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Abstract. The Susceptible-Infected-Recovered (SIR) model for the spread of an infectious
disease in a population of constant size is considered. In order to control the spread of infection,
we propose the model with four bounded controls which describe vaccination of newborns,
vaccination of the susceptible, treatment of infected, and indirect strategies aimed at a reduction
of the incidence rate (e. g. quarantine). The optimal control problem of minimizing the total
number of the infected individuals on a given time interval is stated and solved. The optimal
solutions are obtained with the use of the Pontryagin Maximum Principle and investigated
analytically. Numerical results are presented to illustrate the optimal solutions.
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1. Introduction

Mathematical epidemiology can be traced to 1760 when Daniel Bernoulli stated and solved a model for
the spread of smallpox. Thereafter, epidemiology developed slowly as established mathematicians did
not show much of interest in application problems. Only in 1906 when Hamer published a discrete model
of the spread of measles did epidemiology become resurgent. Hamer was followed in 1922 by Ronald Ross
who modeled malaria and how it can be spread by mosquitos bites. Finally, when the physician Kermack
and biologist McKendrik (1927) added to the standard epidemic model the rates of mortality and rates
of birth, it can be claimed that epidemic models were firmly established as applications of interest in the
mathematical literature. With the appearance of AIDS and HIV in 1985, mathematical epidemiology
became a tool of public concern. An excellent review of the history of mathematical epidemiology can
be found in the monograph [28].

Much of the literature of mathematical modeling of epidemics has been published by experts in the
biological sciences and suggest models that defy solution by current analytical mathematical methods. Of
the thousands of papers and books on epidemics, several of the most outstanding are [1,3]. However, not
many papers are devoted to the control of epidemics. Although “control” is mentioned as an objective
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of many papers, the meaning of control is most often as the simulation of a model under parameter sets
such that the reproduction ratio is reduced below unity [1, 6, 28]. There has been very little published
in the application of optimal control theory to epidemiology. Systematic application of the optimal
control theory to epidemiology has its beginnings in the late 70s with some important results published
by [2, 7, 8, 16,18,19,22,26,31,32].

Optimal control is characterized by the use of the Pontryagin Maximum Principle. For example,
in [31] the Kermack-McKendrick epidemic model is investigated in respect to the Bellman equation,
and in [21, 25] the authors solve the optimality system numerically as the original state system coupled
with the adjoint system. The latter method is called a two-point boundary value problem (TPBVP) for
the Maximum Principle. While methods of numerical solution of this problem are well developed, we
emphasize analytical methods and demonstrate how the type of optimal control can be obtained through
qualitative investigation of the switching functions. We refer the reader to the works of [4,7,23] that use
analytical methods of optimal control and study control models qualitatively.

In [23], the authors analytically study an optimal control problem of a general Susceptible-Infected-
Removed (SIR) model with two bounded controls: vaccination and treatment. In [4] different epidemic
models with a general type of interaction between susceptible and infected species with one temporal
control is considered. The goal of [7] is to investigate how the optimal start of educational campaigns
depend on the time duration of the campaign. In [4, 7, 23] the objective is to minimize the cost of
epidemics.

Our paper deals with an optimal control of a SIR type epidemic model with four simultaneous bounded
controls. We state an optimal control problem of minimizing the cumulative (integral) level of the infective
individuals on a given time interval. The advantages of an analytical investigation are: a warranty is
provided that the type of optimal solution can be found for any given set of the model parameters,
a complex TPBVP for the Maximum Principle can be reduced to a considerably simpler problem of
finite dimensional optimization, and relevant guidance for the practical design of control policy becomes
transparent.

The paper is organized as follows. In Section 2, we introduce the model, simplify it, and then study
some qualitative properties of its solutions. In Section 3, the optimal control problem with four bounded
controls in which we seek to minimize the cumulative number of the infected individuals on a given time
interval is stated. The existence and analysis of the corresponding optimal solution is investigated using
the Pontryagin Maximum Principle. Then the adjoint system of the corresponding TPBVP for the Maxi-
mum Principle is transformed into a non-autonomous homogeneous system of linear differential equations
for the switching functions which entirely determine the types of the optimal controls. In Section 4 a
detailed analysis of solutions of the aforementioned system of differential equations is presented. This
analysis identifies two different cases dependent on the parameters of the simplified model. In the first
case the optimal controls are constant functions. In the second case, along with the optimal controls
that are constant functions, there is an optimal control which is a piecewise constant function with one
moment of switching. Our analytical investigation allows to reduce a complex TPBVP for the Maximum
Principle to the one-dimensional constrained optimization problem, which replaces the original optimal
control problem and simplifies its solution. A detailed description of the approach employed for solving
the considered problem as well as the results of our numerical calculations and their analysis are presented
in Section 5. Finally, in Section 6 our conclusions are given.

106



“Grigorieva˙mmnp4” — 2014/5/21 — 10:30 — page 107 — #3
i

i

i

i

i

i

i

i

E.V. Grigorieva, E.N. KhailovOptimal vaccination, treatment, and preventive campaigns in regard to the SIR epidemic model

2. Description of the Model

We consider the Cauchy problem on the time interval [0, T ] for a nonlinear control system of differential
equations: 




Ṡ(t) = µN(1− p(t))−
β

1 + r(t)
S(t)I(t)− (µ+ q(t))S(t), t ∈ [0, T ],

İ(t) =
β

1 + r(t)
S(t)I(t)− (γ + µ+ s(t))I(t),

Ṙ(t) = −µR(t) + q(t)S(t) + (γ + s(t))I(t) + µNp(t),
S(0) = S0, I(0) = I0, R(0) = R0; S0, I0, R0 > 0.

(2.1)

which describes the spread of an infectious disease in a population. This population of a constant size N
is divided into three sub-populations: that of susceptible individuals, of size S(t), of infected individuals,
of size I(t), and of removed (recovered and immune) individuals, of size R(t). It is usually assumed
that the population size is constant (that is, the demographic processes are considerably slower than the
epidemic ones), that all newborns are susceptible and hence enter compartment S, and that a recovery
implies permanent immunity. Unfortunately, “removed” can stand for both, treated or recovered and
those individuals who died. In system (2.1), the values µ and γ are the birth-death rate and recovery
rate, respectively; and β is the disease transmission rate. The functions p(t), q(t), r(t) and s(t) are
controls: p(t) is the vaccination rate of the newborns; q(t) is the vaccination rate of the susceptible;
s(t) is the rate at which infectious individuals are treated and r(t) is the impact of indirect strategies
or precocious actions such as quarantine, wearing masks, closing public events, etc. Term s(t)I(t) is
similar to one in work of [23] and it means the cure of infected individuals due to a medical treatment.
Additionally, similar to [4,7] we intend to reduce the incidence rate by controlling a transmission rate. As
in [4] we replace coefficient of the product of S(t) and I(t) by a decreasing function of control. However,
while [4] does not specify this function, we believe that the transmission rate coefficient must be inversely
proportional to the control r(t), and in our model it is given by the expression β(1 + r(t))−1. Moreover,
while in [4, 7], control is responsible for health-promotional campaigns, in our paper, the control r(t)
has a broader meaning, that is all possible indirect strategies aimed to reduce the incidence rate such as
methods of isolation, quarantine, health promotional campaign, screening, and even wearing masks, etc.

Our control functions p(t), q(t), r(t) and s(t) satisfy the restrictions:

0 ≤ p(t) ≤ 1, 0 ≤ qmin ≤ q(t) ≤ qmax < 1,
0 ≤ rmin ≤ r(t) ≤ rmax, 0 ≤ smin ≤ s(t) ≤ smax < 1.

(2.2)

The values S0, I0, R0 are the positive initial conditions satisfying the equality

S0 + I0 +R0 = N,

and values µ, β, γ, N and T are positive constants.
The constant population size assumption implies that

S(t) + I(t) +R(t) = N, t ∈ [0, T ], (2.3)

and hence the system (2.1) can be reduced to two equations.
Let denote in system (2.1) the total birth rate by λ = µN , and introduce the new control functions:

u(t) = µ+ q(t), v(t) = β(1 + r(t))−1, w(t) = 1− p(t), η(t) = µ+ γ + s(t), (2.4)

satisfying the restrictions:

0 < umin ≤ u(t) ≤ umax, 0 < vmin ≤ v(t) ≤ vmax,
0 ≤ w(t) ≤ 1, 0 < ηmin ≤ η(t) ≤ ηmax,

(2.5)

where
umin = µ+ qmin, umax = µ+ qmax;
vmin = β(1 + rmax)

−1, vmax = β(1 + rmin)
−1;

smin = µ+ γ + smin, smax = µ+ γ + smax.
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Then, the system (2.1) can be written as the following nonlinear control system of differential equations:




Ṡ(t) = λw(t)− v(t)S(t)I(t)− u(t)S(t), t ∈ [0, T ],

İ(t) = v(t)S(t)I(t)− η(t)I(t),
S(0) = S0, I(0) = I0; S0, I0 > 0.

(2.6)

For this control system, all possible Lebesgue measurable functions (u(t), v(t), w(t), η(t)), which for almost
all t ∈ [0, T ] satisfy the inequalities (2.5), form the set of admissible controls Ω(T ).

The positiveness, boundedness and extensibility of solutions S(t), I(t) to the system (2.6) are given
by the following lemma.

Lemma 2.1. Let (u(·), v(·), w(·), η(t)) ∈ Ω(T ) be arbitrary controls. Then, the corresponding solution

(S(t), I(t)) of the system (2.6) are defined on the entire interval [0, T ] and satisfy the inequalities:

S(t) > 0, I(t) > 0, S(t) + I(t) < N, t ∈ [0, T ]. (2.7)

Proof. For the given controls (u(·), v(·), w(·), η(t)) ∈ Ω(T ), let the corresponding solution (S(t), I(t)) of
the system (2.6) be defined on the maximum interval [0, t1), where t1 is either a finite positive number,
or +∞ [17,24]. Using the equality (2.3) and formulas (2.4) the third equation of the system (2.1) can be
rewritten as

Ṙ(t) = −λw(t) + u(t)S(t) + η(t)I(t). (2.8)

Integration of equations of the system (2.6) leads to the inequalities:

S(t) > 0, I(t) > 0, t ∈ [0, t1). (2.9)

Integrating of the equation (2.8) and then using in its subsequent analysis the equality (2.3) and formulas
(2.4), we obtain the inequality

R(t) > 0, t ∈ [0, t1). (2.10)

Then, from the relationships (2.3), (2.10) we find the inequality

S(t) + I(t) < N, t ∈ [0, t1). (2.11)

Finally, from [17] and inequalities (2.9), (2.11) it immediately follows that the value t1 is equal to
+∞, and that for given T the solution (S(t), I(t)) of the system (2.6) corresponding to the controls
(u(·), v(·), w(·), η(t)) ∈ Ω(T ), can be continued to the segment [0, T ] under simultaneous satisfaction of
the inequalities (2.7). This completes the proof. �

Remark 2.2. The inequalities (2.7) imply that the set

{
(S, I) ∈ R2 : S > 0, I > 0, S + I < N

}

is an invariant set of the system (2.6).

3. Optimal Control Problem and the Pontryagin Maximum Principle

For the system (2.6) we consider the following optimal control problem:

J(u, v, w, η) =

T∫

0

I(t)dt→ min
(u(·),v(·),w(·),η(·))∈Ω(T )

(3.1)

for the minimization of the total level of infection on the given time interval [0, T ]. The existence of
the optimal controls (u∗(t), v∗(t), w∗(t), η∗(t)) and the corresponding optimal trajectory (S∗(t), I∗(t)),
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t ∈ [0, T ] for the problem (2.6), (3.1) follows from the restrictions (2.7) and Theorem 4 in Chapter 4 [24].
To apply the Pontryagin Maximum Principle [27], we define the Hamiltonian

H(S, I, ψ1, ψ2, u, v, w, η) = −I +
(
λw − vSI − uS

)
ψ1 +

(
vSI − ηI

)
ψ2, (3.2)

where ψ1, ψ2 are adjoint variables. By virtue of the Pontryagin Maximum Principle there exists a
nontrivial solution (ψ1(t), ψ2(t)) of the adjoint system:




ψ̇1(t) = −v∗(t)I∗(t)(ψ2(t)− ψ1(t)) + u∗(t)ψ1(t), t ∈ [0, T ],

ψ̇2(t) = −v∗(t)S∗(t)(ψ2(t)− ψ1(t)) + η∗(t)ψ2(t) + 1,
ψ1(T ) = 0, ψ2(T ) = 0,

(3.3)

such that the controls (u∗(t), v∗(t), w∗(t), η∗(t)) maximize the Hamiltonian

H(S∗(t), I∗(t), ψ1(t), ψ2(t), u, v, w, η)

with respect to values (u, v, w, η) for almost all t ∈ [0, T ], and therefore satisfy the relationships:

u∗(t) =




umax, if Lu(t) > 0,
∀u ∈ [umin, umax], if Lu(t) = 0,
umin, if Lu(t) < 0,

(3.4)

v∗(t) =




vmax, if Lv(t) > 0,
∀v ∈ [vmin, vmax], if Lv(t) = 0,
vmin, if Lv(t) < 0,

(3.5)

w∗(t) =





1, if Lw(t) > 0,
∀w ∈ [0, 1], if Lw(t) = 0,
0, if Lw(t) < 0,

(3.6)

η∗(t) =





ηmax, if Lη(t) > 0,

∀η ∈ [ηmin, ηmax], if Lη(t) = 0,

ηmin, if Lη(t) < 0.

(3.7)

Here Lu(t), Lv(t), Lw(t), Lη(t) are the switching functions, which are related to the solution (ψ1(t), ψ2(t))
of the system (3.3) by the equalities:

Lu(t) = −ψ1(t), Lv(t) = ψ2(t)− ψ1(t), Lw(t) = ψ1(t), Lη(t) = −ψ2(t). (3.8)

Moreover, the Hamiltonian

H(S∗(t), I∗(t), ψ1(t), ψ2(t), u∗(t), v∗(t), w∗(t), η∗(t)) (3.9)

corresponding to the systems (2.6), (3.3) is constant on the segment [0, T ].
The systems (2.6), (3.3) and relationships (3.4)–(3.7) form a TPBVP for the Maximum Principle.

The optimal controls (u∗(t), v∗(t), w∗(t), η∗(t)), optimal trajectory (S∗(t), I∗(t)) and the corresponding
solution (ψ1(t), ψ2(t)) of the adjoint system (3.3) satisfy this problem. We will study the TPBVP for the
Maximum Principle in depth.

The equalities:

Lw(t) = −Lu(t), Lu(t) = Lv(t) + Lη(t) (3.10)

follow immediately from the relationships (3.8). Hence, in order to study the behavior of the switching
functions, we need only to study the functions Lu(t), Lv(t), and then the behavior of the function Lη(t).
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By comparison of the system (3.3) and equalities (3.8), we obtain the Cauchy problem for the switching
functions Lu(t) and Lv(t) as





L̇u(t) = u∗(t)Lu(t) + v∗(t)I∗(t)Lv(t), t ∈ [0, T ],

L̇v(t) = (u∗(t)− η∗(t))Lu(t) +
(
v∗(t)(I∗(t)− S∗(t)) + η∗(t)

)
Lv(t) + 1,

Lu(T ) = 0, Lv(T ) = 0,

(3.11)

and the Cauchy problem for the switching function Lη(t) as

{
L̇η(t) = η∗(t)Lη(t) + v∗(t)S∗(t)Lv(t)− 1, t ∈ [0, T ],
Lη(T ) = 0.

(3.12)

The detailed analysis of the Cauchy problems (3.11), (3.12) is presented in the following section.

4. Analysis of the Switching Functions

At first, we study the behavior of the switching functions Lu(t), Lv(t). Let us establish the validity of
two following lemmas.

Lemma 4.1. The switching functions Lu(t), Lv(t) are not equal to zero on any finite interval of the

segment [0, T ].

Proof. At first, we consider the function Lu(t). Suppose the contradiction. Let Lu(t) = 0 hold on some
interval ∆u ⊂ [0, T ]. Then L̇u(t) = 0 for all t ∈ ∆u. Therefore, by the first equation of the system (3.11),
we find Lv(t) = 0 for all t ∈ ∆u. Hence, we obtain L̇v(t) = 0 for all t ∈ ∆u. The equality leads to a
contradiction in the second equation of the system (3.11). Therefore, the assumption is false and the
switching function Lu(t) is not equal to zero on a finite interval of the segment [0, T ].

Now, we consider the function Lv(t). Again we assume the contradiction. Let Lv(t) = 0 hold on some
interval ∆v ⊂ [0, T ]. Then L̇v(t) = 0 for all t ∈ ∆u. Therefore, the system (3.11) is rewritten as

{
L̇u(t) = u∗(t)Lu(t), t ∈ ∆v,
(u∗(t)− η∗(t))Lu(t) + 1 = 0.

(4.1)

From the first equation of this system it follows that the function Lu(t) does not vanish at any point of the
interval ∆v. Otherwise, this function will be equal to zero everywhere on the interval which contradicts
the second equation of the system (4.1). Now, for example, let ∆v = (α, ν). Then, by the first equation
of the system (4.1), we find

Lu(t) = L0e
−

ν∫

t

u∗(ξ)dξ
, L0 6= 0; t ∈ ∆v. (4.2)

By (3.4), the control u∗(t) is the constant function on the interval∆v that takes a value from {umin;umax}.
The equation from (3.12) is rewritten as

L̇η(t) = η∗(t)Lη(t)− 1. (4.3)

Let the equality Lη(t0) = 0 hold at some time t0 ∈ ∆v. Then, by (4.3), we have L̇η(t0) < 0. Hence, the
function Lη(t) changes its value from positive to negative and, by (3.7), the corresponding control η∗(t)
switches at the time t0 from the value ηmax to the value ηmin on the interval ∆v. Therefore, there exists
a subinterval ∆0 ⊆ ∆v, on which the control η∗(t) is a constant function taking values from {ηmin; ηmax}.
By (4.2), the second equation of the system (4.1) can be rewritten as

(u∗ − η∗)L0 + e

ν∫

t

u∗(ξ)dξ
= 0, t ∈ ∆0. (4.4)
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Let us analyze this relationship. If the equality u∗ = η∗ holds, then the formula (4.4) is contradictory.
If the inequality (u∗ − η∗)L0 > 0 is valid, then the equality (4.4) is contradictory as well. At last, if
(u∗ − η∗)L0 < 0 holds, then in the relationship (4.4) the value (u∗ − η∗)L0 is the negative constant and
the second expression is the positive decreasing function. Hence, the equality (4.4) is also contradictory.
Therefore, our assumption was wrong, and the switching function Lv(t) is not equal to zero on a finite
interval of the segment [0, T ]. This completes the proof. �

Remark 4.2. By Lemma 4.1 and relationships (3.4), (3.5), the optimal controls u∗(t), v∗(t) are piecewise
constant functions taking values from {umin;umax}, {vmin; vmax}, respectively.

Lemma 4.3. The switching function Lu(t) takes only positive values for all t ∈ [0, T ).

Proof. Using the substitutions:

φ1(t) = Lu(t), χ1(t) = Lv(t) + h(t)Lu(t),

where h(t) is a function to be determined, transform the matrix of the system (3.11) to the upper
triangular form: (

u∗(t) v∗(t)I∗(t)

(u∗(t)− η∗(t))
(
v∗(t)(I∗(t)− S∗(t)) + η∗(t)

)
)

→

(
∗ ∗
0 ∗

)
.

Functions φ1(t) and χ1(t) satisfy the system of differential equations:





φ̇1(t) =
(
u∗(t)− v∗(t)I∗(t)h(t)

)
φ1(t) + v∗(t)I∗(t)χ1(t),

χ̇1(t) =
[
ḣ(t)− v∗(t)I∗(t)h

2(t)−
(
v∗(t)(I∗(t)− S∗(t)) + (η∗(t)− u∗(t))

)
h(t)

− (η∗(t)− u∗(t))
]
φ1(t)

+
(
v∗(t)(I∗(t)− S∗(t)) + η∗(t) + v∗(t)I∗(t)h(t)

)
χ1(t) + 1.

(4.5)

Let choose the function h(t) to make the expression inside the square brackets equal to zero. Then this
function satisfies the Riccati equation

ḣ(t) = v∗(t)I∗(t)h
2(t) +

(
v∗(t)(I∗(t)− S∗(t)) + (η∗(t)− u∗(t))

)
h(t) + (η∗(t)− u∗(t)). (4.6)

Introduce the functions:

a1(t) = v∗(t)I∗(t), b1(t) = v∗(t)(I∗(t)− S∗(t)) + (η∗(t)− u∗(t)), c1(t) = η∗(t)− u∗(t),

then by (4.6), we obtain the non-autonomous differential Riccati equation

ḣ(t) = a1(t)h
2(t) + b1(t)h(t) + c1(t). (4.7)

Lemma 2.1 leads to the following estimations for the functions a1(t), b1(t), c1(t):

|a1(t)| = a1(t) ≤ vmaxN = A1,

|b1(t)| =
√
(v∗(t)(I∗(t)− S∗(t)) + (η∗(t)− u∗(t)))2

≤
√
2v2

∗
(t)(I∗(t)− S∗(t))2 + 2(η∗(t)− u∗(t))2

≤
√
2v2

∗
(t)I2

∗
(t) + 2v2

∗
(t)S2

∗
(t) + 2η2

∗
(t) + 2u2

∗
(t)

≤
√

4v2maxN
2 + 2η2max + 2u2max = B1,

|c1(t)| =
√

(η∗(t)− u∗(t))2 ≤
√
η2
∗
(t) + u2

∗
(t) ≤

√
η2max + u2max = C1.

(4.8)

111



“Grigorieva˙mmnp4” — 2014/5/21 — 10:30 — page 112 — #8
i

i

i

i

i

i

i

i

E.V. Grigorieva, E.N. KhailovOptimal vaccination, treatment, and preventive campaigns in regard to the SIR epidemic model

Here, the values of A1, B1, C1 satisfy the following chain of relationships:

B2
1 − 4A1C1 = 4v2maxN

2 + 2η2max + 2u2max − 4vmaxN
√
η2max + u2max

= 2v2maxN
2 + 2

(
vmaxN −

√
η2max + u2max

)2
> 0.

(4.9)

Now, we will show that for the equation (4.7) there exists a solution defined on the entire segment
[0, T ]. Assume the contradiction, i. e. that an arbitrary solution h(t) of the equation (4.7) is defined on
the interval [0, t1), t1 ∈ (0, T ], which is the biggest interval of the existence of this solution. Then, from
Lemma in § 14 of Chapter 4 [9] for solution h(t) it follows the relationship

lim
t→t1−0

|h(t)| = +∞. (4.10)

Its validity leads to the existence of a number ρ > 0 and a value t0 ∈ [0, t1), for which the inequality
|h(t)| ≥ ρ holds for all t ∈ [t0, t1). Here the values ρ and t0 will be defined below.

Let us evaluate on the interval [t0, t1) the derivative of the function |h(t)| regarding the equation (4.7).
We have the equality

d

dt

(
|h(t)|

)
= |h(t)|−1 ·

[
a1(t)h

3(t) + b1(t)h
2(t) + c1(t)h(t)

]
. (4.11)

Next, using inequalities (4.8), we will estimate the upper boundary of the expression inside square
brackets:

a1(t)h
3(t) + b1(t)h

2(t) + c1(t)h(t) ≤ |a1(t)||h(t)|
3 + |b1(t)||h(t)|

2 + |c1(t)||h(t)|

≤ A1|h(t)|
3 +B1|h(t)|

2 + C1|h(t)|.

Substituting these inequalities into the formula (4.11) we find a differential inequality

d

dt

(
|h(t)|

)
≤ A1|h(t)|

2 +B1|h(t)|+ C1, t ∈ [t0, t1). (4.12)

Now, we will consider the quadratic equation

A1K
2 −B1K + C1 = 0. (4.13)

By (4.9), it is easy to see that its discriminant is positive.
Now, for all values h that |h| ≥ ρ we will introduce the function V (h) = |h|+K0, where a value K0 is

a biggest root of the equation (4.13), i. e.

K0 =
B1 +

√
B2

1 − 4A1C1

2A1
.

Let us rewrite the differential inequality (4.12) for the function V (h). We have the inequality

d

dt

(
V (h(t))

)
≤ A1

(
V (h(t))−K0

)2
+B1

(
V (h(t))−K0

)
+ C1.

After necessary transformations regarding relationship A1K
2
0 − B1K0 + C1 = 0, we find the differential

inequality
d

dt

(
V (h(t))

)
≤ A1V

2(h(t))−
(
2A1K0 −B1

)
V (h(t)), t ∈ [t0, t1). (4.14)

At last, let us consider the auxiliary Cauchy problem
{
q̇(t) = A1q

2(t)−
(
2A1K0 −B1

)
q(t), t ∈ [t0, t1],

q(t0) = q0, q0 ≥ K0 + ρ.
(4.15)
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Here the value q0 satisfy the inequality

q0 >
2A1K0 −B1

A1
. (4.16)

Solving the corresponding Bernoulli equation and satisfying the initial condition, we find the solution to
(4.15) as

q(t) =
( A1

2A1K0 −B1
+
[ 1
q0

−
A1

2A1K0 −B1

]
e(2A1K0−B1)(t−t0)

)−1

, t ∈ [t0, t1]. (4.17)

In this equality, we assume that the values of ρ and t0 are such that the expression in brackets is defined
for all t ∈ [t0, t1]. We can do this, for example, by choosing for a given ρ, a value t0 such that the
difference (t1 − t0) is sufficiently small. By (4.16), the sum inside square brackets in (4.17) is negative,
and hence q(t) is a finite positive function monotonically increasing on the segment [t0, t1]. Therefore,
q(t) < q(t1) for all t ∈ [t0, t1). Hence, by the differential inequality (4.14), the Cauchy problem (4.15),
Chaplygin’s Theorem (Theorem 1.1 in [29]), and under the condition

q0 = V (h(t0)) = K0 + |h(t0)|,

we have the inequalities:
|h(t)| < q(t)−K0 < q(t1)−K0, t ∈ (t0, t1),

which contradict to (4.10). Our assumption was wrong. Therefore, there exists the solution h(t) of the
Riccati equation (4.7) or (4.6) that is defined on the entire segment [0, T ]. Then the system (4.5) is also
defined on this segment and can be rewritten as




φ̇1(t) =

(
u∗(t)− v∗(t)I∗(t)h(t)

)
φ1(t) + v∗(t)I∗(t)χ1(t),

χ̇1(t) =
(
v∗(t)(I∗(t)− S∗(t)) + η∗(t) + v∗(t)I∗(t)h(t)

)
χ1(t) + 1.

(4.18)

The initial conditions for the functions Lu(t), Lv(t) from (3.11) lead to the similar initial conditions for
the functions φ1(t), χ1(t):

φ1(T ) = 0, χ1(T ) = 0. (4.19)

At first, integrating the second equation of the system (4.18) with the corresponding initial condition
from (4.19), we obtain the formula

χ1(t) = −

T∫

t

e
−

τ∫

t

(v∗(ξ)(I∗(ξ)−S∗(ξ))+η∗(ξ)+v∗(ξ)I∗(ξ)h(ξ))dξ
dτ,

from which the inequality χ1(t) < 0 follows for all t ∈ [0, T ). Then the integration of the first equation
of the system (4.18) with the corresponding initial condition from (4.19) leads to the formula

φ1(t) = −

T∫

t

e
−

τ∫

t

(u∗(ξ)−v∗(ξ)I∗(ξ)h(ξ))dξ
v∗(τ)I∗(τ)χ1(τ)dτ,

that implies the validity of the inequality φ1(t) = Lu(t) > 0 for all t ∈ [0, T ). This completes the proof.
�

Remark 4.4. Similar arguments were used in [13, 15] for the analysis of attainable sets for three-
dimensional control nonlinear systems of differential equations, which describe the different biochemical
processes. Moreover, the other approach for an extension of solutions of non-autonomous differential
Riccati equations of the type (4.7) based on the non-oscillation theory was presented in [12].

113



“Grigorieva˙mmnp4” — 2014/5/21 — 10:30 — page 114 — #10
i

i

i

i

i

i

i

i

E.V. Grigorieva, E.N. KhailovOptimal vaccination, treatment, and preventive campaigns in regard to the SIR epidemic model

Corollary 4.5. Lemma 4.3 and the first equality from (3.10) imply the inequality

Lw(t) < 0, t ∈ [0, T ).

Remark 4.6. By Lemma 4.3, Corollary 4.5 and relationships (3.4), (3.6), the optimal controls u∗(t),
w∗(t) have the following types:

u∗(t) = umax, w∗(t) = 0, t ∈ [0, T ]. (4.20)

Now, we study the behavior of the switching function Lη(t). Let us establish the validity of three
following lemmas.

Lemma 4.7. The switching function Lη(t) is not equal to zero on any finite interval of the segment

[0, T ].

Proof. Using the switching functions Lu(t), Lv(t), Lw(t), Lη(t) rewrite the Hamiltonian (3.2), (3.9) as

H(S∗(t), I∗(t), ψ1(t), ψ2(t), u∗(t), v∗(t), w∗(t), η∗(t))

= λw∗(t)Lw(t) + u∗(t)S∗(t)Lu(t) + η∗(t)I∗(t)Lη(t) + v∗(t)S∗(t)I∗(t)Lv(t)− I∗(t).
(4.21)

Relationships (4.20), a constant value of the Hamiltonian (3.9) on the segment [0, T ] and initial con-
ditions from (3.11), (3.12) imply that the formula (4.21) can be rewritten as

umaxS∗(t)Lu(t) + η∗(t)I∗(t)Lη(t) + v∗(t)S∗(t)I∗(t)Lv(t)− I∗(t) = −I∗(T ), t ∈ [0, T ). (4.22)

Now, suppose that there exists the interval ∆η ⊂ [0, T ], on which the equality

Lη(t) = 0 (4.23)

holds. Then the second formula from (3.10) imply the equality

Lu(t) = Lv(t), t ∈ ∆η. (4.24)

Also, by (4.23), it is valid the equality L̇η(t) = 0, which leads the equation from (3.12) to the formula

v∗(t)S∗(t)Lv(t) = 1, t ∈ ∆η. (4.25)

From this equality and by (3.5) we conclude that v∗(t) = vmax for all t ∈ ∆η. Moreover, the relationship
(4.25) can be rewritten as

Lv(t) = v−1
maxS

−1
∗

(t), t ∈ ∆η. (4.26)

Substituting equalities (4.23), (4.24) and (4.26) into the formula (4.22), we obtain the contradictory chain
of relationships:

0 < umaxv
−1
max = S∗(t)

(
umax + vmaxI∗(t)

)
v−1
maxS

−1
∗

(t)− I∗(t) = −I∗(T ) < 0, t ∈ ∆η.

Therefore, our assumption was wrong, and the switching function Lη(t) is not equal to zero on any finite
interval of the segment [0, T ]. This completes the proof. �

Remark 4.8. By Lemma 4.7 and relationship (3.7), the optimal control η∗(t) is a piecewise constant
function taking values from {ηmin; ηmax}.

Lemma 4.9. There is no the value t0 ∈ [0, T ), for which the relationships:

Lη(t0) = 0, L̇η(t0) ≥ 0 (4.27)

simultaneously hold.

114



“Grigorieva˙mmnp4” — 2014/5/21 — 10:30 — page 115 — #11
i

i

i

i

i

i

i

i

E.V. Grigorieva, E.N. KhailovOptimal vaccination, treatment, and preventive campaigns in regard to the SIR epidemic model

Proof. Assume the contradiction. Let there necessary exists the time t0 ∈ [0, T ) such that the relation-
ships (4.27) hold. Then by (3.10) and the equation of (3.12), we obtain the relationships:

Lu(t0) = Lv(t0), Lv(t0) ≥ v−1
∗

(t0)S
−1
∗

(t0). (4.28)

Substituting (4.27), (4.28) into the formula (4.22) we find the contradictory chain of relationships:

0 > −I∗(T ) = umaxS∗(t0)Lu(t0) + v∗(t0)S∗(t0)I∗(t0)Lv(t0)− I∗(t0)

≥ S∗(t0)
(
umax + v∗(t0)I∗(t0)

)
v−1
∗

(t0)S
−1
∗

(t0)− I∗(t0) = umaxv
−1
∗

(t0) > 0.

Therefore, our assumption was wrong. This completes the proof. �

As a consequence of Lemma 4.9 we have the following statement.

Lemma 4.10. The switching function Lη(t) takes only positive values for all t ∈ [0, T ).

Proof. From the system (3.11) it follows the equalities:

Lv(T ) = 0, L̇v(T ) = 1,

and also the continuity of the derivative L̇v(t) of the function Lv(t) on a small interval adjoining to T .
Then, the inequality Lv(t) < 0 holds for all t from this interval. Therefore, integrating the system (3.12)
on this interval we obtain the formula

Lη(t) = −

T∫

t

e
−

τ∫

t

η∗(ξ)dξ
(
v∗(τ)S∗(τ)Lv(τ)− 1

)
dτ,

from which we find the inequality Lη(t) > 0. Then, the desired result follows from these arguments and
Lemma 4.9. This completes the proof. �

Remark 4.11. By Lemma 4.10 and relationship (3.7), the optimal control η∗(t) has the type

η∗(t) = ηmax, t ∈ [0, T ]. (4.29)

At last, we study the behavior of the switching function Lv(t). For this, we rewrite the Cauchy problem
(3.11), substituting into it the founded optimal controls u∗(t), η∗(t) as





L̇u(t) = umaxLu(t) + v∗(t)I∗(t)Lv(t), t ∈ [0, T ],

L̇v(t) = (umax − ηmax)Lu(t) +
(
v∗(t)(I∗(t)− S∗(t)) + ηmax

)
Lv(t) + 1,

Lu(T ) = 0, Lv(T ) = 0.

(4.30)

The analysis of the Cauchy problem (4.30) reveals that depending on the value of (umax − ηmax), there
are two distinctive cases, namely umax − ηmax ≥ 0 and umax − ηmax < 0, which should be investigated
separately.

Case 4.12. Let umax − ηmax ≥ 0. In the proof of Lemma 4.10 it was shown the existence of the interval
adjoining to T , on which the inequality Lv(t) < 0 holds. Let us show that this inequality is true for all
t ∈ [0, T ). Suppose the contradiction. Then, there necessary exists the time t0 ∈ [0, T ) such that:

Lv(t0) = 0, (4.31)

Lv(t) < 0, t ∈ (t0, T ),

L̇v(t0) ≤ 0. (4.32)

By Lemma 4.3, the equality (4.31) and the second equation of the system (4.30), it is valid the inequality
L̇v(t0) > 0, which contradicts to (4.32). Therefore, our assumption was wrong, and we have the inequality

Lv(t) < 0, t ∈ [0, T ). (4.33)
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Remark 4.13. By relationships (3.5), (4.33), in Case 4.12 the optimal control v∗(t) has the type

v∗(t) = vmin, t ∈ [0, T ]. (4.34)

Case 4.14. Let umax − ηmax < 0. Introduce the auxiliary function Q(t) = (umax − ηmax)Lu(t) + 1, and
then obtain the Cauchy problem for the functions Lv(t), Q(t) as





L̇v(t) =
(
v∗(t)(I∗(t)− S∗(t)) + ηmax

)
Lv(t) +Q(t), t ∈ [0, T ],

Q̇(t) = (umax − ηmax)v∗(t)I∗(t)Lv(t) + umaxQ(t)− (umax − ηmax),
Lv(T ) = 0, Q(T ) = 1.

(4.35)

Now, using the substitutions:

φ2(t) = Lv(t), χ2(t) = Q(t) + g(t)Lv(t),

where g(t) is a function to be determined, transform the matrix of the system (4.35) to the upper
triangular form: ((

v∗(t)(I∗(t)− S∗(t)) + ηmax

)
1

(umax − ηmax)v∗(t)I∗(t) umax

)
→

(
∗ ∗
0 ∗

)
.

Functions φ2(t) and χ2(t) satisfy the system of differential equations:




φ̇2(t) =
(
v∗(t)(I∗(t)− S∗(t)) + ηmax − g(t)

)
φ2(t) + χ2(t),

χ̇2(t) =
[
ġ(t)− g2(t) +

(
v∗(t)(I∗(t)− S∗(t)) + (ηmax − umax)

)
g(t)

− (ηmax − umax)v∗(t)I∗(t)
]
φ2(t) + (g(t) + umax)χ2(t) + (ηmax − umax).

(4.36)

Let choose the function g(t) to make the expression inside the square brackets equal to zero. Then this
function satisfies the Riccati equation

ġ(t) = g2(t)−
(
v∗(t)(I∗(t)− S∗(t)) + (ηmax − umax)

)
g(t) + (ηmax − umax)v∗(t)I∗(t). (4.37)

Introduce the functions:

a2(t) = 1, b2(t) = v∗(t)(I∗(t)− S∗(t)) + (ηmax − umax), c2(t) = (ηmax − umax)v∗(t)I∗(t),

then by (4.37), we obtain the non-autonomous differential Riccati equation

ġ(t) = a2(t)g
2(t) + b2(t)g(t) + c2(t). (4.38)

Lemma 2.1 leads to the following estimations for the functions a2(t), b2(t), c2(t):

|a2(t)| = a2(t) = 1 = A2,

|b2(t)| =
√
(v∗(t)(I∗(t)− S∗(t)) + (ηmax − umax))2

≤
√
2v2

∗
(t)(I∗(t)− S∗(t))2 + 2(ηmax − umax)2

≤
√
2v2

∗
(t)I2

∗
(t) + 2v2

∗
(t)S2

∗
(t) + 2(ηmax − umax)2

≤
√

4v2maxN
2 + 2(ηmax − umax)2 = B2,

|c2(t)| = c2(t) ≤ (ηmax − umax)vmaxN = C2.

(4.39)

Here, the values of A2, B2, C2 satisfy the following chain of relationships:

B2
2 − 4A2C2 = 4v2maxN

2 + 2(ηmax − umax)
2 − 4vmaxN(ηmax − umax)

= 2v2maxN
2 + 2

(
vmaxN − (ηmax − umax)

)2
> 0.

(4.40)
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Further, using relationships (4.39), (4.40) we conduct arguments that are similar to these that were
applied in Lemma 4.3. In result, we obtain the solution g(t) of the Riccati equation (4.38) or (4.37) that
is defined on the entire segment [0, T ]. Then the system (4.36) is also defined on this segment and can
be rewritten as {

φ̇2(t) =
(
v∗(t)(I∗(t)− S∗(t)) + ηmax − g(t)

)
φ2(t) + χ2(t),

χ̇2(t) = (g(t) + umax)χ2(t) + (ηmax − umax).
(4.41)

The initial conditions for the functions Lv(t), Q(t) from (4.35) lead to the similar initial conditions for
the functions φ2(t), χ2(t):

φ2(T ) = 0, χ2(T ) = 1. (4.42)

From the second equation of the system (4.41) it follows that, if there exists a moment of time τ ∈ [0, T )
such that χ2(τ) = 0, then χ̇2(τ) > 0 holds. From here and the second formula of (4.42) we conclude that
the function χ2(t) has at most one zero on the interval [0, T ) and, if this zero occurs, then χ2(t) changes
its value from negative to positive. Then, by the generalized Rolle’s Theorem [10] applied to the first
equation of the system (4.41) and the first formula of (4.42), the function φ2(t) = Lv(t) has at most one
zero on the interval [0, T ). Hence, from the system (4.35) we obtain for the switching function Lv(t) the
formula

Lv(t)




> 0, if 0 ≤ t < θ∗,
= 0, if t = θ∗,
< 0, if θ∗ < t ≤ T,

(4.43)

where θ∗ ∈ [0, T ) is the zero of the function Lv(t).

Remark 4.15. By relationships (3.5), (4.43), in Case 4.14 the optimal control v∗(t) has the type

v∗(t) =

{
vmax, if 0 ≤ t < θ∗,
vmin, if θ∗ ≤ t ≤ T,

(4.44)

where θ∗ ∈ [0, T ) is the moment of switching.

From formulas (4.20), (4.29), (4.34), (4.44) it follows the conclusions:
• In Case 4.12, by Theorem 7.1.1 [5], the optimal controls (u∗(t), v∗(t), w∗(t), η∗(t)) are unique, and hence
provide the global minimum of the objective functional (3.1). Moreover, these controls together with the
optimal trajectory (S∗(t), I∗(t)) and the corresponding solution (ψ1(t), ψ2(t)) of the adjoint system (3.3)
are the unique solution of the TPBVP for the Maximum Principle.
• In Case 4.14 we note that the TPBVP for the Maximum Principle besides the optimal solution

{
(u∗(t), v∗(t), w∗(t), η∗(t)), (S∗(t), I∗(t)), (ψ1(t), ψ2(t))

}

can also have other solutions
{
(ũ(t), ṽ(t), w̃(t), η̃(t)), (S̃(t), Ĩ(t)), (ϕ1(t), ϕ2(t))

}
,

which are called extremals solutions; where (ũ(t), ṽ(t), w̃(t), η̃(t)) are the extremal controls, (S̃(t), Ĩ(t)) is
the extremal trajectory and (ϕ1(t), ϕ2(t)) is the corresponding solution of the adjoint system (3.3). From
the arguments above it is easy to see that the extremal controls (ũ(t), ṽ(t), w̃(t), η̃(t)) have the types
similar to (4.20), (4.29), (4.34), (4.44). In [11, 20, 21] it was shown that the TPBVP for the Maximum
Principle has unique solution for a small value of T . Therefore, as in Case 4.12, the optimal controls
(u∗(t), v∗(t), w∗(t), η∗(t)) provide the global minimum of the objective functional (3.1). In general, this
is not the case. Hence, finding the global minimum of the objective functional (3.1) corresponding to
the optimal solution of the problem (2.6), (3.1) is possible only numerically. Detailed description of the
corresponding numerical algorithm is given in the following section.
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Using formulas (2.4) we can return from controls (u(t), v(t), w(t), η(t)) to the original controls
(p(t), q(t), r(t), s(t)). Relationships (4.20), (4.29), (4.34), (4.44) show that for all values qmax and
(γ + smax), corresponding to umax and ηmax, the optimal controls p∗(t), q∗(t), s∗(t) are constant and
take the maximum values:

p∗(t) = 1, q∗(t) = qmax, s∗(t) = smax, t ∈ [0, T ]. (4.45)

The type of the optimal control r∗(t) depends on qmax and (γ + smax). Specifically, if qmax ≥ γ + smax,
then the control r∗(t) is also constant and takes the maximum value:

r∗(t) = rmax, t ∈ [0, T ]. (4.46)

If qmax < γ + smax, then the control r∗(t) is the piecewise constant function with at most one switching
of the type:

r∗(t) =

{
rmin, if 0 ≤ t < θ∗,
rmax, if θ∗ ≤ t ≤ T,

(4.47)

where θ∗ ∈ [0, T ) is the moment of switching.

5. Numerical Solution of the Optimal Control Problem

Solution to the optimal control problem (2.6), (3.1) for umax < ηmax is conducted numerically using the
following arguments. For an arbitrary value θ ∈ [0, T ] we define control vθ(t) as

vθ(t) =

{
vmax, if 0 ≤ t ≤ θ,

vmin, if θ < t ≤ T.

It is easy to see that the control vθ(t) defined in this way includes all possible types (4.34), (4.44) of the
optimal control v∗(t). Additionally, we use formulas (4.20), (4.29) for the optimal controls u∗(t), w∗(t),
η∗(t).

System (2.6) can be integrated on interval [0, T ] with controls:

u(t) = umax, v(t) = vθ(t), w(t) = 0, η(t) = ηmax, t ∈ [0, T ].

The function Iθ(t), which with the function Sθ(t) correspond to these controls, then should be substituted
into the functional (3.1). This yields a function

F (θ) = J(umax, vθ, 0, ηmax), θ ∈ [0, T ],

which is a function of a single variable θ ∈ [0, T ], and hence the problem (2.6), (3.1) is now reduced to a
constrained minimization problem

F (θ) → min
θ∈[0,T ]

.

This minimization problem is solved numerically. In order to find the global minimum of the function
F (θ), the overlapping method combined with the iterative gradient projection method are used [30]. The
corresponding numerical algorithm is written in MAPLE. Since the Pontryagin Maximum Principle is only
a necessary optimality condition, then the function F (θ) can have local minima different from the global
minimum. To take this into account, we introduce a grid of points on the interval [0, T ]. The partitioning
of the grid depends on the Lipschitz constant of the function F (θ). We select the points of this grid as
initial iterations for the following multi-used gradient projection method, and find approximately local
minima of the function F (θ). Finally, comparing the obtained results we approximately determine the
global minimum, which is the solution of the original problem. The value of θ∗ corresponding to this
minimum is the desired moment of switching of the optimal control v∗(t).
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Remark 5.1. Similar approach for the numerical solution of the optimal control problems for the model
of waste water biological treatment was considered in [14].

As we obtained analytically, depending on the parameters of the model and the difference between
umax and ηmax, given by Case 4.12 or Case 4.14, two different optimal strategies can occur. Thus, in
Case 4.12, if umax ≥ ηmax, then one must take maximum effort (all four controls must take maximum
values) over the time interval [0, T ]. In turn, in Case 4.14, if umax < ηmax, the optimal control v∗(t)
can switch at the time θ∗ ∈ [0, T ) from the value vmax to the value vmin. Hence, the optimal control
r∗(t) would switch at the same moment θ∗ from the value rmin to the value rmax. In order to illustrate
Case 4.12, we conducted numerical calculations using the following values of the initial conditions S0, I0
and parameters λ, T , umax, vmin, vmax and ηmax of the system (2.6):

S0 = 50.0, I0 = 1.0, λ = 10.0, T = 10.0,

umax = 1.2, vmin = 0.1, vmax = 0.3, ηmax = 0.7.

In order to illustrate Case 4.14, we conducted numerical calculations using the following values of S0, I0,
λ, T , umax, vmin, vmax, ηmax for the system (2.6):

S0 = 50.0, I0 = 1.0, λ = 10.0, T = 10.0,

umax = 1.2, vmin = 0.1, vmax = 4.0, ηmax = 4.0.

Values of umin, ηmin are not specified, since they do not influence the optimal solution of the original
problem.

Figures 1, 2 show the graphs of the optimal solutions S∗(t), I∗(t) and correspond to Case 4.12 and
Case 4.14, respectively. In both Figures, the optimal solution S∗(t) is shown as a green curve, and the
solution I∗(t) is shown in blue. In Figure 2 the optimal solutions are obtained for the piecewise constant
control v∗(t) that switches at the time θ∗ = 0.75 from the value vmax to the value vmin.

Figure 1. Case 4.12. Graphs of the optimal solutions S∗(t), I∗(t) for vmax = 0.3, ηmax = 0.7.
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Figure 2. Case 4.14. Graphs of the optimal solutions S∗(t), I∗(t) for vmax = 4.0, ηmax = 4.0.

6. Conclusions

In this paper we have created and investigated a SIR type epidemic model of a population of constant
size augmented by the four bounded controls: p(t), vaccination of the newly born; q(t), vaccination of all
susceptible; s(t), treatment of the infected; and r(t), other indirect strategies. By the application of the
Pontryagin Maximum Principle we stated and solved the optimal control problem of minimization of the
cumulative number of the infected individuals on a given time interval [0, T ]. The optimal controls were
obtained analytically through qualitative investigation of the switching functions. It is demonstrated how
parameters of the model influence the choice of the optimal policy. This work is unique in that multiple
controls are mathematically analyzed jointly as opposed to the independent analysis single controls of
an epidemic model that produces an optimal strategy of maximum effort on an initial time interval,
i. e. at the beginning of epidemic [4, 31]. In our model, when four controls are applied simultaneously,
we obtained similar result for the three control functions that must be kept at maximum all the time.
However, we also found that for some model parameters, the optimal control function r(t), can have
a piecewise constant form which implies that the implementation of precocious methods (quarantine,
wearing masks and closing public events) can be delayed until a later time, θ∗ ∈ [0, T ). Numerical results
illustrate the optimal solutions.
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