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Abstract. The formation, persistence and movement of self-organised biological aggregations
are mediated by signals (e.g., visual, acoustic or chemical) that organisms use to communicate
with each other. To investigate the effect that communication has on the movement of biological
aggregations, we use a class of nonlocal hyperbolic models that incorporate social interactions
and different communication mechanisms between group members. We approximate the maxi-
mum speed for left-moving and right-moving groups, and show numerically that the travelling
pulses exhibited by the nonlocal hyperbolic models actually travel at this maximum speed.
Next, we use the formula for the speed of a travelling pulse to calculate the reversal time for the
zigzagging behaviour, and show that the communication mechanisms have an effect on these
reversal times. Moreover, we show that how animals communicate with each other affects also
the density structure of the zigzags. These findings offer a new perspective on the complexity
of the biological factors behind the formation and movement of various aggregations.
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1. Introduction

Communication among organisms forms the basis of any social interaction. Social organisms (such as
bacteria [42], fish [7], or various mammals [34]) communicate with each other (using chemical, tactile,
sound or visual signals) to find food and mates, or to avoid predators. Thus, the formation, persis-
tence and movement of biological aggregations is actually the result of the ways organisms emit /receive
information to/from conspecifics via different sensory modalities [6,7,11]. A slightly different type of
social communication was investigated by Bode et al. [5], who studied the role of social networks
on the structure of aggregations. However, communication alone cannot explain the complexity of
spatial and spatio-temporal patterns observed in biological aggregations. A second factor, movement-
facilitated social interactions (i.e., movement towards or away from conspecifics, or movement to align
with conspecifics), has been investigated intensively in the context of pattern formation (see, for ex-
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ample, [2,8,12,13,17,22,24,25,27,29, 31, 37,45, 46, 52|, the review in [41] and references therein). Of
these mathematical models that investigate the role of social interactions on pattern formation, only a
few models are one-dimensional [4,8, 13,15, 32,40], with the majority being two- or three-dimensional
[1,9,14,22,29,30,35,46,50]. Generally, these models consider three social interactions: short-range re-
pulsion, intermediate range alignment/orientation and long-range attraction. These interactions were
initially introduced in the seminal papers by Aoki [2] and Reynolds [46], and then adopted by many
other models [12,22,25,29,49,53]. However, there are also models that ignore the alignment/orientation
interactions, and focus only on the repulsive and attractive interactions [23,51], and models which focus,
for example, only on the alignment interactions (via velocity matching) [13]. The interplay between
these two factors, namely communication and social interactions, was shown to explain the formation
of a large variety of aggregative patterns, such as the rippling behaviour in Myxobacteria colonies, the
zigzagging motion observed in flocks of birds, or the persistent travelling groups (pulses) displayed by
swarms of locusts [17]. Communication mechanisms not only affect the formation or not of a certain type
of pattern (behaviour) in animal aggregations, but they can also affect the particular structure of that
pattern (behaviour). For example, it was recently shown that moving calls emitted by meerkats lead to
an increase in the speed of groups [6]. However, these calls had no effect on the travelling direction of
the groups [6].

Investigating the conditions necessary for the existence of travelling pulses (or waves), and in particular
the speed of such pulses (or waves) is an active research area in ecology and cell biology. Travelling
pulses and waves have been studied extensively in the context of chemotactic interactions modelled
by parabolic equations (see, for example, [28,33,38,47,48] and references therein). In the absence of
population dynamics (growth and death), these travelling patterns were usually caused by singularities
in the chemotactic sensitivity, which lead to unrealistic unbounded velocities. This issue was addressed by
focussing on hyperbolic models that incorporate chemotactic sensitivity into the turning rates [20,36,54].
In these models, the hyperbolic equations for the movement of cells/organisms were usually coupled
with parabolic equations for the production/diffusion of an external chemotactic signal. Moreover, these
transport equations modelled only local interactions caused by specific communication mechanisms among
cells/organisms (e.g., via concentration levels of succinate and aspartate in [54]). Analytical investigations
of such transport models showed that they could exhibit travelling wave solutions even for bounded
velocities and turning rates [54]. Further, Lui and Wang [36] investigated the existence of travelling
pulses and front patterns in both local hyperbolic models (called by authors “microscopic” models,
since they incorporate microscopic-level dynamics, such as individual speed and turning rates) and their
limiting local parabolic counterparts (called by authors “macroscopic” models, since the scaling used to
obtain them, namely spatio-temporal scaling ¥ = ex, 7 = €%t, with ¢ — 0, leads to an averaging of
the individual-level dynamics). The authors showed that under certain parametric conditions, travelling
wave solutions can be preserved during the transition from these “microscopic” to “macroscopic” models.

While travelling aggregations are very common in nature, the movement is usually interrupted by
pauses and sharp reorientations, which allow individuals to explore an area more effectively. The resulting
zigzagging behaviour, which in 1D is characterised by directional movement inter-spread with sharp
turns in alternating directions, can often be found in zigzagging flocks of birds [43] or even in swarms
of locusts [3]). However, this type of movement is not commonly displayed by continuous mathematical
models of biological aggregations, and thus not usually investigated analytically. O’Loan and Evans [40]
investigated a similar alternating behaviour in a one-dimensional individual-based model for flocking,
and showed numerically that the reversal timescale is proportional to the logarithm of the number of
particles in the system. A generalisation of the model in [40] (which included only alignment) to a more
complex model that incorporated attraction, repulsion and alignment, showed that the continuum mean-
field limit version of the model does not exhibit zigzagging behaviours [44]. Dossetti [15] also investigated
zigzagging behaviour in a 1D individual-based model, and showed numerically that transitions between
travelling pulses and zigzagging pulses can be explained by the presence of noise and the differences in
the interaction radius of individuals.
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In this article, we consider a class of nonlocal hyperbolic models for self-organised biological aggre-
gations (i.e., aggregations that form in the absence of a leader or external signals), and investigate the
role of communication mechanisms on the speed of travelling pulse solutions and the reversal time for
zigzagging groups. These models, which were initially introduced in [17,18], allow for a straightforward
incorporation into the turning rates and into the speed [16] of various social interactions (repulsion from
nearby neighbours, attraction towards far-away conspecifics, and alignment with conspecifics at interme-
diate distances), as well as animal communication based on different sensory modalities (e.g., via sound,
tactile, visual or chemotactic signals). These communication mechanisms describe the situation in which
an individual receives full or partial information about the location and direction of movement of its
neighbours. It was previously shown that the structure of some of the patterns exhibited by these nonlo-
cal hyperbolic models is influenced by social interactions (e.g., larger alignment interactions lead to more
dense aggregations in case of stationary groups, and less dense aggregations in case of moving groups
[19]). Here, we investigate the combined effect of communication mechanisms and social interactions on
the structure and speed of travelling pulses and zigzagging pulses. We show that groups always travel at
the maximum possible speed, which is the same for all models, independent of the communication mech-
anisms used. However, the communication mechanisms influence the zigzagging behaviour of biological
aggregations, and in particular the average speed between changes in the movement direction.

We start in Section 2 by briefly reviewing the nonlocal hyperbolic models introduced in [17]. In
Section 3, we discuss the effect of communication mechanisms on the formation of spatially homogeneous
steady states. In Section 4, we take a heuristic approach to investigate conditions for the existence of
travelling-pulse solutions, and approximate the maximum travelling speed for groups that use different
communication mechanisms. Then, in Section 5 we compare these values with the numerical values for
the speed. In Section 6 we focus on zigzagging pulses and calculate the reversal time between zigzags.
We conclude in Section 7 with a discussion of the results and their biological implications.

2. Model Description

The evolution of a population formed of densities of right-moving (u") and left-moving (v~ ) individuals
(on a one-dimensional domain) is described by the following equations:

uf +yuf = ATt uTut ATt e e, (2.1a)
uy —yuy, = ATut uTjut = A [ut e e (2.1b)

Here, v is the constant speed and A\* are the density-dependent turning rates. In general, the turning
rates have a random component and a directed component [16-18]:

Mt um] =M+ X fyFu’, u)
= (M1 + 22 f(0) + X (FyE[u, u]) — £(0)), (2.2)

with f a dimensionless, positive, increasing and bounded functional of the interactions with neighbours.
(A function that satisfies all these restrictions is f(y) = 0.5 + 0.5tanh(y — yo) [17,18].) The terms
A1+ A2f(0) and Ao (f(yi) — f(())) describe the baseline random turning rate and the bias turning rate,
respectively. When f(0) < 1, the baseline turning can be approximated by A;, and the bias turning can
be approximated by Az f(y*). Here, we assume that the turning rates can be influenced by three types
of social interactions (recall that the speed 7 is assumed constant here): attraction (towards neighbours
further away), repulsion (from nearby neighbours) and alignment (with neighbours positioned at inter-
mediate distances). Assuming that the effect of these interactions is additive (and keeping in mind that
repulsion and attraction have opposite effects), we can define the dimensionless functionals y* as follows
[17,18]:

e T e T (A T B s AR T S i (T (2.3)
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The repulsive (y7), attractive (yF) and alignment (yail) terms are nonlocal, and depend on how indi-
viduals receive/emit information from/to their conspecifics positioned at certain distances that allow for
social interactions [17]. As an example, individuals that communicate through visual signals likely re-
ceive information only from ahead (unidirectional reception). In contrast, individuals that communicate
through visual and sound signals can receive information from ahead and behind (omnidirectional recep-
tion). However, the information received depends also on the information emitted. Thus, the emitters
could send out information in all directions (omnidirectional emission; e.g., via chemical or omnidirec-
tional sound signals), or could send out information in a certain direction, which may depend on their
movement orientation (unidirectional emission; e.g., via tactile or unidirectional sound signals). Figure
1 shows four examples of different reception and emission mechanisms, which are denoted by M2-M5.
These examples were previously introduced in [17]. (In [17,18] the authors considered also a toy model
M1, which incorporated the assumption that attraction/repulsion was influenced by all individuals, as
in M2, while alignment was influenced only by some particular individuals, as in M4. Since model M1
does not bring any new results to this study, we will ignore it here.) Table 1 describes the interaction
terms yji7 j = r,a,al,, for each of these four models. Kernels K;(s), j = r,al,a, indicate whether the
interactions take place inside the repulsive (K.), attractive (K,) or alignment (K,;) ranges. Throughout
this study, we will consider kernels of the form K;(s) = (1/, /Zﬂm?) —(s=s3)/(2m3) , J = 7,a,al, with
m; = s;/8. Here, s; represent half the length of the interaction ranges, and m; describe the width of the
interaction ranges. Parameters ¢,, q, and ¢4, that appear in front of the integrals in Table 1, describe
the magnitudes of the repulsive, attractive and alignment interactions, respectively.

We note here that since the reception of signals from neighbours is the most important aspect when it
comes to decision making in an individual (e.g., various neighbours could emit visual and auditive signals,
but if the receiving individual cannot perceive the visual signals, it will acquire and act only on partial
information), throughout the rest of the article we will associate these models with the mechanism by
which individuals perceive information from their neighbours.

Model Repulsion, Attraction & Alignment
M2 Y = ra J5° Krya(s) (u(m +s)—ulzF s))ds

y,fl = qa [y Ka (u:F(x +s)—ut(zts)+uF(zFs)—ut(zT s))ds
M3 y'r,a =dr,a fO r,a .’If + S)dS
Vi = qal 15 Kai (u:F (x+s) —uF(z+ s))ds
M4 yr,a ={r,a fO ('LL:F (l’ + S) —Uu ({L‘ F s))ds
=qa [;° K (uI(az +3s) —ut(zF 5))ds
M5 =¢ra fo s)ut(z + s)ds
=qu [, K 1ﬁ (x £ s)ds

TABLE 1. Repulsive, attractive and alignment interaction terms corresponding to the four reception
mechanisms described in Figure 1. Here, u = ut + u~ is the total density, ¢r, go and ¢, are the
magnitude of the repulsive, attractive and alignment interactions, while Kj;(s), j = r a,al, are the

interaction kernels. To be consistent with the work in [17], we consider K;(s) = - m2 exp(—(s —

5]-)2/2m§)7 with j = r,a,al, m; = s;/8, with s; representing half the length of the mteractlon ranges,
and m; giving the width of the interaction ranges.

Figure 2 shows the types of travelling pulses exhibited by models M2-M5. (To obtain these patterns,
we discretised model (2.1)-(2.3) using a first-order upwind scheme, with periodic boundary conditions
on a finite domain of length L = 10. The integrals were discretised using Simpson’s rule. The initial
conditions were small random perturbations of the spatially homogeneous steady states ut = u~ = 1.)
An investigation of a restricted parameter region (obtained by fixing all parameters but ¢, and ¢,.) showed
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FIGURE 1. Four examples of unidirectional and omnidirectional communication mechanisms, for a
right-moving (ut(x,t)) reference individual that receives information from its neighbours positioned
ahead at x + s, or behind at x — s. Similar mechanisms can be described for a left-moving individual
(u™ (z,t)). To avoid confusion, we keep the model notation from [17]: models M2-M5. The continuos
arrows describe the direction of movement of individuals (left- or right-moving). The dotted arrows
describe the information received from neighbours (where the direction of the arrows indicates the
direction in which information travels; e.g., M3: from u®(z+s,t) to ut(z,t)). The reference individuals
depicted in M2 and M3 can receive information (through visual signals, for example) from neighbours
moving towards or away from them. The reference individuals depicted in M4 and M5 can receive
information only from neighbours moving towards them. The red (grey on black/white prints) ”X”
means that no information can be received from those neighbours.

that models M2 and M4 exhibit travelling pulses that are homoclinic orbits corresponding to the state
(ut,u™) ~ (0,0). Models M3 and M5 exhibits travelling pulses that are homoclinic orbits associated
with the states (ut,u~) = (at,a™), where af > 0 (see Figures 2(d),(h).

Throughout most of this article, we will ignore models M3 and M5, and focus only on models M2
and M4 to investigate the speed of the travelling pulses and the reversal times for the zigzagging pulses.
Regarding models M3 and M5, there are two observations to make. First, these models do not seem to
exhibit zigzagging behaviours [17]. Second, for models M3 and M5, since there is a significant number of
individuals spread over the entire domain (see Figure 2(d),(h)), the observed travelling speed of the group
(pulse) is a combination of the actual travelling speed and the directional changes of those individuals
ahead the group, moving towards the group, who then turn around and look like they are now part of
the group. This turning behaviour increases the speed of the group, by artificially moving forward the
centre of mass of the group. For these reasons, we will ignore the patterns exhibited by models M3 and
M5, and focus only on the patterns exhibited by models M2 and M4.

9
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FIGURE 2. Travelling pulses exhibited by models M2-M5. Panels (a), (c), (e) and (g) show the total
density © = uT + u~. Panels (b), (d), (f) and (h) show time snapshots of the densities of u* and u~
separately. The parameters are: (a),(b) ¢qa = 2.1, ¢ = 2; (¢),(d) ga = 2.01, ¢ = 2; (e),(f) qa = 3.7,
qr = 2; (g),(h) ga = 0.8, g» = 0.3. The rest of parameters are g,; = 2.0, \; = 0.2, A2 = 0.9, v = 0.1,
sr = 0.25, sq; = 0.5, sq = 1.0.

3. Spatially homogeneous steady states

Before investigating the travelling pulses, which are polarised states formed of individuals moving all in
one direction, we focus our attention to polarised spatially homogeneous states (i.e., states where there
are more individuals facing one direction than the other).

10
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The spatially homogeneous steady states are solutions of the equation 0 = AT[u™ u”]u™ —
A" [uT,u"Ju". To calculate these states, we substitute u™ = u*, u~ = A — u* into this equation. (Here
A denotes the total population density within a finite domain of length L: A = + ff(u*(s) +u~(s))ds.)
Figure 3 shows these states (for each of the models M2-M5), as functions of the parameter values for the
repulsive-attractive (¢, — g,) interactions and for the alignment (g,;) interactions.

The nonlocal hyperbolic models (2.1) can have one, three or five spatially homogeneous steady states,
depending on the communication mechanism used and on the social interactions present (see Figure 3).
In particular, all models display the (unpolarised) steady state u™ = u*(= A/2), where half of individuals
are moving left and half are moving right. For specific parameter values, the models can exhibit also
polarised spatially homogeneous steady states: (ut,u™) = (4 —u*,u*) = (u*, A — u*), with A/2 < u*
or u* < A/2 (see Figure 3(a)). We can classify these states as “weakly-polarised” states, characterised
by A/2 < u* < 1.5 or 0.5 < u* < A/2 (as in Figure 3(a), for M5, when ¢. — ¢, € (1.2,1.5)), and
“strongly-polarised” states characterised by (u™,u™) = (1.7,0.3) (as in Figure 3(b), for M2). These
“weakly-polarised” and “strongly-polarised” states can coexist in some parameter regions, as shown in
Figure 3(a), for M4, when ¢, — ¢, € (2,3).

Note that the social interactions that are mainly attractive (i.e., ¢, — ¢o < 0, g1 = 0) do not lead to
polarised spatially homogeneous steady states (Figure 3(a)). However, polarisation can be obtained by
the introduction of alignment interactions (gq > 0; panel (b)).

It was previously shown [17] that in the presence of alignment interactions, all models can display at
least three steady states (Figure 3(b,c)). Moreover, the formation of polarised steady states is influenced
by the communication mechanisms used. We can see in Figure 3(c) that individuals that are more aware
of their neighbours (as in model M2) require less alignment to form polarised states, compared to those
individuals that are less aware of their neighbours (as in model M4). Moreover, for small or no alignment,
the individuals that are very little aware of their surrounding neighbours (i.e., models M3 and M5), either
do not display these polarised states or they display them in very narrow parameter ranges (see Figure
3(a), (b)).

In regard to the stability of these states, note that the state u* = A/2 = 1 is stable for ¢, — ¢, > 0
(since stronger repulsion impedes the formation of spatio-temporal patterns) and unstable for ¢, — ¢, < 0.
Moreover, it was shown in [18] that the state u* = A/2 is always unstable for large g,;. On the other
hand, the higher-magnitude “strongly-polarised” homogeneous states (u*, A —u*) =~ (1.7,0.3) are always
stable for large q,;. Therefore, for large q,;, small perturbations of u* = 1 will likely approach the states
(u*, A — u*) = (1.7,0.3). For small to intermediate values of ¢,;, these states could be either stable or
unstable (depending on the values of ¢, o). Finally, the “weakly-polarised” states that bifurcate directly
form the state u* = 1 (e.g., the M4-state that bifurcates at ¢, — ¢, = 3.2 in Figure 3(a)) are always
unstable [18]. Hence, these states bifurcate subcriticaly from u* = 1.

Next, we focus on the conditions for the existence of persistent travelling pulses, and investigate the
effect of communication mechanisms incorporated into models M2 and M4 on the speed of these pulses.

4. Conditions for the existence of travel pulse solutions

We start the investigation into the existence of travelling pulse solutions by considering travelling wave
coordinates z = x — ct, and defining U*(z) = u*(z — ct). The ODE system satisfied by U (2),

(y—o)Uf =-XT[UT, U WUt + X [UT, U U, (4.1a)

(—y—cU, = XTUT, U Ut -\ [UT, U U, (4.1b)

has the steady state (UT,U~) = (0,0). Thus, a travelling wave pulse should satisfy lim, 4., U%(z) =0
and lim, 1., UF(z) = 0. Adding and subtracting equations (4.1) leads to

z

—cU, +~V, =0, (4.2a)
—cV, +4U, = Ua|U, V] = VB[U, V], (4.2b)

11
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(a) [—2 M3 —— M4 ——Ms (b) [—2 M3 —— M4 —— M5 (C) [—2 M3 —— M4 —— M5
2 24
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FIGURE 3. Spatially homogeneous steady states u* corresponding to models M2-M5, as functions
of the parameters describing the magnitude of the repulsive/attractive interactions (¢, — gq) or the
magnitude of alignment interactions (gq;). (&) gar = 0; (b) gai = 2.1; (¢) ga = 2.2, ¢ = 2.0. All models
have u* = A/2 as a steady state (where A is the total density of individuals on a domain of length L:
A= % fOL (ut(z) + u=(x))dz. Here and throughout the rest of the paper we choose A=2, and thus
u* =1.

where U =Ut+ U, V=U"-U", a[U, V] =X [UV]=AT[U,V], and B[U, V] = X" [U, V] + XU, V].
From (4.2a) we obtain

V(z) = %U(z). (4.3)
Equation (4.2b) can be re-written as
1 c c
A travelling pulse, if it exists, must satisfy
U.(2) >0 for z— —o0, (4.5a)
U.(z) <0 for z— oo, (4.5b)
U(z) >0, for all z. (4.5¢)

Note that for non-negative initial data u(jf € C', the solutions u® of (2.1) are also non-negative as long as
they exist in C''. This can be shown by writing equations for u* along the characteristic lines, and using
the assumption that the turning functions A* are positive [19] (see also [26] for an invariance principle
for hyperbolic random walk systems). A detailed analysis on the existence of mild, weak and classical
solutions for equations (2.1) can be found in [19,21]. Therefore, inequality (4.5¢) is satisfied.

To investigate inequalities (4.5a) and (4.5b), we take a heuristic approach. We assume that the pulse
is centred at z = 0 and we approximate the edges of the pulse. In the following, we will focus on a point
z = z; < 0 near the left edge of the pulse (see Figure 4(a)). In the neighbourhood of this point, we have
U(zi —s) = 0 and U(z + s) = B, with B the constant density of the group. Similarly, if we consider
z = z, > 0 a point near the right edge of the pulse, then U(z, + s) ~ 0 and U(z, — s) = B (see Figure
4(a)). We assume here that the densities near the left and right edges of the pulse have the same value B.
Thus, we can approximate the edges of the travelling pulse with constant piecewise functions. (Shortly,
we will discuss the case where the edges are approximated by exponential functions, as in Figure 4(b).)
Using this approach, we can approximate the values of the integral terms Yli, =y U (21), U (21,0)]
(equations (2.3)), which describe the nonlocal interactions for each of the models M2 and M4. These
values are given in Table 2.

Using equation (4.4), the approximations for U(z = s) and the expressions for «[U, V] and 8[U, V], we
can rewrite inequalities U, (z) > 0 (near the left edge) and U,(z) < 0 (near the right edge) as follows:

12
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(a) u(z; )=B u(z,)=B (b) u(z|+§) =B u(za 7 )=B
\ |
A4 o Zr“s 2 1 % Am0ian 45 2
(c) B (d)
1B
u=0 u=0 u=0 L
IZI (5 er Z| Z'1+50 zr ézr

FIGURE 4. Caricature representation of a travelling pulse. (a) Approximation of left/right edges of
a pulse with constant piecewise functions with maximum B; (b) Approximation of left/right edges of a
pulse with exponential functions (equations (4.12)-(4.13)) with maximum B. Here, z;, * z, are points
at the edge of the attraction zones centred at z;,.. There are no social interactions outside these zones;
(c) and (d) For more realistic approximations of traveling pulses, we can choose lower densities (B — €)
at the right or left edges of the groups.

Model  Approximations of nonlocal interactions
M2 Y« = _B(qr—qa)‘FQal%Ba
V" =B(gr — qa) — qu<B,
Y, = B(Qr - Qa) + qalsB:
V" = —B(¢r — ¢a) — qu$ B
M4 Y = (qrfqa+qal)(705B 1-29)),
Yt = (¢ — qa + qar) (0.5B(1 — £ g )
V" = (g — o +qa) (0581 + 2)),
V" = (¢r = qa + gar) (= 0. 53(1 e °))-

TaBLE 2. Nonlocal interaction terms for the left (Y;*) and the right (Y;*) edges of a
rectangular traveling pulse, for the communication mechanisms M2 and M4 described in
Figure 1.

—2cA + (Y= A f (V7)) — (v + o)X f (V)
= 2cA1 4+ (v = )X f (VD) = (v + o)A f(YV,F)

>0, for z=2 <0, (4.6a)
<0, for z=z >0, (4.6b)
with YljE and Y,* describing the nonlocal interactions near the left and right edges of the travelling group,
respectively (see Table 2). Note that, since v > ¢ (individual’s speed should be larger than group speed
[36]), inequalities (4.6) are not influenced by the sign of v —c. Because of the alignment interaction terms,
which depend on the speed ¢ (since U+ = 0.5(U £ V) = 0.5(U + cU/v)), Y= will also depend on the
speed c. Keeping in mind this aspect, we can rewrite equations (4.6) as follows:
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e (f (D) — /(¥ ")

2M1 + X (f(Y,7) + (V1) — “ (4.7)
Y (YD) = f(Y,1))
M+ (F) + F(%T) © (4.7b)
Define
PO = F)
R0+ 0] “
and
e (fY) - F(V)
R WS W T Z ES T Za)N (+9)
Thus, if a travelling pulse exists, its speed ¢ must satisfy the inequality
™ (c) < e < ¥ (c). (4.10)

Since for large Ylir (i.e., large social interactions or large B) the turning functions can be approximated
by f~1or f~0, one can easily calculate the maximum and minimum values of c:

YA2

max,min — o 4.11
Cmax, 21 + s (411)

For v = 0.1, Ay = 0.2 and Ay = 0.9 (parameter values that are fixed throughout this article) we obtain
Cmax,min ~ £0.069231. Therefore, the maximum travelling speed does not depend on the communication
mechanism used by individuals in the group.

Figure 5 shows the solutions of equations ¢**(¢) = ¢ (dotted curves) and ¢*(¢) = ¢ (continuous curves),
under the assumptions that (i) groups have well-defined edges and there are no individuals outside the
groups, (ii) all groups have the same density B, independent of the communication mechanisms used, and
(iii) the groups are similar to the one described in Figure 4(a) (i.e., rectangular shape and same density
B near the left and right edges of the group). First, we observe that for large or small ¢, — ¢, the speed
¢ approaches the maximum and minimum values +0.069231. Comparing the magnitude of the speed for
the M2 and M4 models, we observe that it depends on the maximum group density B. For relatively
small B (panels (a), (b)) and repulsive aggregations (i.e., ¢, — ¢, < 0), the magnitude of the speed is the
same for both M2 and M4. In contrast, for attractive aggregations (i.e., g, — ¢ > 0), the magnitude of
the speed for M2 pulses is slightly higher than the magnitude of the speed for M4 pulses. However, for
large B (panel (c)) the magnitude of the speed for M2 pulses can be lower than the magnitude of the
speed for M4 pulses.

Focusing now on inequality (4.10) and its application to the results in Figure 5, we observe that for
model M4, travelling pulses exist when ¢, — ¢, > 2 (since in this case ¢** < ¢*). However, for model M2,
travelling pulses exist when ¢, =~ ¢, (for relatively small B; Figure 5(a),(b)), or when ¢, < ¢, (for large
B; Figure 5(c)).

4.1. Pulses with exponentially-decaying edges

To check whether these results are not an artefact of the approximation of a travelling pulse with a
rectangular pulse, we consider also pulses with exponentially-decaying edges (see Figure 4(b)). Again,
we assume that these pulses are centred at z = 0. We choose two points z; < 0 and z,. > 0 at the left and
right edges of the travelling pulse, such that U(z;,) < 1 and we can approximate U(z;,) ~ 0. Let z, be
the length of the attraction range for individuals positioned at z;,. Now, we focus on the point z; < 0
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FIGURE 5. Approximations for the maximum and minimum speeds c of travelling pulses of rectangular
shapes, as functions of the difference g, — gr, for different values of the maximum group density B. The
continuous curves are solutions of ¢ = ¢*(c¢). The dotted curves are solutions of ¢ = ¢**(c). (a) B = 2.4;
(b) B = 5.4; (c) B = 10.4. The rest of parameters are as follows: g = 2.0, A\ = 0.2, A2 = 0.9,
sr = 0.25, sq; = 0.5, sq = 1.0, L = 10.

(Figure 4(b)), and define B the maximum density at the edge of the attraction zone (i.e., U(z;+2,) = B).
Then, we can approximate the left edge of the pulse by

_ Be 5 ®)?
Wm+@={§ Be T for 0< s <z (4.12)

Similarly, if we focus on the point z. > 0 at the right edge of the pulse, we can define B to be the
maximum density at the edge of the attraction zone (i.e., U(z, — z,) = B). Thus, we can approximate
the right edge of a pulse by

B 2
N _JB—Be ) for 0<s< 2,
U(zr —s) = {07 for s < 0. (4.13)

Constants b; and b, give the slope of the left and right edges of the pulses. They are calculated by fitting
equations (4.12)-(4.13) to the front edges of the numerical travelling pulses (see Figure 6). For b, — 0,
the pulse in Figure 4(b) approaches the rectangular pulse in Figure 4(a).

We can now approximate the speed ¢ by substituting equations (4.12)-(4.13) into the expressions for
y;—Lal ., in Table 1, calculating the expressions for Ylir (which now include the convolutions of U(z, ;) with
the interaction kernels K (%), =r,al,a; not shown here) and solving numerically the equations for ¢*(c)
and ¢**(c). Figure 7 shows these speed approximations for a travelling pulse with exponentially-decaying
edges. Compared to the case presented in Figure 5 (where pulses have rectangular edges), here the curves
¢* and ¢** are translated to the left. (This behaviour is the result of having b;, b, > 0 in equations (4.12)-
(4.13).) Note that the magnitude of these speed curves is not affected by the approximation chosen.
However, the parameter regions where the travelling pulses can exist (i.e., where ¢** < ¢*) are shifted
to the left for both M2 and M4 models. We remark that in this case, the M4 model could theoretically
display travelling pulses also for negative g, — ¢,

In the following section, we calculate numerically the speed of travelling pulses, and discuss how
appropriate these two approximations are for the real travelling pulses.

5. Comparison with numerical results

To test the accuracy of these analytical results, we calculate numerically the speed of travelling pulses.

The initial conditions for the numerical simulations are small, random perturbations of the steady states
(U+, u_) - (U*a A— U*)
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FICGURE 6. Approximations of the left and right edges of the travelling pulses, using equations (4.12)-
(4.13). (a) Left-moving travelling pulse obtained for model M2, when q,; = 2, ¢o = 2.1, ¢» =2, B = 4.
Here b; = 1.0; (b) Right-moving travelling pulse obtained for model M4, when go; = 2, go = 3.7, ¢» = 2,
B = 8. Here b, = 0.2.
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FIGURE 7. Approximations for the maximum and minimum speeds ¢ of travelling pulses with
exponentially-decaying edges (given by eq. (4.12)-(4.13)), as functions of the difference ¢, — g, for
different values of B. The continuous curves are solutions of ¢ = ¢*(c¢). The dotted curves are solutions
of ¢ = ¢**(c). (a) B = 2.4; (b) B = 4.4. The rest of parameters are as follows: g, = 2.0, A1 = 0.2,
X2 = 0.9, sp = 0.25, 547 = 0.5, 8¢ = 1.0, L = 10, b; = 1.0, b, = 1.0.

In Figure 8, we graph the approximated values of ¢ (equations (4.8)-(4.9)) versus the numerical val-
ues of ¢, for different attractive (g,) and repulsive (g,) interactions. Panels (a) and (c) are obtained
when we assume rectangular pulses, while panels (b) and (d) are obtained when we assume pulses with
exponentially-decaying edges. Since numerical simulations show that the maximum density of the travel-
ling pulses is different for different communication mechanisms, here we calculate the values of ¢* and ¢**
by substituting different values of B for each of the models M2 and M4. In particular, to compare with
the numerical results, we choose B similar to the values obtained for the numerically simulated travelling
pulses: B = 3.5 for M2 and B ~ 8.6 for M4. Note that choosing slightly different values for B leads to
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FIGURE 8. Numerical and approximated values for the speed of travelling pulses exhibited by models
M2 and M4. In panels (a) and (c) the travelling pulses are approximated by rectangles, while in panels
(b) and (d) the pulses have exponentially decaying edges. To calculate the values of ¢ corresponding to
c¢*(¢) = ¢ (continuous curves) and ¢**(c¢) = ¢ (dotted curves), we have chosen B such that it is close
to the maximum density of the numerically simulated travelling group. Thus, for model M4, B = 8.6,
b; = by, = 0.2. For model M2, we choose B = 3.5, b = b, = 1.5. To graph the value of ¢ versus the
difference g4 — gr, we fix ¢, and vary q,. The rest of the parameters are: ¢, = 2, ¢» = 2, A1 = 0.2,
A2 =0.9, s, =0.25, 54y = 0.5, sq = 1.0, v = 1.0, L = 10.

small translations to the left/right for the curves ¢*(¢) and ¢**(¢). However, these changes do not affect
the maximum values of the speed c.

Overall, the numerical and analytical values of the travelling speeds ¢ agree relatively well for models
M2 and M4, independent of the approximation used. The maximum and minimum values of these curves
are consistent for the two approximations, and the M2 and M4 pulses actually travel at the maximum
speed |c| & 0.0692. For model M2, the parameter range in which numerical pulses exist coincides with the
parameter range given by ¢** < ¢* (4.10), for both pulse approximations (Figure 8(a),(b)). However, for
model M4, these parameter ranges coincide only for the approximation with pulses with exponentially-
decaying edges (Figure 8(d)). When we approximate a travelling pulse with a rectangular-shaped pulse
(Figure 8(c)), the analytical results show that this pulse exists for g, — ¢, > 2, while the numerical results
show that it exists for ¢, — ¢, < 2.

Finally, we remark for model M2 that the numerical speed is negative for g, — ¢, > 0 and positive
for ¢, — ¢ < 0. The simulations were repeated a few times with the same parameter values (and initial
conditions random perturbations of the spatially homogeneous steady states). This raises the question
of whether the communication mechanism M2 affects the directionality of the movement. Analytical
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results obtained when the travelling pulse is approximated with a pulse with exponentially decaying
edges (Figure 8(b)) suggest that the curve ¢*(¢) = ¢ does not have real values for ¢ > 0.

6. Communication mechanisms and the structure of zigzag pulses

Another pattern characterised by travelling groups is represented by zigzag pulses, where aggregations
change periodically their movement direction. As mentioned previously in [17], both models M2 and M4
can exhibit this type of pattern. Figure 9 shows the types of zigzags obtained when we vary the ¢, values,
while keeping all other parameters fixed. For model M2, one can obtain regular zigzags (panel (a)) as
well as a period-4 zigzags (panel (b)), period-2 zigzags (panels (c),(f)) and period-10 zigzags (panel (d)).
Note that the formation of these zigzag patterns and the transitions between these different types of
zigzags that occur as ¢, is varied, are the result of symmetry-breaking bifurcations of Zs(k, ) invariant
solutions. A detailed investigation of the mechanisms behind these bifurcations will be the subject of a
future study. (The role of model symmetries on the bifurcation dynamics of complex patterns exhibited
by these nonlocal hyperbolic models has started to be investigated only recently [10].) In regard to the
reversal frequency, we remark that for both M2 and M4 models, small g, leads to less frequent changes
in the movement direction (panels (b), (c), (d),(f)), compared to the case of large ¢, (panels (a), (e)).
Finally, note that for model M2 the density is higher during the turning process (Figure 9 (c),(d)). In
contrast, for model M4, the density reaches its maximum immediately after the group starts reversing
(Figure 9(e)). This aspect can be observed more clearly in Figure 10, where we show the surface contour
of the zigzags.

In an article that discussed zigzag movement in an individual-based model for flocking, O’Loan and
Evans [40] showed that reversal time is directly proportional to the logarithm of the group size. Moreover,
the authors suggested that the role of directional changes is to keep the group together: if the group would
not reverse its direction, it would become diffuse and cease to exist [40]. Figure 9(e) shows clearly that
the back of the group becomes quite diffuse just before the group changes its movement direction, thus
supporting the idea put forward in [40].

By direct comparison of the patterns exhibited by models M2 (Figure 9(a)-(d)) and M4 (Figure 9(e)-
(f)), we also observe that the M4-zigzags are longer than the M2-zigzags. The total group density (which
is higher for M2 than for M4) certainly plays a role in this behaviour. If we would assume that the
communication mechanisms do not affect the reversal times, since all parameters but ¢, are the same for
both models, the observed patterns would suggest that the difference in the length of the zigzag is the
result of the repulsion force, which is higher for M4 (¢, = 2) than for M2 (¢, = 1). However, a higher
repulsion force means that the M4-groups would disperse faster (since the attraction force is the same),
which would imply that the zigzags should be shorter, to compensate for the dispersal. This contradiction
with the actual length of the zigzags suggests that the communication mechanisms (M2 and M4) play an
important role in the reversal times and the type of the zigzags observed numerically.

To calculate the reversal time, we use the formula

= (6.1)
where d is the distance travelled between reversals, and ¢, is the average travelling speed. Note that
between reversals, the groups behave like travelling pulses that move at a constant speed (since the trav-
elled path is rectilinear; see Figure 9). However, because the group slows down to change the movement
direction, the average speed c, should be lower than the travelling speed ¢ &~ 0.069231 given by equation
(4.11).

To calculate the distance d, we return to the travelling wave equation (4.4), which we integrate from
2o to 21, two generic spatial points at which two consecutive reversals occur (see Figure 10):

B L N A sa B o
| Tie= | g 0elt. 201 sl 20, (62)
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FIGURE 9. Zigzag pulses exhibited by models M2 and M4. Parameter values are: (a) M2: q, = 4.8,
gr = 1; (b) M2: gq = 4.05, ¢» = 1; (c) M2: gq = 4.06, ¢» = 1; (d) M2: ¢, = 4.08, ¢ = 1; (e) M4:
ga = 4.8, ¢ = 2; (f) M4: go = 4.05, ¢» = 2. The rest of parameter values are the same for both
sub-models: g4 =2, v=1, A1 = 0.2, A2 = 0.9, s, = 0.25, sq; = 0.5, s, = 1.0, L = 10.

Since the zigzags occur only for large g, and the zigzagging groups have very large densities, we can
approximate the interaction function by f ~ 1 or f ~ 0, and thus

~alU, %“U] — e8I, %U] ~ A — cal(2A1 + o). (6.3)
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FIGURE 10. Surface contour of zigzag pulses exhibited by models (a) M2 and (b) M4. The zo and
z1 points are some generic space-time points (z = x — ct) at which the groups change their movement
direction. Parameter values are: (a) M2: gq = 5.0, ¢» = 1; (b) M4: ¢4 = 5.0, ¢» = 2; The rest of
parameter values are the same for both sub-models: g, = 2, v = 1, A1 = 0.2, A2 = 0.9, s, = 0.25,
Sq1 = 0.5, sq = 1.0, L = 10.

Therefore, equation (6.2) becomes

U(z) YA2 — ca(2A1 + A2) A2 — ca(2A1 + A2)
1 = — == d 6.4
n (U(Zo)) (Zl ZO) "Y2 — Cg ’72 — Cg ) ( )
where d = z; — zp. The reversal time 7T is thus given by
I (FE) (=) 1
o (U(zg)) a (65)

T A — ca(PA F N2) o

The fact that T is proportional to the logarithm of U(z1)/U(zo) is consistent with the argument in
[40] (where the authors showed numerically that the reversal time in an individual-based model was
proportional to the logarithm of the population density). Since the back of the group slowly disperses
as the group moves forward, the densities U(z1) and U(zp) (shown in Figure 10) are different, and thus
In(U(21)/U(20)) # 0. When ¢, — ¢, we obtain yAa — ¢, (21 + A2) — 0, and hence T' — oo (i.e., there is
no turning, and the pattern is described by travelling pulses that move with speed ¢).

Figure 11 shows the reversal times for the zigzags exhibited by models M2 and M4, as a function of gq,.
Panels (a) and (b) show the reversal times calculated from the numerical data. When the reversal times
are T' < 8.86 (for model M2) and T < 3.8948 (for model M4), the zigzags are replaced by travelling pulses
(with T'— o0). In panels (c) and (d), the red filled circles show the numerical values of In(U(z1)/U(z0)).
The values U(z1) and U(zg) are calculated from the data, as in Figure 6, by recording the maximum value
of U(z) within an attraction range of length z, from the front edge of the travelling pulse. (For example,
in Figure 6(a) this maximum value is 4.2, while in Figure 6(b) the maximum value is 8.0.) The black
filled circles in panels (c) and (d) show the reversal times 7" obtained by multiplying these logarithms by
(72 = c2) /(72 — ca(2X1 + X2))ca, for ¢, = 0.066. For model M2 (panel (c)), this value of ¢, seems to be a
good approximation of the group speed between the two reversal points. However, for model M4 (panel
(d)) this average speed is too low. The open blue circles show the reversal times obtained for ¢, = 0.0676.
While the reversal times for g, > 5.5 are similar to the ones in panel (b) (i.e., T & 50), the reversal times
for ¢, < 4.5 are much lower compared to the ones in panel (b). This difference in the reversal times for
small and large g, suggests a dependence of the average speed ¢, on q,. The result makes sense since
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for small q,, the groups travel longer before they change direction, and thus the average speed between
reversals should be slightly higher in this case.

Finally, we remark in Figure 11 (a),(c) the double values for the reversal times T, corresponding to
da € [4.05,4.08]. These double values are the result of non-regular zigzags being displayed by model M2:
travelling zigzags (¢, = 4.06), or period-n zigzags (n = 2 for q, = 4.06; n = 4 for ¢, = 4.05, q, = 4.07;
n = 10 for g, = 4.08). Model M4 displays travelling zigzags (i.e., period-2 zigzags) only for ¢, = 4.05.
However, in this case, the two reversal times have relatively close values (i.e., T'= 224 and 7' = 212) and
cannot be distinguished very well on the graphs.
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FIGURE 11. Reversal times T for zigzag patterns exhibited by models M2 and M4. (a) Numeri-
cally calculated reversal times for model M2; (b) Numerically calculated reversal times for model M4.
(c) Model M2: Red (grey - on Black/White prints) filled circles are numerically calculated values for
In(U(z1)/U(20)). Black filled circles show the reversal times as given by (6.5), for ¢, = 0.066. (d) Model
M4: Red filled circles are numerically calculated values for In(U(z1)/U(z0)). Black filled circles show
the reversal times as given by (6.5), for ¢, = 0.066. Blue (dark grey- on Black/White prints) open
circles show the reversal times for ¢, = 0.067. Parameter values are: (a) M2: gq = 4.05, ¢ = 1; (b) M2:
ga = 5.0, ¢r = 1; (¢c) M4: gq = 4.05, ¢ = 2; (d) M4: ga = 5.0, ¢» = 2. The rest of parameter values
are the same for both sub-models: q,; = 2, v = 1, A1 = 0.2, A2 = 0.9, s, = 0.25, s4; = 0.5, s = 1.0,
L = 10.

7. Discussion

In this article, we investigated the role of different communication mechanisms on the structure and
speed of moving biological aggregations. To this end, we used a class of nonlocal hyperbolic models
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that allowed for a straightforward incorporation of various communication mechanisms corresponding
to different sensory modalities. First, we studied the combined effect of social interactions (attraction,
repulsion and alignment) and communication mechanisms on the number of spatially homogeneous steady
states. We showed that in the absence of alignment interactions, the formation of polarised steady states
as a result of repulsive interactions occurs only when individuals cannot perceive all of their neighbours
(e.g., models M4,M5). This suggests that strong repulsion makes individuals align with neighbours by
chance. In contrast, the formation of polarised steady states as a result of alignment interactions depends
on the magnitude of alignment: for small alignment, those individuals that cannot receive information
from all of their neighbours will form polarised states only for some restricted parameter values (see
models M3 and M5). In contrast, individuals that receive information from all of their surrounding
neighbours will form polarised states for a large range of parameter values. Therefore, the formation of
polarised states is influenced by both communication mechanisms and social interactions.

Next, we studied the role of different communication mechanisms on the speed of travelling groups.
We approximated the speed values, and showed numerically that groups travel at the maximum speed,
independent of the communication mechanism used. (The magnitude of the speed was determined only by
the individual turning rates A; and Ay and the individual speed 7). This result suggests that for calculating
the travelling speed, we could have ignored the nonlocal terms that incorporate communication. However,
the presence of these nonlocal terms allowed us to identify the parameter values for which travelling
pulses could exist. The inequalities that give the maximum/minimum speed of travelling pulses are only
a necessary condition. The existence of a travelling pulse versus a stationary pulse is, in fact, significantly
influenced by the magnitude of the attractive interactions (with large attractive interactions leading to
stationary pulses in M2). The attractive interactions also seem to affect the transition from a travelling
pulse to a zigzagging pulse. For model M4, travelling pulses exist for g, — ¢, < 2, while zigzagging pulses
exist for g, — g > 2. Overall, these results seems to contradict the results in [15], which suggest that a
strong attractive interaction can impede the zigzag movement in a 1D individual-based model. However,
we note that also for our model, very large attractive interactions (e.g., q, > 10) stop the zigzagging
behaviour.

The numerical travelling pulses obtained with models M2 and M4 had different densities and travelled
at the same speed. On the other hand, the results presented in Figure 5, which were obtained by assuming
the same group density for both M2 and M4 models, showed that the M2 and M4 pulses could travel
at different speeds. To check whether the M2 and M4 groups that start with the same initial densities
move at different speeds, we performed numerical simulations with rectangle-shaped initial conditions
that had the same maximum density (B = 4; not shown here). The results showed that just before
groups started travelling, the densities of the groups changed (by dispersing or contracting). As groups
started moving, their speed increased quickly towards the maximum speed ¢ ~ 0.0692. This result raises
the question of whether there is a connection between the communication mechanism used and the group
density necessary to ensure movement at maximum speed.

While communication mechanisms did not influence the magnitude of the travelling speed, they seemed
to have an influence on the zigzagging behaviour. In particular, the reversals in the movement direction
were less frequent when individuals did not receive information from all of their neighbours (model M4). In
contrast, when individuals received information from all of their neighbours (model M2), the groups were
formed of high densities of individuals, and the reversals occurred more frequently. The results presented
here raise the question of whether the transition from short moves to long moves (observed, for example,
in foraging aggregations) could also be the result of defects in the inter-individual communication (due
to external factors, such as wind - which distorts sounds signals, or vegetation - which impacts visual
communication).

Overall, our findings add to the existent theoretical results on the importance of group-level communica-
tion to the structure and movement of biological aggregations [17]. Although the role of individual-level
communication on individual movement can be investigated experimentally [39], we are still far from
understanding experimentally the role of group-level communication on the movement of animal aggre-
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gations. Thus, the mathematical modelling of group-level animal communication and the subsequent
analysis of these models are among the few tools that we currently have to formulate hypotheses about
the possible biological mechanisms behind the observed group behaviours. Further research should be
directed to develop new experimental methods to investigate how group-level communication influences
the movement of the group. From a mathematical perspective, it is necessary to develop new models
that incorporate more detail about the communication signals (e.g., by differentiating signals used for
directional group coordination from signals used for group cohesion).
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