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Abstract. Let L be a nonsymmetric second order uniformly elliptic operator with general Wentzell
boundary conditions. We show that a suitable version of L generates a quasicontractive semigroup
on an LP space that incorporates both the underlying domain and its boundary. This extends the
earlier work of the authors on the symmetric case.
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1. Introduction

In his study of the diffusion limit of the celebrated Wright-Fisher genetic model, W. Feller [4]
showed that the limit of the corresponding n-state Markov chain was governed by a Markov process
governed by the positive contraction (Cy) semigroup on C[0, 1] with generator A defined by

Au(z) = z(1 — z)u" (), rel0,1], "= %,
D(A) ={u e C[0,1]: Au € C[0,1], lim Au(z)=0 for j=0,1}.

r—]

Boundary conditions such as the one above (i.e. Au = 0 on the boundary) were later introduced
by A. D. Wentzell [10].
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Now, let

N
0 ou
Lu = Z a—%(aija—xj),

i.j=1

where z € €2, a C* bounded domain in RY, (a;j(z)) is a uniformly positive definite real symmetric
matrix in C'*(), and the modulus of ellipticity is o > 0:

N
Z aij(€)&:&; > o€’
ij=1

for all z € Q and all ¢ € RY. The conormal derivative of u with respect to L at z € 9 is
otu Ju
T 2 ol

where v = (v1,...,vy) is the unit outer normal to OS2 at . Of course, g—f’ reduces to the usual

normal derivative a% when L is the Laplacian A. The general Wentzell boundary condition for this
problem is
ot
a(x)Lu + ﬁ(m)a— +y(x)u =0, x € 01,
v

where o, 3,7 € C1(0R), a > 0 and 3 > 0. Without loss of generality we may take o = 1. Let A
denote the operator L with this boundary condition. Problems involving A were studied on C(€)
but not on LP(£2), p < oo, because A is never quasi-dissipative on these L? spaces. (For semigroup
background, see [1], [5].)

Beginning in [3] in 2002, we developed an L” theory for problems involving A. We showed,
among other things, that the closure A, of a suitable realization of A generates a (Cj) quasi-

contractive semigroup on

as

X, = LP(Q,dx) & LP(09, 7) = LP(Q, )
where ”
uE) = [ xe@rdot [ o) 5

for 2 a Borel set and d.S denotes the usual surface measure on 0€2; here 1 < p < co. We view X,
as the closure of C'(€2) in the X, norm for p finite; and we define X,, = C(Q). The generation
result mentioned above holds on X, for 1 < p < oo. Analyticity and other results hold as well;
see [2] for the most recent results. We note that A, is self-adjoint and bounded above (by ||7_||)
on Xs.

The purpose of this paper is to present an analogue of the above result in the nonsymmetric

case. We shall treat the uniformly elliptic case.
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2. The main results

As before, let Q@ CC RY be a C? domain, A = (a;;) a C1(Q) real symmetric N x N matrix
function on , and 3, real functions in C*(992) with 8 > 0. Letb € C'(Q,R"Y) and ¢ €
C (2, R). Suppose

N
Z 5@5] 2 040’5‘2

for some ap > 0 and all (7,&) € Q x RV, Let

Ju Y ou
Mu—z; 3. (aij5 )—f—;bia—xi—l—cu (2.1)
with boundary condition
aL
Mu + ﬁa—u Yyu=0, on 89 2.2)
v

where L is the symmetric version of M corresponding to replacing each of b, ¢ by zero. Let
Dy ={uecC?*Q): (2.2) holds},
and let Ay be the restriction of L to D,. Let

Xy, = L*(Q,dx) @ L*(09, %)

Then, for all u € Dyand all v € C’l(ﬁ),

< Aou,v >X2—/(Mu)ﬂd:c+/ (Mu)@ﬁ
Q ) B

N
ou Ov oru__dS
_/S)Zaijgaxid:c—l—/m(]\/[u—l—ﬁ— v— /Z axz+cuvdx
i,j=1 J

by the divergence theorem

ou Ov N ou
/Za”8$]8x, —/ yuv——l—/Q; e + cu)vdx

by (2.2). In particular, for u € Dy,

5dS
Re < Apu,u > x,< —aO/ |Vul? dx —/ v|ul? 5 (2.3)
Q 20

—l—Re/(b-Vu)ﬂ dx+/c|u|2dx.
Q Q
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To see why this holds, let r = Reu, s = Imu. Then Vu = Vr 4+ ¢Vs and

Ou Ju or . 0s.  Or . 0s
Re 8_3’;]8_% = Re (ax] + @axj (aﬂ?k - Zaxk) =TTy, + Su;Says
whence, using obvious notation,
N ou o
2 Yoy, 0, (AVu) - Vi = (AVr) - Vr + (AVs) - Vs > ag|Vr|? + ag|Vs]* = ao|Vul?,
ij=1 J YL
and (2.3) follows.

Next, by the Cauchy-Schwarz inequality, denoting by

IVl = / Vulde
we have
. 1
Re / (b Vuyde < [l Tull szl ) < Dllotell ey + -l

for any € > 0. Consequently,
Re < Agu,u >x,< (—ag + eHbHOO)HVuH%g(Q)

161l o0 Qg
Hllv=lloo 1l o0y, a5y + e lloo lluellza@) + = Nullzzi) < =5 IVullzag) + Fllulx,

provided € > 0 is chosen so that

%)
ellblloe < 3

and thus

15lloc
k= lv-lloo + lleg lloo + 1
€

Here w, (resp. w_) is the positive (resp. negative) part of w. Thus A is quasi-dissipative on X5.
The fact that Ay — Al has dense range for all sufficiently large real A follows from an application
of the Lax-Milgram Lemma as in [3]. Of course in [3] the Lax-Milgram Lemma for symmetric
sesquilinear forms was used; now we appeal to the nonsymmetric form (cf. [6], [7], [8], [9]). This
completes the proof that A,, the Xs-closure of A, is quasi-m-dissipative. It generates a positive
semigroup since (A — Ay)~1is a positive operator for large A > 0. (See [1], [5].)

The extension to X,,, for 1 < p < oo, follows the method used in [3], as does the extension to
the limiting cases of p = 1, p = oco. Since no new ideas are necessary we omit the details. The
following summarizes what we have just proved.
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Theorem 1. Let Q2 be a bounded C* domain in RY, let (a;;(x)) be a real N x N symmetric
uniformly positive definite matrix for x € ), which is a C* function of v € Q). Let

be CYQ,RYN), ceC(QRN),
677601<897R)7 6>0

Define M and Dy by (2.1)-(2.2) and let A be the restriction of M to D,. Let

X, = LP(Q,dx) @LW@Q,%), 1 <p<oo,

and X, = C(2); and let A, be the X ,-closure of A.
Then A, is quasi-m-dissipative and generates a strongly continuous positive semigroup on X,
for1 < p < oo

This semigroup is analytic, but we defer a precise statement of results of this type to a later
paper.
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