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Abstract. We formulate an immuno-epidemiological model of coupled “within-host” model of
ODEs and “between-host” model of ODE and PDE, using the Human Immunodeficiency Virus
(HIV) for illustration. Existence and uniqueness of solution to the “between-host” model is
established, and an explicit expression for the basic reproduction number of the “between-host”
model derived. Stability of disease-free and endemic equilibria is investigated. An optimal con-
trol problem with drug-treatment control on the within-host system is formulated and analyzed;
these results are novel for optimal control of ODEs linked with such first order PDEs. Numerical
simulations based on the forward-backward sweep method are obtained.
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1. Introduction

There is continuous threat of outbreak of infectious disease despite ongoing advancements in drug thera-
pies and vaccines [27]. Thus, it is necessary to develop better ways of understanding the spread of disease.
To this effect, immunological and epidemiological models have been proposed with the aim of controlling
the outbreak of infectious diseases.

Mathematical immunology is concerned with the study of disease dynamics in an infected host, where
an infectious agent is spread from cell to cell within one patient [27]. The study of the interaction be-
tween a pathogen and the immune system gives an insight into the mechanism of disease proliferation.
In mathematical epidemiology, the spread of disease in a population of hosts is examined with the goal
of examining and tracing factors that contribute to the propagation of pathogens [27]. Epidemiological
or between-host models are often structured to capture discrete immune status, such as susceptible, ex-
posed, infectious, recovered (immune), vaccinated, time-since-infection to account for variable infectivity
(pathogen load) and time-since-recovery to account for gradual loss of immunity. However, most epidemi-
ological models ignore pathogen load and dependence of transmissibility on pathogen load, and detailed
account of the immune status during infection [41].

We will investigate linking within-host models with epidemiological models, and as our motivating
scenario, we use the human immunodeficiency virus (HIV), which is a retrovirus. In the future, we
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shall consider other scenarios such as Johne’s disease and Toxoplasma gondii, but we concentrate on
HIV for this introduction to our approach. HIV is generally a slow but progressive disease in which the
virus is present throughout the body at all stages of the disease, and it is transmitted from one person
to another through specific body fluids such as blood, semen, genital fluids, and breast milk. The life
cycle of HIV infection consists of six stages; namely, binding and fusion, reverse transcription, integration,
transcription, assembly and budding. Several mathematical epidemiology models of HIV [30,33,35,36,47]
and mathematical immunology models of HIV [37,44] have been formulated and analyzed.

The two key features in infectious diseases are the transmission between hosts and the immunological
process at the individual host level. Understanding how the two features influence each other can be
assisted through modeling. Linking components of the immune system with the compartments of the
epidemic model leads to a two-scale model. Much of the work on such “linked” models deal with the two
levels separately, making “decoupling” assumptions [1].

Despite advancements made with the study of epidemiological, within-host and immunological models,
the outbreak of some diseases cannot still be predicted. This dilemma may be attributed to the fact that
most modeling approaches are either restricted to epidemiological or immunological formulations, while
making decoupling assumptions [27]. Current research focuses on the comprehensive modeling approach,
called immuno-epidemiological modeling, which investigates the influence of population immunity on
epidemiological patterns, translates individual characteristics such as immune status and pathogen load to
population level and traces their epidemiological significance [12,29,41]. Several immuno-epidemiological
models have been used to study the relationship between transmission and virulence [5,16,17,21-23].
Some of these models deal with the two processes separately by making decoupling assumptions. Gilchrist
and Sasaki [22] used the nested approach to model host-parasite coevolution in which the within-host
model is independent of the between-host but the between-host model is expressed in terms of dependent
variables of the within-host model. Also, Feng et al. [16] investigated a coupled within-host and between-
host model of Toxoplasma gondii linked via the environment.

Our goals are to use a within-host model coupled with epidemiology model to capture the impact on the
epidemic of giving treatment to individuals, and investigate mathematically such a coupled ODE/PDE
system (well-posedness and optimal control).

Our general approach in immuno-epidemiological modeling involves three steps. The first step involves
formulating a within-host model within an infected host. Secondly, construct an epidemiological model to
describe the dynamics of host birth and death rates, and transmission of infection within the host popula-
tion. Finally, nest the within-host model within the epidemiological model by linking the dynamics of the
within-host model to the additional host mortality, recovery and transmission rates of the infection. The
within-host and between-host models could be linked via a structural variable and through coefficients.
In the latter case, coeflicients of the epidemiological model are expressed as functions of the dependent
variables of the within-host model. For example, transmission rate is proportional to within-host viral
load and disease-induced death rate is proportional to parasite load and immune response, while in the
former case, the independent variable of the within-host model is the age-since-infection variable of the
between-host model [23,41].

This work will have the first results on formulating this two-scale model in a careful mathematical
framework and the first results on optimal control of such a model. We emphasize the novelty of mathe-
matical results, as well as the importance of the epidemiological and immunological results. To curtail the
proliferation of free virus at the within-host level, we introduce two functions, representing transmission
and virion production suppressing drugs. Our goal is to use optimal control techniques in the coupled
model to minimize free virus at the within-host level and infectious individuals at the population level,
while minimizing the cost of implementing the controls (this may include toxicity effects). Optimal con-
trol of first-order partial differential equations is done differently than optimal control of parabolic PDEs
due to the lack of regularity of solutions to the first-order PDEs. The steps in justifying the optimal
control results are quite different and we use Ekeland’s Principle [13] to get the existence of an optimal
control.
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In section 2, we present our within-host and between-host models. The within-host model is indepen-
dent of the between-host model, but the between-host model is linked to the within-host via coefficients
and a structural variable. In section 2.1, we prove the boundedness of state solutions to the within-host
model, and existence and uniqueness of solutions to the between-host model is established. In section 2.2,
an explicit expression for the basic reproduction number of the epidemiological model is derived, steady
solutions calculated and stability analysis of equilibrium points is studied. We formulate and analyze an
optimal control problem in section 3, and carry out numerical simulations in section 4.

2. Within-host and Between-host Models

In this section, we formulate a simple within-host model of HIV and a between-host model of HIV with
age structure. In the within-host model, the independent variable is the time-since-infection 7 and for the
between-host model, the independent variables are chronological time ¢ and age-since-infection 7. Our
within-host model is given by the following system of ordinary differential equations:

= BV ()alr) — () (21)
Y — BV (r)alr) — duy(r) (22)
% = v1dyy(1) — (81 + 51)V () — BV (7)a(7) (2.3)
with initial conditions
z(0) =2 y(0)=4" and V(0)=V", (2.4)

where z is the number of healthy cells (uninfected CD4™ T cells), y is the density of infected C'D4T T
cells, V' is the density of free (infectious) virus, r is the recruitment rate of healthy cells, u is the death
rate of healthy cells, d; is the death rate of infected cells, 8y is the transmission rate, By is the binding
rate of free virus to uninfected CD4™ T cells, v is the number of virions produced at bursting, d; is the
death rate of virus, and s; is the shedding rate of virus. See Table 1 for a summary of parameters and
units of the within-host model.

Table 1: Within-Host Model Parameters

Quantity  Description Units

T Density of healthy CD4™ T-cells cell/mm?

Y Density of infected CD4™ T-cells cell/mm?

Vv Density of free virus virion /mm?

T Time since start of infection days

r Source term for healthy cells (CD4% T-cells) cell mm~=2 day !

1 Natural death rate of healthy cells day !

51 T cells infection rate by virus mm? virion™! day~!

Bl Binding rate of free virus to uninfected mm? cell™! day~!
CD4T T cells

dy Death rate of infected cells day~!

v Virion production rate virion cell ™!

o1 Death rate of free virus day~!

S1 Shedding rate of free virus day~!

Our between-host SI (susceptible, infected) model assumes that the infected class is related to the
within-host behavior of a particular individual, and individuals in this class are structured by both
chronological time t and age of infection (age-since-infection), 7. Thus, our between-host model is:
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s Sy [ , :
e A— W/o a1V (r)i(r, t)dr —moS(t) in (0,T) (2.5)
oi(r,t)  0i(r,t) . .
Do S~ n(V(n))iCrt) i (0,T) % (0,4) 26)
A
i(0,t) = ff((%/o 151V (1)i(r, t)dr, for te(0,T) (2.7)
S(0) =Sy, i(r,0)=1i"(1) for T€(0,A), t=0, (2.8)

where S(t) is the number of susceptible individuals at time ¢, i(7,¢) is the density of infected individuals
at time ¢ and age-since-infection 7, m(V (7)) is the death rate of infected hosts (a function of viral load), A
is the recruitment rate of susceptible individuals, and my is the death rate of susceptible individuals. The
transmission rate is assumed to be proportional to the viral load of the infected individuals, calculated
by integrating with respect to 7, fOA c151V (7)i(7,t)dr, where ¢1 is the contact rate between susceptible
and infected individuals. Thus, the new infectious process of the population at time ¢, denoted by (0, t),
depends on the age distribution of the population at time ¢, as determined by the integral of i(7,¢) over
all ages, weighted with the specific transmission rate 5(7) = ¢1$1V (7). The number of susceptible and
infectious individuals in the population at time ¢ = 0 are given by S(0) = So > 0 and i(7,0) = i°(7),
respectively. Thus, i(7,0) is the initial age distribution of infectious individuals in the population, with
i® being a known nonnegative function of age-since-infection, 7.

Table 2: Between-Host Model Parameters

Quantity  Description Units
T Age-since-infection days
t Chronological time years
A Maximal age-since-infection years
S(t) Susceptible individuals at time ¢ humans
i(7, 1) Infected individuals of age 7 and time ¢ humans
S(0) Initial population of susceptible individuals humans
i(7,0) Initial population of infectious individuals humans
of age-since-infection 7
1(0,t) Newborns at time ¢ humans
A Recruitment rate of susceptible humans humans year—!
mo Natural death rate of susceptible humans year—!
m(V) Death rate of infectious humans year—!
c1 Contact rate between susceptible and infectious humans mm? virion—! year—!

The total population of infectious individuals from birth to maximal age-since-infection, A, is defined
as

A
I(t):/o i(r, t)dr,

and the total population size of individuals in the population is N(t) = S(t) + I(t). For the sake of
introduction to our method, we assume the simplest form for the mortality function [11], m(V), as

m(V (1)) = mo + 1V (7),

so that in the absence of the virus, individuals die naturally at rate mg. The term pV(7) gives the
additional host mortality due to the virus. See Coombs et al. [11] for other forms of mortality functions.
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2.1. Boundedness and Existence of Solutions

For positive initial data, standard results give that the state variables of the within-host model stay
positive for all time, and differential inequalities [14] can be used to establish boundedness of state
solutions. The positivity and boundedness of state solutions of the within-host model will be used in the
proof of existence of solutions to the between-host system and global stability of disease-free equilibrium
of the epidemiological model.

Theorem 2.1. Given the state equations (2;1) = (2.3), with positive initial conditions (2.4), there exist
constants C,C,C > 0 such that 0 < z(7) < C, 0 < y(1) < C and 0 < V(1) < C, for all T > 0.

We develop a representation formula for the solution (if it exists) to the epidemiological model de-
termined by the methods of integrating factor and characteristics [7, 48], and prove the existence and
uniqueness of the solution. We use the method of integrating factor to represent the solution of the
first-order ordinary differential equation that models the population of susceptible individuals and the
method of characteristics for the first-order partial differential equations representing infectious individu-
als in the population [31,42]. A typical approach towards proving well-posedness of a differential equation
problem is to write the problem in integral form. To do this, we integrate the differential equation (2.6)
along the characteristic line 7 — t = constant and consider cases where 7 > ¢ and 7 < ¢, which gives our
representation formula for the solution to the epidemiological model:

A

S(t) = Spe~(mote)t
®) 0¢ + mo + «

(1 . ef(moJra)t)

te*(mo A)(t=5)g(s Oz—L Acs T)i(T,s)dT | ds
+ [t S()( v/ 11v<><,>d>d 29)

S(t=T1) — [Tm(V(s))ds [A .
i(r1) { e~ Jo mVDds [ ey 51V (r)i(r,t — r)dr, T < t

N(t—r)
iO(T _ t)ef fot m(V(TftJrS))dS’ >t

where S(¢) in (2.9) is a representation formula for the solution to the differential equation

s sy (4
e +aS(t)=A+aS(t) — N((t))/o a1V (7)i(r, t)dr — moS(t),
with a > ¢151C > 0. This differential equation is equivalent to equation (2.5).
To prove the existence and uniqueness of solution, we define our state solution space as

X = {(8,i) € L>=(0,T) x L>(0,T; L*(0,A))|S(t) > & >0, i(r,t) >0, supS(t) < oo

A
and Sup/ i(r,t)dT < 0o a.e. t},
t 0

where L>°(0, A) is the space of all essentially bounded functions on (0, A), and & = min { } We

A
So, mo+o
define a map
LiX =X, L(S,i) = (Li(S,i), L2(S,)),

where

3 —(mora A —(mo+a
Ly (S,4)(t) = Spe™ ot )t-l-m(l—e (mo+a)ty

te_(mo (=9 §(s) (@ — —— Acs 7)i(7,s)dr | ds
# [t 5(>< v /. 11V()(7)d>d, (2.10)
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and

Lo(S, 1) (7, t) = (2.11)

7]‘3(&1:)) e—Jo m(V(s))ds fOA cas1V(r)i(r,t —)dr, T <t
Z'O(T _ t)e_ fot m(V(-r—i&+s))ois7 >t

The following assumptions will be useful in establishing a Lipschitz property for the within-host and
between-host state solutions in terms of control functions (See section 3), and in proving existence and
uniqueness of solution to the epidemiological model:

e Sy, mo, A, ¢; and sy are positive constants,

e V is given, such that 0 < V(7)) < C for all 7 > 0

e m(s) is non-negative and Lipschitz continuous,

e i(7) is non-negative for all 7 € (0, A),

o [i1i%(r)dr < M and 0 < Sy < M.

Theorem 2.2. For T' < oo, there exists a unique non-negative solution (S,7) to the epidemiological
system (2.5)—(2.7).

Proof. First, we show that the map £ maps X into itself. Indeed,

A
L(S.)(t) < |Sqe—(mota)t o =7 (1 _ —(mota)t
|L1(S,9)[(t) < [Soe +mo+a( e )|+

¢
o / S(s)e(motal(t=s) (g
0

t S(s) [4
+ / e—(mo+a)(t—s)7/ c151V(7)i(T, s)drds
0 Ns) (r)i(7,s)
A
< M+| (1 — e tmote)T)) sup S(s)

mo + « mo + «

K, A
+ sup i(7,8)dT | < o0,
moy + « s 0

where K7 depends on the contact rate between susceptible and infectious individuals, shedding rate of
free virus and the bound on the population of free virus. Next, we estimate the second component.

! : N8C=1) o mvenas 1 :
/ |L2(Svl)|(7'vt)d7':/ me Jo MY w/ c181V (r)i(r,t — 7)dr
0 0

- 0

dr

A
+/ ’z"f(r—t)e— JEmVa(r=t+9))ds | g
t

t] pA
< / / 1V (r)i(r,t — 7)dr
o |Jo

A
< KoT (Sup/ i(f,f)df) + M < oo,
¢ Jo

A
dT+/ iO(T)dT
0

where 7 = r, £ =t — 7, K5 depends on the contact rate between susceptible and infectious individu-
als, shedding rate of free virus and the bound on the population of free virus. Finally, we show that
L1(S,4)(t) > e and Lo(S,4)(7,t) > 0, for all 7 > 0 and ¢ > 0. Now, from Theorem 2.1, we obtain

t
L1(S,i)(t) > Spe~(motalt (1 — e~ (mota)ty o / e~ (Mot (t=9) 5 () (a — ¢15,C)ds

mo + « 0

> Soe—(mo+a)t + (1 _ e—(mo+a)t)

mo + «
>e >0,
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due to
Hence, £ maps X to X.

Next, we show that the operator £ admits a unique fixed point. To do this, we define an iterative
sequence [42]

(S,i)(7,t) > 0 since S(t) > e > 0 and i(7,t) > 0.

(ST (), iV (1, 4)) = (La(S™(),i) (7, 1)), La (ST (8), i (7, 1)), (2.12)
where
A
(n+1) — —(mo+a)t _ —(mo+a)t
S (t) = Spe + o +a(1 e )

t 1 A
+/0 e~ (mota)t=s) g(n) () (a— N(")(s)/o c1s1V ()i (")(T,s)d7'> ds

i (7, 4) = 1%% ~Jg m(V(s)ds fOA c151V (8)i"™ (s, t — 1)ds, T < t
) ZO(’T _ t) fO m(V(T—t+s))ds, >t

We set S (t) =0, i (r,t) = 0, and

A
S(l) =5 —(mo+a)t 1— —(mo+a)t
®) 0¢ + mo + a( c )
0 T<t
(1) — ’
7 ('7'7 t) - {iO(T _ t)€7 fot m(V('rftJrs))ds7 > t,

and define a sequence for the total population as

A
N® (1) = S (1) + / i™ (7, t)dr.

0

To show that the sequence of functions {(S"(t),i™)(7,t))} converges for all n > 0, we introduce the
notation

F,(t) = |50 () — 50)(p)
A
() = / D (7, 8) — i) (7, 1), (2.13)
0
so that N,,(t) = F,,(t) + L,(¢t). Now,

A

]FO = 5067(m0+a)t -+
mo + «

(1 — 6*(m0+a)t) < max {SOa A }

mo + «
and [y = fOA i°(7)dr, so that Ng = max{So, e +a} + fA i0(7)dr. Next, for n = 1, we get

Fi = [S®(t) - sV ()]

t 1 A
—(mo+a)(t—s 1
/0 e~ (mota)(t=s) g(1) () (a_N(l)(s)/o c1s. V()i (1, s)dr | ds

A a+c18.C
mo + «

< max {SO, (2.14)

o+ mo
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and
A
L(t) = / i) (r,8) — i (1, 1) dr

g (4 — . A
/ (t—7) e Jo m(v(s))ds/ 151V (s)i (s+T—t) m(7) dsdt
t

N 1) (t—7) (1T — 3)
61510 .0
<1 ["oeyie (215)

where { = s+ 17—t and 7(7) = e~ Jom(V()ds - Thus, combining equations (2.14) and (2.15), we have
N;(t) < CNy, for all t. Next, we consider the equations for S and 4, and use induction. First,

Fo(t) =[S (£) — ST (1))
t

< a/ 67(m0+a)(t*5)|3(")(£) — S(nil)(fﬂdg
0

o ol 4 SM(©i™(1,6) StV ()i (r,€)
e~ (mota) =8 | [ s V(s -
“f ) v )( N(E) NG-D (g >d “
t t A
« ™) (g) — s 151V (1) |G(T T :
< /0 ERIGEE (6)\d£+/0 /0 |51 V(7) G, €) dre, (2.16)
where
(n) i(n=1) (7
6§ = S ({0 () — 1 () + S (509 - 50-1)
LTS i (650 (©)
NO(E) NO=1)(g)
S(n)(g) n n—1 Z(n_l)(T7£) n n—1
= oo (@O~ VEO) + Ty (57 -7 V@)
in=D (7. ¢) §m
i % 5) S (g) 1 e
e ()/< (0,6) ~ i) (0,€))do
Since 0 < V( ) C, inequality (2.16) gives
|5+ (1) — 50 (1))
t t A
< (a4 2¢15:C) /0 50 (€) — STV (€)|de + 2¢15,C /0 /O i (r, &) — iV (7, €)|drdg
= (04—1—201510)/0 anl(f)d§+201810/0 anl(f)df (2.18)
Thus, .
Fo(t) < Ks /0 (Foes (6) + L1 (€))de, (2.19)

where K3 depends on the contact rate between susceptible and infectious individuals, shedding rate of
free virus and the bound on the population of free virus. Next, we consider the second component.
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A
H,L(t):/ |Z(n+1)( t) — i(")(r,t)|dr
0

t oA St — )i (ot —7) SOVt —7)i"D(o,t — 1)
< /0 /0 151V (o) NG — 1) — NG-D{ 1) dodr
t t
<K [ Faa@d+ Ko [ 1) (2:20)

where we have mimicked equations (2.16) and (2.18), and used the substitution £ = ¢ — 7. Since N,,(¢) =
F,,(t) + 1,(t), combining inequalities (2.19) and (2.20), we see that N,,(¢) satisfies the recurrence relation

t
Na(t) < K / N, 1(6)de, with N (t) < CN,
0
where K = K3 + K,4. Notice that
t
Ny(t) < K / Ny (€)dg < KON
0

and
K2t2

Nj( <K/ KONofdg CNO

Thus, by induction, it follows that

(n+m) (n) o . > Ki-17i-1
|SEm(E) — 8 (t)|<]§+1Nj(t)gCNoF§n:+l e

Also, using the notation in (2.13) and the definition of N, (), we have

A n+m
/ O™ (7, 8) — i) (7, )| < Z/ i) (7, 1) — 19D (r, 1)|dr
0 Jj=n+1
n+m
> N;()
j=n+1

i K
SCNOZ N -0 as n— oo.
j=n-+1

Thus, the sequence {(S™(t),i(™)(1,t))} generated by the iterative process (2.12) is a Cauchy sequence
in X, and is therefore convergent, since X is complete. Thus, there exists (S(t),i(7,t)) in X which is the
limit of the given sequence. From the iterative process (2.12) and definition of the operator L,

E(S(t)7 i(Tv t)) = (S(t)v i(T7 t));

it follows that the limit (S(¢),i(7,t)) is a fixed point of the operator £. This establishes the existence of
solution to the epidemiological model for all 7' < oco.
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We prove uniqueness by assuming the existence of two solutions (S(t),i(7,t)) and (S(¢),i(r,t)) for
which

(S(8),i(7, 1)) = (La(S(t),i(7, 1)), L2 (S (1), i(7, 1))

and

(S(t)7 E(T, t)) = (Ll (‘S_’(t)vg(ﬂ t))v L2(g(t)a i(T7 t)))

We substitute (S(t),i(r,t)) and (S(t),i(r,t)) in place of (S (t),i"(r,t)) and (S"=V(t),i"=D(r,1)),
respectively, in the proof of existence of solution above, and set

F(t) =|S(t) — S(t)|, and 1(t) :/0 li(t,t) —i(T,t)|dr.

This gives N(t) < Kfot N(f)d{“7 so that by Gronwall’s inequality in integral form, N(t) = 0. Thus,
F(t)+1(t) =0, Vt> 0. Since F(t) >0, and I(t) > 0, with F(¢) +1(t) = 0, it follows that F(¢) = I(¢) = 0,
for all ¢ > 0. Hence, the solution, (S(¢),i(7,t)), to the epidemiological model is unique. O

2.2. Equilibria and Stability Analysis of the Epidemiological Model

In this subsection, we derive an explicit expression for the basic reproduction number of the epidemio-
logical model, calculate steady state solutions and study stability of equilibrium points.

2.2.1. Basic Reproduction Number and Equilibria

For age-structured models, we use the notions of survival functions or probabilities in the computation
of the basic reproduction number, Rg. Now, let F(7) be the probability that a newly infected individual
remains infected until time-since-infection 7, and Ji (1) denote the average number of newly infected
individuals that an infectious individual will produce per unit time when infected for a total time 7, then

the basic reproduction number is given by [28]

A ~
7'\’,0:/0 B(T)F(r)dr.

In order to derive an explicit expression for the basic reproduction number, R, of the age-structured epi-
demiological model, we compute the disease-free equilibrium, linearize the system around the disease-free
equilibrium and determine conditions for its stability. Now, the disease-free equilibrium is (S*,i*(7)) =
(mA07 0). We consider solutions nearby (S*,i*(7)) by setting

z(t)=S(t)—S* and i(1,t) = 2(7,t).

Substituting the perturbed solutions into equations (2.5)-(2.7), we have the following linearized system

" A
Z—t = 7/0 a1V (1)z(r, t)dr — mox(t) (2.21)
oz(t,t) ~ 0z(r,t)
5 + 5 = —m(V(7))z(7,t) (2.22)
A
z(O,t):/O 151V (7)z(T, t)dr. (2.23)

We seek a solution to equation (2.22) of the form
2(7,t) = Z(1)eM,
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where \ is either a real or complex number. Substituting this solution into equations (2.22)-(2.23), we
have the following eigenvalue problem

dz(:) — — (A + m(V(7))z(r) (2.24)
A
2(0) = /0 crs1V (7)z(r)dr. (2.25)

The explicit solution to the differential equation gives
A T
Z(0) = / 151V (1)2(0)e e Jo m(Vs)ds g (2.26)
0
Dividing both sides of equation (2.26) by z(0), we obtain the characteristic equation G(\) = 1, where
A T
G(\) = / crs V(r)e e Jo mVds g (2.27)
0

This characteristic equation will be used to study stability of the disease-free equilibrium. Now, we define
the basic reproduction number, Ry, of the epidemiological model as Ry = G(0) [10,40,45,46], so that

A
Ro :/ crs1V(r)e” Jo mV)ds g (2.28)
0
where the quantity 7(7) = e~ Jg m(V(s)ds ig the probability of survival in the infected class from onset of
infection to age-since-infection 7.

Theorem 2.3. The epidemiological model has a unique endemic equilibrium, (S*,7*(T)), if Ro > 1.

Proof. The equilibria of the epidemiological model are obtained by setting the time derivatives of the
model to zero:

s 4 .
| 0=4- N/o 151V (7)i(T)dT — moS (2.29)
d’d(:) = —m(V(r))i(r) (2.30)
A
i(0) = ff/o 151V (7)i(7)dr. (2.31)

The endemic equilibrium is obtained as follows. First, we solve the differential equation (2.30) to have
i* (1) = i*(0)e ™ Jo VD, (2.32)
Next, we substitute the expression for i* into equation (2.29):

* A
0=A4- SW crs1V (7)i* (0)e= o mVENds g 6%, (2.33)
0

Thus, from equations (2.31), (2.32) and (2.33), we obtain i*(0) as follows:

* A
#(0) = 2 [ eis V(R (0)e T mVendsg,
N 0
= 4= moS™. (2.34)
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From equations (2.31) and (2.32), and the total population at equilibrium N* = S* + fOA i*(T)dr, we
obtain

s+ 1 #(0)  Ro—1
_ d — 2.35
N T Re M N T TERg (2.35)
where £ = fOA e~ Jo mV)dsgr - Also, from equations (2.34) and (2.35), we obtain N* = %

Finally, from equations (2.32) and (2.35), we obtain the endemic equilibrium point (S*,7*(7)), where

A A — Jg m(V(s))ds g _ — [T m(V(s))ds
P Y L S )

Ro— 1+ my fit e I Vi Ry — 1 g mg [T e Iy mV(isgr
which is biologically feasible if Ry > 1. (]
2.2.2. Stability Analysis

To study the local stability of equilibria, we linearize the model around each of the equilibrium points,
and consider an exponential solution to the linearized system.

Theorem 2.4. The disease-free equilibrium is locally asymptotically stable if Rg < 1 and unstable if
Ro > 1.

Proof. If A € R, then from equation (2.27),

A
G'(\) = —/ s V(r)re e Jo mVDds g ¢,
0
since V' is nonnegative and bounded. Thus, G is a decreasing function of A, with limy_, G(\) = 0.
Therefore, when Ry = G(0) > 1, there exists a unique positive real solution to the equation G(\) = 1
Hence, the disease-free equilibrium is unstable when Ry > 1 [40,45,46].

On the other hand, limy_, o, G(\) = 4+o00. Thus, when Ry = G(0) < 1, there exists a unique real and
negative solution to the equation G(\) = 1. Next, we assume that A is complex and let A = £ + in be an
arbitrary complex solution to the characteristic equation G(A) = 1. Then

1 =|G(£ +in)|

A

< / 0181V(7’)€_§T|e_m7'|@_ Jo "L(V(S))deT
0

A T

= / 0181‘/(7’)@757—67 fo m(V(S))deT — G(RG(A))

0
If Re(\) > 0, then

1= |GV < G(Re(N) < G(0) = Ry < 1,

which is absurd. Thus, all roots of the equation G(\) = 1 are either real and negative or complex with
negative real parts when Ry < 1. Hence the disease-free equilibrium is locally asymptotically stable when
Ro < 1. O

Theorem 2.5. The disease-free equilibrium is globally stable if Ry < 1.

Proof. The general approach in showing global stability of the disease-free equilibrium is to view the
boundary condition as a function of time, solve the PDE along characteristic lines and substitute the
solution into the expression for the boundary condition to obtain an integral equation. Now, let
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where
A
K(t) :/0 crs1V(r)i(r, t)dr. (2.36)

We derive an integral equation for K (¢) by using the following solution to the partial differential equation
(2.6):

SE—=T) frmv(s)d S/A _
itrt) = d N = 7_)e asiV(r)i(r,t —1)dr, T<t

ZO(T fo m(V(r— t+s))ds >t

Substituting the expression for i(7,t) in K(t), we obtain

[ SE=T) 7 mv(s))ds
K(t) = /0 c1s1 K(t— T)V(T)me dr

A
+ / 181V (T)i(r — t)e Jo mV(r=tt)ds g
t
t ) A
< / asiK(t—1)V(r)e Jo m(V(S))dsdT+/ c15V (7)i% (1 — t)dr. (2.37)
0 t
Since for all 7 € (0, 4), 0 < V(1) < C, it follows from the definition of (2.36) that

A
lignsup K(t) < cllelimsup/ i(7,t)dr < 0.
t 0

Thus, taking the lim sup of both sides of equation (2.37) as t — oo, we have

lim sup K (t) < R limsup K (t),

t—o0 t— o0
which holds only if limsup,_, . K (t) = 0. This gives limsup,_, ., i(7,t) = 0 for every fixed 7. The solution

to the equation that models susceptible individuals in the population is

== tefm(’(tfs)w c18 7,8)drds g~ mot
S(t) = /0 N(S)/O 151V (1)i(7, s)drds + So

A A
+—(1—e ™" 5 — as t—o0.
mo mo

Hence the disease-free equilibrium is globally stable when Ry < 1. (]

Theorem 2.6. The endemic equilibrium (S*,i*(7)) is locally asymptotically stable if Ro > 1 and the
mazimal age of infection, A, is sufficiently large.

Proof. We consider solutions near the endemic equilibrium by setting
xz(t) = S(t) —S*, =z(r,t) =i(r,t) —i*(1)

so that the total population is N(t) = N* 4 n(¢). Substituting the perturbed solutions into equations
(2.5)-(2.7), we have the following linearized system:
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A “ o A
% — _%/ c15.V (1)i* (r)dr + f[* e / 11V (7)i* (r)dr
« A
]i/o ers1V(7)2(7, )dr — mow (2.38)
0z(7,t) N 0z(7,t) = V()2 ) (2.39)

ot ot
A A
. s .
2(0,) = Ni/o c1s1V ()i (r)dr — NNﬂ/O c181V ()i (r)dr

*

A
—|—ﬁ/0 c181V(7)z(T, t)dr. (2.40)

We seek for solutions to equations (2.38)-(2.40) of the form
z(t) =zeM and z(7,t) = Z(7)eM,

where z and Z(7) are to be determined. This gives

_ A * 5 A
AT = - / cus1V (7)i* (7)dr + }3 e / crs1V(7)i(r)dr
* A
_Ji*/o 11V (7)zZ(1)dr — moZ (2.41)
Tt mve)Ee) (242)

_ A * = A
z(0) = %/0 c1s1V(1)i*(r)dr — ff* N+ /0 cysiV(7)i"(r)dr

*

N*

+

A
/0 11V (7)z(1)dr, (2.43)

where n =7 + fOA Z(T)dr. Solving the differential equation (2.42), we obtain
2(r) = 2(0)e e T m(Vis)ds,

From equations (2.41) and (2.43),
Z(0) = —(A + mo)z. (2.44)

Using the definitions of n, Z(7) and z(0), and setting & = fOA 151V (7)i*(7)dr in equation (2.41), we
obtain the characteristic equation

& g S A a S* A
— -1 =z AT - AT . 2.4
N+ mo) (N* ) + N /0 1V (r)e " (r)dr NN /0 e Mr(r)dr (2.45)

Using m(V (7)) = mo + p1V (1) and integration by parts, we obtain
fOA c151V(r)e M (r)dr

A
== / paV (r)e e moremin I Vs g
H1 Jo
A
_ G (1 o~ Fmo)A —pa [V S)ds) _as ()\—|—m0)/ 6_)\T7T(T)d7'.
1251 125} 0
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Thus,
A A
22! / V(r)e M r(r)dr + (A + mo)/ e Ma(r)dr =1 — e OFmo) A= J&* Vis)ds, (2.46)
0 0

From equation (2.46), the characteristic equation (2.45) becomes

L+ oo

1 «a 1258 4 A 1 a —AA
N 1 \% 4 dr+ — ———— A

Ro <N*()\—|—m0) C181 + )/0 st (7')6 TF(T) T Ro N*()\+m0)6 7T( )7

so that )
A+mo + §=
Ly =TI (2.47)
A+ mg + N* o151

where

1 a
1[4 = N
L) = — / c181V (r)e A (r)dr + — L NOTm0)__o=Mg4),
Ro 0 N*(A+mg) c181 +

When A = 0 in equation (2.46), we obtain
A
ul/ V(r)r(r)dr =1—7(A) — mo/ w(T)dr,
0

so that fOA V(r)m(r)dr < 1. Since Ro > 1, it follows that <** > 1. Now, let A = a+1b be an arbitrary
complex solution (if it exists) of the characteristic equation (2.47). If R(A) > 0, then

>\+m0+]?*
A+mg +

>1 and |L(N)] <1

N* 6181

if, and only if, A is sufficiently large. Thus, the case $(A) > 0 gives a contradiction. If R(A) =0 (a = 0),
we rewrite the characteristic equation (2.47) as

B ) A _ 1 _
ib 4+ mo + % ~ R (AC;* cﬁ; +mo + zb) /0 c151V(1)e T n(T)dr + —O&eﬂbAW(A). (2.48)

Equating imaginary parts of equation (2.48), we obtain

b (Ro - /OA 151V (1) cos(b7)7r(7)d7> =— ( @ + mo) /OA c151V (1) sin(br)w(7)dT

— 2 sin(bA)7(A). (2.49)

Now, using the expression for the basic reproduction number (2.28),

Ro — /OA c151V (1) cos(br)m(7)dr) = Q/OA 151V (1) sin? (b;> w(7)dT)

> 201515'7r(a2) sin® ( >d’r
= Km(as) > 0, fOT (o, 02) C [0, 4],
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where &’ is a lower bound on V(7) for 7 € [0, A]. Now, choose B* such that

«
N*

m(A),

~ A
B*Rlﬂ'(ag) > < a L + mO) / 0181V(T)7T(T)d7' +
N* c181 0

then for b > B*, equation (2.49) is untenable. For b < B*, the right-hand side of equation (2.47) gives

\/(mo + 1\?
\/( =2+ mg)? + B

mo-f-]?*-i-ib )2"‘3*2

_ —| >
a M1 +m0+2b

N* ¢c181

> 1,

and the left-hand side of equation (2.47) gives

|£<A>|<1+1d< e >< V(mo + )2+ B

&
N* ¢181 + Mo

if A is sufficiently large. Also, the case R(\) = 0 gives a contradiction. Thus, all solutions of the
characteristic equation (2.47) have negative real parts. Hence, the endemic equilibrium, (S*,:*(7)), is
locally asymptotically stable when Rg > 1. U

3. Optimal Control Problem

Optimal control theory can be used to design intervention strategies for the control of infectious diseases
and has been applied in decoupled immunological and epidemiological models of HIV [9,18,32-34]. In
this section, we apply optimal control theory in a coupled within-host and between-host model of HIV
with age (age-since-infection) structure.

The theory of age-structured models abound in the literature [3,48]. In 1974, Gurtin and MacCamy
[25] introduced the first model of nonlinear continuous age-dependent population dynamics.

Optimal control of first-order PDEs coming from age-structured models requires more analysis for
justification than optimal control of parabolic PDE or differential equations. There has been only a
small amount of work on specific applications of optimal control to age-structure equations. Brokate
[8] developed maximum principles for an optimal harvesting problem and a problem of optimal birth
control. Barbu and Iannelli [6, 7] considered and optimal control problem for a Gurtin-MacCamy [48]
type system, describing the evolution of an age-structured population. Anita [3,4] investigated an optimal
control problem for a nonlinear age-dependent population dynamics. Murphy and Smith [43] studied the
optimal harvesting of an age-structured population, where the McKendrick model of population dynamics
was used. These authors considered age-structured population models for a single population. Fister and
Lenhart [20], on the other hand, considered optimal harvesting control for a competitive age-structured
model, comprising two first-order partial differential equations. Also, Fister and Lenhart [19] investigated
an optimal harvesting control in a predator-prey model in which the prey population is represented by a
first-order partial differential equation with age-structure and the predator is represented by an ordinary
differential equation in time. A key tool for the existence and uniqueness of optimal solution is Ekeland’s
variational principle [13].

In our coupled model, we incorporate two controls which aim at curtailing the transmission rate and
virion production. Thus, our within-host model with control is:

B B0 - )V (el — () (5.1)
W o B~ @)V alr) — diy(r) (3.2)
W (1= ua(Nay(r) — (01 + s0)V () = Aull = ia(P)V (D)), (33)
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where the parameters are as defined in Table 1. The control functions u; and us are bounded Lebesgue
integrable functions and represent the transmission and viral production suppressing drugs, respectively.
The coefficient, 1 — uy (t), represents the drug effect that reduces transmission of healthy cells to infected
cells as a result of interaction with the virus, while the coefficient 1 — us(t) gives the effect of another
drug that reduces the production of virions. The upper bounds on the controls give the efficacy of the
transmission and virion production suppressing drugs. If u; = 0 and us = 0 there is no inhibition of
transmission and virion production.

3.1. Sensitivity and Adjoint Systems

Below, we formulate an objective functional for our coupled system, with the goal of minimizing free
virus and infected individuals:

T A
(s, up) = /O /O Avi(r, OV (7)drdt

T A A
. 2 2
+ /0 /0 i(7,t) (Aguy (1) + Asus(7))drdt + /0 B(uy(7)* + ua(7)*)dr, (3.4)

where Ay, A, A3 and B are positive constants that balance the relative importance for the terms in J. In
our objective functional, the first term with A; represents the total of the infected individuals over time
and the other two terms represents costs of implementing the controls. The optimal control formulation
with equations (3.1)-(3.3), (2.4) and (2.5)-(2.8) is
min  J(uq,uz),
(u1,u2)eU

where the control set U is
U= {(ul,uQ) € (LOO(O,A))2|U1 : (O,A) — [O,al], ug (O,A) — [0,’112]}
Below, we state without proof, the Ekeland’s Variational Principle.

Theorem 3.1. (Ekeland’s Variational Principle [15]) Let (X,d) be a complete metric space and
f: X — (—00,00] be a lower semicontinuous function, bounded from below and not identically +oco. Let
e>0andu € X be such that f(u) <inf{f(x)lx € X} +e. Then for any X\ > 0, there exists u. € X such
that
(i) fu.) < f(u)
(i) d(u, ue) < A
(iii) f(ue) < f(x) +eAtd(us,z), Vre X\{u.}.
In addition, if X is a Banach space and f : X — (—o0, 00| is Gateaux differentiable, then Ekeland’s
variational principle guarantees the existence of a minimizing sequence for function f.

We formulate a Lipschitz property for state variables in our model in terms of the control functions
uy and ug. This property will be used to prove the existence of sensitivities and optimal control, and the
uniqueness of optimal control.

Theorem 3.2. The map (u1,us) — (x,y,V,S,i) = (x,y,V,S,i)(ur,us) is Lipschitz in the following
ways:
T

A
(4) / (\x—i:|+\y—@7|+|V—‘7|)dT+/ |S—§|dt+/|z‘—{|d7dt
0 0 Q

A
< cA,T/ (Juy — @] + uz — Gaf)dr
0

(i) o —Zl|pee) + 1y — Ullre ) IV = VL) + IS = S|l (0,
)i = i 0,151 0,4)) < Car([Jur — ]| gy + |uz — U2l|L=(2)),

where 2 =(0,A) and Q = 2 x (0,T).
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Proof. (i) First, considering equation (3.1), we have

d

E(I — .f) = —51(@1 — ul)Vx - ﬁl(l — ﬁl)(x(V - V) + V(l’ — .f)) — [L(.’,E — f)

Integrating from 0 to 7, noting that x and Z agree at 7 = 0, we have

T

A
|2 — Z|(7) SC’l/ |uq —ﬂ1|ds—|—02/ (Jz —z|+ |y —g| + |V = V|)ds, (3.5)
0 0

since 2 and V' are bounded (See Theorem 2.1). Secondly, considering equations (3.2) and (3.3), we have

A T
=l < Cu [~ wilds+Ca [ (o= al+ly— gl +1V - Vs (36)
0 0
|V — V‘(T) < 04/ (|U1 — ﬂ1| + ‘Uz — ﬂg‘)dé’ +C5/ (\x — f| + |y - 37\ + |V - V|)d8 (37)
0 0
Combining equations (3.5), (3.6) and (3.7), we have
- A
(lz=2z[+ly—gl+ |V -V])(7) < 06/ (lux — | + fug — Gz|)ds
0
+Cr [ (o=l ly =gl +1V = V(s
0
By Gronwall’s inequality in integral form, we have
- A
(Jz =2+ |y =gl + |V = V])(r) < Co(1 + Crre™) / (lux — @ | + |ug — z)ds
0

A
< Cs(1 + 07A607A)/ (Jur = @1] + [uz — u2|)ds,
0

so that integrating both sides of the inequality above from 7 =0 to 7 = A, we obtain

A A
/ (| — 2|+ Jy — gl + |V = V|)dr < CGA(1+C7AeC7A)/ (Jur — 1| + |ug — 2|)ds. (3.8)
0 0

Now, using an equivalent expression for S, and mimicking equation (2.17), we obtain

t A . a >
56~ 500) = [ [0 [ (SO0 _ SOV

N(©) N ) drde

t A A
< 208/0 <|S—5|(§)ds+/0 i—z|(7,g>d7> d§+09T/0 V(r) = V(r)ldr. (3.9)

Finally, we consider the equation for 7 given in (2.9). Now, for t < 7 < A,

A A
/ |Z . %|d7’ _ / ‘7;0(’7' o t)e_ f(; m(V(r—t+s))ds iO(T o t)e_ fot m(V(r—t+s))ds dr
t t
A A -
< Kl/ (7 — )] / \V(#) = V(#)| dPd?
0 0
A —
< KlM/ |V — V|d7, (3.10)
0
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where 7 =7—1t+s, 7 =7, § = s and K is a Lipschitz constant for the function m. Lastly, for 7 <t < T,
we have

[ in — i1|drdt

B ¢ S(t—1) ) St—1) - -
—/0 €181 NG—7) (V)T)K (i, V)(t—71) — N(t—T)W(VXT)K(Zl’V)(t_T) dr
t m(T)K(t—7) _ St —7)7(T) _
S/o c151 NG—7) (St—7)—S{t—1))+ Ni—r (K(t—71)—K(t—7))|dr

¢ Sit—7)K{t—1)_ .4 4
+/0 s | S W RIS =) = S =7) +/O (i(hot — 7) — i(h, t — 7))dh]| dr,
where "
m(r)=¢e" JomV(s)ds  gng Kt—r71)= / V(r)i(r,t — 7)dr.
0
Since 0 < V(7 ) < C for all 7 > 0 (see Theorem 2.1) and fo 7,t)dr < N(t) a.e. t, we obtain
fo li —i|(7,t)d
t B A A B
< 208/ <|s _ 5l(e) +/ i — i|(f,§)df> de + ch/ WV - 7|(7)dr, (3.11)
0 0 0
where £ =t — 7 and 7 = r. Combining inequalities (3.10) and (3.11), we have
A - A
/ i — 7|(r, t)dr = / i — 7|(r t)dr +/ i — il(r, t)dr
0 0 t
A —
< (KM + o) [V = VI(#)di
0
t B A
+208/ (5 ~8)(e) +/ i — z‘|(f,£)df> de. (3.12)
0 0

Next, we combine inequalities (3.9) and (3.12). This gives
IS — S|(t) —|—f0 li —i|(7,t)dT

A t A
< C(A.T) / (lun — 2] + Juz — @a]) (€)de + 4Cs / <|SS|<5>+ / z‘z‘|<f,s>df> de.

Thus, by Gronwall’s inequality in integral form, we obtain

|S —S|(t +f0 li —i|(7,t)dT

A
< C(A,T)(1+ 408Te4CsT)/ (Jur — G| + Jus — o)) dr- (3.13)
0

Integrating both sides of inequality (3.13) from ¢t = 0 to t = T gives
fo |S — S|(t)dt + fo fo i — 4| (7, t)drdt

A
<C(A,T)(1+ 408Te4CBT)T/ (|uy — 1| + |ug — tal) dr. (3.14)
0
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Finally, we combine equations (3.8) and (3.14), to have
A —_ — r 7 T Vel . -
fo (le =z + |y — gl + |V = V) (7)dT + fo [S — S|(t)dt + fQ |i — a|(7,t)drdt

A
< Cur / (uy — ia] + Juz — aa]) (7).
0

where Ca 7 = Cs(1 + CrAe“" M)A + C(A, T)(1 + 4CsTe*“sT)T. )
(ii) We find L*° estimates of the state solutions by considering absolute values of x —z, y — g, V —V and
S — S, and L' estimate of |i — i|. From equations (3.5), (3.6), (3.7) and (3.8), we have

A A
& - z|(r) < cl/ s —a1|ds+cg/ (2 — 2| + |y — §] + |V — V])ds
0 0
A A
S Cl/ |U1 — ﬁ1|d8 + CQC(;A(]. + C7A€C7A)/ (|U1 — 7:&1| + "LLQ — ﬂg‘)ds
0 0
A A
y—gl(r) < C / s — @ |ds + CsCA(1 + C7AeC7A)/ (Jur — | + |us — @|)ds
0 0
A
IV = 7|(7) < (Cs + C5Cs A1 + Cr ACTA)) / (Jur — | + [up — Go)ds,
0

Taking the essential supremum over all 7 € [0, A], we have

|z = Z|| oo (0,4) + [y — Tl (0,4) + ||V = V|£e0,4) < Calllur — @[ (0,4) + |[uz — G2|| 1 (0,4{B-15)

Considering inequality (3.9), we have
- T - A - A -
-5 <cs [ <|s =S+ [ il s>dr> -+ CalT) [ V() = V(r)lar
0 0 0

A
<A 1) [ (- ml + s~ wair (3.16)
0

by inequalities (3.8) and (3.14). We take the essential supremum of both sides of Inequality (3.16) over
all t € [0,T]. This gives
1S = S||zo0,my < ACHA, T)([|ur — Gl L= (0,4) + [[u2 — o[ L= (0,4))- (3.17)

Lastly, to find L> estimate of |i — i|, we start with the L' estimate of |i — i| over 7 € [0, A]. Now, from
equations (3.10) and (3.11), we have

A t A A
/ li —i|dT < 208/ <|S - 5|(¢) +/ |i i|(f,§)df> dé + (K1 M + C’loT)/ |V — VI|(#)dF
0 0 0 0
< C3(A, T)([Jur — n|[pee(0,4) + [[uz — U2||Le<(0,4)); (3.18)
by inequalities (3.8) and (3.14). Taking the essential supremum over all ¢ € [0,7] , we obtain
il oo 0,521 0,4)) < C3(A, T)([lur — G| (0,4) + [lu2 — Ual[L=(0,4))- (3.19)
Finally, combining inequalities (3.15), (3.17) and (3.19), we obtain the desired result. O

In order to characterize the optimal control pair, we differentiate the objective functional with respect to
the controls. Since the objective functional is defined in terms of the state functions, we first differentiate
the control-to-state map, (uy,us) — (x,y,V,S,i). The derivative of the control-to-state map is called
sensitivity.
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Theorem 3.3. The map (u1,us) = (z,y,V,S,i) = (x,y,V, S,4)(u1,us) is differentiable in the following
sense:
(LL', Y, Va Sa Z)(U] + Ella u2 + E12) - (:E7 Y, ‘/a 57 i)(ula ’LLQ) -
€

(1/}7 2 (ba 97 OJ)

in (L°(82))3 x L*(0,T) x L>(0,T; L*(£2)), as € — 0 with (uy + €ly,us + €la), (u1,u2) €U and Iy, €
L (£2). Furthermore, the sensitivity functions satisfy

dip

L= B =)V = Bl — ) — i+ BV (3.20)
B B~V — o+ B~ )~ BV (321)
% = 51— u)Vp+ 1 (1 — uz)dyp — (61 + s1 + Fr(1 — u1)z)o
+61L Ve —vidilay (3.22)
%f = —mob(t) - ]Cvlftl) (1 - %) o(t) /Qi(T, 8V (r)dr
—Clj\;(st)“) /Q V(r)(r, t)dr — Cljvl(st)(t) /Q i(r, ) $(r)dr (3.23)
+Cljf[1(ts)(;) /Q i(r, )V (7) /Q w(h,t)dhdr in (0,T)
%‘; + g—‘;’ — —m(V)w—m/ (V)i in 2 x (0,T), (3.24)

with initial and boundary conditions

$(0)=0, ¢0)=0, #0)=0, 0(0)=0, w(r,0)=0,Vre2=/(0,A) (3.25)
and
w _ C151 - & i(r Ndr 01815(75) eolr -
0.0 = 225 (1= 5 o) [ itrovriar + 2530 [ vyt
+ cljsvlat) /Q i, t)(r)dr — 01;1(5)(;) /Q i(r )V (r) /Q w(h, t)dhdr. (3.26)

Proof. Since the map (u1,us) — (x,y,V,S,) is Lipschitz in L, we have the existence of the Gateaux
derivatives (or sensitivities) 1, ¢, ¢, 8 and w by Barbu [7, p. 17] and Fister et al. [19,20]. Passing to
the limit in the representation of the quotients, gives that v, ¢, ¢, § and w satisfy system (3.20)—(3.26).
O

We divide the sensitivity equations in Theorem 3.3 into three operators, depending on the independent
variables on five components. These operators will be used in deriving a characterization for the controls
uy and us. The three sensitivity operators, £1, L2 and L3, and the corresponding sensitivity equations

are:
P BiliVz
L1 - BV , L [(ﬂ = [523} = [8] , (3.27)
¢ B1liVa —vidilay ’

where
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W Ly W Ly 7
Lile|=|Lip|+M]|e], Lip| = g—f ;
¢ Lig ¢ Lo 4
6 L6 Lo0 Ul
MR ER b P R PR
Br(1 —u1) V—i—,u 0 Bi(1 —ui)x
M = ﬂl(lful dy —@1(1A—u1)x ;
Bl —u)V  —din (1 —ug) 8y + 814 fr(1 — up)zx

v 5] (i)

B(9,6,w) =~ (1 Ji((tt)))e )/Qi(T,t)V(T)dT—I—01;g§t)/9V(T)w(Tth

6181 (t)
Mﬂ[ﬂmwmﬂ
clsls(t)

TN()? /QZ'(”)V(T) /Q w(h,t)dhdr.

We derive the adjoint system from the sensitivity equations. Thus, if A, £, 7, p, and ¢ are adjoint
variables, then we find adjoint operators £7, for j = 1,2, 3 such that

Cw) =—

fQ()‘u 67 7])51(@/1; @, (b)dT + fOT p£26dt + fQ Q1£3Wd7'dt

T
:/(¢,¢,¢)£’{(A,f,n)d7’—|—/ HESpdt—i—/ wliqdrdt (3.28)
N 0 Q

with adjoint equations (in the weak sense defined below)
0
A 0

ale|=| .0 ol |
7 foT Avi(r, t)dt q A1V 4 Agug + Azus

«| P — | Lop
L = |30
[q ] {EBQ ]
The right-hand side of the adjoint equations (3.29) are obtained by differentiating the integrand of the

objective functional (3.4) with respect to each state variable. The transversality conditions associated
with the adjoint variables are:

(3.29)

and

AA) =0, €A)=0, n(4)=0, p(T)=0 (3.30)
q(r,T) =0, for 1€ (3.31)
q(A,t) =0, for te(0,T). (3.32)

From the sensitivity system in Theorem 3.3 and the relationship between the sensitivity and adjoint
operators given by equation (3.28), we use integration by parts to throw the derivatives on the differential
operators in the sensitivity functions i, ¢, ¢, 1, 8, and w onto the adjoint functions A, &, n, p and ¢ [39].
Applying the initial and boundary conditions in equations (3.25)—(3.26), and the final time conditions
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n (3.30)—(3.32), we have the following adjoint system corresponding to controls (uj,us) and states

(z,y,V,S,1) =

(z,9,V, S, 1) (u1,us):
_% = —(B1(1 —u))V + A+ B1(1 —un)VE — Fi(1 —u1)Vy
—% = —d1€ + 1/1(1 — uz)dln
—% =—F1(1 —up)zA + f1(1 —u1)§ — (61 + 51 + 31(1 —up)T)n
T . T
sy /O W(p(t)—q(o,t))dt—m’(‘/) /O i(r, (. )t
T
Aqi(T
+/0 1’L( ,t)dt
dp €151 S 4 .
L _ 2 d
B —mop = - a0.0) (1- 5 ) [ Vit
A
G = o= Vg + SR = a0.0) [ V@il dr e (o= a(0.)

+AV + Asuy + Asuo,

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

with final time conditions (3.30)—(3.32). Given the sensitivity and adjoint equations, we state a theorem
that characterizes the weak solution to our problem.

Theorem 3.4. (Weak Solution) The weak solution of the adjoint system satisfies

T T A
/ <)\Oél + 60&2 -+ nosg — g/ Ali(T, t)dt) dr — / / (A1V + Agul + A3U2)’ﬂ,d7’dt = 0,
0] 0 0 0

where a1, ag,as are L(0,A) functions obtained from test functions z, [ and g, and r and n

equations (3.36) and (3.87) such that

;LZ + 511 —u)Vz+ B1(1 —uy)zg+ pz =

T (1= un)Vz = (1~ u)ag + i f = o

;lg +B1(1 —u)Vz — vi(l —ug)di f + (61 + 51+ Bi(1 —u)z)g = a3

%+mo +C§V81<1—Ji>r/oAi(7,t)V 01515/ V(r

£e1218 (% it par - 9915 /Ai(T,t)V( )/ n(h, t)dhdr = 0
N Jo N2/, 0

on(t,t) . on(t,t)
ot or

+m(V)n+m'(V)gi=0 in Q

with initial and boundary conditions

and

z(0) =0, f(0)=0, ¢(0)=0, r0)=0, n(r,00=0 for 7€(0,A)

A A
n(0,t) = % (1 — ;) r/o i(r, )V (T)dT + Clj\;s ; V(r)n(r, t)dr

1518 A . as1S 4 A
+ N ), g(7)i(r, t)dr — e /0 Z(T,t)V(T)/O n(h,t)dhdr.
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Proof. Follows from the sensitivity equations and adjoint system, with ay = 111V,
g = 751[1‘/56 and a3 = B1Z1V;1: — Vldllgy. O

We establish the existence of solution to the adjoint system via the existence of solution (z, f, g,7,n)
to system (3.38)—(3.44) (see Barbu [7], Fister and Lenhart [19,20]). The solution of the adjoint system
satisfies a Lipschitz property analogous to Theorem 3.2. This property will be used in proving uniqueness
of an optimal control pair.

Theorem 3.5. For (uy,us) € U, the adjoint system (3.33)—(3.37) has a weak solution (N, &,n,p,q) in
(L*°(0, A))3 x L*(0,T) x L>(0,T,L'(0, A)) such that

1A = Xlze (@) + 1€ = EllLe @) + |1n = ll=(@) + |lp = Dl 0,1 + llg = @l L~ ()

< Car(lfur — || poo () + [Juz — @2|| 1o (2))-

Proof. Follows like in Theorem 3.2, part (ii). O

3.2. Characterization of Optimal Control

We use the Ekeland’s Principle [3,13] to characterize optimal control of first-order PDEs. To do this, we
embed the objective functional J in the space L'(£2) x L'(Q) by defining [6, 19, 20]

Ty = { S ) ) € (3.9

In order to characterize the optimal control pair, we differentiate the objective functional with respect
to the controls. However, since the objective functional is a function of the state functions, we must
differentiate the state functions with respect to the controls.

Theorem 3.6. If (uf,u}) € U is an optimal control pair minimizing (3.45), and
(x*,y*, V* 5% 0") and (N, &,1,p,q) are the corresponding state and adjoint solutions, then

VEar (€ — \) — BVt — Ay [ i* (7, t)dt
ui(r) = F1 (Bl TN A 2; ! 2Jo () ) a.e.in L'(02) (3.46)
diny* — As [ i (7, t)dt
US(T) S <l/1 1ny 23Bf0 7 (T ) ) a.e.in Ll(Q)7 (347)
where
0, z <0
Filg) =4 =, 0<x<a; for j=1,2.

Ujy, T > Uyj

Proof. Since (uf,u3) is an optimal control pair and we seek to minimize our functional, we have

0< lim J(ui +ely,us + ela) — T (uf, ub)

e—0*t €
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T (A e gk e _ 1/* N T
— lim / / (Alvf <Z ! > + Ayi* <V v ) 4 Az (g = ul)) drdt
=0t Jo Jo € € €

 lim /OT /OA (As (iEUS—i*US)> ol 0“‘ B((ui)?—(u’ff N <u§>2—<u;>2> "

e—0t e e—0t £ £
A 0 T A

= / (U, 0, @) . 0 dr —|—/ 6.0dt + ZB/ (lhuy + loud)dr
0 fo Aqi* (7, t)dt 0 0

T rA
+/ / w(A1V* + AQUT + A3u§ + llAQi* + lQAgZ*)det
0 0

(0 T A
= / NEMLL | ¢ dT+/ p£29dt+2B/ (lhui + loud)dr
Q é 0 0

T A
+/ / (qLsw + 11 Agi™ + lo Agi™)drdt,
0 0

in an appropriate weak sense. Using the sensitivity operators, we have

A BlllV*x*
0= / (Mg | —BulViar +2B(luj + lau3))dr
0 BiliV*a® — vidilay®

T A
+/ / (Aglli*(T, t) + Angi*(T, t))det
o Jo
A . T
= / L(BVF e (AN =&) + 1V a™n + 2Buj + Ay / i*(r,t)dt)dr
0 0

A T
-+ / l2 (QB'LL; — V1d1y*77 + A3 / i*(T, t)dt)d’r (348)
0 0

By standard arguments, varying /; and [, we obtain the characterization given in equations (3.46) and
(3.47). O

3.3. Existence of Optimal Control Pair

The lower semicontinuity of the functional, 7, defined in equation (3.45) with respect to L' convergence
is needed to prove the existence of optimal control pair. Since solutions of first-order partial differential
equations are known for nonsmoothness, the objective functional is not weakly lower semicontinuous
with respect to L!. Thus, existence results for an optimal control are not guaranteed [13]. Therefore, we
circumvent this by applying the following Ekeland’s Variational Principle, which guarantees the existence
of a minimizing sequence: For € > 0, there exist (u5,u5) € L'(0, A) x L*(0, A) such that

(i) J(ui,uz) < inf J(ui,uz)+e
(u1,u2)€U

(17) J(ui,uy) = min  Je(u1,us),
(uy,u2)eU

where J. (u1,u2) = J (u1, u2) + Ve(|luf — utllr1(0,4) + |[u3 — u2llr1(0,4))-
We shall show that the minimizer, (u§,u§), of the approximate functional converges to the optimal

controls (uf,u3) in L>°(0, A) x L>°(0, A). We start by proving the lower semicontinuity of the functional

J.

Theorem 3.7. (Lower semicontinuity)
The functional J : L'(82) x L'(§2) — (—o0, +00] is lower semicontinuous
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Proof. Let (u},u%) — (u1,uz2) in LY(0,A) x L'(0,A), and assume that (z,y,V,S,i) is the state so-
lution corresponding to (ug,us) and (a™,y™, V™ 8™, i") is the state solution corresponding to (uf,u}),
then by Theorem 3.2, part (i), we have

" =z, Yy =y, VU=V oin LY0,A)
S — S in LY0,T), and i"—i in L'((0,4) x (0,T)).
Thus, on a subsequence, denoted by itself, we have
uf = uy, uf —sug, "=z, Yy —y, VP>V oae in (0,A)
S"—= S ae. in (0,T), and i"—i ae. in (0,A)x(0,7),
by Theorem 5, p. 21 [15]. Hence, on a subsequence, we have
(uh)? = (u1)?* and (uh)* = (u2)* ae. in (0,A),

and
Alz"V" 44" (AQU? + Agug) — Al’LV + i(AQUl + AgUQ) n (0, A) X (0, T),

by Lemma 3.4.3, p. 100 [3]. Using Fatou’s Lemma [15], we have that on a subsequence,
S SN A, )V () + i, ) (Agur + Agus))drdt

/ / liminf (A" V"™ + " (Agul + Aszuly))drdt

n—oo

n—oo

< lim inf/ / (A" V™ 0" (Aquy + Asub))drdt, (3.49)
0

and

A
/ B((u1)* + (uz) dT—B/ liminf ((u})? + (u})?)dr
0

n—oo

§hm1nf/ B((ul)? + (uy)?)dr. (3.50)

n—oo 0

Combining equations (3.49) and (3.50), we have

T A A
= 7 1(Asuq U9 T U12 ’U,22 T
j(ul,w)f/O / (AyiV + i(Agur + Aguz))d dt+B/0 ()% + (u2)?)d

< lim inf J(uf,ub).

n—oQ

Hence, the functional J is lower semicontinuous. O

Theorem 3.8. If (u§,u§) is an optimal control pair minimizing the approzimate functional, J-, then
(uf, uf)

)

_r BiVEas (€5 — \°) — fiVean® — AsKe(1) — /2 eri ndiny® — AsK*(7) - VERS
a 2B 2B

where K*(1) = fOT (7, t)dt, and the functions k1, ke € L*>(0,A), with |k1(7)| =1 and |k2(7)| = 1, for
all 7 € (0, A).
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Proof. Since (u§,u§) is an optimal control pair minimizing the approximate functional 7.,

Je(ui + alf, uj + alf) — Je(uf, uh)

0 < lim
a—0+ o
o JWS + alf,uf 4 als) — T (uf, ub
:ahj& (ug 1, U3 . 5) (ug 2)+\£(||li||L1(o,A)+Hl§‘|L1(O,A))

A T
/ 5 <ﬂ1V‘Ea}E()\€ — &)+ BiVEzEn® + 2Buf + Ag/ (T, t)dt + ﬁ/{‘i) dr
0 0

A T
—|—/ 15 <QBu§ —vidiyn® + A3/ (7, t)dt + ﬁn%) dr,
0 0

where k5 = ‘;Ql (0, A) for j = 1,2, with |r5| = 1, and using equation (3.48) in

Theorem 3.6. By standard optimal control arguments (see Theorem 3.6), we have the desired result. O

3.4. Uniqueness of Optimal Control Pair

In this subsection, we establish uniqueness of optimal control pair, by using the Lipschitz properties of
the state and adjoint solutions given in Theorems 3.2 and 3.5, respectively, as well as the minimizing
sequence obtained from the Ekeland’s Variational Principle. Finally, we shall show that the minimizer,
(u§,u§), of the approximate functional, J., converges to the optimal control, (uj,u}).

Theorem 3.9. (Uniqueness) If % is sufficiently small, then there exists a unique optimal control pair
(uf,u3) € U minimizing the objective functional J .

Proof. Let F(x,y) = (Fi(z), F2(y)) and define L : U — U, such that

Vi€ =) = BiVan — AK(r) ndiny — AsK
L(“17U2):}"<ﬂ1 z(§ =) 25; xn — As (7-)’1/1 17721233 (7-)),

where K (7 fo 7,t)dt, and (z,y,V,S,i) and (A &,n,p,q) are the state and adjoint solutions
correspondlng to the control pair (u1,us). Using the Lipschitz properties of the state and adjoint systems
in Theorems 3.2 and 3.5, respectively, we have

[[L(u1,uz) — L(ty, u2)|| = [|F1(u1) — Fi(t1)||pee(0,4) + [|[F2(uz) — Fa(tz)|| Lo (0,)

_||BVaE=n) — PiVan — AK(r)  BVE(E =) = JiVaqg — A K(r)
- 2B 2B
L(0,4)
V1d17’]y — Ag fOTi(T, t)dt _ V1d177y A3 fO T, t dt
2B 2B
Lo (0,A)
CA _ _
< 55 (=@l + lluz = @llpx0,4))
Thus,
CA _ _
L1, uz) = L, @)l < S ([lur = @]z 0,4) + [luz — G2l 0,4))- (3.51)
If CA < 1, then the map L admits a unique fixed point (uj,u3), by the Banach Contraction Theorem.

Next we show that this fixed point is an optimal control pair, by using the minimizers, (u§,u5), from
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Ekeland’s Principle. To do this, we use the states (z°,y%, V¢, 5%,4i°) and adjoints (A%, &%, 0%, p®, ¢°) corre-
sponding to the minimizer (u§, u§). Now, for

fo (r,t)dt, a°(t) = BVeE(r)a(r)(&5(T) — Xo(7)) — BlVE(T)xE(T)nE(T) and b°(1) =
V1d177 (r )y (1), we have

af — AgK® — \fer§ b° — A3K® — \/[ekS
R e e~ 0.47
|| (@ AT b - ASKEN (0 — ApK® — VER] b — AgKC — VRS
B 2B ' 2B 2B ’ 2B (Lo (0,4))?

VErS Ve (3.52)

iR

H\f*ﬁ

Lo0(0,A) H Lo0(0,A)

Now, we show that
(uf,uz) = (ug,u3) in L%(0,A) x L=(0, A).

i*(7,t)dt and K¢(7) = fT

For K*(1) = [ 0

0
[[(ui, u5) — (uf, u5)ll (Lo (0,4))2

i€ (7, t)dt, we have

= [lu1 = will Lo 0,4y + [[uz — 3]l Lo<(0,4)

_ |z PriVFar(§—A) = BiViarn — A K* ]__ a® — As K¢ — \/ek}
! 2B ! 2B L 0.4)
Lz vidiy*n — AzK*\ 7 ndiyn® — AsK°® — \/ek§
2B o8B o)

< [[L(ul, ug) — L(ui, u3)| L= (0,4)

+HL(U€ ) }_(as — Ao K*® — \/er§ vidin®y® —A3K€—\/Eng)

1> %2) — )
2B 2B o)

CA R e €

< 2B 7 ([[ul = uillLee(0,4) + [[us — u5l| Lo (0,4)) + R

from equations (3.51) and (3.52). Thus,

[ut = uille(0.a) + lluz — u5llLe0,4) < 55 (01 = uillLe(0,4) + lluz — w3][L(0,4)) +

wof$

C
— 2B
Whence,
Vi/B

[ul = uillLeo(0,4) + [[uz — u3llLec(0,4) < —— 1>
1-35

for A/2B sufficiently small. Equivalently,
c/B

[[(ur,u3) — (uf, u3)|| Lo 0,4)x oo (0,4) < 1_ca -0 as —0%.
2B

Thus,
(uf,uy) = (uj,u3) in L(0,A) x L>=(0,A).

Finally, we show that (uf,u}) is the minimizer of the functional, J. Now, as the functional, J, is
lower semicontinuous, using Ekeland’s Principle, we have
T (uf,u3) < infiy, uyyeu J(u1,uz) + €. Since (uf,u3) — (uj,u3) as e — 07, it follows that J(u},u}) <
inf (o, ugyeu T (u1, uz). O
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4. Numerical Simulations

We present a numerical scheme for the within-host model (2.1)-(2.4) and between-host model (2.5)-(2.7)
based on semi-implicit finite-difference schemes for ordinary differential equations [24,26] and partial
differential equations [2, p. 166]. Let A7 = h > 0 be the discretization step for the interval [0, A], with
h = %, where M is the total number of subintervals in age (age-since-infection), and At = k& > 0 be
the discretization step for the interval [0, 7], with k = %, where NN is the total number of subintervals
in time. We discretize the intervals [0, A] and [0,7] at the points 7; = jA7 (j = 0,1,...,M) and
t, = nAt (n =0,1,...,N), respectively. Next, we define the state and adjoint functions z, y, V, S, w (
where w = i), A, &, 1, p, ¢, and controls u; and uy in terms of nodal points @7, 7, V7, ™, w?, M, &, 1/,

S uj1 and u% Since wf is an approximation to the solution of the equation that models infectious

individuals at time level ¢, and grid point 7;, we approximate the directional derivatives % and
Ow(T,t) b
—or Y )
Qu(mjtn) @i @i Ow(myte) @5 Wi
ot At or AT
Age of individuals changes at the same speed as chronological time, and therefore we assume that At =

AT, so that

1

—1
Ow(Tj,ty)  Ow(Tj,tn) - wi —wiT)

ot or At

Since initial conditions are given for the state system, we use the forward finite-difference approximation
to obtain a semi-implicit scheme for the state system. Similarly, since final time conditions of the adjoint
system are given, we approximate the time-since-start of infection, chronological time and age-since-
infection derivatives of the adjoint functions by their first-order semi-implicit backward finite-difference
approximations. To fully implement our numerical scheme for the coupled model, we use the parameter
values of the within-host and epidemiological model of HIV given in Table 3, and the forward-backward
sweep method, whereby solutions to the state system are obtained using a finite difference forward sweep
method and solutions to the adjoint system are obtained using a finite difference backward sweep method
[39]. We now illustrate numerical simulations of the optimal control and corresponding states for one
sample set of parameters. For this set of parameters without control, we have Rg = 4.3.

Table 3: Within-Host Model Parameter Values

Parameter | Value Source

r 10 cells mm 3day ! 9,18,26,38,44,49]
m 0.02 day ! 9,26, 44, 49]

51 2.4 x10"mm3>day ! 9,18,26,38,44,49]
By 2.4 x10~ " mm3day 9,18,26, 38,44, 49]
d; 0.5 day ! 9,18,26,38, 44]

v 1200 virions cell ! 18]

5 3 day ! 9,18, 44]

$1 1.4 day ! assumed

c1 4 x 10~ mm?3virion Tyear—! | assumed

1 2 x 1077 virion~tyear—! assumed

mo 0.012 mm? year—! assumed

A 2750 humans assumed

In Figure 1, we have trajectories representing healthy CD4™ T cells, infected CD4" T cells and free
virus in the absence/presence of transmission and virion production suppressing drugs for a total of 100
days. In the absence of drugs and starting with 600 healthy CD4% T cells per mm?® of blood, the number
of heathy cells decreases greatly within the first 20 days of infection. Between 20 — 100 days, the count of
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CD4* healthy cells lies below 200. With no infected CD4" T cells in the population at the beginning of
the infection, the number of infected cells increases significantly between 10 — 30 days, with a maximum
count of about 190 infected cells, and decreases thereof. Starting with 0.005 virions per mm? of blood,
an acute phase is observed between 10 — 30 days since start-of-infection with a maximum count of about
2.5 x 10* virions, followed by a latent period.

@
=3
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Y 200
3 ‘Wi/o control o ‘W/o control
[} —_— @ —_
s W/ control Q 150 W/ control
Y 400 s
3 %
o 100
S o
51 o
g 200 Q
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2 | l
" 03
=
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Figure 1: Healthy CD4" T Cells, Infected CD4" T Cells, Free Virus with and without Control when z° = 600 cells
mm 3, 3% =0 cell mm 3, V® = 0.005 virions mm 3, A; =1, A2 = 0.7, A3 = 0.7, A=100 days and B = 5 x 10°.

In the presence of transmission and virion production suppressing drugs, trajectories indicate an in-
crease in the number of healthy CD4™ T cells, and a decrease in infected CD4™ T cells and free virus.
Also, the acute phase observed in the virus population within 10 — 30 days occurs with lower severity, and
the viral relapse phase in the absence of control occurs sooner than in the presence of control. Similarly,
the acute phase observed in the population of infected CD4% T-cells within 10 — 30 days occurs with
lower severity. The control program suggests full treatment between 10 — 80 days since start-of-infection.

Figure 2 represents the between-host dynamics in the absence/presence of transmission and virion
production transmission suppressing drugs. In the absence of drugs, trajectories for susceptible individuals
suggest a steady decrease in the population of susceptible individuals at the epidemiological level as the
result of the proliferation of free virus at the within-host level. Also, with the assumption that at time
t = 0, the initial age distribution of infectious individuals is modeled by i(7,0) = 100sin(5Z ), we observe
an oscillatory increase in the number of infectious individuals in the population as time evolves. In the
presence of transmission and virion production suppressing drugs, there are more susceptibles with a
lower prevalence rate.

Our numerical results suggest that at the within-host level, the acute phase of infection observed within
2 — 4 weeks occurs with lower severity, followed by a latent phase between 4 — 10 weeks. During week
11, the virus proliferates, with a less severe effect relative to the population of free virus in the absence
of control. Moreover, when transmission and virion production suppressing drugs are administered, the
susceptible population experiences an increase while the infectious population experiences a significant
decrease in prevalence.
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Figure 2: Susceptible and Infectlous Individuals Wlth and without Control and Initial Age Distribution i(7,0) =
100sin(5Z) when A = 2750, 2% = 600 cells per mm?, y° = 0 cell per mm® and V° = 0.005 virions per mm?®.

5. Conclusion

We formulated, in a careful way, a within-host model linked with an epidemiological model through a
structural variable and coefficients. Existence and uniqueness results of the epidemiological model are
established. Then we derived an explicit expression for the basic reproduction number of the epidemi-
ological model, using the next generation method and examined conditions for existence of an endemic
equilibrium. We showed that the disease-free equilibrium is locally asymptotically when Ry < 1 and
unstable if Ry > 1. Also, when Ry < 1, the disease-free equilibrium is globally stable. If Rg > 1, we
showed that there exists an endemic equilibrium which is locally asymptotically stable when the maximal
age of infection, A, is large enough.

We formulated an optimal control problem which aims at minimizing infectious individuals, free virus
and toxicity cost. In order to curtail the proliferation of the virus at the within-host level, we incorporated
transmission and virion production suppressing drugs into the the within-host model. We establish a
Lipschitz property for the within-host and between-host state solutions in terms of functions representing
transmission and virion production suppressing drugs. We derived sensitivity equations for the coupled
model which were used in deriving an adjoint system. We obtained an optimal control characterization
for the control pair and established the existence of optimal control using Ekeland’s Principle. Using a
minimizing sequence obtained via Ekeland’s Principle, we established uniqueness results.

Using a forward-backward finite difference approximation, we solved the optimality system numerically
for illustration. In the absence of control in the population, numerical simulations indicate a decrease in
the number of healthy CD4™ cells, and an increase in the number of infected cells and free virus within the
first few days of infection at the within-host level. At the between-host level, there is a sustained decrease
in the number of susceptible individuals and an oscillatory increase in the number of infectious cases. In
the presence of transmission and virion production suppressing drugs, more healthy cells were observed
with fewer infected cells and free virus at the within-host level. Also, fewer infectious cases were observed
with a significant increase in the population of susceptible humans in the presence of transmission and
virion production suppressing drugs. Investigation of numerical results when varying other parameters
should be considered in the future.
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We developed novel optimal control results for our linked system. Our analysis and control techniques
give a new tool for investigating immuno-epidemiological models for other diseases.
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