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Abstract. A mathematical model, coupling the dynamics of short-term stem-like cells and
mature leukocytes in leukemia with that of the immune system, is investigated. The model is
described by a system of seven delay differential equations with seven delays. Three equilibrium
points Ey, 1, F2 are highlighted. The stability and the existence of the Hopf bifurcation for
the equilibrium points are investigated. In the analysis of the model, the rate of asymmetric
division and the rate of symmetric division are very important.
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1. Introduction

Mathematical modelling of biological, physical or social sciences phenomena need often the consideration
of time delays through delay differential equations. Some models use discrete delays other distributed or
continuous delays.

For the description of biological processes implied in hematopoiesis, a mathematical model that includes
time delays will be used. It is based on the mass action principle, in the spirit of [4], [5], [6], [9], [15],
[19] and [25]. The aim is the study of the dynamics of Chronic Myelogenous Leukemia (CML) when the
action of different cell lines of the immune system is considered. Other authors ([17], [18]) used the more
simple model from [21] for the dynamics of hematopoietic stem cells (HSC). Other approaches can be
found in [3], [14], [24] [27].

The lethality of malignant tumors is determined in large part by their unregulated proliferative activity,
the resistance of tumor cells to apoptotic death and the ability of tumor cells to invade host tissues and
metastasize to distant sites. CML, also known as Chronic Granulocytic Leukemia, is a cancer of white
blood cells. It is a clonal marrow stem cells disorder in which the main characteristic is the proliferation
of granulocytes (neutrophils, eosinophils and basophils) and of their precursors in the bone marrow and
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the accumulation of these cells in the blood. It is a type of myeloproliferative disease associated to a
chromosomal translocation called the Philadelphia chromosome (see also [10], [22]).

The possibility that cancers can be eradicated by specific immune responses has been the impetus for
a large body of work in the field of tumor immunology (see [17], [18], [21], [23]). Several characteristics
of tumor antigens and immune responses to tumors are fundamental to an understanding of tumor
immunity and for the development of strategies for cancer immunotherapy. Histopathological studies
show that many tumors are surrounded by mono-nuclear cells infiltrates composed of T lymphocytes,
natural killer (NK) cells and macrophages. The immune surveillance and tumor immunity varies with
the type of tumor.

The main sources for the presentation of the action of the immune system are [1] and [29].

Cell-mediated immune response plays a critical role in combating viral infection. As a virus infection
becomes established in the host, a series of molecular and cellular signals are initiated, that activate
cell-mediated immune responses. These signals include the production of interferons, other cytokines and
inflammatory mediators that synergise the mobilization of local Antigen-Presenting Cells (APCs). The
adaptive immune response is initiated when naive T cells encounter specific antigens on the surface of an
APC.

The APCs such as Dendritic cells, Macrophages and B-lymphocytes are specialized blood cells that help
to fight off foreign substances that enter the body.APCs are present in lymphoid organs, in the epithelia
of the skin and gastrointestinal and respiratory tracts, and in the interstitium of most parenchymal
organs. Resting (immature) APCs, usualy located in the epithelia, express membrane receptors that
can capture and endocytose antigens which are then processed into peptides that bind to the major
histocompatibility complex (MHC). The immature APC have low levels of MHC molecules on their
surface and high capacity of fagocytosis. Immature APCs can also ingest antigens by micropinocytosis
and macropinocytosis. APCs are activated by signals and cytokines (e.g TNF), produced during the
innate immune response phase in response to the presence of antigens. The activated APCs (also called
mature APCs) lose their adhesiveness for epithelia or tissues and migrate into lymph nodes. Mature APCs
express high levels of MHC molecules with bound peptides as well as costimulator molecules required for
T cell activation. Thus activation converts the APCs from fagocytes into cells that are able to present
antigens and activate naive T cells.

Dendritic cells (DC) are the members of the immune system that have as their main function to
process antigen material and present it on the surface to other cells of the immune system. Therefore,
they function as antigen-presenting cells. They act as messengers between the innate and adaptive
immunity. DC are present in tissues in contact with the external environment such as skin and the inner
lining of nose, lungs, stomach and intestines. They can also be found, in an immature state, in blood.

The macrophages are white blood cells located within tissues, produced by the division of the mono-
cytes and acting in both non-specific defence (innate immunity) and in the initiation of specific defence
mechanisms (adaptive immunity).

The APCs are thought to provide a critical cellular link for naive (CD4+ and CD8+) T cells. Naive
T cells fall into two large classes, one of which carries the co-receptor CD8+ on its surface and the other
bears the co-receptor CD4+.

CD8+ T cells differentiate into CD8+ cytotoxic T cells that kill their target cells by inducing them
to undergo apoptosis. They are important in the defense against intracellular pathogens, especially
viruses. CD8+ T cells are potent antiviral effector cells due to their ability to produce both inflammatory
mediators and cytotoxic effector molecules. CD8+ T cells are commonly referred to as cytotoxic T
lymphocytes (CTLs), which emphasizes their ability to kill virally infected target cells. These killing
functions are triggered as the effector T cells become activated.

Because the effector actions of these cells are so destructive, naive CD8+ T cells require more co-
stimulatory activity to drive them to become activated effector cells than do naive CD4+ T cells.

CD8+ T cell activation requires additional help, which is provided by CD4+ effector T cells. Effector
CD4+ T cells that recognize related antigens presented by APCs can amplify the activation of CD8+ T
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cells: the cytokine IL-2, produced by effector CD4+ T cells, acts as a growth factor to promote CD8+ T
cells differentiation. CD4+ T cells produce an array of cytokines and chemokines that stimulate cells of
the innate immune system.

In contrast with CD8+ T cells, CD4+ T cells differentiate into several subsets of effector T helper cells
with a variety of different functions, the main functional classes are Th 1, Th 2, Th 17 and the regulatory
cells. Thl cells help control bacteria, Th 2 cells help to control infection by parasites. The main function
of Th 17 cells seems to be to help protect against extracellular bacteria and fungi through stimulating
the neutrophil response that helps to clear such pathogens. The regulatory CD4+ T cells are involved in
controlling adaptive immune responses: in addition to their ability to prevent autoimmune disease, Treg
cells have been shown to suppress antigen - specific T cells proliferation.

Although T-cells responses can be highly effective at controlling acute infections and contribute to
protective secondary responses, persistent infections do arise and are often associated with the develop-
ment of phenotypically and functionally inferior responses. The same situation is encountered in cancer
as well. The immune cells respond to cancer cells in the same way they respond to infected cells. A
common feature is that T-cells response is initially induced, but qualitative and quantitative defects
become apparent as the generation of robust sets of effector cells, as well as the progression of memory
T-cells’development, are subverted (see [1], [29]). The production of cytokines, including IL-2, TNF-a
and IFN-g, as well as cytotoxic effector molecules such as perforin, may be diminished or abolished and
decreased proliferative potential has also been observed. The severe loss of effector activity as well as the
physical deletion of T cells that occur during cancers has been termed exhaustion.

The scheme of the interactions is:
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This paper studies a model that describes the interaction between leukemic cells and the immune
system. After the description of the model, the local asymptotic stability of some equilibrium points is
analyzed. We find sufficient conditions for the existence of Hopf bifurcation with respect to the delay 7
considered as parameter. The paper is organized as follows. In Section 2 the description of the model is
given. In Section 3 the equilibrium points Ey, Fy, E> are determined. In Section 4 the stability and the
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existence of the Hopf bifurcation for the equilibrium point Ej are investigated. Section 5 deals with the
stability of the equilibrium points £; and F,. Numerical simulations are given in Section 6. Section 7 is
dedicated to concluding remarks.

2. Description of the model

In the present paper the property of asymmetric division, when from a stem cell results after mitosis
a stem cell and a comitted cell, is taken into consideration in the model (see also [6], [20], [25], [26],
[28]). Incorporating the antileukemia immune response, our model considers that anti-leukemia T cells
(involving both CD4+ and CD8+ T cells) response may play an important role in the dynamics of CML,
for a while (see also [17], [18], [21], [22], [23]).

The hematopoietic stem cells that are considered are supposed to be in the proliferative phase or to
spend a short time into the resting phase. These cells are called, following [20], Short-Term Hematopoietic
Stem Cells (ST-HSC). In what follows x; denotes the density of short-term stem-like leukemia cells , o
the density of leukemia neutrophil cells, z3 the concentration of immature APCs, x4 the concentration
of mature APCs, x5 the concentration of passive T cells of both CD4+ and CD8+ phenotype, xg the
concentration of active CD4+ T-helper cells and 27 the concentration of active CD8+ cytotoxic T-cells.
The following system of delay differential equations models the complex interactions between the cells of
the immune system and between these ones and the leukemic cells:

i1 (t) =—asm1(t) — (1—by —ba)asB(w1 (t))a1 () +2e~ 7 (1—by —ba)as (w1 (t—71))1 (t—T71 )~

1
_ (b1 + bg)a4k($2(t))$1(t) + (3*l73‘r1 b1a4k(aj2(t — Tl))l‘l(t — 7'1) — by T b:(ifg;i(flé(t))
@a(t) = —beza(t) + brask(za(t — 72))z1(t — T2) — bs g bgii(fztf;—(i—t)xg(t))
o csw3(t)(z1(t) + 22(1))
Ba(t) = —exs(t) e = T
) — —do caz3(t)(1(t) + 72(t))
x4(t) - d2 4(t) 1 =+ (xl( )+{I?2(t))p
#5(t) = —dazs(t) + d3 — dsza(t)z5()
i6(t) = —erws(t) — eai(we(t))we(t) + 2~ ™eali(we(t — 73))we(t — 73)—
— e3Ca(ze(t))ze(t) + 2" der24(t — 75)25(t — 75)
Br(t) = —(1+ eq)z7(t) — erC3(we(t)) w7 (t) + 2~ “ T er(3(we(t — 74))27(t — T4))—
B x7(t) (21 () + 22(t)) omi 27t —nima) (X1 (t — na7a) + @2 (t — ny74))
91+ es(a1(t) + 22(1)) T Tt eg(ar(t — numa) + 2ot — nima))
+2"2dgox4(t — 76) x5 (t — 76). (2.1)
Here p > 1 and the functions (1, (2, (3, B, k are defined by:
G0 = s W =510 =l a2
ﬁ(u):a;imal%7m>l7 k(u):agna_kﬁm> 1. (2.2)

Our system of seven delay differential equations (DDEs) is considerably different from the systems
used in references [17] and [18]. In the DDEs system in [18], the T cell dynamics is considered in the
absence of the leukemic cells which is not the case in our model. In [18] the state variables are Hy,
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the concentration of naive CD4+T cells, H the concentration of effector CD4+T helper cells, Ky, the
concentration of naive CD8+T cells, K, the concentration of effector CD8+ T cytotoxic cells, and R, the
concentration of Tregs, and, in addition, P, the concentration of positive growth signal (e.g., IL-2).

In our model, instead of Hy and K, only one variable, x5, the concentration of passive T cells of
both CD4+ and CD8+ phenotype is considered. Due to the fact that besides the regulatory T cells,
there are other cell types involved in the regulatory mechanism, we do not consider an equation for Treg
as in the reference [18], nor an equation for the concentration P, of positive growth signal as in [18],
keeping in mind that active CD44 T helper cells secrete positive growth signals at different rates, but
instead we introduce three feedback, T helper depending, functions, (i (z6(t)), (2(x6(t)) and (5(z6(t)).
Indeed, knowing that active CD4+ T helper cells secrete positive growth signals (e.g. cytokines, IL- 2),
at different rates, for self development, (the autocrine loop), and to stimulate T cytotoxic cells for further
division, on one side, and on the other side, that there are suppressive signals against T helper and T
cytotoxic cells, due to the regulatory process, (depending on the T helper concentration), we are led to
consider the functions (1, (3, (3 in the 6th and 7th equations.

The initial conditions of system (2.1) will be defined on the interval [—7,,,0] where 7, =
InaX{’7'1, T2,7T3,T4,T5,T6, n17'4} ((EZ(Q) = .’L‘i(O),i =1.7, 0 € [—Tm, 0])

The coefficients of system (2.1) are positive real numbers and their interpretations are given in the
table from the numerical simulation.

The delays in system (2.1) are 71,72, T3, T4, 75, 76 and nq7y.

The first two equations, for the density of stem-like leukemia cells and of the leukemia neutrophil cells,
are similar to those in [25] (see also [10], [15]).

The scheme of the first two equations in (2.1) is:

Reintroduction
“T1-n-n) B (x)x,

Self renewal

< - 2e7 V1 1-n4-n;) B (xga)xia
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In our model, the last terms in the first two equations model the influence of cytotoxic T cells on the
disease.

The time necessary for a ST-HSC to complete a cycle of self-renewal, asymmetric division or differen-
tiation is supposed to be the same, 7. The time necessary for the maturation of leukocytes is denoted
by 7.
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The equations for 3 (naive APCs), x4 ((active APCs ) and x5 (inactive T cells) are similar to those in
[18], but with the significant difference that the rate of antigen stimulation is not anymore the function
c3z3(71 + 72)
1+ (xl + mg)P
memory T cells are regarded in our presentation as a part of inactive T cells (independent on their
appartenance to CD4/CD8 phenotype).

a(t) as in [18], but a feedback function, — , depending on the level of leukemic cells. Also,

In the 6-th equation the last term gives the rate at which naive CD4+ T cells enter the active state
after finishing the minimal developmental program of m; cell divisions and the time delay 75 is the
duration of the minimal developmental program. The first term indicates that CD4+ T helper cells exit
the population through death at the rate e;. Active CD4+ T helper cells secrete positive growth signal
at different rates: CD4+ cells provides signals, cytokines, IL- 2, for self development, the autocrine loop
described by the function (;(¢). The second term in the equation of x¢(t) is the rate at which T helper
cells are stimulated by themselves for further division, and the third term is the rate in which cells reenter
the effector CD4+ population after having divided once. The time delay 73 is the duration of one CD4+
cell division.

Because, besides the regulatory T cells, there are other cell types involved in the regulatory mechanism,
we will not consider an equation for Treg and the regulatory process will be expressed through a T helper
(z6) dependent function, (2(x6(t)). This is another difference to the Kim et al. model. The fourth term
is the rate at which T helper cells are suppressed by regulatory activity of the immune system.

In the last equation of the system the variation of CTLs concentration is described. The last term gives
the rate at which activated CD8+ T cells enter the effector state after finishing the minimal developmental
program of msy cell divisions and the delay 74 is the duration of this minimal developmental program.
The first term is the rate at which CD8+ cytotoxic T cells exit the population through death at rate
(14e4). The parameter (14e4) is composed by both the apoptosis rate, and the rate due to regulatory
mechanisms. The second term is the rate at which T cytotoxic cells are stimulated by positive growth
signal (I1-2) secreted by CD4+T helper cells, for further division, on one side, and on the other side, are
suppressed by Tregs. The third term is the rate at which cells reenter the effector cytotoxic population
after having divided once. The time delay 74 is the duration of one cycle of CD8+ cell division.

Leukemia cells suppress anti-leukemia immune response. The precise mechanism is unknown. It is
assumed that the level of down-regulation depends on the current leukemia population (see [18]) and this
suppresive action is expressed by the presence of the entire population of leukemic cells (7 and z3) in
the denominator of the fourth and the fifth terms.

System (2.1) contains seven delays 7;, i = 1..7, where 7 = nji74, with n; the number of antigen
dependent divisions. In the right-hand side of the system the following delay-dependent terms are present:
e~bsm e=e1ms e=ea™s Thus (2.1) is a delay differential system with delay-dependent parameters. For
the analysis of this system we use [8], [9], [11], [12], [13].

Define T=max{7;,i = 1...7} and consider the initial data ¢ in C([—7,0],R7). Since the right-hand side
functions f;, i=1...7, are C', local solutions will exist whenever the initial data comply with the domain
of existence of each of these functions and in particular when these initial conditions are positive.

It is not difficult to see that if the initial conditions have all components positive functions, the solutions
of the system will have positive components on all the interval of existence. Indeed, if 1(0) > 0 for any
0 € [—,0] and there exists T' > 0 such that x1(T") = 0 the derivative & (T") will be positive and this leads
to a contradiction. The same argument works for the other components, too.
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3. Determination of some equilibrium points

The equilibrium points are given by the solutions of the following system:

T (a5 + (1 — 2€_b371)(1 — by — bg)agﬂ(xl) + ag(by + b — ble_bsTl)k‘(l‘Q)-i-

T
T P A—
41+b5(l‘1 +$2)>

X7
b+ bg— T
z2(6+ 81+ bs (1 + 2)

Ty + T2
3 (62 + 15 (2o 1 2907 (@ +$2)p> c1 =0
l‘3($1 + .TQ) .
Sy (r1 +x2)P
(d4 + dr$4) d3 =0
Z6 (61 + €21 (w6)(1 — 2e

—eqT. m T+
7(1+€4+€7(126 4 4)C3($6)+(b972 169)1_1_681(1:1_'2_1‘2)> :0

) — bragk(xa)z1 =0

dywy —

TAT) + e3(a(w6)) — 2™ dgrwans =0

(3.1)

Proposition 1. The system (3.1) has always the solution (equilibrium point for (2.1)) Ey with the

coordinates:
c1 ds
210 = 0,090 = 0,230 = —, w40 = 0,250 = —, 260 = 0,270 = 0. (3.2)
Co d4
The proof is obvious.
In2
Proposition 2. If 1, >0, 74 > L, eo > e1, eg > e5 and Tsg < 13 < Ty, where
€4
In(2es3/(e1 + ea + e3)) 1 2e9€q

Ty = —In 3.3
el 3t €1 ejeg + egeq + eses ( )

T30 =

then there exists a unique equilibrium point E1 with the coordinates:

C1 3 *
211 = 0,221 = 0,231 = T4 = 0,751 = 706l = T, T71 = 0, (3.4)
2 4

where x§ is the positive root of the equation:

F(x6) == (e1 + 63)x€2+2 + (e1e6 + e3e5)TE> + (€1 + e3 + ea(1 — 274 73)) w2+
+ e1e6 + eses + eaeg(1 —2e4™) = 0. (3.5)

Proof. Remark first that all the coefficients in the first five equations of (3.1) are positive. So one
obtains the first five components of E;.We look for a non-zero sixth component so, from the sixth equation
of (3.1), we have:

1 22+ es
e1+eg(l —2e 17 + 3-8 =0. 3.6
1+ e )1+x52 322+ oo (3.6)

From (3.6) we obtain (3.5). Deriving F'(zg) with respect to xg we have:

F'(x6) = (p2 +2)(e1 + e3)ah P2l + pa(ereq + ezes)x 1672_1 + (e1 + e3 + e2(1 — 2e173)) .

Because 73 > T3, then the coefficients of F’(xg) are positive. Thus, F'(z) > 0, for x¢ > 0. Then,
F(x) is a strictly increasing function for xg > 0. We have:
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F(O) = e169 + ezes5 + 6266(1 — 267617—3).

Therefore, if the inequality

ereg + eses + eseg(1 —27473) <0 (3.7)
holds true, then Eq. (3.5) has a unique positive root denoted by z§. From (3.7) we obtain T3;. Remark
In2
that T30 < 13 < T31 < GL
1

The proposition is proved.
Proposition 3. If 71 > 0, ex > e1, eg > €5, Ta0 < 73 < T31 and er > (1 + eq)(1 + xg’®) then, if
Ty = T40, with

1 267
Ty = —In - 3.8
40 €4 (1 + 64)(1 + $6p3) + er ( )
where x§ is the positive root of Eq. (3.5), there exist equilibrium points Fo with the coordinates:
c1 ds .
T12 = 0,290 = 0,730 = —, 242 = 0,252 = ——, Te2 = T, T72 = C, (3.9)
Co d4
c>0.
Proof. From the seventh equation of (3.1), we determine 0 < 74 so that
Lt et ep(l—2e—camy— 1 (3.10)
1+

When (3.10) is solved with respect to 74 the value in (3.8) is obtained. Thus, there exist the equilibrium
points Es with the coordinates given by (3.9).

In2
Remark 4. The delay 13 has a special role for existence of solutions of the system (2.1). If 73 > e
€1

the only solution is Eg and if Tsg < 13 < T51, then there exists also the solution Ey. In Proposition 3,
74 = Tyo depends on 73 € [Ts0,T31) and the conditions above are only sufficient.

4. Stability analysis for the equilibrium point Ej

Consider the transformation: wu(t) = z1(t), uz(t) = x2(t), us(t) = x3(t) — c1/ca, ua(t) = z4(t),
U5(t) = .135(t) - dg/d4, ’U,G(t) = .136(t), Uq(t) = $7(t).
In order to analyze the stability of the equilibrium point Ejy, we study the linearization in zero of
system (2.1) obtained by this translation:

U1 (t) = arug (t) + binu (t — 11),

Ua(t) = agoua(t) + barous (t — 12),

Us(t) = aziuq(t) + asausa(t) + assus(t),

Ua(t) = agruq(t) + agoua(t) + agauq(t),

U5 (t) = asauq(t) + assus(t),

u6(t) = aseue(t) + beeste(t — 73) + beasua(t — 75)

U7 (t) = azrur(t) + bragua(t — 76) + brraur(t — 74) (4.1)

where
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a1l = —as — (bl + bg)a4 — (1 — b1 — b2)a3, b111 = €7b371 (2(1 — b1 — bg)ag + a4b1),

a2y = —bg, ba12 = —asbr,az1 = —ci,a32 = —c1,a33 = —ca,
- Cci1C3 o Cci1C3 -
41 = ——, Q42 = —, a44 = —da,
Co Co
dsd3 eses
a5y = ———,a55 = —dy4, 066 = —€1 — €3 — —,
dy €6
2™ dg1d3
—eqT:
bees = 2eae” 173, beys = 4
4
arr = —1—e4 —e7,
21 dgod3
—€4T.
b746 = T,b'n;; = 2676 ara (42)
4

The characteristic equation of system (4.1) is:
(A — a1 — brire M) (X — az)(A — az3) (A — aa) (A — ass)-
. ()\ — age — b6636_/\7—3)()\ — a7 — b774€_)\7—4) =0. (43)
The roots of (4.3) are given by:
Ao = agy = —bg, \3 = a33 = —3,\4 = a4q = —d2, \5 = a55 = —dy, (4.4)

and by the solutions of the equations:

A — aj] — b11167>\7—1 = 0, (45)
A — ags — bgeze” ™ =0, (4.6)
A — a7 — b7746_>\7—4 = O, (47)

If bg > 0, c3 > 0, da > 0, dg > 0, then the roots in (4.4) are negative.
The equation given by (4.5) will be written as

A+ aq + Bre BTe AT =, (4.8)

where a;, 8 are given by:

a1 = as + (by + b2)ag + (1 — by — be)as,
61 = —2(1 — b1 — bg)a3 — a4b1. (49)

If by + b < 1 then a; > 0 and 51 < 0.
We will study the stability analyzing the roots of the equation (4.8) when all the parameters are fixed,
except 71, considered as variable.
Eq. (4.8) has one coefficient depending on 71. For the analysis of the roots of Eq. (4.8) we apply the
method from [8].
If 71 = 0, equation (4.8) becomes:
At a;+ 51 =0. (4.10)

Then (4.10) has the root A = —a; — 1. In what follows, we determine the value of 71, denoted by 77,
for which in (4.8) eventually a change of stability might occur with the appearance of a Hopf bifurcation.

116



S. Balea, A. Halanay, D. Jardan, M. Neamtu, C. A. Safta Stability analysis of the immune system in leukemia

Let A = iw(7) be a root of equation (4.8). It follows that:
iw(T1) 4+ a1 + Bre” ™ (cos(w(m)m) — isin(w(m)m)) = 0.
Thus,

w(m) = Bre s sin(w(r1)m1),

ay = —Bre % cos(w(m)m). (4.11)
From (4.11), we get:

wi(n) = ple ™ —af. (4.12)

Relation (4.12) implies that the condition w?(7;) > 0 holds for 0 < 71 < 7, where

L, (15l
e 4.13
R ( a (4.13)
with ‘ﬂ1| > o1.

The eigenvalues Ay = iw(m), A_ = —iw(71), w(71) > 0 can only occur for 71 in the interval I = (0, 7{).

There are no stability switches for 71 > 7| since there are no pure imaginary roots of (4.8).
From (4.11), let 6(71) € [0, 2m) be defined by:

w(r1)
Brebsm’

(€51

Sing(’]—l) = —W

cosf(r) = (4.14)
Then a stability switch may occur, through the roots A = iw(m), where w(m) > 0 is given by (4.12)

with the values 71, given by

0 2
Tin = M, for some neN. (4.15)
w(7)
For each n € N the mappings 71, : [ — R, are defined, where I = (0, 7{), and the stability switch may
occur only for the values of 7y at which 71,,(71) = 71 for some n € Ny. Hence (4.12) and (4.14) define the
mapping (4.15) and the occurrence of stability switches takes place at the zeros of the function

Sn(Tl)ZTl—T1n(T1), n € N. (416)

For € I, 6(my) is continuous and differentiable in 7y. In order to prove this, we notice that a; +
Bre s < 0, for 7 < 7} and cos@(m) # 1 for 7 € I. Hence for 7, € I, (1) € (0,27). Then, 6(71) and
T1n(71) are continuous and differentiable for 7 € I.

We would like to see if it is possible to determine the direction in which the pair of imaginary roots
A = tiw(ry), where 71 is such that S, (7)) = 0 for some n € N, crosses the imaginary axis, when 7
increases.

From Theorem 2.1 in [8] we have:

dSn (Tl)

dRe(\ ,
Ab\:w(ﬁ)):szgn( e i) (4.17)

gn(

Hence, we have the following:

Proposition 5.( [8]) The equation (4.8) admits a pair of simple and conjugate roots Ay (71) = iw(7y),
A_(1]) = —iw(r]), w(ry) >0 at 7 € I if S,(17) = 0, for some n € Ny. The pair of simple conjugate
pure imaginary roots crosses the imaginary axis from left to right if (1) > 0 and crosses the imaginary
azis from right to left if 6(r) < 0, where

dRe()\)

5(77) = sign( rcirr))- (4.18)
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The following analytical result on R(7;) is useful for determining the value of 7, at which a stability
switch occurs.
Proposition 6. For the equation (4.8) we have:

dRe()\)
dT1

Ry(77) = sign{ Inmiw(r)} = sign{w ()W’ () (a1 + Bre”PTr) + W () Bie T} (4.19)

and
Ry(r) = sign{—ai(bs + 1) — B (bs7y — 1)67%‘”;}- (4.20)
Proof. From (4.8) with A = A(71) we obtain:

d\ )\ﬁleibgn + 51[)3671)37—1
dri e’ —pBrebsmipy

-1
dX

It is convenient to consider (d) . We have:
T1

@ -1 - e)\ﬁ o ﬁlTle—bg‘rl
d’Tl o A5167b3T1 -+ b3ﬁ167b37—1 '

From (4.8) we obtain that:

M = —Le_bgn .
A+ ag
Then,
D\ xe T
<dﬁ> T A tbs
Thus,

dx —1| | _ —m(al—iw(ﬁ))—ﬁ
dre A=iw(Ty) iw(7'1) + b :

Because w?(71) + a? = pZe72»™ we obtain:

DN e+ Bne ) ()
dr A=iw(m1) = B%G—zbgﬁ(bS +iw(ﬁ))

and

d)\ -1 @1(7‘1)
fe <<d7'1> |,\—m(n)>  Bie=20sm (b3 + w (7))

where

p1(11) = —a1 (a1 + bg) + BT (1 — bym)e 2T
Therefore, we have that:
Ry (m1) = sign(e1(r1))
and that proves the proposition.
Proposition 6 can be completed with the study of the variation of ¢ :
Proposition 7. Assume that
¢1(0)p1(r1) < 0. (4.21)
Then, there exists the value 79, 0 < 70 < 7| so that
dRe(\)
dm
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changes signs in (0,79) and in (79, 71).

The value 79 is the unique zero of the function

p1(11) = (1= bg1)BTe ™™ —ay(bs+ 1), € (0,7)). (4.22)
Remark 5. Condition (4.21) is fulfiled whenever
BT > an(ar +ba).

Indeed, ¢1(0) = 82 — a1 (a1 +b3) will be positive and o1 (71) = —ay(bs +a1ln(|B1]/a1)) will be negative.

In the next proposition, we summarize the properties of the function S, (71).

Proposition 8. Assume that the function S, (m1) has a positive root 74 € I for some n € Ny, then a
pair of simple purely imaginary roots +iw(1y) of equation (4.8) exists at 7y = 7. In addition:

(i) If S, (77) = 0, then this pair of simple conjugate pure imaginary roots crosses the imaginary axis
from left to right if §(1) > 0 and from right to left if §(1) < 0, where 6(717) is given by (4.18).

(ii) If So(m1) has no zero on I, the function S, (11) has no zero on I for alln > 1.

(111) If for some n € Ny the functions S,(71) become zero for some time delay lags 11, € I, then there

dSn(Tin.
dSn(Tin,) #0. Define
dTl

exits at least one Ti,; satisfying

{1l <m41, 5=0,1,..,50} = Uneno{Tin, } = J.

dsS
If jo is finite, then define 1,41 = 0o. It is easy to see that So(m10) = 0 and % > 0. Moreover, a
1
Hopf bifurcation occurs when 11 = T15,, j =0,1,..., jo-
The function S, (71) is given by:
arccos(—ﬁ) + 2nm
exp(—
Sp(n)=m — LCTP\ 0371 ., n € Ny. (4.23)

V Brexp(—2bsTy) — a?

The analysis of S, (m1) can be done with the help of the graphic (71, S, (71)).
For the analysis of the equations (4.6), (4.7) we recall some results on the roots of the transcendental
equation

A —a—be T =0. (4.24)

(see for example [7])

Theorem 9. ([9], [11]) A necessary and sufficient condition in order that all roots of Eq. (4.24) have
negative real parts is that: (i) ar < 1 (ii) at < —br < (02 + a®7%)'/2 where 0 is the unique root of
0 =artg(0).

From the conditions (i) and (ii) we must have:

1
a<—,a+b<0 (4.25)
T
and also
—br < (6% + a®7H)1/2. (4.26)

1
From (4.24), if b > 0 and a + b > 0 or if a > —, there is instability. If b < 0, the stability conditions
T
are:

1
a<_,a< b| < |a® + (0/7)2|/2. (4.27)
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We analyze first the roots of equation (4.6).

ese In2
For ey < €1+ —— we obtain age + bess < 0 for any 73 > —. Then (4.6) has roots with negative real
€g €1
ln2
part for any 73 > —
e

1
In a similar way, for the roots of equation (4.7), we have that, for e; < 1+ey, it follows that az7+b774 < 0

In2 ln2
for any 74 > —. Then equation (4.7) has roots with negative real part for any 7, > —
€4 eq

From the above analysis we have:

Theorem 10. If the conditions ea < e1 + ezes/es, er < 1+ eq hold true, then the stability of Ey

will depend on 11. If for 71 = 0 the root of (4.10) is negative and p1(0) < 0, the real part of roots of

In2 In2
(4.8) is negative for m € [0,70), 73 > L, Ty > L and the equilibrium Eqy of system (2.1) is locally

asymptotically stable. If the root of (4. 10) 1 posztwe a change to stability can happen if the sign of ¢1
is negative when the real part of the roots become zero.

In order to extend the study of stability of Ey to other situations that are not covered by Theorem 10,
Theorem 9 will be used for (4.8).

So, consider the transcendental equation

Aa+Be e =0 (4.28)
thus
a=—a,b=—pe 7 (4.29)

and ¢ > 0.
Applying Theorem 9 for (4.28) we have: Proposition 11. A necessary and sufficient condition in
order that all roots of Eq. (4.28) have negative real parts is that:

. 1
(Z) a > *; and (4.30)
(i) a+ e >0,eTT < (62 + o)1/,
From conditions (4.30), if 8 < 0, conditions (i) and (ii) lead to:

1
a>——,a + Be " > 0. (4.31)

1

Hence, if 8 < 0 and o+ fe™ " <0 or o« < —— there is instability.
T

If > 0, the stability conditions are:

1
a> —;,—a<ﬁ< la? 4 (6% /7)%)2. (4.32)

Now, we determine the stability or instability condition for 7, in the conditions a > 0, § < 0.
Proposition 12. Consider <0, a > 0.
(i) If a + 8 < 0, then for any T > T, the stability conditions hold, where

7= L (—ﬁ> ; (4.33)

c (0%

(ii) If a + B < 0, then for any 0 < 7 < T, the instability condition holds.

1 _
Proof. (i) For g < 0, a > 0, the stability condition is o + fe=¢" > 0. Then, 7 > —In (5) =1T.
¢ @

From the condition oo + 8 < 0 we have T > 0. (ii) For 8 < 0, a > 0, the instability condition is

a+ Be T < 0. Then, O<T<ln< i) =T.
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Using Proposition 12, we can analyze the equation (4.8).

1
Consider (4.8) with 0 < b; < 1,0 < by < 1, 0<b1+b2<1and7'1>b—ln2
3

Proposition 13. If (1 — b — by)az — beag > 0 and a5 < (1 — by — ba)az — baay, then the solutions of
(4.8) have negative real parts for any 11 > 0.
Proof. From (4.8), we have 51 <0, oy > 0 and

a1+ 1 = as +beas — (1 — by — ba)as

From the hypothesis, it follows that ay + 81 < 0. From (4.33), we have:

= 1 ﬂl 1 2(b — b1 — bg)ag + a4b1 )
T, = —I —— ) = —1 — < 71 2.
! n( > bs n< a5+(b1+b2)a4+(1—b1 — ba)as b3 "

Because 7 > 0, the stability condition holds.
The reasonings above lead to
Theorem 14. Suppose that the following conditions hold true:

(1 — b — bg)a3 — boay > O,
as < (1 — by — bg)ag — b2a4,
es < e1 + eses/eq,

er <1+ ey,

n2 In2
then the equilibrium point Ey is locally asymptotically stable for all 7 > 0, 13 > L, Ty > L.
€1 €4
5. Stability analysis and existence of Hopf bifurcation for the equilibrium
points E1 and FEs

Let E; be the equilibrium point with the coordinates given by (3.4) in the conditions of Proposition 2.
Consider the transformation wuy(t) = x1(t), ua(t) = xa(t), us(t) = z3(t) — g, ug(t) = x4(t), us(t) =
C2

5(t) = 2 uslt) = wo(t) = o, ur(t) = a1(0)

The linearized system, obtained from (2.1) with the above transformation, is given by:

U1 (t) = apyur(t) + brgug (E — 1),

Us(t) = agaua(t) + barous (t — 72),

U3 (t) = azyuq(t) + agaus(t) + assus(t),

Ua(t) = agruq(t) + agous(t) + agauq(t),

Us(t) = asquq(t) + assus(t),

t6(t) = cooue(t) + desste(t — 73) + deasua(t — 75)

Ur(t) = 77u7(t) + dragua(t — 76) + drraur (t — 74) (5.1)

where a1, age, asi, as1, asa, bii1, bai2, asz, ass, as, aas, ass, bras are given by (4.2) and

cos = —e1 — e2(C(g)xg + C1(5)) — es(C(w)xs + Ca(w6))

desz = 2~ ea(C (wg) 2 + C1(x5)), doas = 2™ 614 &

crr = —1 —eq — e7(3(xg), drra = 2e7e” T4 (3(xg). (5.2)
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The characteristic equation of system (5.1) is:

(A — a1 — biiie™ ) (A — ag2) (A — asz)(\ — ass) (A — ass)-
. ()\ — Ce6 — d66367)\7—3)(>\ — C77 — d77467>\7—4) = 0 (53)

The roots of (5.3) are given by:
A =ag = —bg, A3 = a3z = —c3, \4 = @44 = —da, A5 = as5 = —dy,

and by the solutions of the equations:

A — aylp — bule*)‘ﬁ =0 (54)
A— Cee — dﬁ@gei)\‘r3 =0 (55)
A — Crr — d774€_)\7—4 =0 (56)

The analysis of the roots for equation (5.4) has been done in the previous section, with the conditions
0 <7 < 711. In what follows, we analyze the roots of Eq. (5.5) using the method from the previous
section.

Consider

Y0 = —ce6 = €1 + e2(C1(5)zg + C1(2g)) + es(Ca(2g)ag + C2(25))
deo = —2e2(C1(25)5 + C1 (25))- (5.7)
Then, equation (5.5) becomes:
X+ Y60 + dgoe e AT = 0, (5.8)
Let po = 2.
Eq. (3.5) can be written as f(xg) = 0, where
f(x6) = mazg + mya +mo (5.9)
where

mo =e1 + ez, m1 = e1 + ez +ereg + eses + (1 — 2e” 17 )ey,

mo = ej1eg + ezes + eseg(l — 2e™ 4173, (5.10)
T30 < 13 < In2/ey, T30, T31 are given by (3.3). Deriving f(x¢) with respect to xg we have:
f(w6) = dmozy + 2mx6.

Because mg > 0,m1 > 0 then f/(z4) > 0 for any 24 > 0. Then, f(z¢) is an increasing function for
26 > 0. From f(0) = mp < 0 and ms > 0, we obtain that the equation f(z¢) = 0 has a unique positive
root. Let xf = x{(13) be the positive root.

From (5.7), with ¢; given by (2.2) we have:

ea(xf? — 1)  eg(xft + (3es — e5)xs® + eseq)
(a® +1)2 (5% +¢o)?

ea(xg” — 1)

(zg? +1)2

Y60 = €1 —

60 = (5.11)

From (5.11), we have:
Proposition 15. The following statements hold true:
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1. xi(13) > 1 for 13 € [T50,T32), where

262(1 + 66)

1
T30 = —In 5.12
32 €1 2(61 —+ €3 + €1€6 —+ 6365) =+ 62(1 + 66) ( )
and T32 S T31.
3
2. If eg > e5, e1 > % and 73 € [Ts0,T32) then,

Y60 + d60 > 0 (5.13)

Ys0 — 060 > 0, (5.14)

where T3 is given by (3.3) and Tz is given by (5.12).
Proof. From (5.9) and (5.10) we have:

f(1) =2(e1 + e3 + ereg + eses) + ea(l + eg) — 2ea(1 + eg)e” 173,
For 75 € [T50, T32), with T35 given by (5.12), we obtain that f(1) < 0. Thus, z{(73) > 1.
From (5.11) we obtain (5.13). From (5.11), it follows that:

o0 — a0 = e1(zE)* + (2e1 — 3ea)(x5)? + e1 + 3ea . ee((z5)* + (3es — e5)(x5)? + eseq)
v ((§)? +1)2 ((2§)% + eo)? |

Because 2e; > 3es and eg > e5, the relation (5.14) holds true.

From Proposition 15, Eq. (5.8) has roots with negative real part for any 73 € [T39,T32). For Eq. (5.8)
there is no Hopf bifurcation with respect to 7.

Using Proposition 12 we analyze (5.6). We use:

yr0 = 1+ es + e7(3(xg), 670 = —2e7(3(xg) (5.15)

1
Proposition 16. If e; > (1 + e4)/(3(x§) the stability condition holds for any T4 > —In2.
€4

Proof. From (5.15), we have d79 < 0, v70 > 0.
From the hypothesis it follows that 779 + d70 < 0 and from (5.6) we obtain:

| 2 * 1
T — m( erea(zs) ) < —In2.
€4 1+ es+ erCs3(zf) €4

Because T < —ln2 the stability condition holds for any 74 > —ln2

€4
In this case there does not exist a Hopf bifurcation with respect to 74.
The following theorem has been proved:
Theorem 17. Suppose that the delays T, T3, T4 satisfy the conditions:

In2
71> 0,130 <73 <T39,74 > L, where Tso is given by (5.12). Then, there exists the equilibrium point

€4
Ey.
If the following conditions hold:

(1 — b — b2)a3 — boay > 0,

as < (]. — by — bg)ag — b2a4,

€9 > €eq,

e > max(es/3,eses/(e2 —e1)),
e7 > (L+eq)(1 + (25)7)
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then the equilibrium point Ey is locally asymptotically stable.

For the analysis of the equilibrium point Es, we consider the transformation uy(z) = x1(t), ua(t) =
xg(t), Ug(t) = ,Ig(t) — 61/627 U4(t) = l’4(t), ’U,5(t) = $5(t) — d3/d47 Uﬁ(t) = I@(t) — T61, U7(t) = Ty t) —C,
where xg; = 2§(73) is a positive root of equation (3.5) and ¢ > 0.

The linearized system, obtained by this translation, is given by (5.1), with 74(73) = Tyo given by (3.8).
The analysis of equations (5.4), (5.5) is the same as the case of the equilibrium point F;. We analyze eq.

(5.6) with (5(zf) = 5 for 74(73) and 73 € [T30, T31).

1+ (25)
Consider the function 74(73) given by:

1 267

7a(73) = —In : 5.16
) = M AT e + g (m)D) T e (516)
-
Proposition 18. For e; > 1+ ey, define xg = T T
1 + €4
2
A= > o) (5.17)
(e1 + e3)xs + (e1 + €2 + €3 + e1e6 + eszes)To + €166 + €zes + eaes
and also
1
€1

Then the following statements hold true:

T4(T33) =0 and T33 < T3.

Proof. From (5.16), if 74(73) = 0 then z§(73) = (. Because x§(73) is the solution of the equation
(5.9) then f(z¢) =0. Using (5.9) and (5.10) we obtain:

2es(xg + €6)e” 1 = (e + 63){E% + (e1 + ea + e3 +e1es + ezes)xg + ereg + eses + eaeg.

Therefore, 73 = T33 where T3 is given by (5.18). Thus, 74(T33) = 0.
Eq. (5.6) can be written as:

A+ 70 + drge 4T ()= ATa(m) — (5.19)

ey 2er

T+ )2 = T () (5.20)

Yo=1+es+
For 13 = T33, because 74(T33) = 0, from (5.19), we have:
A=+ v70 + 970 = 0.

Because

er
—5 <0

org=14+e4 —
Y70 + 070 +eq 1+ a2

equation (5.19) does not have roots with negative real part.
In this case does not exist a Hopf bifurcation and the equilibrium point Fs is unstable.
From the analysis above the following theorem is proved
Theorem 19. The equilibrium point Es of system (2.1) is unstable.
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6. Numerical simulations

The numerical simulations are done using first the following values for the parameters, most of them being
extracted from existing literature: for the parameters related to leukopoiesis (the first two equations)
we rely on [5], [10], while those of the immune system were taken, when possible, from [17], [18]. The
parameters, used in the feedback functions, were estimated on the basis of existing reports on the number
of specific cells of the immune system. The rates of asymmetric and symmetric division were chosen

according to the observation in [28] that in leukemia symmetric division is dominant.

FIGURE 1.

Parameter for the 3 function a1 0.5
Parameter for the function k as 36
The maximum value of the 8 function as 1.77
The maximum value of the function k aq 0.8
Loss of stem cells due to mortality and differentiation in the eritrocyte as 0.12
and platelets lines
Rate of asymmetric division by 0.1
Rate of symmetric division bo 0.4
Loss of stem cells during cell cycle bs 0.02
Loss of stem cells due to cytotoxic T cells ba 0.03
Depends on individual case bs 6
Instant mortality of mature leukocytes be 2.4
Amplification factor for leukocytes b7 1440
Loss of mature leukocytes due to cytotoxic T cells bs 0.6
Coeflicient expressing both apopthosis rate and regulatory mechanism bg 0.7
Supply rate of immature APCs, cax3(0) c1 0.3/day
Death/turnover rate of immature APCs c2 0.03/day
Coefficient of the feedback function c3 2
Death/turnover rate of mature APCs da 0.8/day
Supply rate of naive T cells(of both CD4+4and CD8+phenotype) ds 2
Death/turnover rate of naive CD4+ and CD8+ T cells dy 0.03/day
Kinetic coefficient, ds 0.2
Kinetic coefficients de1, de2 0.12, 0.08
Death/turnover rate of effector CD4+ T helper cells er 0.23/day
Coefficient of the ”autocrine loop” function, (i (x¢(t)) ez 0.2 (for Ep),
50 (for En)
Coefficient of the "regulatory process” function, (2 (z6(t)) e3 1
Death /turnover rate of effector CD8+ T cytotoxic cells eq 0.5/day
Coefficient of the "regulatory process” function, (2(x6(t)) €5 2600
Coefficient of the "regulatory process” function, (2 (x6(t)) €6 260000
Coefficient of the ”positive growth signal” function, (3(x6(t)) er 1.2 (for Ey),
50 (for Ey)
Coefficient of the suppressive action of the leukemia cells es 5
Coefficient of the level of down-regulation due to leukemic cells eg 0.4
The number of antigen depending divisions ny 2
Number of divisions in minimal CD4+ developmental program my 2
Number of divisions in minimal CD8+ developmental program ma 7
Coefficient of the feedback function P 2
Coefficient of the ”autocrine loop” function, (i (x6(t)) D2 2
Coefficient of the "positive growth signal” function, (3(x6(t)) 3 2
Bifurcation parameter T1 5.5
Duration of leukocyte cycle T2 5.4
Duration of one CD4+ T cell division (bifurcation parameter) T3 3.6 days (for Eo),
2.4 days (for E)
Duration of one CD8+ T cell division T4 1.4 days
Duration of minimal developmental program, 1+ (mqy — 1)73 Ts 4.6
Duration of minimal developmental program, 1 + (mz — 1)74 T6 8.4
Initial concentration of immature APCs 23(0) c1/c2 +0.00001
Initial naive T cells (of both CD4+ and 25(0) d3/d4 + 0.00001/day

CD8+4 phenotype) concentration

The concentrations are given in units of k/uL, and the time is measured in days.
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6.1. A numerical simulation in the neighborhood of Ej

From the above table we consider the following parameters: a3 = 1.77, a4 = 0.8, a5 = 0.12, b = 0.1,
ba = 0.4, b3 = 0.2. We obtain:

(1 — by — bg)ag — byayg = 0.565 > 0,
as — (]. — b1 - bg)ag - b2a4 = —1.085 < O,

With e; = 0.23, e = 0.2, e5 = 1, e5 = 2600, eg = 260000 we have: es — e; — ezes/eg = —0.04 < 0,
In2
2 3.013.
€1
. n2
With e, = 0.5, e; = 1.2 we have: e — 1 —e4 = —-0.3<0, Ty = — = 1.3862.
€4
Thus, the conditions from Theorem 14 are satisfied.

The coordinates of the equilibrium point Ey are: x19 = 0, x990 = 0, x30 = 10, 249 = 0, x50 = 66.6,
Teo = 0, T7o — 0.

Consequently, the equilibrium point Ej is locally asymptotically stable.

With Matlab, we can visualize the orbits (¢, z;(t)), ¢ = 1,..,7 using the initial conditions:

21(0) = €1,22(0) = &,23(0) = 230 + &, 24(0) = &,25(0) = x50 + €, 26(0) = £1,27(0) = ¢

where £ = 0.1 and 1 = 0.5.
The values of the delays are: 71 = 5.5, 7 = 5.4, 73 = 3.6, 7y = 1.4, 75 = 4.6, 76 = 8.4, 77 = 274. The
interval of integration is [0, 200].

Fig 1 (t,z1(t)) Fig 2 (t,x2(t)) Fig 3 (¢, x3(t))
the orbit of the density of the orbit of the density of | the orbit of he concentration
short-term stem-like leukemia cells leukemia neutrophil cells of immature APCs
Fig 4 (t,24(1)) Fig 5 (¢, 25(1)) Fig 6 (¢,26(t))
the orbit of the concentration the orbit of the concentration the orbit of the concentration
of mature APCs of passive T cells of both CD4+ | of active CD4+ T-helper cells

and CD8+ phenotype
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Fig 7 (6 27(0)
the orbit of the concentration
of active CD8+ cytotoxic T-cells

6.2. A numerical simulation in the neighborhood of F;

For the values by = 0.1, bp = 0.4, ag = 1.77, a4 = 0.8, a5 = 0.12, b3 = 0.02, e, = 0.5, e3 = 1, e5 = 2600,
es = b0, e = 0.23, eg = 260000, we have: T3; = 2.992863756. Then, we choose 73 = 2.4. The equation

(e1 + e3)x4 + (e1 +e3+ereg +ezes + (1 — 2e T ) eg )z + ereg + eses + eges(l —2e77) =0
has the positive root x§ = 5.106259210. The coordinates of the equilibrium point E; are:
X109 = 0,1'2() = O,xg() = 10, T4 = 071'5() = 6.66,%60 = 510625921071'7(] =0.

The conditions from Theorem 17 are satisfied.
With Matlab, we can visualize the orbits (¢, z;(t)), i = 1..7 using the initial conditions

21(0) = £1,22(0) = &, 23(0) = 230 + €, 24(0) = &, 25(0) = x50 + &, 26(0) = 260 + £1, 27(0) = &,

where ¢ = 0.1 and ; = 0.5.
The values of the delays are:

T = 5.5,7’2 = 5.4,7’3 = 247 T4 = 1.4,7’5 = 4.6,7‘6 = 8.4,7’7 = 27’4.

The integration interval is [0, 200].

Fig 8 (Lo1(1)) Fig 0 (7, 22 (1)) Fig 10 (7, 23(0))
the orbit of the density of the orbit of the density of | the orbit of he concentration
short-term stem-like leukemia cells leukemia neutrophil cells of immature APCs

““““
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Fig 11 (¢, z4(t)) Fig 12 (t,z5(t)) Fig 13 (t, z6(1))
the orbit of the concentration the orbit of the concentration the orbit of the concentration
of mature APCs of passive T cells of both CD4+ | of active CD4+ T-helper cells

and CD8+4 phenotype

(] 50 100 150 200 (] 50 100 150 200 (] 50 100 150 200
time timet timet

Fig 14 (t,z7(t))
the orbit of the concentration
of active CD8+ cytotoxic T-cells

i o

0 50 100 150 200
time t

6.3. A numerical simulation in the neighborhood of Ey : the case of a Hopf
bifurcation

Now, we change the values of some parameters and we consider az = 0.9, a4y = 0.9, a5 = 0.05, by = 0.1,
bs = 0.4. Then, a; = 0.95, 51 = —0.99.
The graphic of the function S, (71) given by (4.23) is:

14

0.5+

0.5 1 1.5 2

-0.59

Tt follows that 75 = 1.02 and ¢4 (77) > 0. From Theorem 10 we infer that 71 is a Hopf bifurcation
point.
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For 7y = 1.02, 7o = 4.5, 73 = 3.6, 74 = 3.4, 75 = 4.6, 76 = 8.4, 77 = 274 and the initial conditions from
the section 6.1 on the interval [0,1050], we obtain the orbits (¢,x;(t)), i = 1..7 displayed in Fig 15-Fig
21.

The figures Fig 22-Fig 27 represent the effect between z1(t) and ;(t), i = 2..7.

)

Fig 15 (t,x1(t)) Fig 16 (t,x2(t)) Fig 17 (t,x3(t))
the orbit of the density of the orbit of the density of the orbit of he concentration
short-term stem-like leukemia cells leukemia neutrophil cells of immature APCs
Fig 18 (¢, z4(t)) Fig 19 (¢, z5(t)) Fig 20 (¢, zs(t))
the orbit of the concentration the orbit of the concentration the orbit of the concentration
of mature APCs of passive T cells of both CD4+ | of active CD4+ T-helper cells

and CD8+4 phenotype

(] 200 00 500 B0 1000 1200 o 200 200 00 B0 1000 1200 (] 200 200 500 800 00 1200
i e timet

Fig 21 (t,z7(t))
the orbit of the concentration
of active CD8+ cytotoxic T-cells

o 200 200 600 800 1000 1200
timet
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Fig 22 (z1(t), z2(t)) Fig 23 (x1(t), z3(t)) Fig 24 (x1(t), z4(t))

)

0.005|

Fig 25 (z1(t), z5(t)) Fig 26 (z1(t), z6(t)) Fig 27 (z1(t), z7(t))

1 2 1 2
X0 Y10 X0 <10* X0 i

The above figures confirm the existence of the limit cycle.

7. Conclusions

The immune system has a crucial role in modulating tumor progression and response to therapy. In most
cases the immune response is the result of multiple interactions amongst different cell types. Although
the immune system has proven to provide possible strategies for the treatment of blood cancers, the full
potential of immune-based therapies for these types of cancers is still unknown.

Chronic myeloid leukemia (CML) is recognized as a disease model for oncogene addiction, targeted
therapy and cancer stem cells. Both innate and adaptive immunity are implicated in the defense mecha-
nisms against tumoral antigens. The two can be thought as being equally important facets of the immune
system.

The innate immune system consisting of several classes of preformed soluble molecules and cells detects
and kills the antigens within minutes to hours but does not rely on clonal expansion of lymphocytes.

The adaptive immunity is somehow slower but demonstrates exquisite specificity for distinct molecules
and an ability to remember and respond more vigorously to repeated exposures to the same antigen. The
adaptive immune system can recognize and react to many substances. The main components of adaptive
immunity are lymphocytes (B and T cells) and the antibodies. An important subset of T cells generated in
the thymus is the regulatory T cells (Tregs). T helper and Tregs cells have a central role in the antitumor
immune response especially because the targeted antigens are self-antigens. Recent immunotherapeutic
protocols are exploring depletion or the modulation of T cell function in order to enhance adaptive
immune responses. Also it has been hypothesized that imatinib may create a window in which the
immune response is partially restored while apoptotic leukemic cells are present, thus rendering leukemic
cells immunogenic as patients enter remission.

Our mathematical model covers only a small part of the various nuances of the immune response
possible in a disease such as leukemia. Understanding how T helper cells behave during various antigen
- challenges is currently of major interest in immunology. Such knowledge could be applied in the field
of research for the evaluation of a drug/vaccine efficacy during preclinical phases of studies.

The model studies the natural dynamics, uninfluenced by treatment, of leukemic cells such as short-
term stem-like cells and mature leukocyte, paralleled by the evaluation of the adaptive immune response.
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The physiological processes were illustrated using a system of seven delay differential equations with
seven delays leading to a highly complex mathematical model with many parameters.

The model was analyzed, steady states were found and their stability has been studied using the
characteristic equation. In some specific conditions, the system has three steady states, the equilibrium
points Eg,F; and Fs (the system always has the equilibrium point Ep). The analysis of the stability of
these equilibrium points was performed and eventually the existence of a Hopf bifurcation was proved for
FEy as the delay 7 is varied. The equilibrium points Es are proved to be unstable.

Special attention was assigned to the estimation of all model parameters. Whenever possible, data
collected from human subjects and published in the literature were employed. Some of the physiological
processes were modeled using feedback functions, all being monotone decreasing Hill functions. Since
the model has several steady states, some of them could be interpreted as corresponding to situations
naturally occurring during the course of the disease. In the analysis of the model, the rate of asymmetric
division and the rate of symmetric division were treated as being of most importance. Both rate values
are beyond 1 as is also their sum. Theoretically, using this model, the disease evolution could be predicted
if the parameters of the system were estimated, presented good accuracy or could even be tuned. This is
particularly true for initial values close to one of the first two equilibrium points. This observation can
make the analysis more useful and important.

Existence of periodic evolutions given by limit cycles is also an important feature highlighted by this
model.

From the analysis of the model one can notice that the duration of the cell cycles 7, 73 are most
influential for the behavior of other variables of the system.

Numerical simulations illustrate the effects of the T cell response onto the dynamics of leukemia.

There is still much work to be done in the direction of describing the natural leukemic cells dynamics
and behavior. The model could help establishing how immunotherapy is to be best integrated into the
standard schemes of chemotherapy helping to eliminate minimal residual disease. Our mathematical
model can be used also to imagine a particular situation and solve it. The model could find applications
in other fields such as antitumor-vaccine production and therapeutic management of leukemias. Also
our results can be manipulated, by changing some of the parameters necessary to achieve the conditions
required in the 10th Theorem, in order to obtain a Hopf bifurcation for the equilibrium point Ey. Theo-
retically, cyclical extension of the immune response could be obtained if the micro environmental factors,
that make possible the augmentation of the “autocrine” and “positive growth signal” function, could be
determined.

The numerical results were in agreement with our expectations, confirming our hypothesized findings.
All the numerical simulations were done using Matlab and Maple.

In our next paper we would like to introduce the distributed time delay as in [3], [24].
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