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2 IRD UMI IMMISCO, 32 av. Henri Varagnat, 93140 Bondy cedex, France

3 IXXI, ENS Lyon, 15 parvis René Descartes, BP 7000, 69342 Lyon Cedex 07

Abstract. We present a mathematical model of a fishery on several sites with a variable price.
The model takes into account the evolution during the time of the resource, fishes and boats
movements between the different sites, fishing effort and price that varies with respect to supply
and demand. We suppose that boats and fishes movements as well as prices variations occur
at a fast time scale. We use methods of aggregation of variables in order to reduce the number
of variables and we derive a reduced model governing two global variables, respectively the
biomass of the resource and the fishing effort of the whole fishery. We look for the existence
of equilibria of the aggregated model. We show that the aggregated model can have 1, 2 or 3
non trivial equilibria. We show that a variation of the total number of sites can induce a switch
from over-exploitation to sustainable fisheries.
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tion, equilibrium, stability, optimum capture
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1. Introduction

Mathematical modelling of renewable resources has received a lot of attention since many years. The
originality of bio-economic models is to take into account biological aspects as well as economic ones. We
refer to both classical and recent books [7, 10]. In most mathematical models, (usually a set of coupled
ODEs), a first equation describes the time variation of the resource, commonly logistically growing and
harvested according to a Schaefer function [25]. A key concept in Bio-economics relates to the maximum
sustainable yield (MSY) which is defined as the largest catch that can be taken from a fishery stock
over an indefinite period. Moreover, a second equation is sometimes added in order to describe the time
variation of the fishing effort or more generally (in case of another resource than fish), the number of firms
(assumed to be homogeneous) involved in the exploitation of the resource at different time [6,26,27]. Many
mathematical fishery models consider a constant market price of the resource. However, some authors
assumed that the price can depend on some variables such as the resource density, or the fishing effort
[6]. In a previous contribution [5], a third equation was even added in order to take into account the time
variation of the resource as a result of demand and supply.
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There was also a lot of interest in modeling multi-site fisheries. Indeed, environment heterogeneity
influences spatial interactions in fishery activities. The fishery is thus considered as a network of patches
connected by migration [24]. The fish population is sometimes represented as a metapopulation in the sea
[18] focusing in local extinction / recolonization processes at different scales. Patches can correspond to
different fishing areas as well as Marine Protected Areas (MPAs), artificial habitats/reefs. In particular,
we focus here on artificial sites called Fish Aggregating Devices (FADs) or Artificial Habitats (AHs)
[16, 19]. FADs are permanent or temporary structures floating at the surface or at midwater, and are
used to attract fishes [9]. The reason why fishes aggregate around those devices is still not clearly
established. Nowadays, the use of FADs is extensive, particularly the use of large-scale industrial FADs
focused on capturing large schools of tuna [17,29], but often without any regulation [11]. More than half
of the world’s tropical tuna catches are being made around FADs [12]. Tuna or similar big pelagic fishes
move fast and are attracted by FADS [13], where they stay around for a relatively short time, a few days
[8, 23] and return to the open sea as a free stock. Moreover, tuna fishes frequently leave a given FAD
before going to another one [8] or returning to the same one.

Understanding FADs effects on fish stock, catch and economy is a key aspect for improving fisheries
management and addressing legal issues related to the way they are used. We present a bioeconomic
model of a fishery that explicitly considers effects of FADs. The aim of this contribution is to present
a mathematical bio-economic model which describes the time variation of the fish stock and the fishing
effort by coupling the two previous aspects, i.e. price variation of the resource according to demand and
supply, and heterogeneous environment, represented as a set of patches connected by migrations. Our
approach particularly focuses on the effect of the number of patches (FADs) on the dynamics of the
fishery and the switch between an over-exploitation fishery to a sustainable one. We show that changing
adequatly the number of sites allows to modify fish stock and fishing effort in order to eventually switch
from over-exploitation to a sustainable fishery while increasing the total capture.

Our work consists of three sections. In section 2, we build a fishery model: the main point is to consider
a model with an extra equation for the variation of the market price. We assume that the adjustment of
the market price occurs rapidly with respect to fish growth, investment (new boats entering the fishery)
and capture. This allows us to consider a slow-fast model in which two time scales are involved. In
section 3, we take advantage of these two time scales to reduce the dimension of the complete model and
derive a global model at the slow time scale by use of aggregation of variables methods [2–4, 14, 15]. In
section 4, we study the properties of this approximate model which governs the total fish density and the
total fishing fleet. In this section, we study the total capture and discuss the relationship between the
number of sites and total catch.

2. A multisite fishery model

Here we study a model of a multi-site fishery that is structured in different sites/patches that are as-
sociated with different FADs. In our model, fishing vessels are assumed to capture fishes only around
a given FAD. There is no fishing in the open sea. As a consequence the fish stock is divided into two
main components, a free stock in the open sea and an harvested stock that stays around the system of
FADs. Therefore, the model must take into account fishes movement from the open sea to the FADs as
well as vessels movements from FAD to FAD where they catch fishes, [22]. Similarly, there is evidence
that fishing vessels also move frequently from FAD to FAD in order to capture fishes. It is therefore
reasonable to assume that there exist two time scales, a fast time scale corresponding to fishes and vessels
movements and a slow one in comparison, corresponding to fish population growth, capture and fishing
effort evolution.

We consider the coast as a linear chain of L artificial sites (either FADs or AHs), with fishes moving
between the sites and a free stock, unattached to the sites. We build a model governing fish densities
and fishing efforts. Let ns(t) be the fish density of the free stock at time t, let ni(t) be the fish density on
site i at time t, and similarly, let Ei(t) be the fishing effort on site i at time t, i ∈ [1, L]. In the free stock
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S. Ly, F. Mansal, M. Baldé, T. Nguyen-Huu, P. Auger A model of a multi-site fishery with variable price

and the different sites, fish population follows a logistic growth. We consider that fishes have potentially
different growth rates on the free stock and on the sites, which we call rs and r1, respectively.

We assume that the system has a global and constant fish carrying capacity K. We suppose that a
constant proportion 0 < α < 1 of the stock is free, whereas the remaining proportion is attached to the
sites. We call ks and ki, i ∈ [1, L], the carrying capacity of the free stock and site i, respectively, with

ks = αK (2.1)

L
∑

i=1

ki = (1− α)K (2.2)

On site i, fishing effort varies proportionnally to the difference between profit (pqni, where p is the
price per fish unit and q the fishing efficiency) and fixed maintenance costs c.

We assume that fishes movements and boats displacements occur at a fast time scale τ , whereas
fish growth and the dynamics of the fishery occur at a slow time scale t = ετ ,with ε ≪ 1 being a
small dimensionless parameter. Fishes move between every site and the free stock, whereas boats move
between neighbouring sites. It makes sense to assume that the movement rate for boats from a site
to a neighbouring site depends on the distance between these sites. Therefore, we assume symmetric
movement rates for boats: βi+1,i = βi,i+1; i ∈ {1 , . . . , L − 1}. We also assume that fishes movement
rates are inversely proportional to the carrying capacity of the site (or the free stock). The movement
rate between free stock and site i (resp. site i and free stock) is denoted mis (resp. msi) and reads:

mis =
m0

ks
; msi =

m0

ki
for i ∈ {1 , . . . , L}. (2.3)

where m0 is a positive constant that represents the migration rate when the carrying capacity of the
departure site is set to 1. Thus, according to eq. (2.3), fish are more likely to remain on sites offering
large carrying capacities, i.e., on sites where the resources are abundant.

We also include in the model the dynamics of fish price. In several works, the price of the resource
is constant or a function of fish capture [6, 26, 27]. At our knowledge, little attention has been paid to
model the fishery dynamics as a dynamical system in which the market price of the resource is also a
variable. However, the validity of the assumption of a constant fish price seems limited to small scale
fisheries. Furthermore, according to classical economic theory [28], the price variation depends on the
gap between a demand function (that is the quantity of fish purchased by consumers) and the supply
which is no more than the catch. This suggests to consider that the price is not a constant but a variable.
As a result, price is not constant in the present model and depends on the variables such as the resource
or the fishing effort. We suppose that the price of the capture varies at fast time scale and depends on a
demand function D(p) and a supply which is simply given by the instantaneous capture on all sites.

dp

dτ
= Φ

(

D(p)− q

L
∑

i=1

niEi

)

. (2.4)

Φ is a positive constant and q is the catchability assumed homogeneous.

The following system describes the time evolution of the fishery:
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









dns

dτ
=

L
∑

i=1

msini −

L
∑

i=1

misns + εrsns

(

1−
ns

ks

)

dni

dτ
= misns −msini + ε

(

r1ni

(

1− ni

ki

)

− qniEi

)

dEi

dτ
= βi,i−1Ei−1 + βi,i+1Ei+1 − (βi−1,i + βi+1,i)Ei + ε (−c+ pqni)Ei

dp
dτ

= Φ

(

D(p)− q

L
∑

i=1

niEi

)

(2.5)

Later on, we will consider a linear demand function such as in [20]. Such a linear function is assumed
to be a decreasing function of market price with a maximum value A when the price is equal to zero:

D(p) = A− γp (2.6)

where γ is a positive constant.

3. Aggregated model and analysis

In order to analyse the dynamics of the model, we apply aggregation methods as described in [3] to
obtain a reduced system: a two dimensional system of ordinary differential equations governing the total
fish stock and the total fishing effort at the slow time scale. The sufficient conditions for a system to be
perfectly as well as approximately aggregated have been investigated in the frame of general population
models in [14, 15, 21]. In our case, the aggregation of the complete model consists in supposing that
the fast dynamics has attained a stable equilibrium and in substituting this fast equilibrium into the
equations of the complete model.

In [3], solutions of complete and aggregated models have been compared in an example of a predator-
prey ODE model in a patchy environment. it was shown that aggregation methods can be successfully
applied (i.e. both solutions remain very close of each other) when parameter epsilon is smaller than 0.1,
which corresponds to one order of magnitude between the two time scales. In our fishery model, assuming
that reproduction as well as variation of number of boats of the fishing fleet occur annually, considering
fishes and boats movements at a time scale corresponding to the day or the month is sufficient to use
aggregation methods.

3.1. Aggregated model

We now determine the fast equilibrium. The fast dynamics corresponds to fishes and boats dispersal from
FAD to FAD, dispersal between FADs and free stock, and price variation. We assume that fishes and
boats move at a fast time scale in comparison to fish growth, i.e. the variation of stocks due to dispersal
is greater than variation due to demography. We first analyse the fast system by assuming that ε = 0 in
eq. (2.5).

This model is similar to the one presented in [5] in which the effect of the number of sites was studied
but with a constant price, contrary to the present case. At the fast time scale, the total fish density

n(t) =

L
∑

i=1

ni(t) + ns(t) remains constant. It is easy to check that there is a unique positive and stable

fast equilibrium for fish densities (see Appendix 1):

n∗

s =
ks
K

n = αn (3.1)

n∗

i =
ki
K

n with
L
∑

n=1

n∗

i = (1− α)n (3.2)
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The previous equations predict that the equilibrium proportion of fish in a site is proportional to the
site carrying capacity. Similarly, we set ε = 0 into the equation of the fishing efforts. At the fast time

scale, the total fishing effort E(t) =

L
∑

i=1

Ei(t) also remains constant, and there exists a unique positive

and stable equilibrium for fishing efforts (see Appendix 1):

E∗

i =
E

L
(3.3)

Considering D(p) = A−γp where A and γ are the maximum price and a positive constant respectively,
price at fast equilibrium is given by:

p∗ =
A−QnE

γ
(3.4)

where Q = q(1− α)/L is the global catchability parameter.
The aggregated model is obtained by substituting the fast and stable equilibrium for price (eq 3.4),

fishes (eqs. 3.1 and 3.2) and boats (eq. 3.3) movement into the complete system (eq. 2.5) and by adding
the L + 1 fishes and the L boats equations. This leads to the following structurally stable model (see
Appendix 2):

{

dn
dt

= rn
(

1− n
K

)

−QnE
dE
dt

=
(

−c+ A−QnE
γ

Qn
)

E
(3.5)

Where r = αrs + (1− α)r1 is the global growth rate.

3.2. Equilibria and local stability analysis

The n-nullclines are: n = 0 and E = r
Q

(

1− n
K

)

and E-nullclines are: E = 0 and E = γ
Qn

(

A
γ
− c

Qn

)

.

We obtain the equilibria (K; 0), (0; 0) and possibly interior points (n∗;E∗) which are solutions of:

{

E = r
Q

(

1− n
K

)

E = γ
Qn

(

A
γ
− c

Qn

) (3.6)

Solution for system (3.6) is obtained by solving a third degree equation in variable n. There can be
one to three equilibria in the positive quadrant that we note (n̄1; Ē1), (n̄2; Ē2) and (n̄3; Ē3) (or sometimes
(n̄; Ē) in a generic way). We now perform local stability analysis for those equilibria. We determine the
Jacobian matrix for the different equilibria for system (3.5) and determine stability from the signs of its
determinant and trace :

– E0 = (0; 0):

J(0; 0) =

[

r 0
0 −c

]

(3.7)

det J(0; 0) = −rc, hence the equilibrium point (0; 0) is always a saddle point.

– EK = (K; 0)

J(K; 0) =

[

−r −QK

0 −c+ AQK
γ

]

(3.8)

det J(K; 0) = −r(−c + AQK
γ

) and Tr J(K; 0) = −r − c + AQK
γ

. If K < cγ
AQ

then (K; 0) is a stable
equilibrium, otherwise it is a saddle point.
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– Non-trivial equilibria: we denote those equilibria (n̄, Ē) in a general way. The jacobian matrix reads

J(n̄; Ē) =

[

− r
K
n̄ −Qn̄

QĒ
γ
(A− 2Qn̄Ē) −Q2n̄2Ē

γ

]

(3.9)

The trace and the determinant of the Jacobian matrix at the equilibrium point (n̄; Ē) are respectively
given by:

Tr J(n̄; Ē) = −
r

K
n̄−

Q2n̄2Ē

γ
< 0

det J(n̄; Ē) =
Q2n̄Ē

γ

(

3r

K
n̄2 − 2n̄r +A

)

The sign of det J(n∗;E∗) is the same than the sign of Ψ(n̄), where Ψ(n̄) = 3r
K
n̄2 − 2n̄r + A. The

complete study of existence and stability is studied in Appendix 3 and can be summarized in two cases:

Case 1: r < 3A
K
. The sign of Ψ does not change and is always positive, and then det J(n̄; Ē) > 0.

There are two subcases:

(a) A
γ
QK < c : in this case, there is no positive equilibrium. (K, 0) is then a stable equilibrium. This

can be interpretated as the fact that it is not possible to have a profitable fishery: with a fish stock at
carrying capacity and with maximum price (A/γ), the income A

γ
QK is inferior to maintenance costs

c.

(b) A
γ
QK > c : in this case, there is one stable equilibrium point in the positive quadrant. (K; 0) is

then a saddle point.

Case 2: If r > 3A
K

there can be one stable equilibrium or three equilibria (n̄1; Ē1), (n̄2; Ē2) and (n̄3; Ē3)
in the positive quadrant. In this last case, the middle equilibrium (n̄2; Ē2) is a saddle while the two
others are stable. This case is illustrated in Figure 1.

(a) (b) (c)

Figure 1. Equilibria (n̄i, Ēi) for different numbers of FADs L: (a) L = 5, (b) L = 8 and
(c) L = 11. The equilibria are given by the intersections of the two curves given in eq.
3.6, represented in black and grey. Parameters value are r = 3, A = 3, q = 11.11, c = 1,
K = 4, γ = 1 and α = 0.1.
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4. Model discussion

In this section, we discuss the results and focus on capture analysis. The total capture is given by:

Ȳ = Qn̄Ē

Values of n̄i and Ēi are solutions of third degree equations derived from system (3.6). They are represented
graphically on Figure 1. The values of captures at equilibria are represented on Figure 2, and depend on
L. Figure 1 shows equilibria in the phase plane (n,E) for three different values of L. From Figures 1 and
2, we determine that for a low number of sites, there can be two stable equilibria: (n̄1, Ē1) and (n̄3, Ē3)
which are respectively over-exploitation equilibrium and sustainable equilibrium. Equilibrium (n̄1, Ē1)
corresponds to a over-exploited fishery, with a low fish stock, a high fishing effort and a low capture. On
the contrary, equilibrium (n̄3, Ē3) corresponds to a low fishing effort, resulting in a high fish stock, and
in the end, a high total capture. The first equilibrium may be seen as an industrial exploitation while the
last equilibrium would correspond to an artisanal local fishery or to a sustainable development fishery.
Equilibrium (n̄2, Ē2) is a saddle point, so there exists a separatrix which seperates the space (n,E) in
two domains in which the trajectories will tend toward the same equilibrium.

Figure 2. total capture corresponding respectively to equilibria (n̄1; Ē1), (n̄2; Ē2) and
(n̄3; Ē3), as a function of the number of sites. Solid lines represent stable equilibria
((n̄1; Ē1) and (n̄3, Ē3)), while the dotted line represents the unstable equilibrium (n̄2; Ē2).
Parameters value are r = 3, A = 3, q = 11.11, c = 1, K = 4, γ = 1 and α =
0.1. Parameter L is supposed to be an integer. However, the curve are represented as
continuous values for a better understanding of their variations.

Figure 2 shows that when the number of sites L increases, the total capture at over-exploitation
equilibrium increases. In the same time, total capture at sustainable equilibrium decreases. This appears
also on Figure 1: when L increases, the slope of the straight line increases; (n̄1; Ē1) and (n̄2; Ē2) eventually
merge around the maximum of the black curve. When L goes past a threshold Lt (around 9 with the
chosen set of parameters), equilibria (n̄1; Ē1) and (n̄2; Ē2) disappear, corresponding to a saddle-node
bifurcation.

When fisheries present characteristics of over-exploitation, we deduce from the mathematical system
that it is not possible to change to a sustainable fishery naturally. In the mathematical model, a major
perturbation of the system is needed in order to make a trajectory ”cross” the separatrix, and then enter
the basin of attraction of the other equilibrium. However, one could wish to reach a sustainable state as
it ensures a higher total catch. The behaviour described in this section can be turned as an advantage in
order to switch from an over-exploitation equilibrium to a sustainable equilibrium. One should increase
the number of sites over the critical threshold Lt. The total capture will first increase, then the over-
exploitation equilibrium will disappear, leaving the sustainable equilibrium as the only stable equilibrium
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in the positive quadrant. When the sustainable equilibrium is reached, decreasing slowly L will increase
the total capture while keeping the system at the sustainable equilibrium, even when the over-exploitation
equilibrium reappears. Figure 3 illustrates this behaviour: between t = 0 and t = 15, L = 5 and the
system tends toward the over-exploitation equilibrium. Between t = 15 and t = 25, the number of FADs
L is increased to 11. The system tends toward the sustainable equilibrium, which is at this time the only
positive equilibrium. After t = 25, the number of FADs is reduced to 5. The system still tends toward
the sustainable equilibrium. at this time, the over-exploitation equilibrium has reappeared, but cannot
be reached from the current state. At the end of the simulation, the number of FADs is the same than at
the begining, but the system has switched from the basin of attraction of over-exploitation equilibrium
to the one of the sustainable equilibrium.

(a) (b)

Figure 3. Dynamics obtained by modifying the number of FADs: (a) fish stock n (solid
line) and fishing effort E (dotted line), (b) total capture. Between t = 0 and t = 15,
L = 5, between t = 15 and t = 25, L = 11; for t > 25, L = 5.

5. Conclusion and perspectives

The model presented in this work includes two aspects of fisheries that are often neglected: the use of
floating aggregation devices and economical aspects of the dynamics, relying on a variable price that
depends on demand and supply. Aggregation of variables allowed to demonstrate that there exists an
over-exploitation equilibrium, as well as a sustainable equilibrium, and that it was possible to define a
strategy based on FADs number to switch from a state corresponding to over-exploitation to a sustainable
one. Presently, most fisheries using FADs are over-exploited, and FADs are deployed in large amounts
without regards to any regulation, see [11]. This corresponds to a state of the model that is close to
the over-exploitation state equilibrium, (n∗

1;E
∗

1 ). In many fisheries, more and more FADs are installed.
The model presented here suggests that when the number of FADs becomes greater than a threshold
corresponding to parameter Lt, the system is going to switch from the over-exploitation fishery to the
sustainable one and it will remain in the sustainable state even when L continues to increase. Such a
result suggests that if research institutes or governmental organizations in charge of the management of a
FAD fishery wish to maintain the fishery in a sustainable state, they should recommend firstly to increase
the number of FADs to switch from an over-exploitation fishery to a sustainable one. They can then
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suppress several FADs progressively in order to remain in the sustainable equilibrium and to increase the
total catch (see figure 2). Reaching sustainable exploitation leads to higher fish stocks which will provide
a higher economic profit but which will protect fish stocks from extinction due to random demographic
events or wrong evaluation of fish stocks and fishing efforts [7].

As perspectives, it will be very interesting to apply these results to real cases, like “ Thiof” fisheries.
This fish is the most appreciated in Senegal and as king of fishes. There are presently signs of over-
exploitation and new regulations including FADs deployments are needed. It may be interesting to
regulate Thiof fishing by modifying the number of FADs, as it would easier to control than fishing
activities themselves. We plan to make developments of the model to make it more specific to this case.
The specific model should include a fine description of the environment geography (coastline...) as well
as socioeconomics reality (detailed movement of boats according to fishing habits and port locations,
workforce availability and management...).

The present model has been written has a general framework, without any specific behaviour for fishes
or boats. In the present model, it has been assumed that boats movement where symmetrical, which
is true when boats movement rates are influenced by the distance between two sites. In reality, boats
movements may be also influenced by several factors such as the density of fishes on a given location but
also port location, meteorology, ocean currents. Similarly, fish movements may also depend on geography,
ocean currents, tide, etc. As a consequence, in order to extend the results to a specific case, one should
carefully determine if assumptions made in this model still hold.

Appendix

1. Calculation of the fast equilibria

We notice that n(t) and E(t), the global variables, are constants of motion of the fast process: migration
and price variation. Fast equilibria are the solutions of the following system:

L
∑

i=1

msini −

L
∑

i=1

misns = 0 (1.1)

misns −msini = 0 (1.2)

βi,i−1Ei−1 + βi,i+1Ei+1 − (βi−1,i + βi+1,i)Ei = 0 (1.3)

D(p)− q
L
∑

i=1

n∗

iE
∗

i = 0 (1.4)

Since mis =
m0

ks

and msi =
m0

ki

substituting mis and msi into the equation (1.2) leads to

n∗

i =
ki
ks

n∗

s (1.5)

Since n =
L
∑

i=1

n∗

i + n∗

s ⇒ n =
L
∑

i=1

ki
ks

n∗

s + n∗

s ⇒ n = n∗

s

∑
L

i=1
ki+ks

ks

leads to:

n∗

s =
ks
K

n and n∗

i =
ki
K

n

Equation (1.3) states that β1,2E2 = β2,1E1. As symmetric movement rates for boats were assumed,
β1,2 = β2,1 and therefore, E1 = E2 at equilibrium. Then a simple recurrence shows that ∀i, Ei = Ei+1.

As a consequence, we obtain ∀i ∈ {1, . . . , L} E∗

i = E∗

1 . So, with E =

L
∑

i=1

E∗

i we obtain the following
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result

E∗

i =
E

L

From equation (1.4), we deduce that

D(p) = q

L
∑

i=1

ki
K

n
E

L
(1.6)

= q(1− α)n
E

L
(1.7)

= QnE (1.8)

where Q = q(1− α)/L.

Because D(p) = A− γp, at fast equilibrium, we have

p∗ = p∗(n,E) =
A−QnE

γ
(1.9)

2. Derivation of the aggregated model

We substitute the fast equilibria computed in previous section and we obtain the following system:

dns

dτ
= εrsn

∗

s

(

1−
n∗

s

ks

)

dni

dτ
= ε

(

r1n
∗

i

(

1−
n∗

i

ki

)

− qn∗

iE
∗

i

)

dEi

dτ
= ε (−c+ p∗qn∗

i )E
∗

i

Since n =
∑L

i=1 ni + ns we have dn
dτ

=
∑L

i=1
dni

dτ
+ dns

dτ
. We perform a change of timescale t = ετ . At

slow time scale, the equation governing total fish stock reads:

dn

dt
= rsn

∗

s

(

1−
n∗

s

ks

)

+ r1

L
∑

i=1

n∗

i

(

1−
n∗

i

ki

)

− q

L
∑

i=1

n∗

iE
∗

i

= rsαn
(

1−
n

K

)

+ r1(1− α)n
(

1−
n

K

)

−
q(1− α)

L
nE

= n
(

1−
n

K

)

(αrs + (1− α)r1)−
q(1− α)

L
nE

We denote r = αrs + (1− α)r1 and Q = q(1−α)
L

. At slow time scale, the equation for fish stock finally
reads:

dn

dt
= rn

(

1−
n

K

)

−QnE.

Equation governing total fishing efforts E at slow time scale reads
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dE

dt
=

L
∑

i=1

dEi

dt
=

L
∑

i=1

(−cE∗

i + p∗qn∗

iE
∗

i )

= −c

L
∑

i=1

E∗

i + p∗q

L
∑

i=1

n∗

iE
∗

i

=

(

−c+ p∗
q(1− α)

L
n

)

E

= (−c+ p∗Qn)E

At slow scale time we finally have
dE

dt
= (−c+ p∗Qn)E

where p∗ depends on n and E and is given by equation (1.9).

3. Analysis of the non trivial equilibria

System of equations (3.6) implies that fish stocks n̄ at equilibria are roots of the following cubic equation:

C(n) =
r

K
n̄3 − rn̄2 +An̄−

γc

Q
, (3.1)

i.e C(n̄) = 0. First and second derivative of function C read

C ′(n) =
3r

K
n2 − 2rn+A = Ψ(n)

C ′′(n) =
6r

K
n− 2r = Ψ ′(n)

Notice that C ′(n̄) and det J(n̄; Ē) have the same sign. Ψ is a parabola and attains its minimum for
n = K/3. Its minimum value is A− rK/3, so it is possible to distinguish two cases:

– r < 3A
K

: C ′ is always positive. Function C is increasing, and C(K) = AK − γc
Q
. Depending on the

sign of C(K), there are two cases:

(a) AKQ
γ

< c : c(K) < 0 and c(n̄) = 0 implies that n > K. Then Equation (3.6) implies that Ē < 0.
There is no positive equilibrium.

(b) AKQ
γ

> c : c(K) > 0 and c(n̄) = 0 implies that n < K. There exists one positive equilibrium

(n̄; Ē). Ψ(n̄) > 0, so det J(n̄; Ē) > 0, and so (n̄; Ē) is a stable equilibrium.

– r > 3A
K

: C ′ (or Ψ) has two roots n1 and n2 given by:

0 < n1 =
K

3

(

1−

√

1−
3A

Kr

)

<
K

3
< n2 =

K

3

(

1 +

√

1−
3A

Kr

)

< K

The following table of variation summarizes the possible cases:
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n 0 n1 n2

Ψ(n) + 0 − 0 +

C(n)

−γc
Q

��
�

�

C(n1)
@
@
@R
C(n2)

��
�

�

+∞

Reminding that detJ(n̄; Ē) and Ψ(n̄) have the same sign, we distinguish three different subcases:

(a) C(n1) < 0: there is a unique positive equilibrium (n̄3; Ē3). Because n̄3 > n2, Ψ(n̄)3 > 0, and so it
is stable.

(b) C(n2) > 0 : there is a unique positive equilibrium (n̄1; Ē1). Because n̄1 > n1, Ψ(n̄)1 < 0, and so it
is stable.

(c) C(n1) > 0 and C(n2) < 0: there are three positive equilibrium points (n̄1; Ē1), (n̄2; Ē2) and
(n̄3; Ē3). They satisfying n̄1 < n1 < n̄2 < n2 < n̄3, so (n̄1; Ē1), and (n̄3; Ē3) are stable while (n̄2; Ē2)
is a saddle.
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