, F’(0)) > 0.
]

Remark 2.2. If F' corresponds to a Holling £ + 1 functional response to predation, with & > 2, then
the predators considered here are generalist. It follows immediately that F’(0) = 0 and consequently
A(w, F'(0)) < —rp < 0. The conclusion is that using an infusion of generalist predators we cannot
stabilize to zero (erradicate) the prey (pest) population; when the prey population is small, the predators
focus on other prey population species. The infusion will only diminish below a certain level the prey
population.

Remark 2.3. If the predator population diffuses in the habitat (2, then the second equation in (1.1)
must be replaced by

Oip(x,t) — doAp(x,t) = —a(x)p(x,t) + c/ ko(z,2" ) F(h(z',t))p(a’, t)dx’ + xo(z)u(z,t), (z,t) € Qo
o
(with dg € (0,+00)) and the following boundary condition (corresponding to an isolated habitat) must
be considered
Oyp(x,t) =0, (x,t) € Xy.

The conclusion in theorem 2.1 remains true for this new case (and follows in the same manner) if we
consider A1 (w, ) to be the solution to (1.2) corresponding to P, the unique nontrivial nonnegative solution
to

{ —do AP(x) = —a(z)P(x) + xw(z)L, z€ 2 (2.1)

0,P(x) =0, x € 082

Existence and uniqueness of this solution can be proved as in [2] (see also [17]).

3. A sufficient condition for the zero-stabilization of the prey population

Consider now the control u = L (corresponding to an infusion of predators at the maximum affordable
level). The solution to (1.1) corresponding to this control is (h, pr). Since p” satisfies

o (x,t) = —a(x)p” (z,t) + C/Q ko(x, ' YE(hE (2, t))p" («', t)da’ + Ly (x)

Y

—a(z)pt(z,t) + Lxo(7), ae. in Qo,
10
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we conclude that I
Xw
> v
lmintp"(,8) 2 =

in L>°(02).

So, for any € > 0, there exists T3 () such that

OphF(x,t) —dAWE (2,t) = r(z)h" (x,t) — [7;((9;)) RE(z,t)? + /Q ky(z, 2" " (2’ t)da’ — F(h" (2, t))p*(z,t)

r(z) L
r(z)hl(x,t) — mhL / ky(z, 2" )R (2! t)da! F(hL(x,t))(m —&)Xw(x)

in Qr, (¢), and using lemma A.3 in [3] we obtain that
0 < h¥(z,t) < he(z,t) ae. in Qr (o), (3.1)

where h. is the solution to

Ah(z,t) — dAh(z,t) = r(z)h(z,t) — r(z) h(z,t)? + / by (z, (2!, t)da!
2

_F(h<x’t))(a(Lw) - E)Xw(x)v (J?,t) € QTl(e)
d,h(z,t) =0, (z,1) € Tp, (o)
h(z, Ty(g)) = ht(z, Ty (e)), x e N.

As in [3] it follows that
lim h.(-,t) = H® in L*°((),

t—+oo

where H€ is the unique nontrivial nonnegative solution to

CAAH () = r(2)H(z) — ) () + /Q by (x, ') H (2)da’

—F(H(@) (55 -
8VH(I) - 0, T € 012.

This implies that
limsup b (-, t) < M. in L>(2),
t—+4o0

where M, = Ess supoH:(z).

Denote . = min Els)

Theorem 3.1. If there exists g > 0 such that M\ (w,e0) > 0, then the prey population is zero-stabilizable.
Actually, the control w = L stabilizes to zero the prey population.

Remark 3.2. In the case when F(h) = ph, it follows that for any £ > 0 we have M, = F’(0). So, by
theorem 3.1 we conclude that if Aj(w, F'(0)) > 0, then the control u = L stabilizes to zero the prey
population.

Proof. For sufficiently small ¢ > 0, there exists To(e) > T1(e) such that h. satisfies

Oh(z,t) — dAh(z,t) < r(z)h(z,t) — ;(((%h(x,t)Q + /Q ki(z,2")h(z', t)da’

e (aty — EXw(@)h(2, 1), (z,1) € Qry(e)
A h(x,t) =0, (7,t) € Ypy (e
h(z, Ty(e)) = ht(z, Ta(e)), x e (2.

11



S. Anita Stabilization of a Predator-Prey System with Nonlocal Terms

Since A1(w,Ye,) > 0, it follows that A (w,~e,,€), the principal eigenvalue for

~dAp(w) = r(@)e(o) = [ R0 70 (o~ ralolele) = Apla), a€R o
dyp(x) =0, z € 092,

is positive for sufficiently small £ > 0 (because lim._,0 A1 (w, Yz, ) = A1(w, e, ); the proof follows as in
[4], [5]). By theorem 3.2 in [3] we conclude that ¥, the solution to

Oh(z,t) — dAW(z,t) = r(z)h(z,t) — LJc)h(gc,t)g + /Q ki(z,2")h(z' t)d’

K(z)
—Yeo (a6 — X (@)h(, 1), (#,t) € Qryey  (3.3)
Oyh(z,t) =0, (x,t) € Ypy (e
Wz, To(e)) = h* (z, Tr(e)), x € 02,

satisfies limy_, 1 o0 A2 (-, ) = 0 in L°(§2). Since,
0 < he(x,t) <hZ(z,t) ae. in Qp,, (3.4)

we may conclude (using lemma A.3 in [3]) that lim; o he(-,t) = 0 in L%°(§2) and consequently
hmt_>+oo hL(,t) =0in LOO(.Q) O

Remark 3.3. If F(h) = %, with & > 2, then we have clariffied in the previous section that the prey
population cannot be stabilized to zero.
If £ =1, then if A\j(w,7,) > 0 (for a certain g > 0) the prey population is zero-stabilizable.

Remark 3.4. If F(h) = 1i};h’ then lim._,ov. = F’(0). By an attentive analysis of the last proof we
may conclude that if Aj(w, F’(0)) > 0, then the prey population is locally zero-stabilizable (i.e., there
exists m > 0, such that for any initial datum satisfying the hypotheses and ||hg|| L (o) < m, there exists
a control u € U such that lim;, 4o h*(-,t) = 0 in L°(£2)) and the control u = L stabilizes to zero the

pest population (if ||hg| (¢ is sufficiently small).

Remark 3.5. If the predator population diffuses in the habitat (2, then the conclusion in theorem 3.1
remains true if we consider P, the unique nontrivial nonnegative solution to (2.1).

Remark 3.6. If 7] is the eigenfunction corresponding to the adjoint problem for (3.2) and to A\ :=
A1 (W, Veo,€), and such that ¢j(z) > 0 a.e. in {2, [[¢]|12(2) = 1, then multiplying the first equation in
(3.3) by ¢} we get after an easy calculation that

d
G B e @) < N9 [ B, t> T,
0 10,
In conclusion
/ hi(x,t)e;(z)de < exp(—)\l(w,%o,s)t)/ hL(m,TQ(E))go’{(ac)dx, Vit > Ty(e).
0 Q

Since there exists My € (0,400) such that
My < 7 (2), a.e. x € {2

(see [4]) we may infer (using (3.1) and (3.4)) that lim; o h%(-,#) = 0 in L'(£2) at the same rate as
exp(—A1(w, Yey, €)t). The convergence lim;_, o hl () = 0 in L>°(£2) follows as in [4] (using a so called
parabolic L' — L* inequality [6], [7])), at the same rate.

For sufficiently small € > 0 this rate is close to that of exp(—A1(w, Ve, )t)-

Remark 3.7. The results established in the last two sections also imply that the prey population is
stabilizable to zero if and only if the control u = L stabilizes to zero the prey population.
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4. Evaluation of the principal eigenvalue Aj(w, )

The deep relationship between the nonnegative zero-stabilizability of one of the components of a reaction-
diffusion system and the sign of the principal eigenvalues to some related elliptic problem has been
investigated in [1], [2], [4], [5] for other situations. We have seen in the previous section that the rate of
stabilization to 0 of the prey population corresponding to the control u = L is dictated by A\ (w, ), for
a certain v (= v.,). Firstly, in order to approximate A;(w,y) we shall use a technique introduced by the
author in [2]. For other approaches (and different situations) we refer to [11].

Consider the following particular population dynamics model with a very special logistic term

Ohy(x,t) — dAy(z,t) = r(x)y(z,t) + Cy(z, 1) + /Q ke (z, 2)y(a', t)da’

Y atey X (2)y (@, 1) — y(w,t)/gy(x,t)d:r, (z,t) € Qo (4.1)
Oyy(x,t) =0, (z,t) € Xy
y(z,0) =1, z € 0,

where v > 0 and ( is a constant greater than \;(w, 7).
The following result follows from theorem 4.1 in [2]:

Theorem 4.1. The solution y* to (4.1) satisfies

 dim Y (z,t)dz = ¢ — A\ (w, 7).
This result provides an approximating method for Aj(w, ) (see [2], [3]). Namely, for sufficiently large
T>0,¢— [,y”(x,T)dx approximates A (w,7).

Since an important goal is to find a position for w (in the set of all its transations) which provides a
large value of A\j(w,.,) and consequently to get a fast stabilization of the prey population via the control
u = L, it is obvious the importance of investigating the problem of finding a position for w which gives
a small value for

Y = / y“(x, T)dx.
0
Let wy be a nonempty open subset of {2, with sufficiently smooth boundary and such that 2\ @y is a
domain. Consider @ the set of all translations w of wo, satisfying w CC £2. For any w € O and V € RY
we define the derivative
¢8V+w — v

d* (V) = lim -
E—r

The derivative of #“ with respect to translations can be evaluated as in theorem 4.2 [2]:

Theorem 4.2. For any w € O and V € R we have that

T
Ao (V) = ’yL/O /6 ﬁy“’(x,t)g“’(x,t)u(x) -Vdo dt

(here v(x) is the normal versor at x € Ow, inward with respect to w), where g* is the solution to the
adjoint problem

Lxw
O +ddg+ @)y + [ kol e’ - 1xel@) | e

N a(x)
—~( / Y (@, t)d)g — / ¥ (@, )9 t)de = 0, 1) € 2% (0,T)
0 (9]
dyg(z,t) =0, z,t) € 902 x (0,7)
g(sz) - 1; x 0.

13
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This last theorem allows to derive an iterative algorithm to improve at each step the position of the
domain where the control acts (by translations) in order to get a faster stabilization (via the control
u:= L). For details (including numerical tests) see [2].

5. Final comments

If we assume that the prey population is zero-stabilizable (this implies F’(0) > 0), then from Section 2
we have that A\;(w, F'(0)) > 0. On the other hand

M (w, F'(0) < M (w, F'(0)),
where A (w, F(0)) is the principal eigenvalue of
LXw(x) / _
~dA¢(a) = rle)e(e) + AP 0)pa) = Mpla), 7
dpp(x) =0, x € 012,

Since the elliptic operator in the left hand side is self-adjoint, we obtain via Rayleigh’s principle [7] that

d [, V(@) — [, r(z)|p(e)|>de + LF'(0) [, 'ﬂé)‘ da

)\ F'(0 min
( ( )) PEH(2),ll0ll L2(0)>0 fQ |<p(x)|2dx

This implies that

1
@ dx

— [ r(z)de+ LE'(0) [
[ da

/wa(lfr)dxz LFl/(O)/Qr(x)dx.

This shows that in order to stabilize the prey population, we have to find firstly a large enough subdomain
w, with a good position, in order to satisfy the last inequality.

If such a subdomain w does not exist (this happens if for example |, o ﬁdm <7 F, TF ) Jor o T(x)dr), then
a stabilizing control cannot exist.

0 < M\ (w, F'(0)) <

and consequently

Assume now that the prey population is not subject to a migration (i.e., &y = 0) and that F(h) = ph.
Theorem 3.1 implies that if p;(w), the principal eigenvalue of

—dAp(z) — r(z)p(z) + ﬁ)ﬁu( r)p(z) = pp(z), x €N
Ovp(x) =0, x € 0N

is positive, then the prey population is zero-stabilizable (via the control uw = L) and the stabilization is
faster than that of exp(—(u1(w) — €)t), for any € > 0. On the other hand

lu’l(w) > ﬁl(w)v

where 51 (w) is the principal eigenvalue of

{ —dAp(z) — rap(e) + %xmmm — Bo(z), zen
Oyp(z) =0, x € o0,

Here ro = [|7||Lo (), a2 = ||a||Lo(0)-
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So, if f1(w) > 0, then the prey population is zero-stabilizable (via the control w = L) and the
stabilization is faster than that of exp(—(5;(w) —¢€)t), for any € > 0. By Rayleygh’s principle we get that

d [ |Ve(a)Pde + 22 [, lp(x)*de

min
e (Q), 2]l L2y >0 Jo lp(x)|?da

Bi(w) = —ra +

In the particular case when w is a ball, the maximum value of 31 (w) in the class of all §2 of a given
measure, is obtained when (2 is a ball also, and when both w and {2 have the same center. The proof
follows the lines in [1] and is based on some rearrangement techniques (see [12]):

Let Af?(w) be the principal eigenvalue for

{ dAp(e) + PE o @)e(@) = Mpla), ze
as (5.1)

We actually need to prove that for any domain 2 # (2 satisfying the hypotheses of 2 and such that
meas(§2) = meas(§2), and for the particular case when w = B(0;r11) and 2 = B(0;732) are balls, with
0 <711 < 1o, we get .

A (@) > A7 ().

Indeed, let * be the eigenfunction for (5.1) corresponding to A := \’(w) and such that ©*(x) > 0 a.e.
in 2 and [|¢*|z2(0) = 1.

We shall prove firstly that there exists M € (0,400) such that 0 < ¢*(z) < M a.e. in 2\ @ and
©*(x) = M a.e. in 9£2. Indeed, since the eigenspace corresponding to the eigenvalue A’ (w) has dimension
1 we conclude that ¢* has circular/spherical symmetry and so ¢* satisfies (in polar coordinates)

8290* 1 a(p*

— \ *
o7 +Eﬁ__)\1 (W)™ <0, 11 <R <o,

where R = ||z||, and consequently %(R i ) < 0 and so the mapping R — R 5 R* is strictly decreasmg

on [r11,r22]. Taking into account that for R = rqo we get that 0 = 9,¢* = 9" we may infer that ¢*

PR
strictly increasing with respect to R on [ry1, ro2]. This yields
A2 () = d [, IVe*(x |2dx+po lo* (z)|?dz
Jole*(2)]2dz
dfo\o Ve* () da + % W " (@) Pda _ d [5|Va(z)?dx + L£ . lp2(x)?dx
fn\ﬁw*(x)‘gdw"’f(}\gMde f9|502 |2d$c ’

where

_[e@), zen\0
WQ(I){M’ ze N\ N

By Rayleigh’s principle we finally obtain that A\{’(w) > /\f)(w) and get the conclusion.
Note that the same method may be used in order to get an upper bound for A;(w, F’(0)) and conse-

quently and upper bound for the stabilization rate of the prey population.
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