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Abstract. Intra-specific competition in population dynamics can be described by integro-differen-
tial equations where the integral term corresponds to nonlocal consumption of resources by in-
dividuals of the same population. Already the single integro-differential equation can show the
emergence of nonhomogeneous in space stationary structures and can be used to model the pro-
cess of speciation, in particular, the emergence of biological species during evolution [6], [7]. On
the other hand, competition of two different species represents a well known and well studied
model in population dynamics. In this work we study how the intra-specific competition can influ-
ence the competition between species. We will prove the existence of travelling waves for the case
where the support of the kernel of the integral is sufficiently narrow. Numerical simulations will
be carried out in the case of large supports.
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1. Models in population dynamics with intra-specific competi-
tion

Importance of intra-specific competition for various questions in population dynamics is accepted
already long time ago due to Darwin’s famous book on the origin of species. One of the simplest
models taking into account intra-specific competition is given by the integro-differential equation

∂u

∂t
= d

∂2u

∂x2
+ ku

(
1−

∫ ∞

−∞
ϕ(x− y)u(y, t)dy

)
. (1.1)
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Here u is the density of a population, the first term in the right-hand side describes displacement
of the individuals either in the physical space or in the morphological space. In the latter case, x
corresponds to some morphological characteristics, for example, the weight of some animals, their
height, or some other metrical characterisics. The second term in the right-hand side describes
the reproduction of the population which is proportional to its density and to available resources,
the expression in the brackets. If ϕ(y) is the Dirac δ-function, then the integral becomes equal to
u(x, t), and we obtain one of the classical models in population dynamics, the reaction-diffusion
equation

∂u

∂t
= d

∂2u

∂x2
+ F (u), (1.2)

where F (u) = ku(1− u). If ϕ(y) has a finite support, then the integral describes the consumption
of resources at the space point x by the individuals located at the space point y. Thus, we deal with
nonlocal consumption of resources or, in the other words, with the intra-specific competition, that
is the competition of individuals of the same species for resources.

Reaction-diffusion equation (1.2) was first studied in the context of population dynamics by
Fisher [5] and Kolmogorov, Petrovskii, Piskunov [9], and then in a big number of works for various
nonlinearities F (u) (see [13] and the references therein). The main results concern the existence
and stability of travelling waves, that is solutions of the form u(x, t) = w(x − ct), where c is the
wave speed.

Figure 1: Emergence of new species: level lines of the density in the bistable case.

The wave existence can be proved if the support of ϕ is sufficiently narrow. For the monostable
case (1.1) it can be done by constructing some approximating sequences (see [4] and the references
therein). In the bistable case,

∂u

∂t
= d

∂2u

∂x2
+ ku2

(
1−

∫ ∞

−∞
ϕ(x− y)u(y, t)dy

)
− bu, (1.3)
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which describes bisexual reproduction, it is proved in our previous work [1] by the implicit function
theorem.

In both cases the waves have the limits u = 0 and u = 1 at infinity. If the support of ϕ
becomes sufficiently large, then the homogeneous in space solution u = 1 loses its stability, and
a periodic in space stationary solution emerges [6], [7], [8]. It is possible that the wave with the
limit u(−∞) = 1 still exists but becomes unstable. Numerical simulations show propagation of
periodic waves. An example of such simulations is shown in Figure 1 ([1]). It represents level lines
of the solution u(x, t) of equation (1.3). The horizontal axis is the x-variable, the vertical axis is
time. The initial condition is localized in a narrow interval near x = 200. We see that a periodic
in space structure emerges at the center of the interval and propagates to the left and to the right in
the form of periodic travelling waves.

There are various biological interpretations of these results. One of the most interesting is
related to the evolution of biological species. If we consider the space variable x as a morphological
parameter, then the individuals that have approximately the same value of this parameter can be
interpreted as a biological species, while two populations separated in the morphological space
correspond to two different species. In the simulations shown in Figure 1, initially we have a
unique species with approximately the same value of the morphological parameter. After some
time, it splits into two subpopulations or two different species. Some time later, new species appear
and so on until the whole morphological space is completely filled. These results correspond to
Darwin’s description of the emergence of biological species in the process of evolution. In our
modelling, it is based on three properties: random mutations (diffusion), intra-specific competition
(integral), self-reproduction with the same phenotype (nonlinear term). It is interesting to note that
the process of speciation can be modelled in a similar way for many other applications including
the production of consumer goods or specialization in art and in science.

Thus, intra-specific competition can result in the emergence of new biological species. The new
species continue to compete for resources in both ways, intra-specifically and between the species.
Competition of species is a classical problem in population dynamics which can be described in
the simplest case by the reaction-diffusion system:

∂u

∂t
= d1

∂2u

∂x2
+ F (u, v), (1.4)

∂v

∂t
= d2

∂2v

∂x2
+ G(u, v), (1.5)

where

F (u, v) = k1u(1− a1u− b1v)− p1u, G(u, v) = k2v(1− a2u− b2v)− p2v. (1.6)

For each function F and G, the first expression in the right-hand side describes natality, which is
proportional to the density of the population and to available resources (expression in the brackets),
the second term describes mortality. Depending on the parameters, there are two basic situations:
coexistence of the two species and disappearance of one species while another one spreads and
occupies the whole space. The ordinary differential system of equations

du

dt
= F (u, v),

dv

dt
= G(u, v) (1.7)
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can have four stationary points:

P0 = (0, 0), P1 =

(
k1 − p1

k1a1

, 0

)
P2 =

(
0,

k2 − p2

k2b2

)
, P4 = (a∗, b∗),

where (a∗, b∗) is a solution of the system

a1u + b1v = 1− p1

k1

, a2u + b2v = 1− p2

k2

if such solution exists and if it is non-negative. We will suppose that a∗ and b∗ are strictly positive.
If the point P4 is stable with respect to system (1.7), then this is the case of co-existence

of species. Solution of reaction-diffusion system (1.4), (1.5) considered on the whole axis with
properly chosen initial conditions converges to P4 on every bounded space interval. If this point is
instable, then the points P1 and P2 are stable. In this case there exists a travelling wave solution
u(x, t) = w1(x − ct), v(x, t) = w2(x − ct) of this system with the limits P1 and P2 at infinity. If
the speed c of this wave is different from zero, then one of the two species invades the whole space,
while another one disappears. If c = 0, then the species co-exist but they are separated in space
except for some transition zone.

In this work we study how intra-specific competition can influence the competition between
two different species. In order to take into account intra-specific competition we replace F and G
in (1.4), (1.5) by the expressions

F := k1u
m

(
1− a1

∫ ∞

−∞
ϕ(x− y)u(y, t)dy − b1

∫ ∞

−∞
ϕ(x− y)v(y, t)dy

)
− p1u,

G := k2v
m

(
1− a2

∫ ∞

−∞
ϕ(x− y)u(y, t)dy − b2

∫ ∞

−∞
ϕ(x− y)v(y, t)dy

)
− p2v.

In the case where the function ϕ has a sufficiently narrow support, we will study the existence of
travelling waves connecting stable stationary points P1 and P2 (Section 3). If we replace formally ϕ
by the Dirac δ-function, we obtain the reaction-diffusion system (1.4), (1.5) for which the existence
of waves is known. Therefore, we can expect that they also exist for functions ϕ with narrow
supports. In order to prove this result, we need to study properties of the corresponding integro-
differential operators (Section 2).

In Section 4 we discuss the result of numerical simulations both for narrow and large support of
ϕ. In the former case the behavior of solutions is similar to that for the reaction-diffusion system.
In the latter, the homogeneous in space solutions can lose their stability. Instead of the usual
travelling waves, we will observe propagation of periodic waves. Some biological interpretations
of the results are discussed in Section 5.
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2. Properties of integro-differential operators
We are concerned with the system of integro-differential equations





∂u1

∂t
= α1

∂2u1

∂x2
+ F1 (u1, ..., un, ϕ11 ∗ u1, ..., ϕ1n ∗ un)

............................................
∂un

∂t
= αn

∂2un

∂x2
+ Fn (u1, ..., un, ϕn1 ∗ u1, ..., ϕnn ∗ un)

, (2.1)

where αi > 0, i = 1, ..., n are given constants, ϕij, i, j = 1, ..., n are functions from L1 (R),
such that

∫∞
−∞ ϕij (y) dy = 1, and F1, ..., Fn : R2n → R are given functions with some specific

properties. By ϕij ∗ uj we mean the convolution product

(ϕij ∗ uj) (x) =

∫ ∞

−∞
ϕij (x− y) uj (y) dy.

Let u = (u1, ..., un)T , F = (F1, ..., Fn)T , where the superscript T denotes the transposed vector.
Assume that F ∈ C1 (R2n,Rn) .

Observe that if the functions ϕij have bounded supports [−Nij, Nij] with Nij → 0, then the
above system of integro-differential equations becomes in the limit, at least formally, the reaction-
diffusion system

∂ui

∂t
= αi

∂2ui

∂x2
+ Fi (u, u) , i = 1, ..., n.

Travelling wave solutions of system (2.1) are solutions of the form u (x, t) = w (x− ct) ,
where c is the wave speed. If w = (w1, ..., wn)T , then ui (x, t) = wi (x− ct) , i = 1, ..., n and the
functions wi satisfy the equations

αiw
′′
i + cw′

i + Fi (w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) = 0, i = 1, ..., n. (2.2)

Let Ai : (C2+α (R))
n → Cα (R) , i = 1, ..., n, be the operator corresponding to the left-hand

side of (2.2) , that is

Aiu = αiu
′′
i + cu′i + Fi (u1, ..., un, ϕi1 ∗ u1, ..., ϕin ∗ un) , i = 1, ..., n (2.3)

and A : (C2+α (R))
n → (Cα (R))n be given by Au = (A1u, ..., Anu) . Denote by B the diagonal

matrix with the elements αi, i = 1, ..., n at the principal diagonal and by Φ ∗ u the matrix

Φ ∗ u =




ϕ11 ∗ u1 ... ϕ1n ∗ un

... ... ...
ϕn1 ∗ u1 ... ϕnn ∗ un


 . (2.4)

Then Au = Bu′′ + cu′ + F (u, Φ ∗ u) .
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The linearization of Ai about a function w ∈ (C2+α (R))
n is given by the expression

Liu = A′
i (w) u =

d

dt
[Ai (w + tu)]|t=0 =

d

dt
[αi (w

′′
i + tu′′i ) + c (w′

i + tu′i) +

+Fi (w1 + tu1, ..., wn + tun, ϕi1 ∗ (w1 + tu1) , ..., ϕin ∗ (wn + tun))]|t=0.

Hence the operator Li can be written as

Liu = αiu
′′
i + cu′i +

n∑
j=1

∂Fi

∂uj

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) uj+

+
n∑

j=1

∂Fi

∂Uij

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) (ϕij ∗ uj) , (2.5)

where Uij, j = 1, ..., n denote the variables n + 1, ..., 2n of Fi.
Let Lu = (L1u, ..., Lnu) , L : (C2+α (R))

n → (Cα (R))n . Denote by

∂F

∂u
=




∂F1

∂u1
... ∂F1

∂un

... ... ...
∂Fn

∂u1
... ∂Fn

∂un




the matrix of the derivatives of F1, ..., Fn with respect to the variables u1, ..., un and by G the
operator Gu = (G1u, ..., Gnu)T with

Giu =
n∑

j=1

∂Fi

∂Uij

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) (ϕij ∗ uj) , (2.6)

for i = 1, ..., n. Then L can be written under the form

Lu = Bu′′ + cu′ +
∂F

∂u
(w, Φ ∗ w) u + Gu. (2.7)

We study the normal solvability of the operator L with the aid of its limiting operators. To
this end, consider the shifted functions wj (x + xm) , j = 1, ..., n, where xm ∈ R is an arbitrary
sequence such that |xm| → ∞. Since wj (x + xm) is a bounded sequence in C2+α(R), we can
choose a convergent subsequence, for which we keep the same notation, wj (x + xm) → ŵj (x)
as m → ∞, uniformly on every bounded interval. In addition, we have (ϕij ∗ wj) (x + xm) →
(ϕij ∗ ŵj) (x) as m → ∞, uniformly on bounded intervals. Indeed, by the change of variable
xm − y = −z, we get

(ϕij ∗ wj) (x + xm) =

∫ ∞

−∞
ϕij (x + xm − y) wj (y) dy =

=

∫ ∞

−∞
ϕij (x− z) wj (z + xm) dz →

∫ ∞

−∞
ϕij (x− z) ŵj (z) dz = (ϕij ∗ ŵj) (x) ,
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uniformly on bounded intervals. Since F ∈ C1 (R2n) , we infer that

∂Fi

∂uj

(w1 (x + xm) , ..., wn (x + xm) , (ϕi1 ∗ w1) (x + xm) , ..., (ϕin ∗ wn) (x + xm)) →

→ ∂Fi

∂uj

(ŵ1 (x) , ..., ŵn (x) , (ϕi1 ∗ ŵ1) (x) , ..., (ϕin ∗ ŵn) (x)) (2.8)

and

∂Fi

∂Uij

(w1 (x + xm) , ..., wn (x + xm) , (ϕi1 ∗ w1) (x + xm) , ..., (ϕin ∗ wn) (x + xm)) →

→ ∂Fi

∂Uij

(ŵ1 (x) , ..., ŵn (x) , (ϕi1 ∗ ŵ1) (x) , ..., (ϕin ∗ ŵn) (x)) , (2.9)

for i, j ∈ {1, ..., n}, uniformly on bounded intervals.
Now we define the limiting operators L̂i associated to each Li by replacing the coefficients of

Li with their limiting values:

L̂iu = αiu
′′
i + cu′i +

n∑
j=1

∂Fi

∂uj

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) uj+

+
n∑

j=1

∂Fi

∂Uij

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn)

∫ ∞

−∞
ϕij (x− y) uj (y) dy, i = 1, ..., n. (2.10)

The limiting operator L̂ associated to L is defined through L̂u =
(
L̂1u, ..., L̂nu

)
. Because of

the different possibilities of choosing the sequence xm (such that |xm| → ∞) and the convergent
subsequence of wj (x + xm) , we obtain generally a family of limiting operators L̂i, i = 1, ..., n

and L̂.

2.1. Normal solvability
We study the normal solvability of the operator L introduced in (2.7). We will also prove that the
dimension of its kernel is finite. We state first an estimate for the solution of the equation Lu = f,
which is an extension of Lemma 2.1 from [1] to the case of systems.

Lemma 2.1. Assume that ϕij ∈ L1 (R) , i, j = 1, ..., n. If u is an arbitrary solution of the equation
Lu = f, where f ∈ (Cα (R))n, then there exists a constant C > 0 independent of u such that

||u||(C2+α(R))n ≤ C
(||Lu||(Cα(R))n + ||u||(C(R))n

)
. (2.11)
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Proof. Denote by E : (C2+α (R))
n → (Cα (R))n the elliptic operator defined through Eu =

Bu′′ + cu′ +
∂F

∂u
(w, Φ ∗ w) u and by Ei, i = 1, ..., n its component operators, i. e.

Eiu = αiu
′′
i + cu′i +

n∑
j=1

∂Fi

∂uj

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) uj.

It is known that for such operators the Schauder estimate holds (see, e.g., [10]):

||u||(C2+α(R))n ≤ C̃
(||Eu||(Cα(R))n + ||u||(C(R))n

)
, (2.12)

where C̃ > 0 is a constant independent of u ∈ (C2+α (R))
n. From (2.5) we see that Li (i =

1, ..., n) can be written under the form Liu = Eiu + Giu, with Gi defined through (2.6) . Then
Lu = Eu + Gu.

Let u be a solution of the equation Lu = f, for f = (f1, ..., fn) . Then Eu = f −Gu, that is

Eiu = fi −
n∑

j=1

∂Fi

∂Uij

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) gij,

where gij (x) = (ϕij ∗ uj) (x) =
∫∞
−∞ ϕij (x− y) uj (y) dy.

The boundedness of w on R, together with the hypothesis ϕij ∈ L1 (R) , i, j = 1, ..., n, leads
to the estimate

|(ϕij ∗ wj) (x)| ≤ ||ϕij||L1(R)||wj||C(R) ≤ m, (∀) x ∈ R,

where m > 0 is a constant. Since F ∈ C1 (R2n) , it follows from (2.12) that

||u||(C2+α(R))n ≤ C̃

(
||f ||(Cα(R))n + M max

i,j=1,...,n
||gij||(Cα(R))n + ||u||(C(R))n

)
, (2.13)

with M > 0 independent of u. For gij we have the estimate

|gij (x1)− gij (x2)|
|x1 − x2|α ≤

∫ ∞

−∞
|ϕij (y)| |uj (x1 − y)− uj (x2 − y)|

|x1 − x2|α dy ≤ ||ϕij||L1(R)||uj||Cα(R).

But it is known that for every ε > 0, there exists Cε > 0 such that

||u||Cα(R) ≤ ε||u||C2+α(R) + Cε||u||C(R), (∀) u ∈ C2+α (R)

(see, e.g., [10]), so ||gij||(Cα(R))n ≤ M̃
(
ε||uj||C2+α(R) + Cε||uj||C(R)

)
. We fix ε > 0 sufficiently

small such that C̃MM̃ε maxi,j=1,...,n ||ϕij||L1(R) < 1. The claim follows by introducing these
estimates into (2.13) .

Now we are ready to state the main result of this section. We work under the following hypoth-
esis.

Condition NS. The limiting equations L̂u = 0 do not have nonzero solutions in (C2+α (R))
n
.

8
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Theorem 2.2. If Condition NS holds, then L is a normally solvable operator and its kernel ker L
has a finite dimension.
Proof. Consider a sequence fk =

(
fk

1 , ..., fk
n

) ∈ Im L such that fk → f in (Cα (R))n , f =
(f1, ..., fn) and uk =

(
uk

1, ..., u
k
n

) ∈ (C2+α (R))
n such that Luk = fk.

Part I. Suppose that uk is bounded in (C2+α (R))
n
, say ||uk||(C2+α(R))n ≤ M. Then uk admits

at least a subsequence ukm which is convergent to a limiting function u0 = (u0
1, ..., u

0
n), uniformly

on every bounded interval of x :

sup
x∈I

||ukm (x)− u0 (x) || → 0, as m →∞,

for any fixed bounded interval I. Here || · || is the Euclidian norm in Rn.
By a diagonalization process, we prolong u0 to all R. It is clear that sup

x∈R
||u0 (x) || ≤ M.

Passing to the limit as m →∞ in the system Lukm = fkm , with L = (L1, ..., Ln) given by (2.7) ,
we arrive at Lu0 = f.

We prove now that ukm → u0 as m → ∞, uniformly with respect to x on the whole real axis.
To do this, we set vm = ukm − u0 and note that vm → 0 as m → ∞ uniformly on each bounded
interval of x. Suppose that vm does not tend to 0 uniformly on R. Hence there exists an unbounded
sequence xm ∈ R, xm →∞ such that ||vm (xm) || ≥ ε > 0. Equalities Lukm = fkm and Lu0 = f
imply that

L
(
ukm − u0

)
= fkm − f, (2.14)

or, in view of (2.7),

B (vm)′′ + c (vm)′ +
∂F

∂u
(w, Φ ∗ w) vm + Gvm = fkm − f,

with G given by (2.6) .
Denote V m (x) = vm (x + xm) = ukm (x + xm)−u0 (x + xm) . Then V m verifies the equation

B (V m)′′ (x) + c (V m)′ (x) +
∂F

∂u
(w, Φ ∗ w) (x + xm) V m (x) +

+Gvm (x + xm) = fkm (x + xm)− f (x + xm)

or in detail, for every i = 1, ..., n,

αi (V
m
i )′′ (x) + c (V m

i )′ (x) +
n∑

j=1

∂Fi

∂uj

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) (x + xm) V m
j (x) +

+
n∑

j=1

∂Fi

∂Uij

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) (x + xm)
(
ϕij ∗ vm

j

)
(x + xm) =

= fkm
i (x + xm)− fi (x + xm) .

9
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Using the change of variable xm − y = −z, we find

(
ϕij ∗ vm

j

)
(x + xm) =

∫ ∞

−∞
ϕij (x + xm − y) vm

j (y) dy =

∫ ∞

−∞
ϕij (x− z) vm

j (z + xm) dz.

Then the above equation becomes

αi (V
m
i )′′ (x) + c (V m

i )′ (x) +
n∑

j=1

∂Fi

∂uj

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) (x + xm) V m
j (x) +

+
n∑

j=1

∂Fi

∂Uij

(w1, ..., wn, ϕi1 ∗ w1, ..., ϕin ∗ wn) (x + xm)

∫ ∞

−∞
ϕij (x− y) V m

j (y) dy =

= fkm
i (x + xm)− fi (x + xm) . (2.15)

Function V m also satisfies
||V m (0) || = ||vm (xm) || ≥ ε > 0. (2.16)

Since ||V m||(C2+α(R))n ≤ M, it follows that V m is convergent at least on a subsequence
{ml}l=∞

l=1 to a function V 0, uniformly on bounded intervals I of x. The limit function V 0 can
be prolonged on R such that V 0 ∈ (C2+α (R))

n
. Let V 0 = (V 0

1 , ..., V 0
n ) .

Now we may pass to the limit in (2.15) and (2.16) on the subsequence ml uniformly on
bounded intervals I of x. One arrives at

αi

(
V 0

i

)′′
(x) + c

(
V 0

i

)′
(x) +

n∑
j=1

∂Fi

∂uj

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) (x) V 0
j (x) +

+
n∑

j=1

∂Fi

∂Uij

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) (x)

∫ ∞

−∞
ϕij (x− y) V 0

j (y) dy = 0

and ||V 0 (0) || ≥ ε > 0. Thus V 0 = (V 0
1 , ..., V 0

n ) is a nonzero solution of the limiting operator
L̂ from (2.10) , i. e. Condition NS is not satisfied. This contradiction proves that ukm → u0 as
m →∞ in (C (R))n . Moreover, ukm → u0 as m →∞ in (C2+α (R))

n
. Indeed, applying Lemma

1 to equation (2.14) , we deduce that

||ukm − u0||(C2+α(R))n ≤ C
(||fkm − f ||(Cα(R))n + ||ukm − u0||(C(R))n

)
.

Since fkm → f in (Cα (R))n and ukm → u0 in (C (R))n , we conclude that ukm → u0 in
(C2+α (R))

n
. Therefore, there is a convergent subsequence ukm → u0 in (C2+α (R))

n such that
Lu0 = f, i. e. f ∈ Im L.

Part II. For fk = 0 and uk ∈ (C2+α (R))
n, uk bounded in (C2+α (R))

n
, such that Luk = 0, the

previous reasoning leads to the existence of a convergent sequence ukm → u0 in (C2+α (R))
n such

that Lu0 = 0. This implies that ker L is locally compact and consequently it has a finite dimension.

10
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Part III. Let uk be unbounded in (C2+α (R))
n such that Luk = fk. Since ker L is finite dimen-

sional, its supplement (ker L)⊥ is closed. Then uk can be written as uk = vk + zk with vk ∈ ker L
and zk ∈ (ker L)⊥ . It follows that Lzk = fk. We show that zk is bounded in (C2+α (R))

n
.

Indeed, if it is not the case, we take z̃k = zk/||zk|| and f̃k = fk/||zk||. Then Lz̃k = f̃k and
f̃k → 0. By Part I, we can choose a convergent subsequence z̃km → z̃0. Letting m → ∞ in the
equation Lz̃km = f̃km , one derives that z̃0 ∈ ker L. This contradiction shows that in fact, zk is
bounded in (C2+α (R))

n
. Applying Part I for the equation Lzk = fk, zk bounded, it follows that

f ∈ Im L.
Therefore we have proved that Im L is closed and ker L is finite dimensional. The theorem is

proved.

2.2. Fredholm property
We go on with the study of the Fredholm property for the operator L and with the computation of
the index. To this end, some auxiliary results are needed. We briefly recall the definition of some
norms in function spaces which were introduced in [12].

Consider a partition of unity on R, {ψk} , with ψk ∈ C∞ (R) , ψk (x) = 1 for x ∈ (k, k + 1)
and ψk (x) = 0 for x ∈ (−∞, k − 1) and x ∈ (k + 2,∞) . For ρ > 0 and an integer s ≥ 0, we can
define the norm W s,2

∞,ρ (R) of the function v : R→ R by

|||v|||W s,2
∞,ρ(R) = sup

k∈Z

(||ψkv||W s,2(R) + |ρ|s ||ψkv||L2(R)

)
(2.17)

and the norm
(
W s,2
∞,ρ (R)

)n of the function u = (u1, ..., un) : R→ Rn by

|||u|||(W s,2
∞,ρ(R))n =

n∑
j=1

|||uj|||W s,2
∞,ρ(R). (2.18)

The following result was proved in [12].

Lemma 2.3. Let L (ρ) : W s,2
∞,ρ (R) → L2

∞,ρ (R) be uniformly elliptic operator with a parameter.
Then there exists ρ0 > 0 such that for every ρ ≥ ρ0 and every f ∈ L2

∞,ρ (R) , the solution v of the
equation L (ρ) v = f satisfies the estimate

|||v|||W s,2
∞,ρ(R) ≤ K|||f |||L2∞,ρ(R), (2.19)

for some constant K > 0.
We note that the norm ||| · |||L2∞,ρ(R) is given by (2.17) for s = 0.

Lemma 2.4. Let L1, L2, Lτ : (C2+α (R))
n → (Cα (R))n , τ ∈ [0, 1] be the operators defined

through L1u = Lu − ρu, L2u = Bu′′ − ρu, Lτu = (1− τ) L1u + τL2u, where ρ ≥ 0 is a
parameter. Denote by L̂τ the limiting operators associated to Lτ . Suppose that all functions ϕij

satisfy the condition

11
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∞∑

k=−∞

(∫ k+1

k

ϕ2
ij(s)ds

)1/2

< +∞. (2.20)

Then there is a sufficiently large ρ ≥ 0 such that the limiting equations L̂τu = 0 do not have
nonzero solutions for any τ ∈ [0, 1] .
Proof. The operator Lτ can be written explicitly in the form

Lτu = Bu′′ + (1− τ) cu′ +
[
(1− τ)

∂F

∂u
(w, Φ ∗ w)− ρ

]
u + (1− τ) Gu.

Let L̂τ be one of its limiting operators. The i-th component of L̂τ is

(
L̂τu

)
i
= αiu

′′
i + (1− τ) cu′i + (1− τ)

n∑
j=1

∂Fi

∂uj

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) uj − ρui+

+ (1− τ)
n∑

j=1

∂Fi

∂Uij

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn)

∫ ∞

−∞
ϕij (x− y) uj (y) dy, i = 1, ..., n.

We show the existence of some ρ > 0 sufficiently large such that the equation L̂τu = 0 does not
have nonzero solutions for any τ ∈ [0, 1] .

Let L3 : (C2+α (R))
n → (Cα (R))n be the elliptic operator defined by

L3u = Bu′′ + (1− τ) cu′ + (1− τ)
∂F

∂u
(ŵ, Φ ∗ ŵ) u

and f = (f1, ..., fn) , where

fi =
n∑

j=1

∂Fi

∂Uij

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn)

∫ ∞

−∞
ϕij (x− y) uj (y) dy.

If L3u has the components (L3u)i , i = 1, ..., n, then

(L3u)i = αiu
′′
i + (1− τ) cu′i + (1− τ)

n∑
j=1

∂Fi

∂uj

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) uj

The limiting equations L̂τu = 0 can be written as

L3u− ρu = (τ − 1) f.

The i-the equation of this system has the form

αiu
′′
i + (1− τ) cu′i + (1− τ)

∂Fi

∂ui

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) ui − ρui =

12
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= (τ − 1) [fi +
n∑

j=1
j 6=i

∂Fi

∂uj

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) uj]. (2.21)

The operator in the left-hand side of this equation is uniformly elliptic with a parameter ρ, so we
may apply Lemma 2.3 for s = 2. Therefore there are constants K1 > 0 and ρ0 > 0 such that
(∀) ρ ≥ ρ0 and (∀) τ ∈ [0, 1] ,

|||ui|||W 2,2
∞,ρ(R) ≤ |||fi|||L2∞,ρ(R) + K1

n∑
j=1

|||uj|||L2∞,ρ(R),

for any solution ui of the equation (2.21) . We have used the boundedness of

∂Fi

∂Uj

(ŵ1, ..., ŵn, ϕi1 ∗ ŵ1, ..., ϕin ∗ ŵn) ,

which follows from the assumption that F ∈ C1 (R) and the boundedness of ŵ. In view of (2.17)
this implies that

ρ2 sup
k∈Z

||ψkui||L2(R) ≤ sup
k∈Z

||ψkfi||L2(R) + K1 sup
k∈Z

n∑
j=1

||ψkuj||L2(R). (2.22)

We now prove that each component fi of f satisfies the inequality

sup
k∈Z

||ψkfi||L2(R) ≤ K2 sup
k∈Z

n∑
j=1

||ψkuj||L2(R), (2.23)

where K2 > 0 is a constant. To do this, we set

gij(x) =

∫ ∞

−∞
ϕij(x− y)uj(y)dy.

Then for a given k ∈ Z, we have
∫ ∞

−∞
ψ2

k(x)g2
ij(x)dx =

∫ k+1

k

ψ2
k(x)(

∫ ∞

−∞
ϕij(x− y)uj(y)dy)2dx

≤
∫ k+1

k

ψ2
k(x)(

∞∑

l=−∞

∫ l+1

l

ψl(y)ϕij(x− y)uj(y)dy)2dx

≤
∫ k+1

k

ψ2
k(x)(

∞∑

l=−∞
‖ψluj‖L2(R)‖ϕij(x− ·)‖L2(l,l+1))

2dx

≤ sup
l∈Z
‖ψluj‖2

L2(R)

∫ k+1

k

ψ2
k(x)(

∞∑

l=−∞
‖ϕij(x− ·)‖L2(l,l+1))

2dx.

(2.24)

13
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Making use of (2.20) , we can prove that

K2 := sup
k∈Z

∫ k+1

k

ψ2
k(x)(

∞∑

l=−∞
(

∫ l+1

l

ϕ2
ij(x− y)dy)1/2)2dx < ∞. (2.25)

Indeed, suppose that condition (2.20) is satisfied and let x ∈ R be given. Then there exist n ∈ Z
and t ∈ [0, 1) such that x = n + t. Next, for any l ∈ Z we have

∫ l+1

l

ϕ2
ij(x− y)dy =

∫ n−l

n−l−1

ϕ2
ij(t + s)ds.

Thus we get
∞∑

l=−∞
(

∫ l+1

l

ϕ2
ij(x− y)dy)1/2 =

∞∑

l=−∞
(

∫ n−l

n−l−1

ϕ2
ij(t + s)ds)1/2 =

=
∞∑

h=−∞

(∫ h+1

h

ϕ2
ij(t + s)ds

)1/2

=
∞∑

h=−∞

(∫ h+t+1

h+t

ϕ2
ij(z)dz

)1/2

,

with h = n− l − 1. But
(∫ h+t+1

h+t

ϕ2
ij(z)dz

)1/2

≤
(∫ h+1

h

ϕ2
ij(z)dz +

∫ h+2

h+1

ϕ2
ij(z)dz

)1/2

≤

≤
(∫ h+1

h

ϕ2
ij(z)dz

)1/2

+

(∫ h+2

h+1

ϕ2
ij(z)dz

)1/2

.

Therefore,
∞∑

l=−∞

(∫ l+1

l

ϕ2
ij(x− y)dy

)1/2

≤ 2
∞∑

h=−∞

(∫ h+1

h

ϕ2
ij(z)dz

)1/2

.

By (2.20) one arrives at

K2 ≤ 4(
∞∑

h=−∞

(∫ h+1

h

ϕ2
ij(s)ds

)1/2

)2 < +∞.

Thus (2.25) is proved. In view of (2.24) and the definition of fi, we obtain

sup
k∈Z

||ψkf i||L2(R) ≤ K3 sup
k∈Z

||ψkgij||L2(R) ≤ K4 sup
l∈Z
‖ψluj‖L2(R),

where K3, K4 are positive constants. This implies (2.23) .
Combining now (2.22) with (2.23) , we find that for all i ∈ {1, ..., n} ,

ρ2 sup
k∈Z

||ψkui||L2(R) ≤ K5 sup
k∈Z

n∑
j=1

||ψkuj||L2(R),

14
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where K5 is a positive constant. Writing similar estimates for all i and summing them up, we
deduce that for ρ > 0 large enough, the solution of the limiting equation L̂τu = 0 is u = 0. The
proof is complete.

Remark 2.5. Lemma 2.4 shows that the operator Lτ satisfies Condition NS for ρ large enough.
Using this result, we can now state the Fredholm property of L provided that the following stronger
hypothesis holds.

Condition NS(λ) . The limiting equations L̂u−λu = 0 associated to L−λI, do not admit nonzero
solutions in (C2+α (R))

n
, for any λ ≥ 0.

Theorem 2.6. If L satisfies Condition NS(λ) , then L is a Fredholm operator with the zero index.

The proof is analogous to that of Theorem 3.2 in the paper [1] and we omit it. One works with
the operators L1, L2, Lτ defined above and uses Lemma 2.4, Remark 2.5, and Theorem 2.2 for the
operator Lτ . We employ the remark that Lτ is a continuous deformation of L1 to the invertible
operator L2 in the class of normally solvable operators with finite dimensional kernels.

3. Structural stability of wave solutions
In this section we consider the equation

Bu′′ + cu′ + F (u, Φε ∗ u) = 0, x ∈ R, (3.1)

where ε = (εij) ∈Mn(R) and Φε is defined by

Φε(y) =

(
1

εij

ϕij

(
y

εij

))

i,j=1,..,n

∀y ∈ R.

In order to be more precise, we introduce the operators F̂i,j for i, j = 1, .., n acting from C2+α(R)×
R into Cα(R) defined by

F̂i,j(ε, u) =

{
u if ε = 0
1
ε

∫
R ϕij

(
x−y

ε

)
u(y)dy if ε 6= 0.

(3.2)

Next, we construct the operator F acting fromMn(R)×(C2+α(R))n into Cα (R,Mn(R)) defined
by

F(ε, u) =
(
F̂i,j (εij, ui)

)
, ε = (εij), u = (u1, .., un). (3.3)

Therefore we are concerned with the problem

Bu′′ + cu′ + F (u,F(ε, u)) = 0, x ∈ R, (3.4)

with ε close to the zero matrix. This problem is related to the unperturbed system

Bu′′ + cu′ + f(u) = 0, x ∈ R,

u(±∞) = u±.
(3.5)

15
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Here the function f is defined by

f(u) = F (u, Φu), with Φ =

(∫

R
ϕij(y)dy

)

i,j=1,..,n

∈Mn(R).

We denote by (c0, u0) ∈ R × (C2+α(R))n a solution of this problem. The structural stability of
this solution is strongly related to the properties of the linearized operator A : (C2+α(R))n →
(Cα(R))n about the solution u0. Operator A is defined by the equality:

Au = Bu′′ + c0u
′ + f ′(u0(x))u.

We assume that the following condition is satisfied:

Operator A satisfies the Fredholm property and has the zero index
codimR(A) = p, dim ker A = q,

(3.6)

where R(A) is the range of the operator A. Under this assumption, operator A has the index
l = q − p. Moreover due to the Fredholm property (assumption (3.6)), the solvability conditions
for operator A are determined by the formally adjoint operator A∗ acting from (C2+α(R))n into
(Cα(R))n and defined by

A∗v = Bv′′ + cv′ + f ′(u0(x))∗v ∀v ∈ (C2+α(R))n.

This operator has a p-dimensional kernel. Denote by v∗1 , ...,v∗p its basis. Then for each h ∈
(Cα(R))n, the equation Au = h has a solution u ∈ (C2+α(R))n if and only if the function h
satisfies the conditions ∫

R
(h(x), v∗i (x)) dx = 0, ∀i = 1, .., p, (3.7)

where ( , ) denotes the inner product in Rn. In order to prove structural stability, we need to
satisfy the solvability conditions. For that purpose, we introduce a map M : Rp →Mn(R) of the
class C1 and such that M(0) = c0In where In is the identity matrix of the order n. Then we now
consider the problem with parameters

Bu′′ + M(τ)u′ + F (u,F (ε, u)) = 0, x ∈ R,

u(±∞) = u±,
(3.8)

where ε ∈Mn(R).
Then we have the following result:

Theorem 3.1. Let system (3.5) have a solution (c0, u0) ∈ R× (C2+α(R))n. Assume moreover that
assumption (3.6) is satisfied,

ϕij ∈ L1
+(R),

∫

R
y2ϕij(y)dy < ∞, ∀i, j = 1, .., n, (3.9)

16
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and suppose that the linear system with respect to τ ∈ Rp

∫

R
(M ′(0)τu′0(x), v∗i (x))dx = 0 i = 1, .., p,

has a unique solution τ = 0. Then for each ε ∈Mn(R) such that ‖ε‖ < ε0 and some ε0 > 0 there
exist τ(ε) ∈ Rp and u(ε) ∈ (C2+α(R))n which satisfy (3.8).

The proof of this result relies on the application of the implicit function theorem. For that pur-
pose, we consider the nonlinear operator L acting from Rp×Mn(R)×(C2+α(R))n into (Cα(R))n

and defined by
L(τ, ε, u) = Bu′′ + M(τ)u′ + F (u,F (ε, u)) . (3.10)

First of all we recall the following regularity result proved in [1]:

Lemma 3.2. Let ϕ ∈ L1(R,R) satisfying
∫

R
y2|ϕ(y)|dy < ∞.

Then the operator G acting from R× C2+α(R) into Cα(R) and defined by

G(ε, u) =

{
u if ε = 0
1
ε

∫
R ϕ

(
x−y

ε

)
u(y)dy if ε 6= 0,

(3.11)

is of the class C1.

Proof of Theorem 3.1. Due to assumption (3.9) and Lemma 3.2, the operator F is of the class C1

fromMn(R)× (C2+α(R))n into Cα (R,Mn(R)). Therefore the operator L defined in (3.10) is of
the class C1 from Rp ×Mn(R)× (C2+α(R))n into (Cα(R))n. Moreover we have

L′(τ,u)(0, 0, u0) = Au + M ′(0)τu′0. (3.12)

We are now concerned with the solvability of the problem: find (τ, u) ∈ Rp × (C2+α(R))n satis-
fying

Au = h−M ′(0)τu′0 with h ∈ (Cα(R))n. (3.13)

The solvability of this equation relies on (3.7). Thus (3.13) has a solution u ∈ (C2+α(R))n if and
only if ∫

R
(h(x), v∗i (x)) dx =

∫

R
(M ′(0)τu′0(x), v∗i (x))dx i = 1, .., p.

Due to the assumption of the theorem, this uniquely provides a value τ1 ∈ Rp and thus also provides
u1 ∈ (C2+α(R))n such that (τ1, u1) is a solution of (3.13). However equation (3.13) is not uniquely
solvable. Indeed each (τ1, u1 + v) with v ∈ ker A is also a solution of (3.13). Therefore equation
(3.13) becomes uniquely solvable on the space

Rp × Ê with Ê = {u ∈ (C2+α(R))n,

∫

R
(u(x), vj(x))dx = 0 j = 1, .., q},
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where ker A = Span{v1, .., vq}. Finally, the operator L considered on the space

Rp ×Mn(R)× (u0 + Ê),

satisfies the assumption of implicit function theorem. This complete the proof of Theorem 3.1.
The theorem is proved.

We now give an application of this result to monotone systems for which the properties of
operator A are known (see for instance [13]). For that purpose we come back to system (3.5) and
we assume that it has a solution (c0, u0) ∈ R× (C2+α(R))n with u0 increasing. We assume that:

Assumption 3.3. The matrix B(x) = f ′(u0(x)) has nonnegative off-diagonal elements and is
irreducible in the functional sense. The matrix B± = limx→±∞ B(x) has a negative principal
eigenvalue.

Then we have the following result (see Theorem 5.1 in [13]).

Theorem 3.4. Under Assumption 3.3, the operator A is Fredhom with the zero index. Moreover
its kernel is one dimensional and the corresponding eigenfunction u′0(x) is positive. Its formally
adjoint operator also has a one-dimensional with a positive eigenfunction v∗.

Finally, as a direct corollary of Theorems 3.1 and 3.4 we obtain the following result:

Theorem 3.5. Assume that system (3.5) has a solution

(c0, u0) ∈ R× (C2+α(R))n

with u0 increasing. Assume that assumptions (3.9) and 3.3 are satisfied. Then for some ε0 > 0 and
for each ε ∈Mn(R), ‖ε‖ < ε0 there exists c(ε) ∈ R and u(ε) ∈ (C2+α(R))n such that

c(0) = c0, u(0) = u0,

and (c(ε), u((ε)) satisfies the problem:

Bu′′ + cu′ + F (u,F (ε, u)) = 0, x ∈ R,

u(±∞) = u±.
(3.14)

Proof. Here we have p = q = 1, τ = c ∈ R and M(c) = cIn. In order to apply Theorem 3.1, it
remains to note that ∫

R
u′0(x)v∗(x)dx 6= 0

since u′0 > 0 and, due to Theorem 3.4, v∗ > 0.
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4. Numerical simulations: competition of species
In this section we consider the integro-differential system of two equations:

∂u

∂t
= d1

∂2u

∂x2
+k1u

m

(
1− a1

∫ ∞

−∞
ϕ(x− y)u(y, t)dy − b1

∫ ∞

−∞
ϕ(x− y)v(y, t)dy

)
−p1u, (4.1)

∂v

∂t
= d2

∂2v

∂x2
+k2v

m

(
1− a2

∫ ∞

−∞
ϕ(x− y)u(y, t)dy − b2

∫ ∞

−∞
ϕ(x− y)v(y, t)dy

)
−p2v. (4.2)

Here u and v are densities of two populations, m = 1 corresponds to asexual reproduction, m = 2
to sexual reproduction, the expressions in the brackets describe available resources, ϕ(x) is a piece-
wise constant function. This system of equations is considered in the interval 0 ≤ x ≤ L. The
functions u(x, t) and v(x, t) are supposed to be zero for x ≤ 0 and x ≥ L. We extend them outside
the the interval [0, L] in order to define the integrals in system (4.1), (4.2).

We begin with the case of the co-existence of species where the stationary point P4 (see the
introduction) is stable. Figure 2 shows the results of numerical simulations for the values of pa-
rameters d1 = d2 = 10−5, k1 = k2 = 0.1, a1 = 1, b1 = 0.8, a2 = 0.8, b2 = 1, p1 = p2 = 0.007,
m = 1, the length L of the interval equals 2.5 and the support of the function ϕ is 0.05. The space
interval is divided into 400 space steps shown in the figure. Therefore, the discretization of the
space interval is given by the space points xi, i = 0, ..., N , where x0 = 0, xN = 2.5, N = 400.
The initial condition is chosen in such a way that the function u(x, 0) is localized around the point
xi with i = 150 and the function v(x, 0) around xj with j = 250. They equal zero elsewhere.

Figure 2 shows the space-time evolution of the function u(x, t) (top) and the level lines of
both functions u(x, t) and v(x, t) (bottom). There are several waves connecting various stationary
points. The function u(x, t) spreads to the left and to the right with respect to the interval where it
is initially located. The wave propagating to the left connects the points P0 and P1. Since v(x, t) is
close to 0 in this region, then this wave is close to the wave for the single equation in the monostable
case. Its propagation to the right is similar until it meets the wave formed by the function v(x, t).
After this moment of time, the species co-exist and the equilibrium P4 spreads along the interval.

The behavior described above is similar to that in the local case, that is for the reaction-diffusion
system describing competition of species.

We consider next the same values of parameters and the support of the function ϕ two times
larger than before. The behavior of the solution is to some extent similar. However, the homo-
geneous in space solutions lose its stability and periodic in space structures emerge. Therefore,
instead of the waves connecting the stationary points we observe waves which connect stationary
points with the periodic in space solutions. These are are periodic travelling waves, that is solutions
of the form

u(x, t) = U(x− h, t− T ), v(x, t) = V (x− h, t− T ),

where h and T are some nonzero constants, T is the period. This means that it is a solution
which can be obtained from itself by a space shift not for any time as for the usual waves but only
for moments of time which differ by the period or its multiples. Periodic travelling waves are well
studied for the scalar reaction-diffusion equations with periodic coefficients [2], [3], [11], [14]. The

19



N. Apreutesei et al. Competition of species with intra-specific competition

 0  50  100  150  200  250  300  350  400
 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2

’xxres2’

Figure 2: Top: space-time evolution of the function u(x, t). Bottom: level lines of the functions
u(x, t) and v(x, t).
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existence of such waves for the integro-differential equations is not proved. They were observed
numerically for the single integro-differential equation in [1]. Thus, we observe the propagation
of periodic waves, and the periodic in space solution spreads along the space interval. It describes
the co-existence of species with a periodic space distribution (Figure 3).

The stationary point P4 may not be stable. In this case, the co-existence of species is not
generally possible except for the case of a standing wave where the two species exist but are
separated in space. If this is not the case, then one of the species dominates and fills gradually the
whole space interval while the other species disappears. This corresponds to the travelling wave
connecting two stable stationary points P2 and P3. This behavior is well studied for the reaction-
diffusion systems. In the case of integro-differential system where the support of the function ϕ
is sufficiently narrow, the existence of waves is proved in Section 3. The results of numerical
simulations are shown in Figure 4 for the values of parameters a1 = 0.4, b1 = 1, a2 = 1, b2 = 0.8.
It presents the level lines of the functions u(x, t) and v(x, t). The interface separating these two
functions in the center of the interval moves to the right signifying that u(x, t) gains space while
v(x, t) loses it.

If the support of the function ϕ is larger, then we observe, as before, periodic waves (Figure 5)
such that for each t fixed

u(x, t) → 0, x → +∞, u(x, t) → u0(x), x → −∞,

v(x, t) → 0, x → −∞, v(x, t) → v0(x), x → +∞,

where u0(x) and v0(x) are some periodic functions. Clearly, the numerical simulations are carried
out at a bounded space interval and represent a finite space cut of the periodic wave.

It is interesting to note that average speed of the periodic wave is less than the speed of the usual
wave for the same values of parameters (cf. Figures 4 and 5). Some biological interpretations will
be discussed below.

Up to now, we have considered the case where the two populations are initially separated, that
is the supports of the functions u(x, 0) and v(x, 0) are separated in space. If the initial distributions
have the same support or overlapping supports, then the behavior of solutions can change. Figure
6 shows the results of numerical simulations in the case where the support of the function u(x, 0)
is the interval of i from 190 to 210 and the support of v(x, 0) from 185 to 215. The other values
of parameters are the same as in the previous simulations. Though the support of v(x, 0) is larger
than of u(x, 0), the values of the parameters determine a faster propagation of u(x, t) which fills a
bigger region than the function v(x, t). Figure 6 (top) shows the level lines of the function u(x, t).
The function v(x, t) is localized in the inner region (Figure 6, bottom). The interval where the
function v(x, t) is localized is slowly growing with time. For other values of parameters it can
remain constant.

We finish the description of numerical results with the case of bisexual reproduction (m = 2).
Figure 7 shows levels lines of the functions u(x, t) and v(x, t) in the case where the supports of the
initial conditions are separated in space. The results are qualitatively the same as for m = 1 (cf.
Figure 6): the left part of the interval is filled by the function u(x, t), the right part by the function
v(x, t). The interface between them moves slowly to the right. Both, u(x, t) and v(x, t) expand as
a periodic travelling wave. The average speed of propagation for u is greater than for v.
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Figure 3: Periodic waves. Top: space-time evolution of the function u(x, t). Bottom: level lines of
the functions u(x, t) and v(x, t).
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Figure 4: Level lines of the functions u(x, t) and v(x, t) in the case without co-existence.

5. Discussion
In this work we study the model of competition of species with nonlocal consumption of resources.
In the classical case, competition of species is described by a reaction-diffusion system. In the case
of nonlocal consumption of resources it becomes an integro-differential system of equations where
the integral terms show that individuals can consume resources in some area around their average
location. If the support of the kernel of the integral is sufficiently narrow, then the qualitative
behavior of this system is the same as for the reaction-diffusion system. In particular, we prove the
existence of travelling waves in the bistable case. The proof is based on the analysis of the linear
integro-differential operators: their Fredholm property and solvability conditions. This allows us
to apply the implicit function theorem in order to study the nonlinear operators and to show the
wave existence.

If the support of the kernel is sufficiently large, then the homogeneous in space solutions can
lose their stability and periodic in space stationary solutions emerge. In this case, instead of the
usual travelling waves we can observe propagation of periodic waves.

From the biological point of view, nonlocal consumption of resources corresponds to intra-
specific competition: individuals of the same species compete for resources. Considered together
with random mutation resulting in small changes of the phenotype (diffusion term) and together
with the reproduction where descendent have the same phenotype as their parents, intra-specific
competition can result in the emergence of new biological species in the process of evolution [6],
[7].

In this paper, we are more concerned by the interaction of competition of species with intra-
specific competition. Similar to the classical problem of competition of species, two species can
co-exist or one of them can disappear while another one will expand. In the latter case, instead
of the usual reaction-diffusion wave connecting two stable stationary points (bistable case) we can
observe a wave connecting two periodic in space stationary solutions. If the periodic solutions
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Figure 5: Level lines of the functions u(x, t) and v(x, t) (top) in the case of competition of species;
the function u(x, t) (bottom).
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Figure 6: Space-time evolution of the functions u(x, t) and v(x, t) in the case of overlapping initial
conditions.
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Figure 7: Level lines of the functions u(x, t) and v(x, t) for m = 2.

have the same period, then the wave can be also periodic. Otherwise it can have a more complex
structure.

It is interesting to note that for the same values of parameters, periodic waves have a smaller
speed of propagation than the usual waves. This signifies that intra-specific competition helps
weaker species to resist to invasion of stronger species.
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