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Abstract. A model of tumor growth in a spatial environment is analyzed. The model includes
proliferating and quiescent compartments of tumor cells indexed by successively mutated cell phe-
notypes of increasingly proliferative aggressiveness. The model incorporates spatial dependence
due to both random motility and directed movement haptotaxis. The model structures tumor cells
by both cell age and cell size. The model consists of a system of nonlinear partial differential
equations for the compartments of tumor cells, extracellular matrix, matrix degradative enzyme,
and oxygen. The existence, uniqueness, positivity, regularity, and growth characteristics of the
solutions are investigated.
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1. Introduction

Mathematical models of tumor growth in spatial environments confront the unique characteristics
of the complex biological processes involved. A tumor mass consists of individual cells rather
than dimensionless particles or continuum fluid, and the heterogeneity of individual cell growth
and division is a fundamental consideration of the growth of the total tumor mass. There is an
extensive literature of spatial models of tumor growth that have included many of these processes
in both continuum and discrete frameworks. Our objective here is to continue the study of a
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continuum model of tumor growth first proposed in [5] (see also [3] and [4]), and later developed
in [6], [7], [8], [18], and [19]. The salient feature of this model is the use of cell age to track
passage of individual cells through the cell cycle. In [6], [7] a basic theory of existence, uniqueness,
positivity, and regularity of solutions was established for the system of nonlinear partial differential
equations of the model. A major difficulty in the analysis was to treat the term corresponding to
haptotaxis, the directed movement of tumor cells up-gradient of the environmental extracellular
matrix, as mediated by a degradation enzyme produced by the tumor cells. We assume a nonlocal
effect for this process, that is, extracellular macromolecules interact with tumor cells in a nearby
region (a local assumption for this effect was analyzed in [18] and [19]).

In this paper we extend the model in [6], [7] to include cell size as a structure variable analogous
to cell age, which allows consideration of individual cell growth and division as a component of the
spatial movement of the total tumor mass. Additionally, we include transition of cells to and from
quiescence as a constraint on tumor growth limited by availability of oxygen and other nutrients.
Lastly, we include mutations that confer proliferative advantage to successive phenotypic cell lines.
An important goal of tumor modeling is to verify the consistency of these mutation rates with the
time scale of clonal phenotype succession through large numbers of possible somatic mutations in
cancer genomes ([9]).

The organization of this paper is as follows: In Section 3 we give some results from other papers
which will be required in the sequel and we also establish the properties of the semigroup {S(¢) }+>0
of the linear problem associated with the full nonlinear problem. In Section 4 we establish the local
existence of a mild solution, and then in Section 5 show that there is in fact a unique global mild
solution, which has continuous dependence on the initial data. In Sections 6 and 7 we concentrate
on the problem without quiescence, establishing regularity and positivity results. In Section 8
we return to the problem with quiescence and, by considering it as a perturbation of the problem
without quiescence, show that in this case we also have positivity. In Section 9 a growth bound
is established in the case where there is no quiescence and solutions are positive. Then in Section
10 we return to the case where there is quiescence. We show that if the cell age and size ranges
are infinite, we have regularity for the solutions; we then give a growth bound when solutions are
positive. Lastly, in Section 11 we provide numerical examples to illustrate the role of haptotaxis in
the spatial development of tumor growth, as well as the advantage gained by phenotype mutation
to greater proliferative capacity.

2. Equations of the Model

The model we investigate is discussed in detail in [5]. The spatial variable x is contained in a spatial
region ) C R™, n =1, 2, 3, where 2 is a non-empty bounded open set with smooth boundary 0f2.
The age variable a is contained in [0, a;], and the size variable s is contained in [0, s1]. The model
consists of the following compartments:

e f(x,t) = surrounding tissue macromolecule (MM) density at position x at time ¢.

e m(x,t) = matrix degradative enzyme (MDE) concentration at position z at time t.
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e w(x,t) = oxygen concentration at position z at time t.

e p;(z,a,s,t) = proliferating tumor cells of type ¢ in the tumor at position z, age a, and size
s attime ¢, where © = 0,1,2, ..., n corresponds to a linear sequence of mutated phenotypes
of increasing aggressiveness.

e ¢i(x,a,s,t) = quiescent tumor cells of type i in the tumor at position x, age a, and size s at
time ¢. Quiescent cells are immobile and do not age.

Let Py(z,t) = [, [ pi(w,a,s,t)dsda, P(z,t) = > P;(x,t) = the total population density

at z of proliferating cells of all types at time ¢. Let Q;(z,t) = [\ [ ¢;(z,a,s,t)dsda, Q(x,t) =

Y i Qi(z,t) = the total population density at  of quiescent cells of all types at time ¢ and let
N(z,t) = P(x,t) + Q(x,t). The equations of the model are as follows:

0
—f(x,t) = 6;V?f(z,t) — wrf(z,t) — Ap(z,m(-,t),w(-,t), P(-,1)) f(z,1), (2.1)
ot ———— —— N ~ 7
motility decay degradation
0
5@, t) = 0 Vim(w, t) = wwm(z,t) + pm(, P(, 1)) P(e, 1), (2.2)
diffuvsion de‘c,ay pI‘Ole,CtiOH
0
Sw(a,t) = 0,Viw(r,t) — wew(z,t) + Bulz, f(-,1) f(z,1)
ot —_———— N — $
diffusion decay production
- yw(x,w(,t),P(,t),Q(,t))w(x,t), (23)
up—‘t,ake
0 (x,a,s,t) = 0 (x,a,s,t) a( (8)pi(z,a,8,1)) + 6 V2pi(z,a,s,t))
atpl Y < - @apl Y < , @8 771 pl 9 ? < g \Z pl "7 Y Y /,
cell aging cell growth motility
- wpi(ma a, Svt) - XZV ’ (pz(aja a, S,t)Vf(.’L‘,t))
celﬁoss hapt:)rtaxis
- /JKI’,CL,S,’UJ(',I%),N(',t))]?i(x,a,s,t)
cell loss from diViSiOII, or insufficient oxygen
—oi(x,a,s,w(-,t), N(-,t))pi(z,a,s,t)
exit to qzlriescence
+ 7(x,a,s,w(,t), N(-,t)qg(z, a, s, t), (2.4)

~—
entry from quiescence
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0
aqz(xa a, s, t) = - 1/7;(33, a, s, UJ(‘, t)? N(7 t))(]z(fﬂ, a, s, t)
cell death from i;lrsufﬁcient oxygen
+ oi(z,a,s,w(-,t), N(-,t))pi(z,a, s,t)

entry from proliferation

— 7i(z,a,s,w(-,t), N(-,t))q(x, a, s, t). (2.5)

exit to proliferation

We set the age and size boundaries at cell birth to
al S1
pi(z,0,s,t) = 2(1 —wi)/ / ki(8,8)0i(a, 8)pi(x,a,s,t)dsda +
o Jo
a1 S1
291 / / Ki—1(8,8)0i-1(a, 8)pi—1(w, a, 5,t)dsda, (2.6)
o Jo

pi(2,a,0,t) =0, a€(0,a1), (2.7)
where 1); is the ith phenotype mutation rate, and ¢)_; = 0. We take Neumann boundary conditions
Of (z,1) o, om(z,t) _o, ow(x,t) _o, 2.8)
on g on |y on g
and 5
i\ Uy 7t
Opil. a8 t))| _ (2.9)
on 80

and initial conditions

f(’()) = fo, m(,()) = My, w(-,O) = Wo, pi('a'v'vo) = i, %‘('7"'70) = G- (2.10)

We assume that the constants 6y > 0, d,,, > 0, d,, > 0,0; > 0, x; > 0, wp > 0, wy, > 0,
wy > 0,w > 0,0 < < 1. For simplicity we set 7;(s) = 1, which can be achieved in many cases
with a simple transformation of s ([23]). We will set 0;(a, 3, s) = 2(1 — ¥;)k4(8, s)Bi(a, §) > 0.

3. Preliminaries

We denote by || - ||, the norm in L"(2), by || - ||oc the norm in C'(€2) and by || - ||, the norm in the
Sobolev(-Slobodeckii) space W*"(Q). Let W27 (; B) = {u € W?"(Q) : Bu|y, = 0}, where
Bu = %, the normal derivative. We will consider the realizations of the Laplacian in different
Banach spaces. Define the operator A; : D(4;) C L'(Q2) — L'(f2) as the closure in L'(Q2) of the
operator A;, where, forany 1 < r < oo, A;, : D(4;,) C L"(Q2) — L"(Q) is defined by
Aiu = (=6A+w)u, ue D(A;,), with
D(A;,) = W?"(;B). (3.1)
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We define the unbounded operators A,,, A, from D(A,,) and D(A,) to L*(Q2) similarly. It is
well known (see [1]) that —A; generates a positive analytic semigroup {7;(t) }+>0, with || T;(¢)|| <
e “! and similarly — A,,, — A, generate positive analytic semigroups {7}, (t) };>0, {Tw(t) }i>0, With
1T (8)|| < e “mtand ||T,(t)|| < e “v' (where || || is the operator norm).

We define Ay : D(Ay) € C(Q) — C(), by

Apu = (=6 A +wp)u, D(Ag)={ue () W*Q):Aue C(Q)and Bul,, = 0}.

1<g<0

Then — Ay generates a positive analytic semigroup {7 (t) }+>0, with ||T¢(t)|| < Mpe <" (see [1]
[10], [14], [15]). We note that O is in the resolvent set of A; and also of Ay.

We will use the fractional powers A of A;. We have, from [13] theorem 2.6.13 and lemma
2.6.3:

i ifa >0, forevery u € D(AY), T;(t) ASu = AST;(t)u;

ii if @ > 0, for every ¢t > 0 the operator AT} (¢) is a bounded linear operator in L'(£2) and
there exists a constant M, > 0 such that

JAST(1)|] < Mut~—%e™" (3.2)

iii if 0 < v < 1 then there exists N, > 0 such that for all u € D(A$)

I ()u — ully < Not®[|Aful]s; (3.3)

ivif 0 < o < 1, then A; “ is a bounded linear operator in L'(Q) and there exists a constant
H > 1 such that for all u € L'(2)

147 “ully < H[ul]y.

Note that for 0 < o < 1, D(Af) and D(A{,) are independent of i and there exists a constant

ha > 0 such that [[A$¢||; < ha||Af¢[|: for all € D(AF), all 4, j, and similarly for A, see [11]
Lemma 4.1.11.
We define, for k = 1,2, 3, By, : D(B;) C L'(Q) — L'(Q),
du . 1,1
Buu = <L with D(By) = W (Q), (3.4)

8xk

s0 By is a closed linear operator. As in [6] Lemma 1,if 0 < 3 < « < 1, then D(A%) — W2%1(Q)
and D(A?2,) — W?°7(Q), where * </ denotes continuous embedding and if § < o < 1, By A;®
and By A; " are bounded linear operators in L'(Q) and L" () respectively (see also [16] and [17]).

Let X = L'((0,a1) x (0,s1); LY(Q)); Xoi = L'((0,a;) x (0,51); D(AY)), endowed with the
norm || - ||x, ; = [[A7 - |Ix; Xo = Lo Xa, with norm || - ||x, = 327 || - [Ix, ;- Let X" have
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norm || - ||xn+1 = >_i o ||+ ||x; Z be the space D(A;) x L'(Q)? x X?"*1) endowed with the norm
1AF - loo + 11 Tl 11 A (1 oener + [ [Lxn1s Zap = D(Af) x LH§)? X X, with norm
1A; Moo + 11 e+ T+ 1 Hxas Za = Zap x X withnorm || - ||z, + [+ [[xne.

We will assume that
H(3..1) 0; € C([0, a1] x [0, s1] x [0, s1]; RT), and if

0, = sup / 0;(a, s, s)ds,

a€f0,a1],5€0,51] Jo

then 6, is strictly increasing with i.

Remark . This is for the case when a; and s; are finite. The results also hold in the infinite case if
we substitute hypothesis H(3..1’) for H(3..1), see Section 10..

We consider the linear system, for a € (0, a1), s € (0,s1),t > 0,0, € X,0<i <n,

0 0 0
pl(a s, t) + 5a —upila, s, t) + gpi(a,s,t) = Api(a,s,t), (3.5)
pi(0,s,t) = / / i(a, 8, s)pi(a, s, t)dsda +
Vi / / 0;_1(a, 3, s)pi_1(a, 8, t) ds da (3.6)
1 _ /(/},L 1 ) ) )
pi(a,s,0) = ¢i(a,s), pia,0,t)=0. (3.7)

We will write ¢ = [y, . .., ¢;|'. Throughout when i = n we suppress n so that ¢ := ¢" etc.
Motivated by the method of characteristics, we associate with the solutions of the system (3.5)—
(3.7) the following semigroup {S(#)};>o. We define the operators S*(¢) : X! — X1 ag follows:
Si(t)g' = [So(t)9°, Si(t)e, -+, Si(t)d']!, S(t)p := S™(t)¢™, where for t = 0, S;(0) = I, and for
t>0,

. T;(t)pi(a —t,s —t), 0<t<a, 0<t<s,
(Si(t)9")(a,s) =< Ti(a)bi(¢")(s —a,t — a), 0<a<t 0<a<s, (3.8)
0, 0<s<t, 0<s<a.

Here b;(¢%) (s, t) satisfies
' min{t,a1} psi ‘
bi(6) (s, 1) = / / 6:(, 3, $)T(@)bi(@)(5 — i, t — &) d da
—I—A/ / i(a,8,8)T;(t)p;(a—t,§ —t)dsda
ifl min{t,a1} '
Ly (/ / B (a, 8, 8) Ty (@)bir (67 1) (3 — 4, — @) dé da
—i—A/ / 0i—1(a,8,s)Ti—1(t)pi—1(a —1t,5 —1) dsda) 3.9
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where A = 1ift < a; and t < s;, but A = 0 otherwise. As in [23], for any 7" > 0, this
set of equations has a unique solution b;(¢*) € C([0,s1] x [0,T]; L'(Q)). Set b'(¢")(s,t) =
[bo(¢”) (s, 1), -+, bi(@")(s, )], b()(L, 5) := b"(¢")(t, s).

From (3.8),if 0 < a <t,0 < a < s, then for all ¢ € X"+,

(Si(t)9")(a, s) = Ti(a) (bi(6")(s — a,t — a)) = T;(a)(Si(t — a)¢")(0,s — a), (3.10)

so in this region (S(t)¢)(a, s) is continuous in (a, s) as b(¢)(s,t) is continuous in (s,t). If in
addition ¢ is continuous in (a, s), then (S(t)¢)(a, s) is continuous for all (a, s) except possibly
acrossa =t <s,a=s<tands =t < a. If a =t < sitis continuous if, for all 7 and s,

/al /31 91(6% <§, 8)¢z(&7 <§> dsda
1—% 1(/ / i-1(a, 8, 5) @i 1(a,§)d§dd>, (3.11)

across a = s < t it is continuous if, for all 7, 6;(-, -, 0) = 0, and across s = t < a it is continuous
if ¢(-, 0) = 0. It is continuous at a = s = t if ¢(0, 0) = 0 and for all ¢, 0;(-,-, 0) = 0. Also,
from (3.8) and (3.9), if t > 0,

(S;(t)9")(0, s) / / (a,3,s)(S;(t)¢")(a, 8) dsda +
¢z—1 i—1
;1 ( )(Si—1(t)o' ) (a, 8)dsda.  (3.12)
1— vy

We define T'(t) : L}Y(Q)"™! — Ll( T () = [To(t)dr, -+, T (t)d,)t. Then T(t) is a
strongly continuous analytic semigroup of bounded linear positive operators in L!(Q)", with

generator A : D(A) C LY(Q)"™ — LY Q)" D(A) =TI, D(A;),

A¢ = [A0¢07 U 7An¢n]t'

Also ||T'(t)|| < e “*andif o > 0, for every ¢ > 0 the operator A“T'(¢) is a bounded linear operator
in L'(Q)"*! and

[|AYT(t)]| < Myt “e " (3.13)
Then from (3.8)
Tt)p(a—t, s —1), O<t<a, 0<t<s,
(S(t)p)(a,s) =< T(a)b(d)(s —a,t —a), 0<a<t 0<ac<s, (3.14)
0, 0<s<t 0<s<a.

Now

Lemma 1. {S(t)}:>0 is a strongly continuous semigroup of bounded linear positive operators in
X" satisfying ‘ o
1S:(1)¢']|x < ei(@')e® ", i > 0, (3.15)
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where co(¢°) = ||¢o||x and fori > 1,

i1 =
i i— ¥;0; }

i = ||9il|x + - L

ci(¢") = [loil|x ;:0: {Hj—k(l TR T || rl[x-

Thus for all ¢ € X", t > 0,

1S ()| xner < Me@ =) |6]| xnsr, (3.16)
where B
n . w )
M = max -t e +1. (3.17)
Osksn—1 {l:zk;rl ( =1 - 1/’])( i1 —05) }

Further; if o > 0, for every t > 0 the operator A®S(t) is a bounded linear operator in X" and
there exists a constant C,, > 0 such that

|A“S()|| < AMut= %™t + Clel@n=)t, (3.18)
where A = 1 ift < a; and t < sy, but A = 0 otherwise.

Proof. That {S(t)}+>o is a strongly continuous semigroup of linear positive operators in X"**
follows as in [23] using induction on 4.
Now set g;(t) = [ [|bi(¢") (s, t)]]1 ds. We show first that

gi(1) < Bici(¢1) el (3.19)
From (3.9)

min{t,a1}
gi(t) < (/ / || T3(a)bi (') (3 — a,t — a)||, dsda

+A/ / IT3() il — 1., 8 —t)||1d§dd>
B i1 mln{tal} -
mlﬁ( / / ITs (@bt ()6 — i, ¢ — @)1 ds da
- 7—1
+A/ / i— 1 ¢z l )Hldea)
91(/ gl(t—a)da+H¢lee ‘”t)
0

. t ~
+6i,1—w171 (/ 6_”“gi,1(t — &) da + HQsilHX@_Wt) .
0

IN

So that
t
lg(t) < ez-( / e%gxa)dmn@ux)
0

. t ~
+9H&(/ e“g;_1(a)da + H¢me>- (3.20)
1 =i\ Jo
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Hence by Gronwall’s inequality

t
10(0) < Bl + Ormr 2 ( / ew@gz-_1<a>da+||¢i_1||x)

t _ . _ N i T . . . .
v [ (ez-uasiux i e¢—( | eaa@ das H@»Hx)) a
0 I =i\ Jo

t
= ol + 012 ([ et @i+ ol

/96 tT)(/ e“’&gi_l(&)d&jLH@_le)d?).
0 0

So the result is true for 7 = 0.
We now assume that (3.19) is true for ¢. Then

/O e gi(a) da —+ || |x < (@))€ — 1) + ||l |x < ci(d)e

Note also that

. _
) — ) 92 0.
e9it+/ 01”01 (7N 47 < L Pt (3.21)
0 i+1 — U;
So
wt 041t 77D’ ) 0;t J
g1 (t) < O]l |[xe” ! + 1_—1/)@ e""ci(¢")
t - ~ a A .
+ / §i+1601+1(t—7)69ﬂci(¢1) df-}
0
Y 0. 72’(/)1 3
< b 169%+1t{||¢i 1lx + ci(¢")
i * (1—%)( Z+1_‘9>

= §i+1€§i+ltci+l(¢i+1),
as required. (3.15) and (3.16) now follow from the definition of S(t). Now
) min{t,a1}
[AFS;(H)¢'l|x = / / |AST; (a)b;(¢°)(5 — a,t — a)]], dé da
+A/ / [|AST; () pi(a —t, 8 — t)]|y dsda

IN

min{t,a1} o o X
/ Moo %0;c;(¢") e =)0 dg 4 AM e~ | x
0
< éici(ﬂﬁi)kae(eﬁw)t + AMaefwtfaH@HXa

for some k, > 0, and the result follows. OJ

We will write © = 6,, —
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4. Local Existence of the mild solution

Takeany% <a<l. ForpZ € Xm,qZ € X,setp=[po,.--,0nl'q=[q0,--,q)" Putv; = A%p;,
v=A%,and V; = f 81 vi(a, s)dsda. For f; € D(Ay) define

3
82
Gi(fi,vi) = xiV-(A7"%V i) = x Z(BkA Vig f1+A Vig s 2f1)7

k=1

and set G*(f1,v") = [Go(f1,v0), -+ , Gi(f1,v:)] and G(f1,v) := G™(f1,v").
In order to write the problem more efficiently set

Hi(‘r? a,s,w, Ui7qi) - _(MZ('T7 a,s,w, N) + O-i('ra a,s,w, N))Ai_avi + Ti(xa a,s,w, N)qza

with H'(x,a, s,w,v',q") = [Ho(z, a, s, w, v, qo), - , Hi(x,a, s,w,v;, ¢;)]" and
H(z,a,s,w,v,q) = H"(x,a,s,w,v™, q"). Also let E(z,a, s, w,v,q)(t,o) be the matrix with
exp — fgt (vi(z,a,s,w(7), N(T)) + 7(z,a,s,w(7), N(7))) d7 on the diagonal and zero elsewhere,
and o(z, a, s, w, N) be the matrix with o;(x, a, s, w, N') on the diagonal and zero elsewhere. Here
N is giveninterms of v and ¢by N = > """ A7V, + Q.

In the following, where appropriate, we suppress the variables x, a and s in A¢(z, m,w, P),
pm(x, P), ui(x,a,s,w,N), Hi(z,a, s, w,v;, q;) etc. We consider the mild form of equations (2.1)—
(2.10):

f) = Tf(t)fo—/o Ty(t — T)Ap(m(7), w(7), P(7))f(7)d7, (4.1)
m(t) = To(t)ymo + /0 Tt — #)pm(P(3)) P(7) 47, 42)

wlt) = Tulthuo+ | Tw<t—%>(ﬁw<f<%>>f<f>

~palw(F), P(?), @(f))w(%)) . @3
plt) = S)s+ / S(t — #)(~G(f (), A°p(7)) + H(w(F), (7). q(7))) 7, (4.4)
alt) = exp- / ((w(), N()) + m(w(), N(?))) d7 G
/ exp — / y(w(F), N()) + 7(w(?), N(7))) dF o3(w(@), N(5))pi(&) do.
(4.5)

So, if ¢ € X, v(t) = A%p(t) satisfies
v(t) = S(t)A% —|—/0 A“S(t —7) (=G(f(7),v(7)) + H(w(7),v(7),q(7))) d7. (4.6)
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As in [6] we now consider a fixed point problem in Y = C/([0, ¢]; Z), for suitable ¢,. For ¢ € X,
and ¢ = [Co, ..., C" € X setyo = [fo, mo, wo, A%, (]'. Suppose yo € Z and ||yo||y = R and let
Nr={y €Y :|ylly < (M;+9)R}. Fory = [f,m,w,v,q|" €Y, we define F by
fon t_T))‘f( (7)
T ( mo+f T 7) pm (P( %
Fy(t) = | To(wo+ Jo Tu(t = 7)(Bu(F(D)S(F) — p(w(7), P(7), Q(
S(t A%H—fo AC“S t—T)( G(f(7

Nw(r))dr |, 4.7)
); H( (
E(w,v,q)(t,0)¢ + fo ,0,q)(t, 7)o (w(T), N(7))A™(7)d7

where P(t) = Y"1 A °Vi(t).

We make the following assumptions on the data of the problem.
H4.1) A Qx LY Q) x LYQ) x LYQ) — R, A\¢(-,m,w, P) € C*(Q) with BA;(-, m, w, P)l g,
= 0 for all m,w, P € Ll(Q). In addition, for any R > 0, there is a constant H > 0, independent
of z, such that if max{||m;||1,||w;||1,||Pj|l1} < R, j=1,2, thenforall z € Q,

max < [Ar(z, my, wy, Pr) — Ap(x, ma, we, Py),
Yot |5 A, ma, wi, Py) — g Ap(w, my, wa, Py)l
> ke |%>\f(x,m1,w1,P1) - %)\f(l}m%wmpz)’
< Hp{[lmi — mal|i + [[wi — woll + [P — Paf[1}-

H4.2) pn: QX LYQ) = R, piy : 2 x LYQ) x LY Q) x LYQ) - R, B, : 2 x C(Q) — R are
all measurable in x and locally Lipschitz continuous, uniformly with respect to x, and w;, o;, 7;, v; :
Q x (0,a1) x (0,s1) x L'(Q) x L'(Q2) — R, are all measurable in x,a, s and locally Lipschitz
continuous, uniformly with respect to z,a, s, i.e. for any R > 0, there is a constant Jp > 0,
independent of z, a, s, such that, if max{||w,||1, ||P;||1, || fjll} < R, j = 1,2, then for all z € (2,
(a,s) € (0,a1) x (0,s7),

|pm(x, Pr) = pm(z, P2)| < Jg|[Pr — Psl|x
| (2, w01, Pry Q1) — p (T, w02, Po, Qo) < Jrf|wr — wal|yi + [| P — Poll1 + [|@1 — Q2|1 },
&(z, a, s, w1, N1) = &(x,a,8,ws, No)| < Jr{[Jwr — wal|1 + [|N1 — Na||1},
Bu(z, f1) = Bu(z, f2)| < Jrllfi = folloos

where £ represents any of j;, 0, 7, Vi. Also pp(+,0), pw(+,0,0,0), B,(-,0) € L>®(Q2) and
&(+,+,,0,0) € L=(Q2 x (0,a1) x (0, 1)).

Condition H(4..1) implies regularity of f(t) necessary to deal with the haptotaxis term

G(f(t),v(t)). These properties of f(t) are proved in Lemma 3 of [6]. In Lemma 4 of [6] we see
how they apply to the study of G(f(¢),v(t)). That is we have
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Lemma 2. (i) For f; € D(A;) and V; € LY(Q), 3 < a < 1, define

1
2
’ 0 52
Gi(f1,V1) = xiV - (A;*ViV f1) :== x Z <Bkz4,-avla—xkf1 +Aia‘/ia—%2§f1) . (4.8)
Then there exists a constant L., > 0 such that
G, V)l < LalVallil[ Ay filloo-
(ii) Also for v; € X,
Gi(fr,v)llx < Lallvillx[[ Az filloo-

(iii) So in particular if f; € D(Ay) and h(a, s) is a function in X continuous at (ay, So) then also
Gi(f1,h(a,s)) belongs to X and is continuous at (ag, s).

(iv) For y = [f.m,w,v,q)" €Y, then G(f(-),V(-)) € C([0,to]; L'(Q)"*") and G(f(-),v(")) €
C([0,to); X™T1).

Note that ||V;(t)|]: < ||vi(t)||x and

INOIL < Z 1A v (8)]]x + Z la(®)llx < Hllv(#)]

xnt1 4 ||q(®)]|xntr < H||ylly. (4.9)

Suppose now that y, ¥y € Np. So from H(4..2) we have

iz, a,s,w(r), N(7))| < [z, a,8,w(T), N(7)) = piz, a,5,0,0)[ + |pi(x, a, 5, 0,0)|
< Jagp+oyra ([w(T)ll + 1N (7)]1) + 11:(0, 0) oo
< Jotprori (Mg + 9 RH + [1,(0,0)]lc = Dy, say,
and hence
i (2, @, 8,w(T), N(7)[loo < Di.
Similarly
lps(x, a, 5,w(7), N(7)) = i@, a,s,0(r), N(7)| < Joaagroyru(|w(r) — @(7)|)
+HIN(T) = N(D)h) < JoupsomuHlly = Gllv,
hence

lpi(, @, 8,w(T), N(7)) = pi(; ay 8, @0(7), N(7) oo < oty 40)rr H |y — lly-
Similar inequalities hold for v;, o; and ;.
Hence adapting the proofs of Lemmas 5, 6 and 7 of [6] it is easy to see that F : Y — Y is well
defined, that for ¢, > 0 sufficiently small, 7 (Ng) C N and F is a contraction on Ng.
As a consequence we have the the following local existence and uniqueness result.

Theorem 3. Suppose that hypotheses H(3..1), H(4..1) and H(4..2) hold. Let % < a < 1 and take
[fo, Mo, wo, ¢, C]" € D(Ay) x LYQ) x L' (Q) x X, x X" Then, for ty > 0 small enough,
the problem (4.1)~(4.5) has a unique mild solution [f, m,w,p,q]" € C([0,%o); D(A;) x L' () x
LY Q) x X, x X",
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5. Uniqueness, continuous dependence on the initial data, glo-
bal existence

We now make the additional assumption

H(S..1) Ay, %Af, %Af (7 =1,2,3), pms> Buws tws [is Vi, 0; and 7;, 2 = 0, ..., n, are all globally
bounded. ’

Then a natural adaptation of the proof of Proposition 1 of [6] shows that the solutions of (4.1)—
(4.5) depend continuously on the initial data and are unique. That is, if U, = C([0,%]; D(Af) x
LY Q) x LY(Q) x X, x X™™H=C([0,10]; Z,), then, given any iy € Z, and € > 0 there exists
d > 0 such that ||ug — ||z, < ¢ implies |[u — ||y, < e. Here u and @ are the solutions with
initial data respectively uy and @y. The global existence of solutions follows easily.

Theorem 4. Suppose that the conditions of Theorem 3 hold and also hypothesis H(5..1). Then the
problem (4.1)—(4.5) has a unique mild global solution.

The proof is similar to the proof of Theorem 2 of [6].

6. Characteristics and regularity when there is no quiescence

Our goal now is to consider regularity, positivity, and the existence of growth bounds for our
problem.

If we take initial data [ fy, mg, wo, ¢, ] € Z,, % < « < 1, then we know from Theorem 4 that
there is a unique mild global solution [f, m,w,p,q]" € C([0,00); Z,) of equations (2.1)—~(2.10);
so we can regard the coefficients A ¢, pp,, Buw, fhw, ti, 0i, T; as known functions of z, a, s, and t.

In this problem positivity is closely linked to regularity so we look first at regularity. To do this
we would like to consider p(a, s,t) and ¢(a, s,t) along the characteristics (¢ + ¢, ¢ + d, t). This has
two advantages. It reduces our problem to one in L'(€2) so that we can then exploit the fact that
T(t) is an analytic semigroup. Also, it effectively decouples the equations with respect to i. Now
to consider p along the characteristics we require conditions that force p to be continuous in (a, s)
and this only seems possible if we have no quiescent cells. Thus in this section we consider the
problem without quiescence and assume:

H(6..1) ¢ € C([0,a1] X [0,1]; D(A%)), L << 1.

H(6..2) Set ji; = p; + ;. Then there exists a F'(w, N) > 0 which is bounded on bounded subsets
of L'(Q2)?, and 0 < ¥ < 1 such that for a,a € [0,a;] and s, 5 € [0, 51]

|fui(a, s,w, N) — (@, 5, w, N)||(@) < F(w,N)(|la —a|” + |s — 3").
Set Ki(CL,S, fa Ui) = _XZV : (Az_avzvf) - lui(aa SawaN)Ai_avi - Ui(av SawaN)Ai_ana and
Ki(a,s, f,v") = [Ko(a,s, f,v0), -+, Ki(a,s, f,v;)]'. Write K(a, s, f,v) :== K"(a, s, f,v").
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We want to consider the restriction of p(a, s, t) along the characteristics (¢ + ¢, t + d, t), in the
sets

A = {(a,s,t) €[0,a1] x [0,51] x [0,00): 0<t<a<a;, 0<t<s<s},
Ay = {(a,s,t) €]0,a1] x[0,81] x [0,00) :t>0, 0<a<min{t,a1}, 0<a<s<s},
As = {(a,s,t) €[0,a1] x [0,s1] x [0,00) :t >0, 0 < s <min{t,s1}, 0<s<a<a}.

Now for ¢ > 0 we have for a.a. (a, ),

pi(t)(a,s) = (Si(t)¢')(a, ) +/ (Si(t = F)(K'(f(7), (A")'(7))) (a,8)dF. (6.1)

Suppose for motivation that, for each ¢, A%p(t)(a, s) were a continuous function of (a, s) so that
K(a,s, f(t),v(t)(a,s)) is continuous in (a, s). Soif 0 <t <a <a,0 <t <s<sy,

pz-(t)ga, s)=T;(t)pi(a—t,s —t)+
/0 Tt —7)(Kila—t+7,s—t+7,f(7),Afpi(la —t+7,s —t+7,7))d7. (6.2)
If0<a<min{t,am},0<a<s<s
pas) = S0+ [ (5= DG, AP D) (097
# =P, A 0)) (05)

Using (3.10), (3.12) and (6.1) it can be shown that
t—a
(Si(6)6) (a5) + / (Si(t = F)E(F(F), (Ap) (7)) (a, 5) dF
0
Yict / / 0:-1(a,38,s — a)pi_1(a,8,t —a) dédd}
1 _ wlil 0 0 ) ) ) ) )

which is continuous in (a, s). So that

=Ti(a){ /0 0;(a,8,s —a)p;(a, 8,t —a)dida +

pi(t)(a,s) = Ti(a){ / / 0:;(a,s,s —a)p;(a, s,t —a)dsda +
o Jo

. ay s1
Vit / / 0;-1(a, 8, s — a)pi_1(a, 8,t —a)ds d&}
1 - w’ifl 0 0
t

—l—/ Tt —7)(Ki(a—t+7,s—t+7, f(T),Afpi(a—t +7,s —t+7,7))d7. (6.3)
t—a
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Finally if 0 < s < min{t, s,},0 < s < a < ay,
p0)(0.5) = (SO a.s)+ [ (56— A, (4D 0) 0,97
# [ (=D, (A ) (009)
- /;Ti(t —A)(Kila—t+7,5s—t+7, f(7), Afpia— t + 7,5 — t +7,7)) dF. (6.4)

Motivated by the above we make the following definitions:
fOo<c<ay, 0<d< s,

Dica(t) = Ti(t)oi(c,d) + /0 Ti(t—o)Ki(oc +c,0+d, f(0), AlDia(0)) do. (6.5)

Ife<0, c<d<s

Picalt) = Ti(t+c {// i(a,8,d — c)pia, 3, —c)dsda +
1—¢ / / i1(a,8,d — c)p;— 1(&,§,—c)d§d&}

/ Tt — 0)Ki(0 + ¢ 0 + d, f(0), A%roa(0))do. (6.6)

fd<0,d<c<a

¢
Dicalt) = / T,(t —o)Ki(oc +c,0+d, f(0), AlDica(0)) do. 6.7)
—d

We can write these equations as the single equation, for ¢ > ¢, 4,
Dica(t) =Ti(t — ted)Dica(ted) + /tt Ti(t —0)Ki(o +c,0+d, f(0), AlPica(o))do, (6.8)
ed
and if U; . g = A$Dicd
Vica(t) =Ti(t — tea)AsDicaltea) + /tt AT (t —o0)Ki(0o + ¢c,0 +d, f(0),0ica(0))do, (6.9)

ifwetaket.q = 0if0 <c<ay, 0 <d<sy,tg=—cifec<0,e<d<s;andt.q = —dif
d<0,d<c<ay.

Note that in the case d < 0, d < ¢ < ay, if we operate on (6.7) with A and use [21] Lemma
1.1 then we see that for all t > —d

Vicd(t) =0, so picalt) =0. (6.10)
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It is easy to see that each of the equations (6.9) has a unique solution v; .4 € C([tcq,0) :
LY(Q)). We write pea = [Pocds - - - »Pned) ete.

We now show that p(a, s,t) = Pa—¢s—+(t) and is continuous in (a, s) for s # ¢, a # t, a # s.
Define

ﬁ(aa 87 t) = ﬁaft,sft(t%
and
0(a, s, t) = A*p(a, s,t) = Uq—ps—t(1).

Thus, if 0 <t <a <a;and 0 < t < s < s1, ps(a, s,t) satisfies (6.2) and if 0 < s < min{¢, s1}
and 0 < s < a < ay it satisfies (6.4). If 0 < a < min{t,a;1} and 0 < a < s < sy,

pi(t)(a, s) :Ti(a){/ / 0;(a,$,s —a)p;(a,s,t —a)dsda +
91 Q, 5 - i— A7A7t_ d"dA7
1_%1// 1(a, 8,s —a)pi_1(a, $ a)sa}

+/ Tyt — ) (Kij(a—t+7,5 —t+7, f(7), A%pi(a —t + 7,5 —t +7,7)) d7(6.11)
t—a

If we operate on these equations with A$ we will get equivalent equations satisfied by ©. As in [7]
Lemma 4, we have

Lemma 5. For fixed t > 0, 0; .4(t) is continuous in (c,d) from (—oo, a;] x (—o0, s1] to L*(Q),
except possibly along {(c,d); ¢ =0, 0 < d < 51}, {(¢,d); d =0, 0<c < a1} or{(c,d); ¢ =
d < 0} where the right and left hand limits exist.

Thus it follows that for fixed t > 0, 0(t)(a,s) = v(a,s,t), and hence also p(t)(a,s) =
pla, s, t), is continuous from [0,a;] X [0,s;] to L'(Q)" ! except possibly along a = t, s = t
or a = s where the left and right hand limits exist. So p(a,s,t) € L*(Q)"™! for all t > 0, and
(a,s) € [0,a1] x [0, 51], and p(t) € L*((0,a1) x (0, s1); D(A?)).

Proof. The proof is very similar to that in [7] Lemma 4 once we note that ji;(c+c, o+d, w(c), N(o))
is continuous in (¢, d), uniformly with respect to o for o € [0,¢] and thatif ¢ < 0, ¢ < d < 51

Ti(t + c) {/ / (a,5,d — c)Afpi(a, s, —c)dsda

%J // 0;_1(a, 8,d — ¢)A%;_y(a, 8, — )d§dd}
1—1

is continuous in (¢, d). O
Now

Lemma 6. Forallt > 0, 0(t) = v(t), and hence also p(t) = p(t). So for fixed t, v(a, s,t),and
hence also p(a, s,t), is continuous from [0, a;] x [0, s1] to L*(2)"** except possibly along a = t,
s = t and a = s, where the left and right hand limits exist. Hence p(a,s,t) = pa—ts—+(t) and
v(a, s,t) = Vgt s—t(1).
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Proof. Note that for each t > 0 K(a, s, f(t),0(t)(a, s)) is continuous in (a, s) except possibly
alonga =t,s =tand a = s,sothat S(t —o)K(f(0),0(0)) is also a continuous function of (a, s)
fora £0,s#0,a#s,a#t—o,s#t—oc. Nowif 0 <t<a<a;,0<t<s<s,

0(t)(a,5) = A%(S(t)¢)(a, s) +/0 AY(S(t =) (K(f(7),0(7)))(a, 5)) dT. (6.12)
If0<a<min{t,a1},0<a<s<s;
0;(t)(a,s) = AfTi(a {/ / i(a,8,s —a)pi(a,§,t —a)dsda +

1—% // Z1“S—G)pi—l(&,é,t—a)dgda,}

# A (- DK, E) (05 b 6.13)

Finally if 0 < s < min{t,s1},0 < s <a < ay,

o(t)(a,s) = /t A (S(t —T)(K(f(7),0(7))) (a,s))dT. (6.14)
Thus if ¢ > 0 and A is as in (3.9)

[[0() = v(B)]|xn+1

< / [ [ 14256 = ) (7). 5(0) = o0 30y dods da
+f e | / A%(S(t = o) (K (£(0). 5(0) = ()@ 5)) |3 (cyes dords da
- e Iy 14(S(t = ) (K(f(0), 5(0) — v(0))) (@, 8)) |3 e dords da
< [ 114751t = o)K(110).5(0) = o) xers do
< [ hlt =020 a(0) - (o)l lxes o

where k; > 0 is constant. Thus, by [21] Lemma 1.1, 9(t) = v(t), so that p(t) = p(t). O

Note that it now follows from (6.3) that for ¢ > 0

pi(B)(0,5) = // (i, 5, $)pia, 5, 8) ds da + 6.15)

pi(t)(a,0) = 0. (6.16)
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In fact, from (6.10), p(a, s,t) =0in0 < s < a < a1, 0 < s < min{t, s; }.
Assume that

H(6..3) (a) ptw, 1i, 0y, are all independent of P, () and N; (b) p,, is independent of z.
Motivated by [22] Chapter 1 we define

h h.t+h)— t
Dp(a, s,t) ::iii%)p<a+ , 8+ ,h-i— ) — p(a,s, )

As in [7] Proposition 6 we can prove

Proposition 7. Suppose that hypotheses H(3..1), H(4..1), H(4..2), H(5..1), H(6..1), H(6..2) and
H(6..3)(a) hold. Take [ fo, mo, wo, ¢|" € Zy, where % <a <1l Thenp;.q €
C([ted,00); LHQ)) N CH((tea, 00); LH(Q)), and for t > t.q4, Pica(t) € D(A;) and

L redll) = 8:APoa(t) — whrea(t) — \aV - (Proa®) V(1))

dt
—pi(t+ e, t+d,w(t))pica(t) — oi(t + e, t + d, w(t))pica(t). (6.17)

Proof. As in [7] Proposition 6, using [13] Theorem 4.3.1, A;f and w are locally Holder contin-
uous, and adapting the proof of [13] Theorem 6.3.1 so is ¥ 4. But now fi;(t + ¢,t + d,w(t))
is locally Holder continuous, so, using Lemma 2, K;(t + ¢, t + d, f(t), 0;4(t)) is locally Holder
continuous. The result now follows. Il

The following result is now proved almost exactly as in [7]

Theorem 8. Suppose that hypotheses H(3..1), H(4..1), H(4..2), H(5..1), H(6..1), H(6..2) and H(6..3)
hold. Take [fo, mo, wo, ¢ € D(Ay) x L*(2)? x X, where 3 < a < 1. Then the problem (2.1)—
(2.4), (2.6)—(2.10), with 7, = 0, has a unique classical solution [f,m,w,p|" in the sense that
f, m,w satisfy

f € C([0,00);C(2)) N C*((0,00); C(Q)), and fort >0 f(t) € D(Ay);
m,w € C([0,00); L'(2)) N C*((0,00); L*(Q)), and for t > 0 m(t) € D(A,,),

w(t) € D(Ay); and (6.18)
S0 = GAF®) ~wif(1) ~ Alm(t).w(®). PUNS®) 120, FO) = fo  (619)
%m(t) = 0 Am(t) — wu,m(t) + pm(P(t))P(t) t >0, m(0) = my, (6.20)
%w(t) = OwAw(t) — wyw(t) + Bu(f () f(t) = po(w(t))w(t) t >0, w(0) = wo(6.21)

p satisfies (2.6) and (2.7)(for t > 0), (2.10), and for t > 0, p(a, s,t) € D(A), and

Dpi(a,s,t) = 0;Api(a,s,t) —wpi(a,s, t) —x;:V - (pi(,a,s,t) V(L))
—ui(a, s,w(-,t)pi(a, s, t) — oi(a,s,w(-,t)pi(a, s, t) fort >0. (6.22)
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Remark . If quiescence is included in the system of equations it is easy to see that if

[fo, Mo, wo, &, (] € Z,, then it is still the case that f, m, w are classical solutions of equations
(2.1)—(2.3), (2.8) and (2.10). Also, in that case, as p € C([0, 00); X, ), we have ¢ € C([0, 00); X)
and

%%‘(t) = —vi(w(-, 1), N (- 1)q(t) + oi(w(-, 1)pi(t) — 7(w(-, 1), N(-,1))qi(t).  (6.23)

7. Positivity when there is no quiescence

We prove that, in the absence of quiescence, p > 0. We assume
H(7.1)$ >0

We will also require
H(7..2) There exists € > 0 such that 6;(a, $,s) = 0, when a € [0, €].

The proof is very similar to that in Section 5 of [7]. Again we show that if the initial function ¢
is regular enough then p; .. 4(t) € C([te.q,0); C()) so that we can use ideas from [12] and [20] to
prove the positivity of . 4(¢) and hence of p(a, s,t). The only significant difference between our
problem here and that in [7] is the study of regularity and positivity of the initial condition p. 4(t.q)
for the case ¢ < 0,¢ < d < s1. We define A,y : D(Agy) C L' (Q)"H — LY Q)" D(Ayy) =
I o D(Aiy), by Ay = [Aoro, - - ., Aprdn]’. We show first that ¢ € C([0, a1] %[0, s1]; D(A(,))
implies that, for —oo < ¢ < a; and —0o0 < d < $1, Pealted) € D(A?T)). Once this is done the
proof of [7] carries over directly to this case except that we need to show that p. 4(t.q4) > 0.

So firstly we consider equation (6.8) as an equation in L"(£2) and suppose that ¢; € C([0, a;] x
[0, s1]; D(Aij)). Exactly as in [7] it can be proved, for —co < ¢ < a;, —00 < d < 1, that if

pi,c,d@c,d) € D<Agr)7 (71)

then p; cq(t) € C([teq, 00); D(AS,)).

Thus we have only to show that p; c.q(t.a) € D(A7,).

If 0 <c¢<ay,0<d< s this is immediate, as p; . 4(0) = ¢;(c, d), so in this case (7.1) holds
and hence p; . 4(t) € D(Af,) fort > 0.

Ifd <0andd < ¢ < a; then by (6.10) p;.a(t) = 0 € D(Af,), fort > —d.

Suppose now —e < ¢ < Oand ¢ < d < s7. Then

al S1
ﬁi,c,d(tc,d> = / / 91(&, §, d — C)pz(&, §, —C) d<§ dd —+
€ Ow‘ 1 o o
— / / Qi_l(d7 §, d— C)pi_l(d, §7 —C) dsda.
L= Je o

But p;(a, 3, —¢) = Pjatesre(—c). Nowifa > €, a+c > 0soif s +c¢ > 0, p;(a, s, —c) € D(AF,)
from the first case above. On the other hand if 5 + ¢ < 0 then p;(a, 3, —c) = 0 € D(AY,) from the
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second case above. Thus, as D(AJO-"T) is independent of j, (7.1) again holds, so that combining the
various cases, if —¢ < ¢ < 0, then

Pica(t) € D(AT,) for t > t.q4. (7.2)

We can now use this to show that if —2¢ < ¢ < —e and ¢ < d < sy, then (7.1) holds. So again by
combining the different cases we see that (7.2) holds if —2¢ < ¢ < —e. Continue by induction.

Now as in [7] it follows that for any 1 < § < a < 1, p; c.a(t) € C([tea,00); W27 (Q)). If we
take r > 3 then for 23 > 1, W27 (Q) — C(Q) so for any T > ¢4,

ﬁi,c,d(t) < C([tc’d,T] X Q) (73)

Theorem 9. Suppose that hypotheses H(3..1), H(4..1), H(4..2), H(5..1), H(6..2), H(6..3), H(7..1)
and H(7..2) are satisfied, that 1 < o < 1, and | fo, mo, wo, ¢|' € D(Ay) x L'(Q)? x X,. Then the
solutions of (4.4), with ; = 0, are positive.

Proof. Assume first that for some r > 3, ¢ € C([0, a1] x [0, s1]; D(Af;,)). The proof follows that
of Theorem 9 in [7]. It is easy to see from that proof that for any —oo < ¢ < a; and —oo < d < 54

ﬁi,c,d(t:,d) 2 0 (74)

implies that p; . 4(t) > 0 for ¢ > t.4. From this the positivity of p follows easily. Thus we have
only to prove (7.4). But this follows from ¢ > 0 using exactly the same iterative argument as
above.

We now extend the result to positive ¢ € L ((0,a1) x (0, s1); D(A®)). We have

Cy([0,a1] x [0,51); D(AZ))) <> LL((0,a1) x (0,51); D(AZ,))
L LL((0,1) x (0,81); D(A%)),

where ‘<% / denotes a dense continuous embedding, see [2]. Let p(t) be the solution with initial
data ¢ € L ((0,a1) x (0,51); D(A%)). Then there exist ¢(m) € C.([0,a;] x [0, s1]; D(AF,)))
such that ||A%(¢(m) — ¢)||xn+1 — 0 as m — oo. Let p(m)(t) be the solution with initial data
¢(m). Then by continuous dependence on the initial data, for any T > 0, sup;c( 7y || A% (p(m)(t) —
p(®)||xn+1 — 0 as m — oo, and hence sup;c(o 7y |[p(m) () — p(t)|[xn+1 — 0 as m — oco. Thus
for any ¢ > 0 there exists a subsequence p(m,.)(z, a, s,t) — p(x,a,s,t), a.e.asr — ocosop >0
as required. [

8. Positivity in the case where there is quiescence

Using a minor adaptation of our previous results, it is easy to see that, for ¢ € X, the system of
equations

p(t) = St — o) + / S(t — F)K(f(7), A%(7)) d, 8.1)
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has a unique solution p € C([o, 00); X, ). The solution is positive if ¢ € X, + =

7 oL ((0,a1)x(0, s1); D(A$)). Thus the solutions generate a positive evolution system U (¢, ) :
Xo — Xgo,suchthat forallt > o > 7 > 0,and all ¢ € X, U(t,0)U(o,7)p = U(t,7)p. We
can adapt Lemma 1.1 of [21] to show that for v > @ and large enough there exists m, > 0,
independent of o, such that for all ¢ € X,

1U(t,0)8llx. < mae? |6l x..
Thus there is continuous dependence on the initial data and (¢, 0) — U(t, )¢ is continuous.

Lemma 10. Take h € C(]0,00); X,). Then p satisfies

B(t) = S(1)6 + / S(t — (K (F(7), (7)) + h()) d? 8.2)

if and only if )
p(t) =U(t,0)¢p —I—/ U(t, 7)h(7)d7. (8.3)
0

Proof. Note that p(t) = U(t, 0)¢ satisfies (8.1).
Suppose first that p satisfies (8.2). We show that if

w(t) = U(t,0)¢ + /0 Ul(t,5)h(6) dé,

then w satisfies (8.2) so that, by uniqueness of solutions, w = p as required. The converse is then
immediate. But

t

w(t) = S(t)p +/O S(t—o)K(f(0), A%U(0,0)¢)do

+/0 S(t—&)h(&)d&+/0 / S(t — 6)K(f(6), A°U(6,7)h(7)) dé d7

=S(t)o + /0 S(t —o)h(c)do

+/0 S(t— 0){K(f(0), AU (0,0)¢ + /00 K(f(o), A%U(o,7)h(T)) d%} do
=S(t)p+ /0 S(t —o)h(o)do + /0 St —o)K(f(0), A%w(0))do,
so w satisfies (8.2) and the result is proved. ]

‘We now assume that
H(8..1) (a) ¢ > 0, > 05 (b) fo >0, mg > 0, wy > 0.
H(8..2) (a) 7;, 0;, v; are all independent of x; (b) o; > 0,7, > 0
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H(®8..3) pm = 0, B, 2 0

Suppose that H(8..2)(a) holds and { € D(A®). Thus, if 7 is the matrix with 7; on the diagonal
and zero elsewhere, 7q € C(]0, 00); X,,), and

p(t) = U(t,0)6 + /0 t U(t,6)7(w(5), N(6))q(5) dé. (8.4)

It now follows that as U(t, o)¢ satisfies (6.15) and (6.16), for ¢ > 0, p also satisfies (6.15) and
(6.16). That is p satisfies the boundary conditions (2.6) and (2.7) (for ¢ > 0).

Theorem 11. Suppose that hypotheses H(3..1), H(4..1), H(4..2), H(5..1), H(6..2), H(6..3), H(7..2),
H(8..1)(a) and H(8..2) are satisfied, that% < a < land[fo,mo,wo, ¢, C]" € D(A;)x L' (Q2)*x X2.
Then the solutions of (4.4)—(4.5) are positive. If in addition H(8..1)(b) and H(8..3) also hold then
solutions of (4.1)—(4.3) are also positive.

Proof. We set up an iteration

po(t> = U(t70)¢

t

0 = o= [ W) NE) + (). V@) dig

PO = U0+ [ V). N )

@0) = e [ (4w NE) + (0. N ) 476

+/ eXp—/ (vi(w(7), N (7)) + 7i(w(7), N(7))) d7 o3(w(6))pi"~(5) b
0 &

Then p° € C([0,00); X,), p® > 0 and ¢° € C([0,00); X,) and ¢° > 0, so by induction
p™ € C([0,00); Xao), pP™ > 0 and ¢™ € C([0,00); X,), ¢ > 0. But by the usual conver-

gence arguments p™ — p, and ¢™ — ¢. Hence, as in Theorem 9, p > 0 and ¢ > 0. That f, m and
w are also positive now follows as in [7], Theorem 9. []

9. Growth bound when there is no quiescence

When there is no quiescence we can obtain a growth bound using a similar method to that used in

[7].

Theorem 12. Suppose that there is no quiescence, that hypotheses H(3..1), H(4..1), H(4..2),
H(5..1), H(6..1), H(6..2), H(6..3), H(7..1) and H(7..2) hold and 1; + o; > 0 for all i. Then

Ipi(t)||x < ci(@))e® =), 9.1)
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Further, fort > o > 0,
U (t,0) | xn1 < MePn=E|g|| ynin, 9.2)
where c;(¢") and M are as in Lemma 1.

Proof. Using the same argument as in [7] we see that from (6.8),

/ﬁz’,c,d(t) do < €_w(t_tc’d)/ﬁi,c,d(tc,d) dz.
Q Q
Sothatif 0 <t <agand 0 <t < s

pi(a, s,t)[[n < e™![gs(a —t, s —t)||1,
whileif 0 <a<tand0 <a <s

pi(a, s, t)[1 < e |pi(0,s —a,t —a)||:.

Set k;(t) = [, |Ipi(0, s,t)||1 ds. Then

t
()l x < e ||l x +/ e “ki(t —a)da
0

and hence .
bl < ol + [ ehifa) da ©3)

Now from (6.15)

Vi

- ¢i—1

so using (9.3) k; satisfies the same equation (3.20) as g;. Thus as in Lemma 1 k;(t) < @ici(qbi)e(é -
so the result follows from (9.3).
If 0 = 0 then (9.2) follows immediately. Otherwise the estimates above can be adapted. [

ki) < Gie||pi(t)]|x + Oia e“!pim1 ()| x,

10. Regularity and growth bound when there is quiescence

In this section we assume that a; and s; are both infinite. Our previous results all hold as before
provided we change hypothesis H(3..1) to (see [23])

H(3..1") 0; € C([0, 00) x [0, o0) x [0, c0); RT), and there exists @ > 0 and § > 0 such that
0;(a,8,s) =0fora < aands < §,s. If

0, = sup / 0;(a, s, s)ds,

a€[0,00),5€[0,00) JO
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then 0; is strictly increasing with i.
We will assume that
H(10..1) w;, 0y, 7, v; are independent of a and s.

First we consider an equation for P; and ();. Write

:/Oo/mgzﬁ(a,s)dads, Z:/OOO/OOOC(a,sNadS

/ / / ( (@,3,s pzd§t)—|—1ipzwj 0;_1(a, 8, 8)p;_ (ast)) dsdads.
(10.1)
Note that
Ml < PO+ 25— Bl P () (10.2)
For convenience we will write
Li(pi(t), qi(t)) =
—Gi(f(t), Afpi(t)) — (a(w(t), N(t)) + ou(w(t), N(t))pi(t) + ms(w(t), N(t))ai(t),

and L'(p'(t), ' (t)) = [Lo(po(t), qo(t)), - - -, Li(pi(t), ¢i(t))]"; and similarly for L;(P;(t), Qi(t)).
Theorem 13. Suppose that hypotheses H(3..1'), H(4..1), H(4 2), H(5..1) and H(10..1) hold, and
[ fo, mo, wo, ¢, C]" € D(Ay) x L' () x X, x X" where < a < 1. Then P;, Q; satisfy

RO -T2+ Tt = A (LiPR), Qu(F)) + L)) d (10.3)
Qut) = exp - / (wa(w(7), N(3)) + mw(7), N())) d7 Z, + (10.4)
/ exp— / vi(w(#), N()) + m(w(7), N(7))) 47 03(w(3), N(6)) PA(6) 6.

and these equations with (4.1)—(4.3) have a unique classical solution [f, m,w, P,Q|" in the sense

that:
f,m,w satisfy (6.18)—(6.21) (with 1, depending also on P and (), and (2.10)
P, Qi € C([0,00); LN(Q)) N CY((0,00); L'(Q)), and for t > 0 P,(t) € D(A;), and P; and Q;

satisfy
Lp) = BARM) —wRH) V- (

(piz, w(t), N(t) + os(w(t),
%Qi(t) = —y(w(t), N#)Qs(t) + os(w(t), N(t))Pi(t) — m:(w(t),
P(0) = ® and Q(0) =

P(t)Vf(t)) —
N(1)))Fi(t) + mi(w(t), N(t))Qi(t) + Li(t)X10.5)
N()Qi(t),  (10.6)
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Proof. To show that (10.3) holds, we note first that from (4.4) and (3.12)

Lo = [~ ()09 + [ (St — DLW, )0, 9) i) ds.

Also, using (3.8) and (3.10),

[ [ [0 07 dnas
/ t_T/ / (#)))(a, s) dads d7
// / Si(t —o —a)L'(p'(0),4'(0)))(0, 8 — a) dsdado

- / Ti(t — )L PA(7), Qu(7)) d?

+/0tTi(t -7 /OOO /:<Si(f — )L (p'(0), 4(0)))(0,6) dordir d7.

Thus, integrating (4.4) with respect to a and s we get
PO = e+ [ Tt LRE. Q) +
/000 ((Si(%)gbi)(()a s) + /07(51'(% — o)L (p'(0),q'(0)))(0, s) da) ds) dz,

and (10.3) follows immediately. (10.4) is trivial.

That f is a classical solution of (4.1) follows as in Theorem 8. Also, in the same way as before,
forany T > 0, Q; € C'([0,T]; L'(Q)), so that Q; is Lipschitz continuous on [0, 7] and is a
classical solution of (10.4). Also w(t) is locally Holder continuous. Operate on (10.3) with A% to
get an equation for V;,

Vi) = o+ | " ATt — ) (Li(A=Vi(R), Q7)) + (7)) 47,

Foreachi, V;, P, Q; € C([0,00); L'(Q)) so, using Lemma 2, L;(A;*V;, Q;) + I,

€ C([0,00); L'(Q2)). Thus as in [13] Theorem 6.3.1 V; (and hence also P;) is locally Holder
continuous. Thus L;(A; “V;, Q;) + I; is locally Holder continuous and P is a classical solution of
(10.3). That m and w are classical solution of (4.2) and (4.3) follows from the Holder continuity

Offa w, -Pia Qz O

Remark . Thus, when a; and s; are infinite and the coefficients are independent of a and s, P;(t)
is locally Holder continuous so, as also @;(t) is Lipschitz continuous, Proposition 7 and Theorems
8,9, and 10 now all hold without hypothesis H(6..3).
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We now look at growth bounds on P(t) 4+ (Q)(¢). The bounds depend on the relative magnitudes
of the various coefficients and we only give an example of such a result. We use equations (10.5)
and (10.6). The advantage of doing this is that when we add these equations the terms involving
o; and 7; cancel. We consider the case where P and () are positive. Set

v; = max{f; — w — inf y; , — inf 5},

and assume
H(10..2) v; 1s strictly increasing with 7.
Theorem 14. Suppose that hypotheses H(3..1'), H(4..1), H(4..2), H(5..1), H(7..2), H(8..1)(a),
H(8..2), H(10..1) and H(10..2) are satisfied, that% < a < 1, and [fo,mo, wo, ¢, ¢]" € D(Ay) x
LY (2)? x X2 Then o

1P5(t) + Qi(t)[[1 < di(¢" + (")e™, i >0, (10.7)
where dy(¢°) = ||¢o||x and fori > 1,

i—1 5
(A — ) i—1 %‘93‘ }
di(¢") ||¢Z||X+kEZOI{Hj:m_%)(%_m 9L

Proof. Note first that p > 0 and ¢ > 0. We integrate equations (10.5) and (10.6) over €2 and add to
get

d = . . 01t
IO + Qi) < (9i—w—1nfﬂi)||Pi(t)II1—(lnfvi)l|Qi(t)II1+1_1—w_1||1%—1(t)||1
011
< Uz‘HPi(t)Jer‘(t)HlJr1_—%||13i—1(t)||1'
Thus
—v,t ! —(vi—v; )aéi—1¢i—1 —v;_10
e Pz‘(f)JrQi(t)HlSH¢z‘+Cz'Hx+/ e T ———e | Py (0) + Qi—1(0) |1 do,
0 — Pi—1
and the result follows by induction (c.f. Lemma 1). L]

11. Numerical Examples

We illustrate the theoretical results above with numerical examples. The parameters for the exam-
ples are chosen for illustrative purposes. For simplicity we consider a 1-dimensional spatial region
2 = (0, 10) and we do not include the size variable s nor quiescent cells. We consider a population
of two tumor cell phenotypes po(z, a,t) and p;(x, a,t) with age range a € [0, 4].

Example 1. In this example there is no haptotaxis present (xo, = 0.0, x; = 0.0). The parameters
for the extracellular matrix density MM are 6 = 0.0, wy = 0.0, and the degradation coefficient is

Ar(z,m,w, P)=0.5 /\S(x)/o Ko(z, 2)A (m(2))di
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with € = 1.0 and ¢ = 0.1. Here \?(z) is the regularization with respect to Neumann boundary
conditions satisfying \°(z) = 1 on [¢, 10 — €], A\%(z) is the 4" degree polynomial on [0, €], which
is 0 at 0, 1 at ¢, has 1°¢ derivative 0 at 0, and has 1! and 2"¢ derivative 0 at ¢, and \°(z) is the 4"
degree polynomial on [10 — €, 10], which is 0 at 10, 1 at 10 — ¢, has 15t derivative 0 at 10, and has
15t and 2"¢ derivative 0 at 10 — €. Also, A\}(z) = 2/(1.0 + .012) and &, (z, 2) is the regularization
with respect to spatial derivatives given by the normal probability distribution

1 (@—i)®

Ko(T,2) = 27me 207 .

The parameters for the matrix degradation enzyme MDE concentration are ¢,, = .01, w,, =
1.0, and p,,(z, P) = 1.0. The parameters for the oxygen concentration are 6,, = .01, w,, = 0.0,
Bw(z, f) = 5.0, and p,(z,w, P) = 1.0 + 2% The parameters for the py phenotype are
do = .05, w = 0.0, xo = 0.0, po(z,a,w, P) = fy(a) + max{0.0,1.0 — } with division

modulus

1.0uJ)rw
0.0,a<20o0ra>4.0

50( ) = —2.0(a—2.0)
7.0(a — 2.0)(4.0 — a)e +0.1, 2.0 < a < 4.0,

and ¥y = 0.001. The parameters for the p; phenotype are §; = .05, w = 0.0, x; = 0.0,

p (2, a,w, N) = Bi(a) + max{0.0,1.0 — 155} with division modulus

8i(a) 0.0,a<1bo0ra>40
a) =
' 6.0(a — 1.5)(4.0 — a)e 2019 £ 0.1, 1.5 < a < 4.0,

and v; = 0.001 (see Fig. 1).

B0 (a) B1(a)

-
h .

LR aN
o

-
LR aN

Figure 1: The division moduli 3y(a) and (3;(a) for the phenotypes py and p;. The average division
cycle time (2.27) of phenotype p; is shorter than the average division cycle time (2.54) of py.

The initial values are f(z,0) = 0.05 cos(0.12%) + .3, m(z,0) = 7o(x)i(x), c(z,0) =
4.0f(z,0), po(z, a,0) = &(a)no(x), pi(z,a,0) = & (a)ni(z) (see Fig. 2), with {y(a) = 2.0e™%,

0.0,00<z<35
. 10.0a(1.0 —a), 00<a<1.0 5 )
1(a) = no(z) = ¢ 10.0(x — 3.5)*(4.5 — x)?, 35 <x < 4.5
0.0, a>1.0

0.0, x> 4.5,
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0.0, 0.0 <z < 6.0
M (x) = { 5.0(x — 6.0)%(7.0 — )2, 6.0 <z < 7.0
0.0, = > 7.0.

pO (x,a,0) pl(x,a,0)

Figure 2: The spatial and age initial distributions of the phenotypes py and p;. At time 0, py consists
of a larger number of cells located in the left side of the spatial domain and distributed through an
extended range of cell ages, and p; consists of a smaller number of newly divided cells located on
the right side of the spatial domain.

The simulation is shown in Fig. 3 (the space-age density plots at ¢ = 0.0,1.5,3.0,4.5,6.0),
Fig. 4 (the graphs of Py(z,t) and P;(z,t)), and Fig. 5 (the graphs of the total populations Py (t) =
Jo J5 " po(, a, t)dadz, and Py(t) = [, [ p1(2, a,t)dadz). Both phenotype populations would
ultimately extinguish as they degrade the extracellular matrix and exhaust the oxygen supply it
produces. The spatial movement of the phenotype populations is due only to the random motility
of cells.

Example 2. This example has the same parameters and initial values as Example 1 except that the
haptotaxis parameters are y, = 0.8 for pg and y; = 1.0 for p;. The phenotype p; thus possesses not
only a shorter cell cycle contrasted with phenotype p, but a greater ability to move toward regions
of extracellular matrix concentration, where there is a greater supply of oxygen. The advantage is
demonstrated in a greater level of growth for phenotype p;. The simulation is shown in Fig. 6, 7,
and 8. The spatial movement of the phenotype cell populations is due to both random motility and
haptotaxis.
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t=1.5 t=4.5" t=6
4 4 4
3 3 3
2 2 2
1 1 1
0 I 0 i 0 i
0246 810 0246 810 0246 810 0246 810
t=1.5" t=3."
4 4
3 3
2 2
1 1

0246810 02463810

Figure 3: The space and age distributions of the phenotypes py (top) and p; (bottom) at times
t = 0.0,1.5,3.0,4.5,6.0. The initial age synchronization of phenotype p; (with mostly newly
divided cells) is dispersed over approximately 3 division cycles, and gradually resembles the age
distribution of the unsynchronized phenotype py. The spatial distribution of both phenotypes is
dispersed due to the random motility of cells.

12. Concluding Remarks

The model (2.1)—(2.10) incorporates many features of the complex biological processes involved
in tumor growth, including individual cell growth and division, availability of essential nutrients
such as oxygen, environmental influences such as extracellular macromolecules, transition to and
from quiescence, and mutation to proliferatively advantaged cell phenotypes. The nonlinear partial
differential equations describing these complex elements present many mathematical difficulties,
particularly the terms describing the directed movement of cells in haptotaxis. We have developed
a rigorous mathematical foundation for this model, and proved the global existence, uniqueness,
positivity, continuous dependence, and regularity of solutions and obtained growth bounds. We
have also provided a numerical example of the model in a special case to illustrate the importance
of haptotaxis and phenotype mutation as contributing factors to tumor growth in spatial contexts.
The full model (1)-(10) presents many challenges computationally, especially in 3-dimensional
regions, with large numbers of phenotypes, and with realistic mutation rates. Further investigation
is required to validate the model with scientifically supported parameters and establish its capacity
to predict the evolution of a tumor.
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t =0.0,1.5,3.0,4.5,6.0 with haptotaxis. The spatial distribution of both phenotypes is dispersed
more over time than in Example 1.
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