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Abstract. We derive a residual a posteriori error estimates for the subscales stabilization of con-
vection diffusion equation. The estimator yields upper bound on the error which is global and
lower bound that is local.
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1. Introduction

In a water pollution problem, early detection is most important to take swift and appropriate mea-
sures. The prediction of the contamination scale by rapid actions is also important to help prevent
or mitigate related damage at downstream. The accurate method to predict the scale of the pollu-
tion impact is needed. The transport and diffusion of ingredient in a flow field is a basic process in
modelling air/water pollution propagation. This process is governed by the convection-diffusion
equation and subjected to random fluctuations. Numerical methods are important in determining
the concentration of pollutants and understanding the change of pollutant concentration.

In many applications areas involving the mathematical modelling of convection diffusion and
reaction processes, diffusion can be small (compared to the convection and the reaction coeffi-
cients), degenerate, or even identically equal to zero in subregions of the computational domain.
Stabilized finite element methods are particularly interesting for those cases [3-8].
Here we consider such convection-diffusion equation stabilized by subscales method with adaptive
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mesh refinement to solve in a domainΩ ⊂ Rn, n = 2, 3, the following concentration equation

div(βu− ε∇u) + σu = f in Ω, (1.1)

u = 0 on ∂Ω, (1.2)

whereu is the concentration,ε > 0 is the diffusion coefficient,β ∈ (W 1,∞(Ω))n is the pore water
velocity,σ ∈ L∞(Ω) is the reaction term andf ∈ L2(Ω) is the production rate. We suppose that
the pore water velocityβ is solenoidal in space. We define the operator

L = div(βu− ε∇u) + σu. (1.3)

The weak form of the problem is to seeku ∈ H1
0 (Ω), such that

a(u,w) = l(w) ∀w ∈ H1
0 (Ω), (1.4)

wherea(u,w) = ε(∇u,∇w) + (β.∇u + σu,w) andl(w) = (f, w).

2. Subscales finite element stabilization

Let Vh,0 ⊂ H1
0 (Ω), be a conforming finite element space of piecewise polynomials. The standard

Galerkin approximation of (1.4) is to finduh ∈ Vh, such that

a(uh, wh) = l(wh) ∀wh ∈ Vh,0. (2.1)

The standard Galerkin method lacks stability for near-hyperbolic problem. The key idea of the
multiscale formulation in [7] is to considerV0 = H1

0 (Ω) as the direct sum of two spaces

V0 = Vh,0 ⊕ Ṽ , (2.2)

whereVh,0 is the space of resolved scales andṼ is the space of subgrid scales. We can now split
the problem (2.1):

a(uh + ũ, wh) = l(wh) ∀wh ∈ Vh,0, (2.3)

a(uh + ũ, w̃) = l(w̃) ∀w̃ ∈ Ṽ . (2.4)

The subscales are modeled analytically using subscales approximation in [5],ũ = τTRuh, where
τT is called the relaxation time andRuh := γ − Luh is the grid scale residual. After integration
by parts on each element, the equation for the grid scales reads

a(uh, wh) +
∑
T∈Th

(ũ,L∗wh) = l(wh) ∀wh ∈ Vh,0, (2.5)

whereL∗ is the adjoint ofL. the final equation for the resolved scales includes the usual Galerkin
terms and some additional volume integrals evaluated element by element. Since the subscalesũ
are proportional to the grid scale residual, the method is residual-based and therefore, automatically
consistent
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3. A posteriori error estimates

The purpose is to get local lower and global upper bounds for the error measured in the energy
norm

‖v‖2 = ε ‖∇v‖2
Ω + ‖v‖2

Ω .

Let Eh denote the set of all(n− 1)-faces inTh. This set can be split intoEh = Eh,Ω ∪ Eh,D, where
Eh,Ω andEh,D refer to interior faces and Dirichlet boundary faces, respectively. For allE ∈ Eh,Ω

and for allφ which is piecewise smooth,[φ]E denotes the jump ofφ acrossE (the sign of this
quantity is irrelevant in the sequel). For allS ∈ Th ∪ Eh, let αS = min{hSε−

1
2 , 1}, wherehS

denotes the diameter ofS. Denote byfh, βh andσh theL2-projection of the dataf, β andσ onto
the space of piecewise constant functions onTh. Define the elementwise residual estimators as

η2
T = α2

T‖RT‖2
T +

∑

E∈Eh;E⊂∂T

ε−
1
2 αE‖RE‖2

E, (3.1)

where
RT = fh + ε4uh − βh∇uh − σhuh, (3.2)

and define also the oscillation term forT ∈ Th by

DT = (f − fh) + (β − βh)∇uh + (σ − σh)uh.

Finally, define the elementwise data oscillation estimator as

Θ2
T = α2

T‖DT‖2
T .

For T ∈ Th, let ωT =
⋃
∅6=T∩T

′∈Eh,Ω
T
′
, and setΘ2

ωT
=

∑
T ′∈ωT

Θ2
T ′. We proceed with the same

strategy as in [1, 2, 9] using the estimates of the Clément operator and the techniques of bubble
functions we get the following results

Theorem 1. Letu anduh be the unique solutions of (1.4) and (2.5) respectively. Then,

‖u− uh‖2 ≤
∑
T∈Th

[η2
T + Θ2

T ], (3.3)

and for allT ∈ Th,
ηT ≤ (1 + ε−

1
2 αT )‖u− uh‖ωT

+ ΘωT
. (3.4)

Proof. Owing to the coercivity ofa(., .), we have

‖u− uh‖ ≤ sup
w∈H1

D(Ω)\{0}

a(u− uh, w)

‖w‖

≤ sup
w∈H1

D(Ω)\{0}

a(u− uh, w − Ihw)

‖w‖ + sup
w∈H1

D(Ω)\{0}

a(u− uh, Ihw)

‖w‖ ,
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whereIh is the quasi-Cĺement operator [9]. The first term yields

a(u− uh, w − Ihw) ≤
{ ∑

T∈Th

[η2
T + Θ2

T ]

} 1
2

‖w‖.

For the second term, we setwh := Ihw, then we get

a(u− uh, Ihw) = −
∑
T∈Th

(τTRuh,L∗w)T .

A scaling argument, the inverse inequality and the properties of the quasi-Clément operator yield
for all w ∈ H1

0 (Ω) that

‖Ihw‖0,T ≤ ‖w‖0,T ≤ ‖w‖ωT
,

‖∇Ihw‖0,T ≤ κh−1
T αT‖w‖0,T ,

κ‖∆Ihw‖0,T ≤ κh−2
T αT‖w‖0,T ,

(3.5)

using the fact thatτT ≤ min{|ν|−1
∞,T hT , h2

T κ−1} we get

a(u− uh, Ihw) ≤
{ ∑

T∈Th

α2
T ‖ρT‖2

T +
∑
T∈Th

Θ2
T

} 1
2

‖w‖,

and then the upper bound (3.3) follows. Now, we bound locally the residual estimatorηT in terms
of the approximation error and the data oscillation estimator. ForT ∈ Th, let

ωT =
⋃

∅6=T∩T
′∈Eh,Ω

T
′
, (3.6)

and setΘ2
ωT

=
∑

T ′∈ωT
Θ2

T ′. The same notation is used for the energy norm. Using the technique
of bubble functions [9], we get the lower bound (3.4) as proved in [9].

4. Numerical studies

Under simplifying assumptions, we solve the problem (1.1) inΩ = [0, 1]2 ⊂ R2 with parameters
β = (1, 1)T , ε = 10−4, σ = 1 andf = 1. Standard Galerkin finite element produces a globally os-
cillatory solution, while the solution obtained by subscales stabilization method is non-oscillatory.
To capture the remaining interior layers we combine stabilization and mesh refinement. In Figure
1, adaptive meshes and the corresponding solution (totally non-oscillatory) are presented.
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Figure 1: Successive meshes refinement and the corresponding solution totally non-oscillatory.
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