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Abstract. In mammalian cells, the p53 pathway regulates the response to a variety of stresses,
including oncogene activation, heat and cold shock, and DNA damage. Here we explore a
mathematical model of this pathway, composed of a system of partial differential equations. In
our model, the p53 pathway is activated by a DNA-compromising event of short duration. As
is typical for mathematical models of the p53 pathway, our model contains a negative feedback
loop representing interactions between the p53 and Mdm2 proteins. A novel feature of our
model is that we combine a spatio-temporal approach with the appearance and repair of DNA
damage.

We investigate the behaviour of our model through numerical simulations. By ignoring the
possibility of DNA repair, we first explore the scenario in which the cell has a very inefficient
DNA repair mechanism. We find that spatio-temporal oscillations in p53 and Mdm2 may occur,
consistent with experimental data. We then allow p53 to be directly involved in repairing DNA
damage, since experimental evidence suggests this can happen. We find that oscillations in p53
and Mdm?2 can still occur, but their amplitude damps down quickly as the DNA damage is
repaired. Finally, we find that a minor change to the location of the DNA damage can notably
change the spatial distribution of p53 within the nucleus. We discuss the biological implications
of our results.
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1. Introduction

In mammalian cells, the p53 protein is a transcription factor with hundreds of target genes [31,43]. It
plays a critical role in preserving genomic integrity [18]. It therefore helps to protect cells from turning
cancerous, and indeed mutations in the p53 gene occur frequently in many common cancers [43]. The
p53 protein, together with its activators and downstreams targets, comprise the p53 signalling pathway,
or, more concisely, the p53 pathway [37].

In non-stressed conditions, levels of p53 are kept low by its rapid degradation, a process stimulated by
the Mdm2 protein [10]. When cellular stresses cause DNA damage, this damage leads (via intermediate
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kinases) to the destabilisation of Mdm2, and the stabilisation and activation of p53. This allows the
levels of active p53 to rise [31]. The rise in active p53 levels initiates a transcriptional program that can
lead to DNA repair or apoptosis depending on whether the DNA damage is, respectively, minimal or
extensive [10].

Intriguingly, the Mdm2 gene is one of the targets of p53, so that a negative feedback loop connects p53
and Mdm2 which can be summarised thus: p53 —> Mdm2 —| p53. Negative feedback loops are frequently
associated with oscillatory dynamics [24], and indeed such dynamics have been observed for p53 and
Mdm2 in cells subjected to DNA damage through exposure to irradiation or radiomimetic drugs [13,17].
The dynamical consequences of the p53-Mdm2 negative feedback loop have been explored in numerous
mathematical models. Such models have assumed a variety of forms, including ordinary differential equa-
tions (ODEs) [10,45], delay differential equations (DDEs) [3,19,23,24], and partial differential equations
(PDEs) [12,39,40]. There have also been models containing a stochastic component [28,29,31].

Every modelling approach has its own particular advantages and disadvantages. A significant advan-
tage enjoyed by a PDE model is that it can explicitly represent the following fact: the rate at which
a reaction will occur at a specific location inside a cell will depend on the local concentrations of the
reacting species there.

In view of the discussion above, we set as our objective the exploration of a PDE model of the p53
pathway. The main novel feature of our model is that we combine a spatio-temporal approach with
the appearance and repair of DNA damage. We will see that the appearance of DNA damage leads
to spatio-temporal oscillations in p53 and Mdm?2, and that these oscillations damp down to equilibrium
behaviour as the DNA damage is repaired. We will also see how a small change to the spatial assumptions
in our model can lead to clear differences in the spatio-temporal results without significantly altering the
temporal results.

We outline the rest of this paper. In sections 2 and 3, we describe the kinetics of the p53 pathway and
formulate a PDE model, based on these kinetics. Computational results from our model are presented in
section 4. In section 5, we draw conclusions and consider ways to extend our work. Some technical details
and additional results are deferred to a Supporting Information text file, and computational movie clips
are included as Supporting Information files.

2. Kinetics of the p53 pathway

In figure 1, we show a schematic of the p53 pathway. It is on the basis of this schematic that we have
formulated our mathematical model. The schematic does not depict the p53 pathway in its entirety but
focuses on several particular features which we describe in this section.

Although p53 is synthesised in the cytoplasm, it must translocate to the nucleus in order to perform
its transcriptional role. For simplicity, we show p53 as being present only in the nucleus in figure 1,
but we will allow p53 to be present in both the cytoplasm and the nucleus in our mathematical model.
Note that the translocation of p53 to the nucleus is assisted by its possession of a nuclear localisation
signal [21]. Also, newly-synthesised p53 is inactive as a transcription factor and becomes activated when it
is phosphorylated. We denote inactive p53 and active p53 by, respectively, p53i and p53p in figure 1. We
will assume in our model that p53i appears at a constant rate in the cytoplasm (an analogous assumption
is made in the p53 model in [39]).

Synthesis of Mdm?2 proteins occurs in the cytoplasm. In order to enter the nucleus, Mdm2 must
be phosphorylated by active or phosphorylated Akt [22,31]. The process by which Akt itself becomes
activated involves interactions at the cell membrane which we shall not concern ourselves with, although
details on them may be found in [31]. We shall simply assume in our model that active Akt appears at a
constant rate in the vicinity of the cell membrane. Once phosphorylated, Mdm2 may travel freely from
the cytoplasm to the nucleus and vice versa [31]. For simplicity, and as in the p53 model in [31], we shall,
in our model, ignore the possibility that phosphorylated Mdm?2 in the nucleus can become spontaneously
unphosphorylated. In figure 1, we denote active (or phosphorylated) Akt, unphosphorylated Mdm2, and
phosphorylated Mdm2 by, respectively, Aktp, Mdm2i and Mdm2p.
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CYTOPLASM

NUCLEUS

FicURE 1. Cell circuitry schematic showing interactions in the p53 pathway. The letter
“i” or “p” at the end of the name of a species denotes, respectively, an unphosphorylated
(inactive) or a phosphorylated (active) form. The terms “DNA dam” and “event” are

abbreviations for, respectively, “DNA damage” and “DNA-compromising event”.

As mentioned in the Introduction, Mdm2 stimulates p53 degradation. This may occur in either the
cytoplasm or the nucleus [44]. It has been found that active Akt, by phosphorylating Mdm2, promotes
Mdm2-mediated degradation of p53 [27]. Hence we assume, in figure 1 and in our model, that Mdm?2,
after phosphorylation by Akt, can stimulate p53 degradation. If we wished to represent Mdm2-mediated
degradation of p53 in greater detail, we could do this by bearing in mind the results in [5], which suggest
that the Mdm2 protein has numerous sites for its phosphorylation, and the phosphorylation of at least
some of these sites appears to be necessary for Mdm2-mediated degradation of p53. We could also bear
in mind that Mdm?2 inhibits p53 transcriptional activity merely by binding to it [20].

Activation of the p53 pathway may occur through a number of mechanisms, including oncogene ac-
tivation, heat and cold shock, and DNA damage [6,31]. The most studied of these mechanisms, both
experimentally and computationally, is DNA damage [31]. DNA damage occurs routinely in the life
of a cell. It may be caused, for example, by metabolic, ribosomal, or oxidative stress, or exposure to
ultraviolet radiation [18]. DNA damage may be induced experimentally by subjecting a cell to gamma
irradiation or radiomimetic drugs [13,17,18]. In figure 1 and in our model, we suppose that a generic
“DNA-compromising” event causes DNA damage. The DNA-compromising event and DNA damage are
labelled, respectively, as “DNA dam” and “event” in figure 1.
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Several kinases are known to respond quickly to DNA damage. In particular, ATM is rapidly activated
(by phosphorylation) in response to double strand breaks (DSBs) in DNA [2]. Activated ATM then acti-
vates pb3 (by phosphorylation), either directly or via the intermediate kinase Chk2, and simultaneously
enhances degradation of the p53-inhibitor Mdm?2 [6, 18, 38]. For simplicity, we suppose that direct acti-
vation by active ATM is the only form of p53 activation in figure 1 and in our model. We also suppose,
consistent with experimental results [6] and a previous mathematical model [31], that Mdm2-mediated
degradation occurs more slowly for active (phosphorylated) p53 than for inactive p53. In figure 1, we
denote inactive ATM and active (phosphorylated) ATM by, respectively, ATMi and ATMp.

The activation of p53, together with the enhanced degradation of its inhibitor Mdm2, enables p53 to
initiate a transcriptional response to DNA damage. Activated p53 upregulates production in the nucleus
of mRNA transcript molecules from its target genes, which include the Mdm2 gene [36]. In figure 1,
we denote Mdm?2 transcript molecules by Mdm2 mRNA. Newly synthesised Mdm2 transcript molecules
move out into the cytoplasm and there produce, by translation, Mdm2 proteins. The behaviour of Mdm2
proteins has been described above.

Activated p53 initiates transcription from genes whose protein products are involved in DNA repair [35].
However, note that active p53 may also be directly involved in DNA repair [26,35]. For simplicity, then,
we suppose in figure 1 and in our model, that DNA damage is directly reversed by active p53. Thus, we
ignore any intermediary species in this process in figure 1 and in our model.

Finally, as alluded to in the Introduction, a normal cell will undergo apoptosis if DNA damage is not
repaired quickly [10,31]. This can occur, for instance, through p53-inducible pro-apoptotic genes such as
PUMA and Bax [30]. On the other hand, not every cell is normal or healthy, and in particular cancer
cells have impaired apoptotic mechanisms. We do not consider any mechanism for apoptosis in figure 1
or in our model, and therefore our model is most appropriate as a representation of either normal cells
with minor DNA damage, or abnormal cells lacking a correct apoptotic response.

3. The model

As mentioned at the start of the previous section, we have used the kinetics discussed in that section and
depicted in figure 1 as the basis for a mathematical model. Our model is stated fully in the Supporting
Information text file that accompanies this paper. We summarise it here.

The model has three compartments - nucleus, cytoplasm, and cell membrane. The cell membrane
compartment is intended to represent the region in the cell where reactions at the cell membrane occur
and does not explicitly represent the cell membrane. For each species in those compartments in which
it may be found, its spatio-temporal evolution is governed by a partial differential equation with two
independent spatial variables, x and y, and the independent time variable . Thus, our model has two
spatial dimensions and gives a cross section of dynamics inside a cell. The nucleus is assumed to be a
circle, the cytoplasm is an annular region surrounding the nucleus, and the cell membrane is a very thin
annulus surrounding the cytoplasm.

We make spatial assumptions regarding the processes of translation and transcription. Translation
is assumed to occur in an annular region throughout the middle of the cytoplasm, and not right next
to the nuclear membrane or cell membrane. Similar assumptions regarding translation are made in the
models in [39-42]. We assume that transcription occurs in a circular region in the centre of the nucleus.
This is more realistic than the assumption, made in related spatio-temporal modelling studies [39-42],
that transcription occurs throughout the entire space of the nucleus. In living cells, transcription occurs
at genes in the nucleus, where there are typically two gene copies per gene type [32], although there
can be more [34], and in particular gene copy number for some gene types is known to be elevated (or
“amplified”) in certain forms of cancer [9].

The general form for each equation is a reaction-diffusion-convection equation. Thus, if we denote the
concentration of a species w at the point (x,y) at time ¢ by [w(zx,y,t)] = [w], then the equation for w, in
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a compartment in which it may be found, takes the form
9 [w]
ot
Here D,, is the diffusion rate for w. This is assumed to be a positive constant for each species except
the variable representing DNA damage, for which the diffusion rate is taken to be a very small positive
constant whilst the DNA-compromising event occurs and is otherwise zero. The term R represents a
reaction, such as translation or transcription. The final term in (3.1), namely —0,V - ([w] ay), is a con-
vection term that represents cytoplasmic active transport, that is, facilitated transport along cytoskeletal
elements called microtubules. In this convection term, a,, is a vector, with constant magnitude or speed
Gy, that is directed towards the centre of the nucleus. Active transport is assumed to occur for only three
species in the cytoplasm; in all other cases, the speed of the convection of a species in a compartment is
assumed to be zero. The three species actively transported in the cytoplasm are (using the notation from
section 2) p53i, p53p, and ATMi. Our assumption of active transport for p53i and p53p is consistent
with a similar assumption in the p53 model in [40] and with experimental results on p53 association with
microtubules [14]. Also, our assumption of active transport for ATMi towards the nucleus is made on
account of the critical role of ATMi in sensing DNA damage in the nucleus and since several studies have
found ATM to be present predominantly within the nucleus [16]. Finally, in the convection term, 0, is
a spatial function which is equal to 0 at those points in the cytoplasm in close proximity to the cell or
nuclear membranes and otherwise equals 1. This spatial function is included because microtubules do
not necessarily touch these membranes [40].
We illustrate our model by presenting one of the equations in it, namely the equation for Mdm2
transcript in the nucleus:

=D, V?[w]+ R~ 0,V - (w]a,). (3.1)

ot

hP
= Dasanen V2 [Mdm2,) + 6,, By + 6y, By ( Lk ) ~dagame [Mdm2,]. (3.2)
(K)he + [p53,] "
Here [Mdm2;] and [p53,] are the concentrations of Mdm2 transcript and phosphorylated p53, respectively.
The terms on the right hand side of (3.2) represent, in the following order, diffusion, p53-independent
production of Mdm2 transcript, p53-dependent production of Mdm2 transcript, and spontaneous (or
constitutive) degradation. Note that Dasgmar, B1, B2, hp, K, darame: are all positive constants, whilst
0., is a spatial function that restricts mRNA production to a region in the centre of the nucleus.

As in previous spatio-temporal models of the p53 pathway in [39,40], we choose zero initial conditions
for all species in all cellular compartments. For boundary conditions, we choose conditions such that no
molecules enter regions where they are not permitted to enter, that no molecules leave the cell, and that
no molecules crossing a boundary are lost whilst doing so. There are three boundaries in our model -
the outer boundary of the cell membrane region (which is also the outside of the cell in our model), the
inner boundary of the cell membrane region, and the nuclear membrane. Only Aktp moves across the
inner cell membrane boundary, and to represent this we choose continuity of flux boundary conditions.
For those species moving across the nuclear membrane, we choose, as in the spatio-temporal model of the
p53 pathway in [40], continuity of flux boundary conditions with a thin boundary layer, where diffusion
through this layer is slower than in the cytoplasm or nucleus to represent the fact that transport through
the nuclear membrane is restricted to narrow channels called nuclear pore complexes [7]. Otherwise
we choose zero flux boundary conditions. Initial and boundary conditions are stated explicitly in the
Supporting Information text file. The system is simulated until it approaches an equilibrium, and then
a DNA-compromising event is used to activate the p53 pathway by causing DNA damage in a circular
region in the nucleus. We present our results in the next section.

4. Results

To solve our model, we used the same method of solution as in recent related spatio-temporal modelling
studies of intracellular signalling pathways [39-42]. This method can be summarised as follows. First we
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non-dimensionalised our model by scaling all of the variables by reference values. Second, we found val-
ues for the non-dimensionalised parameters by performing a simulation study of the non-dimensionalised
model in which we sought certain qualitative behaviours, described in the next paragraph. In our sim-
ulation study, we numerically solved the non-dimensionalised model using the finite element method, as
implemented by the software package COMSOL. We used version 3.5 of this package. Third, we esti-
mated the reference values and, using these and the non-dimensional parameter values, we calculated the
dimensional parameter values.

What qualitative behaviours did we seek in our simulation study of the non-dimensionalised model?
We began by seeking (and finding), in the submodel that ignores DNA repair, oscillatory dynamics in p53
and Mdm2 after the DNA-compromising event. We expected to be able to find such dynamics because,
in this submodel, the p53 pathway is continuously stimulated after the DNA-compromising event by
unrepaired DNA damage, and p53 and Mdm2 are linked by a negative feedback loop. Moreover, such
dynamics are found in other modelling studies [10,24,31,39,40] and in experiments with PTEN knockouted
cells which proliferated after irradiation, suggesting they had inefficient cell cycle arrest and DNA repair
mechanisms [13,17,31]. Having found oscillatory dynamics in the submodel that ignores DNA repair,
only three parameters were left undetermined, namely those governing DNA repair by p53. We completed
our simulation study by investigating the model behaviour for different values of these three parameters,
seeking (and finding) DNA repair within a reasonably short time after the DNA-compromising event. We
interpreted a “reasonably short time” to mean “not more than three or four times the oscillatory period
of p53”. We sought reasonably fast DNA repair because, as noted in the final paragraph of section 2,
our model is suitable as a representation of a normal or healthy cell with minor DNA damage, and we
might expect minor DNA damage to be repaired quickly. To faciliate our simulation study, we began
by choosing non-dimensional parameter values to be of similar magnitude to analogous non-dimensional
parameter values in [39-42], where analogous parameters existed.

In the simulation study described in the previous paragraph, all of the spatial assumptions in our
model satisfied radial symmetry about the cell centre. Thus, for example, the following three points were
all assumed to coincide: the centre of the region of DNA damage, the centre of the nucleus, and the
cell centre. To explore the spatial aspect of our model in more detail, we considered additional cases in
which the radial symmetry was broken. Specifically, we shifted the centre of the region of DNA damage
to the left of the centre of the nucleus by a distance of one-tenth of the nuclear diameter. Although this
was only a minor change to the spatial assumptions, the impact on the spatio-temporal behaviour of
the model was quite noticeable. We have collected our results into four cases, which are summarised in
table 1 and discussed in subsections 4.1 to 4.4 below.

Full details on our method of solution, together with all the parameter values, may be found in the
Supporting Information text file. We comment on some of the dimensional parameter values here. Our
value for protein diffusion rates in the cytoplasm and nucleus is 0.0047um?s ™!, and our value for mRNA
transcript diffusion rates in the cytoplasm and nucleus is 0.0095um?s~!. We deliberately assumed that
mRNA transcript molecules diffuse faster than protein molecules, since mRNA transcript molecules are
smaller than protein molecules. Our diffusion rates are of the same order of magnitude as diffusion rates
in the modelling studies in [39-42]. Our value for the cytoplasmic active transport rates, for p53i, p53p,
and ATMi, is 0.0039ums ™!, which is consistent with analogous parameters in the spatio-temporal models
of the Hesl and p53 pathways in [40]. Note that diffusion and active transport rates are unique to spatio-
temporal modelling studies such as this one and are not a feature of temporal modelling studies. Finally,
for reaction rates involving Hill functions, we have used Hill coefficients equal to 1 or 2, except in the
case of ph3-dependent production of Mdm2 transcript for which we used a Hill coefficient of 4. These
values for Hill coefficients are largely consistent with previous modelling studies [10, 31,32, 39, 40]

4.1. Case 1: Oscillations

In figures 2 and 3, we present results for our model for the case (case 1) in which: (i) the centre of the
region of DNA damage coincides with the centre of the nucleus; (ii) DNA repair by p53 is ignored. In
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Case | Centre of region of | DNA repair | Model behaviour after Refer to
DNA damage DNA-compromising event
1 Centre of nucleus omitted sustained oscillations in p53 and Mdm?2; subsection 4.1
radially symmetric about the cell centre
2 Centre of nucleus occurs DNA repair, with damping oscillations in | subsection 4.2

p53 and Mdm?2;
radially symmetric about the cell centre

3 Left of nuclear centre | omitted sustained oscillations in p53 and Mdm2; | subsection 4.3
by one-tenth of the spatially asymmetric
nuclear diameter

4 Left of nuclear centre | occurs DNA repair, with damping oscillations in | subsection 4.3
by one-tenth of the p53 and Mdm2;
nuclear diameter spatially asymmetric

TABLE 1. Summary of our results. To assist in interpretation of these results, note that
the centre of the nucleus coincides with the cell centre.

view of comments above (second paragraph, section 4), we would expect to be able to find oscillatory
dynamics in p53 and Mdm2 for this case, and indeed we have found this. Three computational movie
clips for case 1 are included as Supporting Information files (see section 6).

Figure 2 shows plots of total concentration over time for all the species in the model. From these
plots, we note the following. The species Aktp remains at steady state levels during and after the DNA-
compromising event - this is a consequence of the assumption in our model that Aktp production and
degradation are independent of this event and of the DNA damage caused by it. The DNA-compromising
event causes the sudden appearance of DNA damage N. The DNA damage triggers activation of ATM,
that is, a substantial proportion of ATMi, particularly in the nucleus, is converted to ATMp. Active ATM
(ATMp) activates p53, that is, a substantial proportion of p53i is converted to p53p, causing levels of
p5H3p to rise. Active ATM also enhances degradation of Mdm2i and Mdm2p, which causes levels of Mdm2i
and Mdm2p to fall. The fall in levels of Mdm2p reduces Mdm2p-mediated degradation of p53p, further
allowing levels of p53p to rise. The sharp rise in levels of p53p results in greatly increased production
of Mdm2 mRNA transcript (shown as Mdm2t), which results in greatly increased production of Mdm?2i,
with a proportion of the newly synthesised Mdm?2i being converted to Mdm2p by Aktp in the cytoplasm.
Thus, levels of Mdm2i and Mdm2p rise. The degradation of p53i and p53p is enhanced by the increase
in Mdm2p levels, so that pb3i and pb3p levels then fall. The fall in p53p levels causes a reduction in
pH3p-inducible production of Mdm2 transcript, which leads to a fall in Mdm2p levels. This results in a
reduction in Mdm2p-mediated degradation of p53i and p53p. Then, since we have assumed in our model
that pb3i is produced at a constant rate, levels of p53i and p53p rise again. Thus, we return to the
situation where pb3p levels are high, and an oscillatory cycle in p53 and Mdm2 dynamics now repeats.

Figure 3 shows, over a typical period (namely, the period between the second and third troughs in
p53p levels in figure 2), spatial profiles of p53i, p53p, Mdm2 mRNA transcript, Mdm2i, and Mdm2p.
We make numerous observations from these spatial profiles. First, note that p53i local concentrations
are highest in the cytoplasm, despite the fact that p53i is actively transported from the cytoplasm to
the nucleus. We account for this by noting that p53i is produced in the cytoplasm and, upon entering
the nucleus, is converted to p53p by ATMp in the presence of DNA damage. (Spatial profiles of ATMi,
ATMp, and DNA damage N are included in the Supporting Information text file.) Second, note that the
local concentration of p53p is highest in and around the nucleus, a result consistent with experimental
studies [13,17,18] and a previous spatio-temporal modelling study [40]. Third, the local concentration of
Mdm?2 transcript is highest when the local concentration of nuclear p53p is highest, which is the behaviour
we would expect given that Mdm?2 transcript production is upregulated by nuclear p53p in our model (as
we can see in equation (3.2)). Fourth, the high levels of nuclear Mdm2 transcript at time 848 minutes
cause high levels of Mdm?2i at time 914 minutes, since Mdm2i is created from Mdm2 transcript in the
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FIGURE 2. Plots showing total concentration over time for all species in case 1 (see
subsection 4.1 for a description). Here “Mdm2t” refers to the species Mdm?2 transcript.
Concentrations are shown in non-dimensionalised units. Time is shown in dimensional
units, with the dimensional time ¢ = 0 shifted to correspond to the start of the DNA-
compromising event. The DNA-compromising event ends at time 21 minutes.

cytoplasm and it takes time for newly-synthesised Mdm2 transcript to diffuse outwards from the nucleus
to the cytoplasm. Mdm?2i is not present in the nucleus, in view of our modelling assumption, based on
experiments, that it cannot be found there. Fifth, the high levels of Mdm?2i at time 914 minutes cause
high levels of Mdm2p at times 914 and 980 minutes, since new Mdm2p appears when newly-synthesised
Mdm2i is converted to Mdm2p by Aktp. In our model, we have (as mentioned in section 2) assumed that
Aktp, or active Akt, appears at a constant rate in the vicinity of the cell membrane, so the conversion of
Mdm2i to Mdm2p occurs most rapidly next to the cell membrane. (Spatial profiles of Aktp are included
in the Supporting Information text file.) Finally, we see that low local concentrations in p53i and p53p
coincide with high local concentrations in Mdm2p, since Mdm2p enhances degradation of p53i and p53p.

4.2. Case 2: DNA repair

In figures 4 to 6, we present results for our model for the case (case 2) in which: (i) the centre of the
region of DNA damage coincides with the centre of the nucleus; (ii) DNA repair occurs. As explained
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FIGURE 3. Spatial profiles of various species in case 1 (see subsection 4.1 for a descrip-
tion). The local concentrations are shown in non-dimensional units, and the time is in
dimensional units and shifted as in figure 2.
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FIGURE 4. Plots showing total concentration over time for all species in case 2 (see
subsection 4.2 for a description). Here “Mdm2t” refers to the species Mdm?2 transcript.
Concentrations are shown in non-dimensionalised units. Time is shown in dimensional
units, with the dimensional time ¢ = 0 shifted to correspond to the start of the DNA-
compromising event. The DNA-compromising event ends at time 21 minutes.

above (second paragraph, section 4), the qualitative behaviour that we sought was DNA repair within a
reasonably short time after the DNA-compromising event, and this is indeed what we have found. Four
computational movie clips for case 2 are included as Supporting Information files (see section 6).

Figure 4 shows plots of total concentration over time for all the species in the model. What do
we notice from these plots? As for case 1 in figure 2, the species Aktp is unaffected by the DNA-
compromising event and remains at steady state levels during and after it. Also as in figure 2: the
DNA-compromising event causes the sudden appearance of DNA damage N, which triggers activation of
ATMp from ATMi, especially in the nucleus; ATMp mediates activation of p53p from p53i, both directly
and by upregulating degradation of the p53-inhibitor Mdm2p; and p53p creates Mdm?2 transcript, thereby
initiating p53-Mdm2 negative feedback interactions that lead to oscillatory dynamics. But now, unlike in
case 1, figure 4 shows that p53p repairs DNA damage N, with a notable drop in the level of DNA damage
coinciding with each peak in levels of nuclear p53p. The repair of DNA damage causes a reduction in
the rate of activation of ATMp, and consequently a reduction in the rate of ATMp-mediated activation
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of pb3p. The falling rate of p53p activation disrupts the p53-Mdm2 negative feedback balance required
for stable oscillations, and so the amplitude of the oscillations diminishes, causing oscillations to cease
altogether after three distinct peaks in the levels of nuclear p53p. As the oscillations damp, their period
lengthens. By time 1500 minutes, the DNA damage has been almost completely repaired but not every
species has returned to its equilibrium dynamics prior to the DNA-compromising event. In particular,
levels of ATMp are still clearly positive, which we explain by observing that ATM activation is very
sensitive to DNA damage in our model, even to very low levels of DNA damage. This property of our
model is consistent with experimental evidence showing that ATM is rapidly activated in response to
double strand breaks (DSBs) in DNA [2]. Given that the levels of ATMp are still positive at time 1500
minutes, the process of ATMp-mediated activation of p53 is still ongoing at this time, ensuring that levels
of nuclear p53p are still positive. However, nuclear p53p levels have fallen markedly below the activation
threshold for p53p-mediated production of Mdm2 transcript (the parameter K in equation (3.2)), with
the result that levels of Mdm2 transcript, Mdm2i, and Mdm2p have returned, by time 1500 minutes, to
their equilibrium values prior to the DNA-compromising event.

Figures 5 and 6 show, at various times, spatial profiles for all the species in the model. What do we
observe from these spatial profiles? At time 20 minutes, DNA damage N is clearly visible in the centre
of the nucleus. This has been caused directly by the DNA-compromising event, which begins at time
0 minutes and ends at time 21 minutes. Also at time 20 minutes, we can see that ATMp is present
where the DNA damage is located, but ATMi is not. We account for this by recalling that ATMi is
activated (converted to ATMp) where it encounters DNA damage. By time 120 minutes, ATMp has
diffused outwards into the cytoplasm. Levels of Mdm2p have fallen due to ATMp-mediated degradation.
Moreover, ATMp-mediated conversion of p53i to p53p has caused levels of p53i to fall. The conversion
of pb3i to ph3p, together with the active transport of both p53i and p53p towards the nucleus, has
caused p53p to appear in obvious quantities in the nucleus. By decreasing Mdm2-mediated degradation
of p53i and ph3p, the reduction in levels of Mdm2p may also have facilitated the appearance of p53p in
the nucleus. The high levels of nuclear p53p at time 120 minutes have caused a reduction in the levels
of DNA damage, since p53p repairs DNA damage in our model. The high levels of nuclear p53p have
additionally caused the Mdm2 gene to be “switched on”, that is, Mdm2 transcript production in the
centre of the nucleus has dramatically risen. This initiates the p53-Mdm2 negative feedback interactions
that lead to oscillatory dynamics (observations in the final paragraph of subsection 4.1 are appropriate
in the context of these dynamics). As explained in the previous paragraph, the ongoing repair of DNA
damage by p53p causes a reduction in ATMi conversion to ATMp, which causes the oscillations in p53
and Mdm?2 to damp. Hence, whilst there is clear evidence of the second peak in levels of nuclear p53p at
time 520 minutes (figure 5(e)), the local concentrations are lower than at 120 minutes. Furthermore, by
time 520 minutes, the local levels of DNA damage have fallen significantly, with corresponding behaviour
in levels of ATMp. Spatial profiles for times beyond 520 minutes, for all the species in the model, are
provided in the Supporting Information text file.

4.3. Cases 3 and 4: asymmetrical spatial behaviour

Our modelling assumptions for cases 3 and 4 are the same as for, respectively, cases 1 and 2, with one
exception: the centre of the region of DNA damage is located at the centre of the nucleus in cases 1
and 2, but is located to the left of the centre of the nucleus by a distance of one-tenth of the diameter
of the nucleus in cases 3 and 4. How does this simple and seemingly minor difference in the location of
DNA damage affect the model behaviour? Our temporal plot (total concentration versus time) for each
species, in cases 3 and 4, is very similar, both qualitatively and quantitatively, to the corresponding plot
in cases 1 and 2, respectively (see the Supporting Information text file). However, our spatio-temporal
results for cases 3 and 4 display some notable differences to the corresponding results for cases 1 and 2,
respectively (see figure 7(b), the Supporting Information text file, and the computational movie clips
mentioned in section 6). More precisely, our spatio-temporal results for cases 1 and 2 are radially
symmetric about the cell centre (which reflects the fact that the modelling assumptions for cases 1
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t=20 t=120 t=220 t =320 t =420 t =520

(e) p53p

FIGURE 5. Spatial profiles of various species in case 2 (see subsection 4.2 for a descrip-
tion). The local concentrations are shown in non-dimensional units, and the time is in
dimensional units and shifted as in figure 4.
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t=20 t=120 t=220 t =320 t=420 t =520

(a) Mdm2 transcript
0.2
0

(b) Mdm2i
0.2
0.1
0
(c) Mdm2p
0.8
0.6
0.4
0.2
0
(d) Aktp

FIGURE 6. Spatial profiles of various species in case 2 (see subsection 4.2 for a descrip-
tion). The local concentrations are shown in non-dimensional units, and the time is in
dimensional units and shifted as in figure 4.

and 2 are also radially symmetric about the cell centre), whereas our spatio-temporal results for cases 3
and 4 are spatially asymmetric (which reflects the spatially asymmetric modelling assumptions for cases 3
and 4). In particular, in cases 3 and 4, DNA damage occurs mostly on the left side of the nucleus, causing
a higher rate of conversion of ATMi to ATMp on the left side of the nucleus. Higher levels of ATMp on
the left side of the nucleus lead to greater conversion of p53i to p53p, and greater degradation of Mdm?2i
and Mdm2p, on the left side of the cell. Finally, the greater conversion of p53i to p53p on the left side of
the cell leads to more rapid repair of the DNA damage that is furthest to the left in the nucleus, where
it is closest to the nuclear membrane.
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In figure 7(b), we give a small demonstration of how the asymmetrical spatial distribution of p53p in
case 4 compares with the spatial distribution of p53p in case 2. The differences between all of the cases
are most easily seen by viewing the various computational movie clips mentioned in section 6.

t=20 t=120 t=220 t=320 t=420 t=520

1.5

1
' y 0.5

0

(a) case 2

2
0

(b) case 4

FIGURE 7. Spatial profiles of p53p in: (a) case 2; (b) case 4. The local concentrations
are shown in non-dimensional units, and the time is in dimensional units and shifted as
in figure 4.

4.4. Implications of our results

Regarding the computational implications of our results, we see, from comparing our results for cases 3
and 4 with our results for cases 1 and 2, respectively, that a simple change to the spatial assumptions of
our model may not significantly affect its temporal predictions at the same time that it does noticeably
affect its spatio-temporal predictions. Clearly it would be impossible to gain this type of insight from a
purely temporal model, such as a model composed of ordinary or delay differential equations. Thus, our
results help to demonstrate the advantages of working with a spatio-temporal model.

Now we comment on the biological implications of our results. Our results from cases 2 and 4 (specif-
ically, from figure 5(a) above and from figure 8.2(a) in the Supporting Information text file) show that
DNA damage is repaired more quickly the closer it is to the nuclear membrane. In a real-world cell, if
some genes are repaired more quickly than others, then this may influence cell behaviour, depending on
which genes are affected. From cases 3 and 4 (for example, see figure 7(b) above), we know that levels
of active p53 (p53p) can be higher on one side of the nucleus. The uneven spatial distribution of active
p53 in the nucleus of a real-world cell could strongly influence the behaviour of the cell, because p53
has hundreds of target genes that are distributed on various chromosomes and that can be thought of
as being in competition with each other to be activated by p53 [43]. Examples of p53-inducible genes in
humans, and the chromosomes on which they are found, are as follows: Mdm2 gene, chromosome 12 [33];
PTEN gene, chromosome 10 [8]; PUMA gene, chromosome 19 [15]; BAX gene, chromosome 19 [1]; p21
gene, chromosome 6 [11]. Competition for expression amongst p53-inducible genes would be exacerbated
if the total concentration of nuclear active pb3 were to drop to a low level, which could happen if one of
the gene copies for p53 were mutated. The fact that mutations in the p53 gene occur frequently in many
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common cancers is hardly likely to be a coincidence [43]. The spatial distribution of active p53 in the
nucleus is significant to a cell not only because p53 is a transcription factor; there is evidence that p53
can be directly involved in DNA repair as a protein and not as a transcription factor [26, 35].

5. Discussion

In mammalian cells, the p53 pathway regulates the response to a variety of stresses, including oncogene
activation, heat and cold shock, and DNA damage. Here we have explored a mathematical model of
this pathway, composed of a system of partial different equations. In our model, the p53 pathway is
activated by a DNA-compromising event of short duration. As is typical for mathematical models of the
p53 pathway, our model contains a negative feedback loop representing interactions between the p53 and
Mdm2 proteins. A novel feature of our model is that we combine a spatio-temporal approach with the
appearance and repair of DNA damage.

Through numerical simulations using the software package COMSOL, we have investigated four cases.
In case 1, we made spatial assumptions that were radially symmetric about the cell centre. We also
ignored the possibility of DNA repair, allowing us to model the scenario in which the cell had a very
inefficient DNA repair mechanism. We found that spatio-temporal oscillations in p53 and Mdm2 may
occur, consistent with experimental results [4,18]. Our assumptions in case 2 were identical to those
in case 1, except that active pb3 was allowed to directly repair DNA damage. That active p53 may
be directly involved in DNA repair is supported by experimental evidence [26,35]. We found in case 2
that oscillations in p53 and Mdm2 can still occur, but their amplitude damps down quickly as the DNA
damage is repaired. Our modelling assumptions for cases 3 and 4 were the same as for, respectively,
cases 1 and 2, with one exception: the centre of the region of DNA damage was located at the centre
of the nucleus in cases 1 and 2, but was located to the left of the centre of the nucleus by a distance of
one-tenth of the diameter of the nucleus in cases 3 and 4. Although this simple difference in the location
of the DNA damage did not significantly affect the temporal predictions of the model, it did cause some
noticeable differences to its spatio-temporal predictions. In particular, in cases 3 and 4, levels of active
p53 were higher on the left side of the nucleus, whilst in cases 1 and 2, they were the same on both sides
of the nucleus. These findings prompted us to recognise that the uneven spatial distribution of active
p53 in the nucleus of a real-world cell could strongly influence the behaviour of the cell, because there
are hundreds of p53-inducible genes which can be thought of as being in competition with each other to
be activated by p53.

Our model contains only one p53-inducible gene, namely the Mdm2 gene. Therefore, one extension
of our work would be to include many p53-inducible genes in our model. This extension would allow
us to study how the spatial distribution of nuclear active p53 influences which genes are activated by
it. Examples of genes that could be included in such an extension are the genes for PUMA and BAX.
An advantage of introducing PUMA and BAX into our model would be that this would enable us to
incorporate a mechanism for apoptosis into it, since PUMA and BAX are pro-apototic proteins [30].

6. Supporting Information

Text file “SI_text”. This file includes the statement of the full system of equations for our model,
details about its non-dimensionalisation, details about simulating the non-dimensionalised model, and
calculations of parameter values in the dimensional model. Simulation results are also included.

Computational movie clips. Movie clips showing local concentration results. Concentrations and
times are shown in non-dimensionalised units, with the DNA-compromising event lasting from time 600
to time 620.

— Movie clips A1, A2, and A3 show, respectively, total p53 (p53i + p53p), pH3p, and Mdm2p for the
case (case 1) considered in subsection 4.1.
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— Movie clips B1, B2, B3, and B4 show, respectively, DNA damage N, total p53 (p53i + p53p), p53p,
and Mdm2p for the case (case 2) considered in subsection 4.2.

— Movie clips C1, C2, and C3 show, respectively, total p53 (p53i + p53p), p53p, and Mdm2p for case 3,
which is mentioned in subsection 4.3.

— Movie clips D1, D2, D3, and D4 show, respectively, DNA damage N, total p53 (p53i + p53p), p53p,
and Mdm2p for case 4, which is mentioned in subsection 4.3.

Movie clips A1, A2, B2, B3, C1, C2, D2, and D3 compare favourably with experimental movie
clips of p53 oscillations made using fluorescent fusion proteins in MCF-7 cells (see [25] and the supporting
information files in [13,17,18]).
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