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1. Introduction

In this paper we aim to provide a generalized solution to an ill-posed variational inequality by using an
optimal control technique. More exactly, we deal with the problem

Yy — Ay € 0Ig(y) + f, in Q = (0,T) x £2, (1.1)

y B B
—5, =9 on ¥ =(0,T) x T, (1.2)
y(0) = yo, in 2, (1.3)

where {2 is a bounded open subset of RY, with a C' boundary I, T is finite, a% is the normal derivative
to I'y f, g and y are given in @, X, and (2, respectively. All over in the paper, ¢; denotes the time
derivative of a generic function ¢. Here, I is the indicator function of a closed convex subset K of R,

Ix(r)=0ifre K, Ix(r) =40 if r ¢ K,
and Ol (r) is its subdifferential, that is

Alg(ry={neR; n(r—7) >0, Vf € K}.
In the following we assume that K = [b,¢], b,c € R, b >0, ¢ > 0, and so

(—00,0], if r =0,
OIk(r)=1< 0, if r € (b,¢),
[0,4+00), if r =c.
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For a later use, we also introduce the maximal monotone graph

b, if r <0,
Hyo(r)=4 [b,¢, ifr=0,
c, if » > 0,

which clearly is the inverse of 0l .

The model (1.1)-(1.3) may describe an absorption-desorption process, as for example oxygen absorbed
by biological tissues (see e.g., [4], [7], [2], p- 140). Also, we can refer to a fluid absorbed into the pores of a
porous material (e.g., water in the soil), or radiation or heat retained or ceded by materials or tissues. In
this model, y is the absorbed or desorbed fluid concentration at the rate f, whenever it is in the interval

b, c).
( E)quations (1.1)-(1.3) describe in fact the evolution of a physical system in time dependent evolving
domains, which can occur as subsets of (2, namely

Dy e(t) ={z € 2; b<y(t,z) <c},
2(t) = {z € 2 y(t,x) = b}, 2(t) ={z € 25 y(t,x) =c}

with the boundaries I, (t) = 02(t), Ic(t) = 082.(t).
Roughly speaking (1.1)-(1.3) reduces to

yr — Ay = fin Qpc(t) = (0,T) x 2.(2), (1.4)
ye — Ay < f, in Qu(t) = (0,T) x £2(1), (1.5)
ye — Ay = f, in Qc(t) = (0,T) x £2(t), (1.6)
0, on Belt) = (0.7) x Liel0), (L.7)

f% —g, on ¥ =(0,T)x I (1.8)
y(0) = yo, in 2. (1.9)

If y were a smooth solution, then (1.4)-(1.9) would follow in the sense of distributions by a direct cal-
culation. But, problem (1.1)-(1.3) with the maximal monotone graph 9l (y) on the right-hand side of
equation (1.1) is ill-posed, so it might have only a local in time solution. That is why, as a heuristically
observation we can say that in the free boundary problem described by (1.4)-(1.9), the time evolving
subset (0,7") x £2.(t) represents the domain where the concentration remains at the high constant level ¢,
even if it should still increase due to a positive jump of the supply rate u+ f > f, the subset (0,7) X (2 (t)
represents the inferior limit of the desorption domain, where the concentration remains at the low level b,
even if it should still decrease due to a supply rate u+ f < f, and the process evolves such that the fluid
concentration remains between the levels b and ¢, at the rate f. Here we denoted u(t,x) € 0lk (y(t,x))
a.e. (t,x) € Q.

Since (1.1)-(1.3) is ill-posed we aim to find, by an optimal control technique, a function y which can be
viewed as an approximating solution to (1.1)-(1.3). For solving (1.1)-(1.3) in terms of a control problem
one should search for a solution which minimizes the distance between y and the graph H; .(u), roughly
speaking to study the minimization problem

Min {)\21/Q(y“(t,:r,)—Hb,c(u(t,x)))zdxdtJr)\22/Qu2(t7m)dxdt},

with the controller u. However, in this problem we do not have a sufficient regularity for u to prove
existence, so that we have to change the control into another one v, and deduce u from an additional
equation which guarantees the desired regularity. To this end, we define

A A
J(v,w) = ?1 / (y" v (t, ) — w(t, z))*dzdt + ?2/ v (t, x)dxdt, (1.10)
Q Q
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and introduce the following minimization problem for the nonconvex functional J,
Min {J(v,w); v € L*(Q), w € L>=(Q), w(t,x) € Hy(u""(t,z)) a.e. (t,z) € Q}, (1.11)
subject to the system

y?w - Ay'u,w =u”" + fv in Q7

Oy v
- yay =g, onlX, (1.12)

¥y (0) =yo, in {2

u — Au”" = v, in Q,
u”" =0, on X, (1.13)
u”"(0) = ug, in {2.

We specify that ug is arbitrary, but fixed. In particular it can be taken 0.

Problem (1.11) will be treated as a control problem with two controllers, v and w. Actually, it can be
viewed as a control problem for a singular system (see e.g., appropriate examples in [6]). The functions
u”" and y** are the states (indicated by the superscripts ***) controlled by v and w. For simplicity, later
we shall drop these superscripts. The function u is determined by (1.13) in order to get the regularity
necessary to prove the existence for (1.11). The positive constants A; and A2 can be chosen such that to
induce more importance to one term or another in (1.10).

A solution to (1.11) realizes the minimum in J, and as a matter of fact if J computed at this solution
were zero, then the corresponding state y would satisfy (1.1). Since the existence of a null minimizer
cannot be proved, it follows that the state y corresponding to a solution to (1.11) only approximates a
section of Hy .(u). Therefore, we call the state y provided by a solution to (1.11) a generalized solution

0 (1.1)-(1.3). The existence of such a generalized solution, in other words the existence of a minimum
of J, is proved in Section 2, Theorem 2.1. Since this solution cannot be directly characterized, due to
the presence of the graph Hj ., we shall introduce in Section 3 an approximating minimization problem
(indexed upon ¢) which converges in some sense to (1.11), as e — 0. The existence of a minimizer {v}, w’}
and the convergence result will be given in Section 3, Proposition 3.1 and Theorem 3.2. The calculation
of the necessary conditions that should be satisfied by {v},w}} as a minimizer for the approximating
problem will be provided in Section 4, by using a further approximation (indexed on o) and an adapted
penalization method (see [2]).

2. Existence of the control

In this section we prove the existence of a solution to the minimization problem (1.11).

We denote by H'(£2) and H?({2) the standard Sobolev spaces and by H}(§2) the space of the functions
belonging to H!'(§2) with vanishing traces on the boundary.

We also note that if v € L*(Q), ug € L*(£2) then (1.13) has a unique solution

u € WH2([0,T]; H™'(92)) N L2(0, T3 Hy (£2)) N C(0, T]; L2(£2)),
and if f € L?(Q) and g € L?(Y), problem (1.12) has a unique solution

y € Wh2((0,T0; (H'(£2))') N L2(0,T; H' (1)) 0 C([0, T]; L*(£2)),
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where H~1(£2) and (H'(£2))" are the dual spaces of HJ(£2) and H(2), respectively.

Theorem 2.1. Let yo € L?(02), ug € L*(02), f € L*(Q), g € L?>(X). Then, problem (1.11) has at least
one solution.

Proof. Let us denote d = inf J(v,w). Consider a minimizing sequence {vy,, wy} such that

VW

A A 1
d<Zh | (yn — wy)?dadt + —2/ videdt <d+—, n>1, (2.1)
where y, and u, are the unique solutions to (1.12)-(1.13) corresponding to v = wv,. We can select

subsequences (denoted still by ,,) such that, as n — oo, we have
v, — v weakly in L?(Q),

wy, — w weak™® in L*(Q).

By (1.13) and (1.12) we deduce that
u, — u weakly in WH2([0, T]; H=1(£2)) N L*(0,T; Hy (£2)),

Yn — y weakly in W"2([0,TT; (H'(£2))") N L*(0, T; H' (£2)),

and
Up — U, Yn — y strongly in L?(Q),

by the Lions theorem (see [5], p. 58). Then, it is obvious that y and u are the solutions to (1.12)-(1.13)
corresponding to v. We recall that w,(¢,x) € Hy.(u,(t,z)) a.e. (t,z) € Q, and since the realization of
Hyp . on L*(Q) is maximal monotone, hence strongly-weakly closed, we get that w(t,z) € Hp .(u(t,x))
a.e. (t,x) € Q. Finally, we pass to the limit in (2.1) and on the basis of the weak lower semicontinuity of
the convex integrands we get that d = J(v, w).

U

3. The approximating problems

Since J is not differentiable we cannot determine the optimality conditions directly for (1.11) and we have
to introduce an approximating minimization problem in which the graph H; . is approximated. Next we
show its convergence to problem (1.11).

First, we define j : R — R,

oy Jbr, r <O,
jr) = cr, r>0

and introduce its conjugate j* : R — R, by j*(w) = sup(wr — j(r)), getting that
reR

j*(w) = Ig(w), for any w € R.

We note that dj(r) = Hp (), for all » € R. We recall that two conjugate functions j and j* satisfy the
Legendre-Fenchel relations (see e.g., [3], p. 6)

Jjir)+ 5" (w) > rw, for all r, w € R, (3.1)
J(r) + 5" (w) = rw, iff w € 9j(r),

where 0j is the subdifferential of j.
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Let € > 0. We define

Jo(v,w) = % /Q(y(t,:r) —w(t,z))?dzdt + )\22/Qv2(t7:r)dxdt (3.2)
—|—i/@(j(u(t,x)+j*(w(t,x)) — u(t, 2yw(t, 2))dwdt,

and introduce the approximating minimization problem
Min {J.(v,w); v € L*(Q), w € L™(Q), b <w(t,z) <cae. (t,x) € Q} (3.3)

subject to (1.12)-(1.13).

Roughly speaking, if the minimum in (3.3) were zero, then the last integral in (3.2) would be zero and
s0, by (3.1) one would obtain that w(t,x) € 9j(u(t, z)) = Hy (u(t, x)) a.e. (t,z) € Q. The fact that (3.3)
is an appropriate approximate for (1.11) is rigorously proved in Theorem 3.2.

It is obvious that, by considering (3.3) we can write j*(w(t,x)) = 0 in J. (v, w).

Proposition 3.1. Let yo € L*(02), up € L*(2), f € L*(Q), g € L*(X). Then, problem (3.3) has at least
one solution.

Proof. Let us denote d. = inf J.(v,w) and consider a minimizing sequence {v2, w} such that
v,w

A A
d< 22 [ (- w)dadt + 22 / (v™) dadt (3.4)
2 Jg 2 Jg

1 1
‘*‘*/ (G(u) — ulw)dzdt < d + —,
€JqQ n

where y” and u” are the unique solutions to (1.12)-(1.13) corresponding to v = v”. As in Theorem 2.1,
Section 2, it follows on subsequences (n — oo) that

v — v, weakly in L*(Q),
wl — we weak™® in L(Q), we(t,z) € [b,c] a.e. (t,z) € Q.
By (1.13) and (1.12) we deduce
u” — u. weakly in Wh2([0,T]; H=1(2)) N L2(0, T; Hi (£2)),
Y2 = ye weakly in WH2(([0, T]; (H'($2))') 0 L*(0, T; H'(92),
u” — ue, Yy — y. strongly in L*(Q),
and y. and wu. are the solutions to (1.12)-(1.13) corresponding to v.. Then,

lim y?w;’d:ﬂdt:/ Yewedadt

and since j is continuous and u? — wu. a.e. in @Q, we have j(ul(¢t,x)) — j(uc(t,x)), a.e., as n — oo.
Now, we pass to the limit in (3.4). In order to be allowed to apply the Fatou lemma we recall first that
a proper, convex l.s.c. function is bounded below by an affine function (see [3], p. 5), hence

gtz r) > ki(t,x)r + ka(t, x), k1,ke € L°(Q).

We replace j in (3.4) by ;(7") = j(r) — kyr — ko, which is nonnegative, and have
1
d+ */ upwy dedt — / (krul + ko)dxdt
€Ja Q

A A
< 2L [ (= wl)dadt + ?2 / (v2) dxdt

2 g Q
1 ~ 1 1
+7/ Jul)dxdt < d+ — + 7/ ulwl dxdt — / (k1ul + ko)dxdt.
13 Q n 13 Q Q
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We pass to the limit as n — oo, applying the Fatou lemma and finally getting that d. = J.(v., w). This
proves that {v.,w.} is a minimizer for J.. O

Next we should deal with the optimality conditions for problem (3.3), which are the necessary conditions
that the optimal controller {v*, wX} must satisfy in order to be a solution to (3.3). Because J. is not
differentiable due to j, we shall introduce a second approximating problem in order to regularize j. This
is based on the Moreau regularization defined as

2
Jo(r) = ig{%{ﬁ —l—j(s)}, for any r € R, o > 0, (3.5)

which can be still written

olr) = 5o [(T+00) ™ = [ 4+ 5(1 +00)) 7). (3.6)

where [ is the identity on R. The function j, is convex, Lipschitz continuous and has the properties (see
(3], p. 48)

Jo(r) < j(r), for any r € R, (3.7)
lim j,(r) = j(r), for any r € R.

o—0

Let {v},w?} be optimal in (3.3).
We introduce the approximating adapted penalized problem (see [2])

Min {Jg,g(u,v,n) = %/ (y(t,z) — w(t,z))>dedt + %/ 02 (t, x)dxdt
Q

Q
1 .
+€/Q(jg(u(t,x)) —u(t,x)w(t, x))dzdt (3.8)
+% /Q(v(t,x) — 0¥ (t, x))?dxdt + % /Q(u)(t,x) - w:(t,x))dedt}

subject to (1.12)-(1.13), for all v € L?(Q), w € L>(Q), w(t,z) € [b,c] a.e. (t,x) € Q.

It is immediate (by a similar proof as in Proposition 3.1) that problem (3.8) has at least one solution.
Next, we prove that this problem indexed upon o converges to the approximating problem indexed upon
g,as o — 0.

Theorem 3.2. Let (vi,w}) be optimal in (3.3) and (v ,,w: ) be optimal in (3.8). Then,

v, — vl strongly in L*(Q), as 0 — 0, (3.9)
w; , — w; strongly in L*(Q), as ¢ — 0,
and the corresponding states {u? ,,y: .}, converge to {uZl,y:}, the corresponding states in (3.3),

uz , — ul weakly in Wh2([0,T); H=H(2)) N L*(0,T; Hy(£2)), (3.10)
strongly in L*(0,T; L*(£2)),

Y: . =yl weakly in Wh2([0,T7; (H(£2))") N L2(0, T; H* (1)), (3.11)
strongly in L(0,T; L*(2)).
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Proof. We write that (v} ,,w? ,) is optimal in (3.8), that is

£,0

A A
2y, —wk ) dedt + 22 / (vF )2 dadt
2 Jo 2 Jo
1
+- / (JU(U: o’) - w;“au; o’)dxdt
5 Q ’ : ’
1 * *\2 1 * *\2
+§ (’UEJ —vl) dxdt + 5 (w&o —w}) dxdt
Q Q
A1 2 A2 2 1 :
<o | (y—w)dedt + = | vidadt+ = | (jo(u) — wu)dzdt
2 Jg 2 Jo € Jq
1 *\ 2 1 *\2
+-— [ (v—vi)dadt + = | (w—wk)"dxdt,

for all v € L?(Q), w € L*(Q), w(t,x) € [b, c] a.e., with y, u the solutions to (1.12)-(1.13) corresponding
to v.

In particular, we set v = v, w = w? which provide by (1.12)-(1.13) the optimal states y* and u*. We
have

A A
e R ey U
2 Jq 2 Jaq
1
42 [ Unluz) =t pu et
€JQ
1 * )2 1 * *\2
—1—5 (v, — i) dwdt + 5 (wZ , —wl) dxdt (3.12)
Q Q
>‘1 * %\ 2 )‘2 *\2 1 . * * ok
< — [ (i —wi)idaedt + — | (v)*dzdt+ = | (jo(ul) —wiul)dzdt
2 Jq 2 Jaq € Ja
>‘1 * %\ 2 )‘2 *\2 1 Sox * ok
< — | (Wi —wi)dedt + — | (vI)*dzdt+ - | (§(ul) — wiul)dzdt
2 Jaq 2 Jaq € Ja

by (3.7). The left-hand side is bounded independently of o, because u} is bounded in L?(Q), by (1.13).
Consequently, by selecting subsequences (denoted still by the subscript ) we get

v:, — ve weakly in L*(Q),
wi , — we weak™ in L™°(Q),
ul , — ue weakly in W'2([0,T]; H'(£2)) N L*(0,T; HY (£2)),
Yi o — ye weakly in WH2([0, T]; (H'(£2))') 0 L*(0, T H' (12)),
Uz 5 —> Uey Yr o — Ye strongly in L*(Q),

where {y.,u.} is the solution to (1.12)-(1.13) corresponding to v..
Now, we prove that

lim inf / Jo(ul ) dxdt > / (e dadt, (3.13)
Q Q

o—0

where u. = lin%) u’ .. By (3.6) we have
o— ’

1
7/ (I +005) 'ul, — u:,U|2 dxdt < / Jo(ul )dzdt < constant,
20 Q Q :
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by (3.12), which implies that

T [[(7 +00)) " uz g =l 12y = O-

‘We deduce that

lirrb(I +0dj) " ul , = u. strongly in L2(Q). (3.14)
o—

e,0

Again by (3.6) we can write

o—0

lim inf / jo(ul ,)dxdt > lim inf / (I + 00j) "Ml ,)dadt = / j(ue)dxdt,
Q o—0 Q Q

by Fatou’s lemma (following the argument given in Proposition 3.1), the continuity of j and (3.14). Here
I is the identity on L?(Q).
Then, passing to the limit (in the first and last terms) in (3.12), as o0 — 0 we get

A Ao [? 1
2L (e — wo)?dwdt + —2/ v2dxdt + f/ (J(ue) — weug )dadt
2 Jg 2 Jg € Jq
1 *\ 2 1 *\ 2
+§ (ve —vl) dadt + B (we —wk)*dxdt
Q Q
)‘1 * *\2 >‘2 *\2 1 2% * ok
< — [ (i —wh)dedt + — | (v2)*dedt+ - | (G(ul) —wiul)dxdt
2 Jq 2 Jq €Jq
A Cw)? 2 L Gty -
< (ye — we)*dadt + Aoy | vidzdt+ (j(ue) — weue )dxdt.
2 Jq Q €Jq

The last inequality can be written because (v}, w?) is optimal in (3.3). From here we get that
v = 0%, we. = w; a.e. on @,

and so u. = u} and y. = yF a.e. on Q. Actually, by (3.12) we obtain (3.9) and the strong convergences
in (3.10)-(3.11). This ends the proof. O

4. Optimality conditions

Let {v} ,,w? .} (with the corresponding {u? ,,yZ ,}) be a solution to (3.8) and {vZ,wZ} (with the corre-

£,00

sponding {u*,y>}) be a solution to (3.3).

Proposition 4.1. Let yo € L*(2), ug € Hy(R2), f € L*(Q), g € L*(X) and let {v} ,,w:,} be an
optimal controller in (3.8). Then, the optimality conditions for (3.8) read as

b, in {(t,x);az’a(t,x) < b},
w! ,(tx) =4 ai (), in{(t,z);b<al,(t,z)<c} (4.1)
c, n {(t,x);az,a(t,x) > c},
* 1 * *
Veo(ti) = 5 W (v +22,)(¢, ), (4.2)
where
02 (1) = T Oy + Tuzy + ) 10), (4.9
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*

22 , 18 the solution to

(Za,a)t + Aza,o‘ = Peo + g(gs,o - wa,a)’ in Q,

2, =0, on X, (4.4)
(Z;,a')(T) = 07 m .Qa
£, (ta) = j;(u;U(t,x)), a.e. (t,7) € Q, (4.5)

and p , is the solution to

(Pe.o)t + Apeo = 7>‘1(y:,a - w:,o)’ in Q,
Q. = 07 on 27 (46)
Pe,o(T) =0, in £2.

Proof. Let A € [0,1] and write w?, = w? , + AW, W = w —w} ,, for any w € L>(Q), w(t,z) € K a.e.
(t,r) € Q. We write that v ,,w] , is optimal in (3.8), that is

£,00

Jeo(WE o wk ) < Jeo(0,@), for all 5 € L*(Q), w(t,z) € [b,c], ae. (t,2) € Q,

e, 00 Ve, o

and set v = v} , and @ = w? ,. We obtain after a few calculations

1
/ <—)\1(y:’0 —wl,) — gu:_g +wl, — w:> Wdxzdt > 0,
o ,

whence we get

1
e =) (Mg =ty + Tz =t uz) dedt 20, 7
Q
for all w € L>®(Q), w(t,x) € [b,c] a.e. (t,x) € Q. This yields
wk, + Ol (w )9; Ayl Jr}u* + w (4.8)
D Vi D P e S T '

which still reads

1 1
* — P )\ * - * * ,
ws,a K (1 I Al ( 1y£,o’ + eus,a + ws))

where Pk (z) is the projection of the point z on the set K. From here we get (4.1).
Now, let A > 0 and consider the variation ’02‘70 =}, +AV, forall V € L?(Q). If we denote by yQ,, and

2 _, by U the solution to (1.13) corresponding

u? , the solutions to (1.12)-(1.13) corresponding to v = v2,,

to v =V and by Y the weak limit in L?(Q) defined as

Vo — Y
it.0) = i Vo8 v 7).
n

we get by a direct calculation that Y and U satisfy the systems in variations

Y, — AY = U, in Q,

oY
—E = 0, on E, (49)
Y(0) =0, in £,
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Ut — AU = ‘/77 in Q,
U=0, onlX, (4.10)
U0) =0, in .

Obviously, each of these systems has a unique solution
U € C([0,T]; Hy (2)] n WH2([0, T); L*(52) N L*(0, T H*(£2)),
Y € C([0,T]; H'(£2)) n W"2([0,T]; L*(£2)) N L*(0, T; H*(£2)).
We introduce the dual systems (4.6),

(pe,o)t + Apa,o = _)‘1(:‘/:,0 - w:,o)’ in Q,

8 £,0
;gy =0, on X,
Peo(T) =0, in £,
and
1 * * :
(qg,o)t + AQE,U = _g (5570 - wg) , in @,
Ge,o =0, on X, (4.11)
¢eo(T) =0, in £2,
where

o =o(ul,y).
Systems (4.6) and (4.11) have a unique solution
Pew € C(0,T]; H(2)] N W(0,T); LA(2)) 1 L0, T; H2(2)),

Ge,o € C([0,T]; Hy (2)] nWH2([0, T]; L2(£2)) N L*(0, T5 H?(12)).

*
g,07

We write again that w? ,, vZ , is optimal in (3.8),

Jeo (V2 g wk ) < Jeo(0,@), for all § € L*(Q), @(t,z) € [b,c] ae. (t,z) € Q.

€,00

In particular, we set v = UQJ, W = w; , and after dividing by A and letting it to go to 0, we get

1
/ MYy — wh )Y dudt + / (ha + D)ot — o) Vdedt + - / (€, —wt,) Udedt > 0,
Q Q €Ja
for all V € L?(Q). Changing A into (—\) we finally obtain
1
/ M (YL, —wi )Y dedt + / (A2 + )vZ , —vl)Vdrdt + g/ (&, —wk,)Udzdt =0, (4.12)
Q Q Q

for all V € L*(Q).
Next, we multiply (4.9) by p.,, add with (4.10) multiplied by ¢. , and integrate over ). We obtain

_/Q((pe)g)t—i—Apa)o)dedt—/

(@ers )t + Aqe.o)Udadt = / (Upery + Voo )dudt,
Q

Q

and further

1
/ Al(y:,o —w? )Y dvdt + - / (5;0 — w:U) Udzxdt = / (Upe,o + Ve, r)dadt. (4.13)
Q Q Q

162



G. Marinoschi Control approach to an ill-posed variational inequality

Plugging this relation in (4.12) we get
/ Upe sdxdt + / (@e,o + Aol , + 07, —vZ)Vdrdt =0, for all V € L*(Q). (4.14)
Q Q ’
By (4.10) we write the solution representation

t
Ult) = / A=Y (5)ds, t >0,
0

where e?? is the semigroup generated by the operator Laplace with Dirichlet boundary conditions, and

replace it in (4.14), obtaining

T t
/ (@e,0 + (N2 + D)vl , —vI)Vdadt + / / Peo(t)e? / e~ 25V (s)dsdxdt = 0.
Q 0o Jo 0

Changing the order of integrals in the second term we finally deduce

T T
/ / V(t) (/ e_A(t_s)pE,g(s)ds + oo + (A2 + 17, — vi) dxdt = 0, (4.15)
0o Jo t
for all V € L*(Q), which implies

T
(L+X)Vl, =V + e = —/ e A=)y (s)ds. (4.16)
t

Actually, denoting 27 , = (1 + A2)vl , — vZ we have that 27  is provided by the equation

g

(Z:,o)t + (Ge,0)t + Az:,a + Age o = Pe,os in Q,
Z;a + q87U = 07 on Za (417)
(Z:,U + qsv”)(T) = 07 in Qa

whence taking into account (4.11) we get (4.4).
Problem (4.4) has a unique solution

25y = (1+ X, —vi € C([0,T]; Hy(2)] n WH([0,T]; L*(£2)) N L*(0, T; H?(£2)). (4.18)

*

In conclusion, recalling that {v? ,,w? ,} denotes an optimal controller in (3.8), with {ul ,,yZ ,} the
corresponding states, we get (4.1)-(4.6) as claimed. O

Finally, as proved in Theorem 3.2, each solution v}, w? to (3.3) is the strong limit of the sequences

{v;g}oo and {w’;g}5>0 having the expressions given by (4.1) and (4.2), so that we can conclude with
the next Proposition.

Proposition 4.2. Let yo € L*(2), ug € L*(2), f € L*(Q), g € L*(X) and let {v},w:} be an optimal

b in {(t,2); 05 (t, ) < b},
wi(t,z) =< ai(t,x), in {(t,z);b < ak(t,z) < c}, (4.19)
c, in {(t,x);ak(t,z) > c},
where 1
at(t,z) =yl(t,x) + —ul(t, z), (4.20)
5)\1
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and

where 2z} is a solution to the problem

(Ze)t + Aze € pe + E(Hb,c(ua) - w5)7 m Q7

vz (t, @) = = : (4.21)

zr =0, on X, (4.22)

(z2)(T) =0, in £2,

€

and p- is the unique solution to the problem

(ps)t + Apa = —/\1(?4: - w;)y n Q7
Ipe
ov

p(T) =0, n (2.

Proof. By Theorem 3.2, we have (3.9) and that
ul, —ul, y:,—y: strongly in L*(Q), as 0 — 0.
Then, we pass to the limit in (4.1) and deduce

b, on {(t,x);a’(t,xz) = b},
wi(t,z) =< ai(t,x), on {(t,x);b < ak(t,z) < c},
c, on {(t,x);a’(t,z) = c},

where aX(t,z) = ﬁ(/\ly: + Tu? +w?)(t,x). After a few algebra this implies (4.19). We note that
£ 5 — & weak™ in L™(Q), £(t,x) € 0j(ui(t,x)) ae. (t,x) € Q.
Indeed,
| Grtuz) = s (@adt < [ G020) 0 o

for any z € L?(Q). Passing to the limit as o — 0 and recalling (3.13) and (3.7) we get
[ tt) = senasar < [ €z - yaaar

whence & (¢, ) € 95 (ui(t,z)) a.e. (t,z) € Q.
By (4.6) we get that

Pe,o — pe weakly in WH2([0,T]; L*(2)) N L*(0,T; H*(£2)),

wealk™ in L>(0,T; H'(02)),

)

strongly in L*(0,T; H'(£2)), as 0 — 0,

and so, p. satisfies (4.23).
By (4.4) we have,

2. o — 22 weakly in W1’2([O,T]; LA(2) N LQ(O, T, HZ(Q)),

weak™ in L>(0,T; H)(£2)),
strongly in L*(0,T; Hg(£2)), as o — 0,
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and
”

2¥ (t) — 27 (t) strongly in L*(£2), uniformly in ¢ on compacts,

€,0

by the Arzela-Ascoli theorem. Moreover, z} satisfies the equation

x * 1. o
(Zs)t+AZE :p6+g(§s_ws)7 m Q»
2 =0, on X, (4.24)
(z2)(T) =0, in 2,
where £X(t,z) € 0j(ul(t,z)) a.e. (t,z) € Q. Then, by (4.2) we get (4.21). O

5. Numerical results

In the last section we present some numerical simulations based on an algorithm developed for computing
the approximating solution to (3.3). For simplicity we shall not write the subscript ¢ for v¥, w} and the
other functions.

Fix €440p and indicate the problem data.

Give yo(2), uo(z).
Step 0. Choose the ”0”-order values for the controls wg and vg. Set k := 0.
Step 01. Determine uj, by (1.13) with v = v} (here v{),

(ug)e — Auy, = vy, in Q,
up =0, on X,
u(0) = ug, in £2.

Determine y; by (1.12), with u = uj,

(Ye)t — Ay = i + f, in Q,
_Oy;

ov

yr(0) = yo, in £2,

=g, on X,

and Ji (v, wy) by (3.2),

A A 1
Je(vi,wh) = = / (yi — wi)?dxdt + —2/ (vy)2dzdt + f/ (j(uy) — ujwy)dxdt.
2 Jq 2 Jq €Jo

Step 02. Compute (for using in the next step) the following: aj by (4.20),

ap =Yr + aui,
pr by (4.23),
(Pe)t + Apr = =M1y, — wy), in Q,
% =0, on Y,
pi(T) =0, in (2,
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z; by (4.22),

() + A2} € py+2(€ —u), in Q.
z; =0, on X,
(zp)(T) =0, in {2,

& (t,x) € Hy(up(t,z)) ae. (t,z) € Q.

Finally, compute the function given by (4.19), which here is denoted

b, in {(t, x); ag(t,z) < b},
Wi (t,z) = < aj(t, ), in {(t,x);b < aj(t,z) < c},
c, in {(t,z);a5(t,x) > c},

and the function given by (4.21), denoted

This ends Step 0.
Step k4 1. Make k :=k + 1.
Step kq. Following Rosen algorithm (see [1], p. 44) compute A which realizes

min{‘]/f-&-l(vli\-‘rl’wlé—i-l); A€ (07 1]}7 (5'1)

where the variations w? 1 v? 1 are determined using the functions Wy and Vi, i.e.,

w,i‘ﬂ(t,x) = wj(t,x) + \Wy(t,x), X € (0,1], (5.2)
v (t ) = vi(t,2) + A\Vi(t, ). (5.3)
In the expression of Jyy1, u2+1 is given by (1.13) with v = v,’c\ﬂ and y,’C\Jrl is determined by (1.12) with

A
U= Uy,
In order to achieve (5.1) we make the following remark. Step k; is run for a sequence of p values
Ap = pxstepy, stepy € (0,1), p=1,...,1/step,.
Step ko. Pick up that A, which realizes the minimum in (5.1), denote it Apmin, set

Amin ,;,Amin : .
Jk+1(vk+1 awarl ) = mln{']k-f-l(vlé\—i-l)wl?-&-l)v AeE (Oa 1]}7 (54)
and then set \ \
Vet ) = v (t,x), wi,(t,x) = (A (t,z),

)\min — )\min
ult—&-l(tv ‘T) = Upq (ta QJ), yZ+1(t7 I’) =Y+ (tv SC),

Amin ,,Amin
i1 (Vg g1, Wigq) = Jk+1(“k+1 s Ykt )-

Step ks. Denote
ETrTg4+1 = Jk+1(UZ+17wZ+1) - Jk(vz’w;;)'

If [erri1]< €stop, then the algorithm stops and set {v; ;, wi ,} and {uj ;, v, } as optimal. If not, go
to the next step.
Step ky. Compute (for using in a possible next step) aj,, by (4.20), Wiy by (4.19), pry1 by (4.23),
25,1 by (4.22), Viy1 by (4.21) and continue from Step k.

The 1D numerical simulations have been obtained with the software Mathematica (license L.4698-0010),
for the following datas:

N=[0,L, L=2, T=1, \y =1, Ay =0.1,
b=0.1,¢c=1, g=0, e =0.1,
stepy = 0.001, p =10, €40p = 0.1.
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The computation of {¥ was done by approximating it by * , (see (4.5)) with o = e = 0.00001.
Case 1. We considered:

yo(z) = 0.92%(L — x)?, up(x) =0, wi(x) = 0.5, vi(z) =1, f=0.

The surfaces z = y;(t, z) and z = wj (¢, z) obtained after k = 9 steps are represented in Figure 1.1 and
Figure 1.2.

Yi(t,X) Wi (t,X)

R

N
R

%/
10

FIGURE 1.1: Case 1. y;(t,x), k=9 FIGURE 1.2: Case 1. wj(t,x), k=9

10

The contour plots of yj(t,x) and wj (¢, z) (after 9 steps) are plotted in Figure 1.3 and Figure 1.4, for
t € [0, T]. One can observe there the evolution of the level curves from t =0 to t = T.

Contour

Plot yi(t,x) Contour Plot wi(t,x)

LA —— —

B 7 b
= 1.0 Kx 0 N x 10

0.0 0.2 0.4 0.6 08 10 0.0 0.2 0.4 0.6 0.8 10

FIGURE 1.3: Case 1. y;(t,z), t € [0, FIGURE 1.4: Case 1. wi(t,z), t € [0,T)

The contour plots of y;(t, z) and wj (¢, z) for t € [0,7/10] are given in Figure 1.5 and Figure 1.6. These
figures make a zoom in the time interval [0,0.1] and put into evidence the regions @, in the left corners

of Figures 1.5 and 1.6. Figures 1.3 - 1.6 show the evolution of the regions @y .(t), Qp(t) (Q.(t) being not
formed).
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Contour Plot y;(t,x) Contour Plot wi(t,x)
20 T T T T T T T T T T T T T T T T T T T T T T ¥ T T T T T T

L L L Il L L L Il L L L I L L L I L L L L L L Il L & L L L L L L L L L L
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
t t

FIGURE 1.5: Case 1. y;(t,z), t € [0,7/10] FIGURE 1.6: Case 1. wj(t,z), t € [0,7/10]

The values of Jy(vy,wy) for k = 0,...,9 are : 15.5428,14.9529,14.3786, 13.8208, 13.2773, 12.7492,
12.2395, 11.9325, 11.8396, 11.8308.

Case 2 presents in Figures 2.1 - 2.6 similar graphics obtained after k = 8 steps for

yo(z) = 0.5, up(z) =0, wi(x) =0.5, vy(x) =1, f=0.

(%)

e/ y
10 10

FIGURE 2.1: Case 2. y;(t,x), k=38 FIGURE 2.2: Case 2. wj(t,z), k=38
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Contour Plot yi(t,x) Contour Plot wi(t,x)

FIGURE 2.3: Case 2. y;(t,z), t € [0,T] FIGURE 2.4: Case 2. wj(t,z), t € [0,T]

Contour Plot yi(t,x) Contour Plot wi(t,x)

0.0,

0 0.02 0.04 0.06 0.08 0.10

FIGURE 2.5: Case 2. y;(t,z), t € [0,7/10] FIGURE 2.6: Case 2. wj(t,z), t € [0,7/10]

The values of Ji(vj,wy) for k = 0,...,8 are : 14.8746, 14.2868, 13.7165, 13.1631, 12.6256, 12.107,
11.5939, 11.2742, 11.1873.

We notice in Figures 2.3 - 2.4 and Figures 2.5 - 2.6 a better matching between the contour plots of
yy(t,x) and wj(t,x), both for smaller time and for larger time. This might be explained by the initial
choice wg = 3.
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