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Abstract. The stochastic dynamics of chemical reactions can be accurately described by chem-
ical master equations. An approximated time-evolution equation of the Langevin type has been
proposed by Gillespie based on two explicit dynamical conditions. However, when numerically
solve these chemical Langevin equations, we often have a small stopping time—a time point of
having an unphysical solution—in the case of low molecular numbers. This paper proposes an
approach to simulate stochasticities in chemical reactions with deterministic delay differential
equations. We introduce a deterministic Brownian motion described by delay differential equa-
tions, and replace the Gaussian noise in the chemical Langevin equations by the solutions of
these deterministic equations. This modification can largely increase the stopping time in simu-
lations and regain the accuracy as in the chemical Langevin equations. The novel aspect of the
present study is to apply the deterministic Brownian motion to chemical reactions. It suggests a
possible direction of developing a hybrid method of simulating dynamic behaviours of complex
gene regulation networks.
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1. Introduction

Stochasticities in chemical reactions have received much attentions in recent years due to their applications
in the study of molecular dynamics in cell biology [7,12,13,17,21,22,24]. For a spatially homogeneous
chemical system, the chemical master equation provides a microscopic description for the time evolution
of molecule numbers [14]. The chemical master equation is established following a firm physical basis,
but unfortunately is often mathematically intractable because of the huge number of dimension (same
as the total number of possible states of the system). The chemical Langevin equation, proposed by
Gillespie in 2000 [9], is an alternative approach to model the stochastic chemical reactions system. The
chemical Langevin equation is obtained based on the combination of the microphysical premise for the
chemical master equation and two explicit dynamical conditions (named as Gillespie conditions, to be
detailed below), and therefore share the firm physical basis of the stochasticity related to the chemical
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master equation. The chemical Langevin equation is an It6 stochastic differential equation of dimension
the same as the reaction species, the number of Gaussian noise equals the number of reaction channels.
These equations can be solved numerically with schemes of stochastic simulation (to be detailed below).
However, the two dynamical conditions for deriving the chemical Langevin equation somehow contradict
to each other, and not always satisfied simultaneously. This often happens in intercellular biological
processes. Furthermore, in simulating the chemical Langevin equation, we often face the problem of
negative population due to the unbounded Gaussian noise and must stop the simulation. Thus, two
questions are raised: how can we model the stochasticity of a chemical reaction system that fails to
satisfy the Gillespie conditions; and how can we avoid the issue of negative population in simulations.
These two issues relate to each other because the problem of negative population often associates with
failures in the Gillespie conditions. In this study, we modify the chemical Langevin equation to release
conditions on time-constrain of maintaining positive populations, and examine how the modified equations
can be applied to describe the stochasticity of a chemical reaction system.

Consider a well-stirred mixture of N > 1 molecular species {S1,---, Sy} that are chemically inter-
acting, inside some fixed volume {2 and at a constant temperature, through M > 1 reaction channels
{R1,--, Ry }. We specify the dynamical state of this system by X (¢) = (X1(t),--- , Xn(t)), where X;(?)
is the number of S; in the system at time ¢. FEach reaction channel R; associates a propensity function a;
and a state-change vector vj = (vj1,--- ,v;n), which are defined such that (refer [9] to details) a;(x)dt
gives the probability, given X (t) = @, that one reaction R; will occur somewhere inside 2 in the next
infinitesimal time interval [t,t 4 dt), and the state is changed from X to X + v; if the reaction occurs.

Suppose that the state of a system at current time ¢ is X (t) = «. Let K;(x,7)(7 > 0) be the number
of reaction R; that occur in the subsequent time interval [¢, ¢+ 7]. Then the system state at time ¢ + 7 is

M
X(t+r)=z+» Kijx,7)v;. (1.1)

j=1

Here K;(x,7) is a random variables. Gillespie proposed following two conditions that ate opposing to
each other [9]:

(G1) 7 is small enough such that the change in the state during [t, ¢+ 7] is slight that none of the propensity
functions changes its value “appreciably”.

(G2) 7 is large enough such that the expected number of occurrences of each reaction channel R; in [¢, ¢+ 7]
is much larger than 1.

These two conditions allow us to approximate K;(x,7) by a normal random variable with both mean
and variance equal a;(x)7, and hence (1.1) becomes

X(t+71) :w—i—ivj (aj(zc)7'+ \/dj(ﬂi)T]\/j(O,l)) , (1.2)

Jj=1

where N;(0,1) denotes standard normal random variables. The equation (1.2) is approximately the Euler
scheme of the following chemical Langevin equation

M M
dX; = z;vjiaj(X)dt+z;vj“/aj(X)de, (13)
j= j=
(t=1,---,N).
The Gillespie conditions (G1) and (G2) are satisfied when the propensity functions a;(X) are large
enough so that 1> 7> 1/a;(X). However, in many biological systems, the molecule numbers of each

species are small, and thus the two conditions are not satisfied simultaneously. In this case, the validity of
(1.3) is questionable. Furthermore, it is obvious that the equation (1.3) is valid only when a;(X) > 0 for
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any j. This condition defines a domain A € R¥ of all physically possible states, and a physically possible
solution X (t) satisfies X (t) € A for all ¢ > 0. Nevertheless, when we numerically solve the Langevin
equation (1.3), it is always possible to reach a state beyond A at some time point t* > 0, i.e., X (t*) & A,
and hence the simulation fail. This yields a stopping time T in stochastic simulations. A crucial issue in
long-term simulation is how can we increase the stopping time.

There are many numerical schemes trying to release the Gillespie conditions and to avoid negative
values (refer [11] for a review), including the tau-leaping that approximates K; by Poisson random
numbers [3,10], an adaptive method incorporating postleap checks in tau-leaping [1], the binomial leaping
method that approximates K; by binomial random numbers [4,23], combinations of tau-leaping with the
stochastic simulation algorithm (SSA) [2,6], etc. Despite successful applications of these methods, there
is no simple formalism in terms of differential equations as we have seen in the original chemical Langevin
equation.

In the above numerical methods, a key is to replace the random number K; by a bounded random
variable at each step of simulations. Recently, one author of this paper found that a type of delay
differential equations can generate a deterministic Brownian motion that show statistical properties akin
to those of a classical Brownian motion over a wide time scale, but is truncated with an upper bound
depending on an adjustable parameter [18]. In this paper, we seek a way to replace the Brownian motion
W; in the chemical Langevin equation (1.3) by the deterministic Brownian motion generated from the
delay differential equations. In this way, we are able to simulate the stochasticity in chemical reactions
by deterministic dynamics.

In the rest of this paper, we first introduce the deterministic Brownian motion generated by delay
differential equations in Section 2. We also discuss the modelling of chemical reaction systems with
delay differential equation and the stopping time in simulations. In Section 3, we study two examples
with the delay differential equation model, and show that the deterministic models are able to reproduce
stochasticities as in the stochastic simulation algorithm (SSA). This paper is concluded with a discussion
in Section 4.

2. Modelling with delay differential equations

2.1. Deterministic Brownian motion generated from delay differential equations

From the deduction of the chemical Langevin equations, the noise terms in (1.3) are introduced to
approximate the number of reactions in a finite time interval and must be a finite value. We ask whether
it is possible to replace the stochastic terms dW; in (1.3) with some other noise terms that are bounded but
have similar statistical properties such as a near Gaussian distribution signals and diffusive behaviours.
In [18], a class of truncated Gaussian distribution noise, called quasi-Gaussian distribution noise, are
introduced by deterministic Brownian motion. These deterministic Brownian motions are generated
from solutions of delay differential equations of form

— = —n+sin(27fBn(s — 1)), (2.1)
n(0) = ¢(0),—1 <6 < 0.

Here s = wt has a time scale differ from that of the chemical reaction system. In numerical schemes
discussed below, we want a weak correlation between 7(t) and 7(t+ At) so that {n(nAt)} 2 approximates
a time series of white noise. According to [18], the correlation time of (2.1) is about s =1 (or ¢ = 1/w in
terms of the original time scale) and independent to 8. In all simulations in the current study, we take a
time scale so that s = 100¢ (i.e., w = 100).

It was shown numerically that for almost all values of 8 away from 0 (say 5 > 0.85) and any initial
functions ¢(0) € [—1,1], the solutions 7(s) of (2.1) is chaotic, statistically similar to a Gaussian noise
with mean 0 and variance

o(B) =0.32871/2, (2.2)
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and is bounded with

1
< K = — 2.3
In(s)] < K(B) 0.68+/B + 0.60 (2.3)
when s > 0 (away from the initial value at s = 0). Thus, let
s
() = 2 (2.0

then ((s) is a time sequence of standard quasi-Gaussian noise that has standard Gaussian-like distribution
but with a truncate tail so it is supported at a finite interval (rvefer [18] for details). Explicitly (and
approximately), |¢(s)| has an upper bound

VB

Ko(B) = 021V 1019’ (2.5)
and the density function is
Pr(¢ =2|8) = {S?ezz/z’ {i} S (2.6)
at the stationary state, where!
Co = ! (2.7)

Ko _.2/04 "
ffKo e dz

Fig. 1 shows a sample trajectory of ((s) and the corresponding density function.

In the rest of this paper, we examine how can we use the above standard quasi-Gaussian noise to
simulate stochasticities in chemical reactions.

0 500 0 02 04

FIGURE 1. Quasi-Gaussian noise. A trajectory of ((s) = n(s)/o(53) determined by (2.1)
(left panel), and the probability density of the trajectory (right panel) (solid line shows
the probability density of a standard Gaussian distribution noise). Here 5 = 5.0, and
the initial function is ¢(0) = —0.134162.

1
V2r ff(f(;o e—%2/2dz
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2.2. Deterministic Chemical Langevin Equation

In the chemical Langevin equation (1.3), we divide dt from both sides and replace each stochastic term
dW, /dt with a standard quasi-Gaussian noise (2.4), this yields the following delay differential equations

dxz Z”ﬂ“ﬂ + Zvﬂ,/ x)¢(t),(1 <i < N) (2.8)

where (;(t) = n;(wt)/o(B) with n; determined by delay differential equations of form (2.1)

dnj(wt)

Tl =T sin(27Bn; (wt — 1)), (1 <j < M). (2.9)

Here a time scale w is introduced so that n(wt) satisfies an equation of form (2.1) with s = wt.
Equations (2.8)-(2.9) are a set of deterministic delay differential equations, and can be solved numeri-
cally. For example, by the Euler method

M
wit + At) = 2 + At vgi(aj(@) +/a; ()¢ (1)), (2.10)

Jj=1

here (t) = x, and (;(t) = n;(wt)/o(B) with n;(wt) from (2.9). In simulations, we need to chose initial
functions for 7;(#). A simple strategy is to let 7;(#) equal constants when —1 < ¢ < 1, but differ from
each other for each j. Furthermore, there is an adjustable parameter 5 in (2.9). In a simple example of
binary state transition discussed below, simulation results are not sensitive to different values of 5.

We note that while solving the equation (2.8) with the scheme (2.10), one need to generate the ‘random’
terms (; by solving the stiff equation (2.9). To this end, at each iteration step (2.10), we need to solve
(2.9) separately with a smaller time step. Thus, it is less efficient to solve the delay differential equations
(2.8)-(2.9) than to directly solve the stochastic differential equation (1.3). Nevertheless, as we can see
below, solving the equations (2.8)-(2.9) can largely increase the stopping time, and therefore one can use
a larger time step in simulations. Thus, our method is still valuable for long time behaviors simulations.

2.3. Stopping time

Now, we discuss the stopping time according to the two different simulation methods: solve the chemical
Langevin equation (1.3) with the explicit order 1.0 Runge-Kutta method (also called the Milstein scheme)
[15,20], or solve the deterministic equation (2.8)-(2.9) with the order 1.0 Euler method (2.10). Both
methods are of first order approximation.

First, consider the chemical Langevin equation (1.3). From the Milstein scheme, we have an iteration

Xi(t + At) ) + Z vjia; (X (t)) At

+ ZU]‘“/GJ‘(X(t))AWj (211)

MN

33> ooy 22O a2 -

Jlll

where AW, ~ VAIN(0,1). Let @ = X (t), and € = (&, ,&m) a M-dimensional standard Gaussian
random variable defined as

EJ:AWJ'/\/E7 (]:LvM)
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fi _:c2+Athﬂ (aJ )+\/aj(7)

M N
a2 o

i)

52—1)

then

X (t+ At) = f(&x, At). (2.12)
Thus, since € A, the probability of a valid iteration so that X (¢ + At) € A is given by a function of x
and At as

p(x, At) = e = 2z, (2.13)

77 ),

( 27T)M f(zz, At)eA
The probability p(a, At) depends on @ and varies from step to step. To obtain an estimation of the

maximum probability that only depends on the step size At, we define

p(At) = stelap(a:, At). (2.14)

Then p(At) gives the maximum probability of one successful iteration, given the step size At.
From the probability (2.14), the number S of successful iterations is bounded by a geometric distribu-
tion random number so that

Pr(S = n|At) < p(A)"™ (1 — p(AL)). (2.15)
Thus, the average number of successful iterations satisfies
(At)
cle (At : 2.1
and hence the average stopping time satisfies
p(At) At
Toe(At) < ———7>——. 2.17
CIE( ) =1 —p(At> ( )

The equation (2.17) gives an upper bound of the average stopping time when we apply the Milstein
scheme to the chemical Langevin equation (1.3).
Now, we consider the deterministic equations (2.8) and the corresponding Euler method (2.10). Let

C = (C17"' aCM)’ and g(C7w7At) = (917"' 7gM) with

M
g = wi+ ALY via;(@) + 1/ a;(2)(;), (2.18)

j=1

then
x(t + At) = g((; x, At).

Similar to the previous discussions, the probability of a successful iteration, given @ and At, is

q(x, At) = Cé‘/[/ e =24z, (2.19)
g(z;x, At)eA,|z; | <Ko (B)
Let
q(At) = sup q(z, At), (2.20)
xreA
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then the average stopping time satisfies

At) At
Tage < lq( )

g8 (2.21)

Equations (2.17) and (2.21) give estimations for the upper bound of average stopping times for the
two numerical methods. These upper bounds are usually much larger than the real stopping time in
simulations. Fig. 2 shows simulating stopping times for an example of binary state transition obtained
from these two schemes, respectively. The results indicate that, at least for this simple example, the
simulation method based on delay differential equation model can largely increase the stopping time.

Finally, we ask if it is possible to have infinite stopping time, i.e., the numerical scheme is valid forever.
Here we discuss a situation that delay differential equation modelling is able to yield an infinite stopping
time.

Assume that the region A is given by

where «;, 8; are constants. This assumption indicates that when x; = «; (and & € A), the reactions
might produce the molecule S;, but cannot contain S; as a reactant, and hence

vjiaj(ac) Z 0. (223)

When z; = 8; (and & € A), the reactions might contain molecule S; as a reactant, but can not produce
S;, and hence
vﬂaj(a:) S 0. (224)

In this case, an iteration step is successful if the time step At is taken so that

M
a; <wi+ ALY vjia(@) + 4\ /a;(®)G) < Bi, (i=1,---,N). (2.25)

=1

Since |(;| < Ko(B) and (2.23)-(2.24), (2.25) is satisfied when At < h(x) at each step with

T; — O

M
max{0, Y (Ko(B)[vjir/a; (@) — vjia;(@))}
j=1

h(x) = i

9

(2.26)
Bi — x;
M
max{0, Y (vjia; () + Ko(B)[vjiy/a;(@)])}
j=1
Thus, if the time step At is taken so that
At < min h(x), (2.27)
x

the Euler scheme (2.10) is always valid.

3. Examples

Here, we consider two examples to illustrate the validity of the application of deterministic Brownian
motion in modelling stochastic chemical reactions. The two examples include a simple model of binary
state transition and a simple circuit of gene regulation with positive feedback.
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3.1. A simple model of binary state transition

Consider a simple example of binary state transition of a molecule

k1
Ae——1. (3.1)
ko

This simple reaction is often involved in many biological processes, such as state transitions of promoters,
ion channel gates, protein activities, nucleosome states, etc. When there are low number of molecules,
it is easy to simulate the dynamics of this reaction with SSA. Here we show that the delay differential
equation model can reproduce long time dynamics obtained from SSA, and numerical schemes according
to the chemical Langevin equation fail to procedure long time simulation due to a small stopping time.

Let n the total number of molecules, and = the number of active ones (A), then a physically possible
state must have 0 < 2 < n. The chemical Langevin equation model (CLE) is given by

dz = (—kyz + ko(n — z))dt — /kyxdW + /ka(n — 2)dWs, (3.2)

and the delay differential equations model (DDE) is

c(iTatc =~k + ko (n — z) — VE12¢1 (8) + k2 (n — 2)Co(t) (3.3)

where (;(t) = n;(wt)/o(B) with n;(wt) satisfies (2.9). When n is large, simulations based on both models
are consistent with each other, and in agreement with simulations based on SSA in terms of their statistical
properties (data not shown). However, there are significant differences when n is small.

When n = 1, Fig. 2 shows stopping times as functions of the step size At obtained from different
numerical schemes according to the two equations (3.2) and (3.3) (we always set w = 100 in simulations).
It is obvious that the DDE models yield much larger stopping time than those obtained from the CLE
model. Furthermore, varying the parameter g would not affect the stopping time. Finally, if DDE and
the Brownian motion have same statistical properties, both DDE and CLE method would give the same
stopping time value for large values of At. This is confirmed from Fig. 2.

Fig. 3 shows sample trajectories obtained from DDE and CLE models. The trajectories obtained
from the DDE model (each solution start from different initial condition) show fluctuations (in a way
similar to stochastic fluctuation) around the mean obtained from the exact SSA (Fig. 3a). While the
solutions obtained from the CLE model have much larger fluctuations, and are very easy to go beyond
the physically possible state so that the simulations are stop (Fig. 3b).

A comparison of mean and variance obtained from the two methods is given at Table 1. Here we
modified the Milstein scheme (CLE models) in two different ways so that we always have 0 < 2 < n.
The first method, absorbed BM in Table 1, introduces an absorbing boundary condition that sets x =0
whenever x < 0 and x = n when x > n in simulations. The second method, truncated BM in Table 1,
introduces truncated Brownian motions so that the numerical scheme becomes

o(t + At) = z(t) + (—k1z(t) + ko (n — 2(t) At — 1z AW, 4+ Vka(n — z(t)) AW, (3.4)

where AW; are Gaussian variables (approximately AW; ~ AtA(0, 1)) but are restricted with |AW; /At| <
K{, (here we take K, = 5 in simulations). These two modifications are natural to avoid the issue of
negative population. From Table 1, the DDE models (with varying 8 values) agree well with SSA in the
mean, but not the variance (3 order smaller than the value obtained from SSA), and are not sensitive
to 8. The absorbed BM method gives a larger mean value (about double of the SSA result), and also
a smaller variance. The truncated BM method gives a mean value consistent with SSA, and an even
smaller variance (4 order smaller than the SSA value).

It is not surprise to have smaller variance in DDE and CLE models. This is because at each step
simulation, the state x is digitalized and equals 0 or 1 at SSA, but is continuous and 0 < z < 1 in CLE
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FIGURE 2. Stopping times obtained from different numerical methods. Markers show the
stopping time in simulating the example of binary state transition with different methods:
Solving the CLE model (3.2) with Milstein method (solid circles), and the DDE model
(3.3) with varying values of 3 (hollow markers). In simulations, we vary At from 10~* to
1, and the maximum simulation time is 10* in each simulation. To obtain the stopping
time, for each method (for given parameter and step size), we solve the solution for 100
independent trajectories (with different initial functions while solving the DDE model),
and each solution gives a stopping time. The average stopping time, shown by the figure,
is the average of these 100 stopping times. We take k1 = 0.03, ko = 0.005 and n =1 in
all simulations.

0 500 1000 1500 2000
t t

FIGURE 3. Trajectories obtained from different numerical schemes with n = 1. (a)
Sample trajectories obtained by solving the delay differential equation model (3.3) with
Euler method with At = 0.01 (shown by different colour curves). Here § = 5.0, and
the initial functions are taken randomly for each trajectory. The black curve shows the
average time course from SSA of 100 sample paths. (b) Sample trajectories obtained by
solving the corresponding Chemical Langevin Equation with the Milstein scheme with
At = 0.001. Inset shows the distribution of the stopping time of 1000 sample paths.
Parameters used are the same as in Fig. 2.
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or DDE models. This inconsistent is originated from the continuation of the state valuable in deriving
the chemical Langevin equations, and become worse when we replace the Gaussian noise with quasi-
Gaussian noise (which is bounded). It is more reasonable to interpret the solution z(t) of DDE models
as the average of finite trajectories obtained by SSA with fluctuations originated from uncertainties due
to the variable continuation (refer Fig. 3 and Fig. 5 below). If we want to refer the solution z(t) as
a single pathway, we often need to introduce additional fluctuations as compensation. For example, for
a particular solution z(t) of the DDE model (3.3), if we define the molecule state as X (t) = 1 with a
probability z(t), then we can reconstruct a sample path with state X in {0,1}. The random pathways
reconstructed in this way are consistent with SSA in their mean and variance at the stationary state (data
not shown). Nevertheless, this method of reconstruction is only valid for this particular example, and it
requires further studies for a common way to recompense the fluctuations for general reaction systems.

TABLE 1. Comparison of mean and variance at stationary states obtained from different
method. Here the absorbed BM means that we numerically solve the CLE (3.2), but
with a truncated in the state valuable so that x = 0 whenever z < 0, and x = 1 whenever
x > 1 in the simulations. The truncated BM means that we apply the numerical scheme
(3.4) with truncated Brownian motions (see the text for detail). Parameters are same as
in Fig. 2.

method mean | variance
SSA 0.1419 0.1217
DDE (8 = 2) 0.139 0.0014
DDE (8 =5) 0.1298 0.0015
DDE (8 =10) | 0.1458 0.0015
DDE (8 =20) | 0.1531 0.0015
Absorbed BM | 0.2814 0.0572
Truncated BM | 0.1425 0.0001

3.2. Gene regulation circuit with positive feedback

In the previous example, we have seen that the DDE approximation is able to reproduce the mean of
dynamics of a simple model of binary state transition, but with much smaller variance. The motif of
binary state transition is often included in many complex gene regulation networks. We ask if it is
possible to apply the DDE approximation to those state transition motifs, and leave other components
modelled by traditional ordinary differential equation (which means that we omit the stochastic effects
in these reactions). Here, we consider a simple circuit with feedback regulation (Fig. 4) and examine
how it works. In this circuit (and in many complex gene regulation networks), the transition of promoter
state (either ON or OFF) is random and with low number. Thus, we often need to model the promoter
state transition with SSA. On the other hand, the protein number is often large so that its dynamics
can be modelled by deterministic chemical rate reactions. Here, we simulate the circuit dynamics with
two methods, stochastic simulation (SSA) or deterministic modelling (DDE modelling), and compare our
results.

In the deterministic modelling, we apply the DDE approximation to the promoter state transition
as in the previous example. Moreover, the stochasticity in gene transcription is also modelled with
DDE approximation because of a low promoter number, and other reactions are described by ordinary
differential equations. Let x1, 22, x3, x4 the numbers of ON state promoter, mRNA and protein molecules,
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FIGURE 4. A simple model of gene regulation circuit with positive feedback. In this
circuit, proteins (P) form dimers (P») that can bind to the promoter of their own gene
to increase the gene expression level.

and the dimers. The model equation is given by

dx
T; = (kl =+ ]{331‘4)(1 — 1‘1) —k_121
+ (k1 + k3za)(1 — 21)C
] — Vk_131(
X
72 =mz1 — 012 + /71T1(3 (3.5)
i
éi; = YoXo — Jox3 — 2]62:1,% + 2k_oxy
X
d7t4 = ]CQIZ?% — k_gl’4 — 531‘4.

Again, (;(t) = n;(wt)/o(B) with n;(wt) given by (2.9).

In simulations, we first use SSA to obtain 100 sample trajectories independently, and then examine
the time course of the averages of mRNA and protein numbers of these trajectories. This process is to
mimic the dynamics of gene transcriptions of a pool of 100 cells. Results are shown by black curves in
Fig. 5. Next, we solve the DDE model (3.5) (with initial conditions consist with SSA simulations) for a
single trajectories (shown by red curves in Fig. 5). The results show that deterministic model can well
reproduce the dynamics of mRNA and protein numbers of averages of a pool of cells.

(b)

12 120
10 100
8 80
< £
Z 6 £ 60
£ a
4 40
2 SSA 20 —ssA |
‘ —DDE — DDE
0 0
0 2000 4000 6000 8000 0 2000 4000 6000 8000

t t

FIGURE 5. Simulation results for the model at Fig. 4. (a) Time course of the protein
numbers. (b) Distribution of protein numbers at stationary state. Parameters used are:
k1 = 0.005,k_1 = 0.03,7, = 0.07,6; = 0.005,v2 = 0.3,62 = 0.0004,ky = 0.1,k_o =
0.001, 06 = 0.001, 5 = 5, and the time step At = 0.01.
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4. Discussion

In this paper, we have proposed an attempt to simulate stochasticities in chemical reactions with deter-
ministic delay differential equations. Our approach is based on a modification in the chemical Langevin
equation introduced by Gillespie [9]. In the chemical Langevin equation, the Brownian motions are un-
bounded, and therefore often yield small stopping time in simulation. In our approaches, we introduce a
deterministic Brownian motion described by delay differential equations [18], and replace the Brownian
motion in the chemical Langevin equations by the solutions of these delay differential equations. With
this modification, we are able to largely increase the stopping time in simulations. We apply our method
to two examples, showing that the deterministic models are able to reproduce the average behaviour in
comparing with stochastic simulations using SSA.

Many studies of deterministic Brownian motion has been published in the past several decades, and
there are numerous investigations have documented the existence of Brownian-like motion from deter-
ministic dynamics [5,8,16,18,19,25]. However, to our best knowledge, the current study is the first try
to apply the deterministic Brownian motion to chemical reactions which are intrinsically random. This
idea suggests a possible direction of developing a hybrid method of simulating dynamic behaviours of
complex gene regulation networks.
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