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Abstract. The aim of this paper is to introduce and study multilinear pseudo-differential
operators on Z" and T" = (R"/27Z") the n-torus. More precisely, we give sufficient condi-
tions and sometimes necessary conditions for LP-boundedness of these classes of operators. L2-
boundedness results for multilinear pseudo-differential operators on Z™ and T™ with L?-symbols
are stated. The proofs of these results are based on elementary estimates on the multilinear
Rihaczek transforms for functions in L?(Z") respectively L?(T™) which are also introduced.

We study the weak continuity of multilinear operators on the m-fold product of Lebesgue
spaces LPi(Z™), 7 =1,...,m and the link with the continuity of multilinear pseudo-differential
operators on Z".

Necessary and sufficient conditions for multilinear pseudo-differential operators on Z™ or T"
to be a Hilbert-Schmidt operators are also given. We give a necessary condition for a multilinear
pseudo-differential operators on Z" to be compact. A sufficient condition for compactness is also
given.
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1. Introduction
We begin this section with some notations that are convenient for the multilinear Fourier analysis through-

out this paper. Points in (R™)™ are denoted by © = (1, ...,,,) where z1,...,z,, are points in R™. For
all points = = (z1,...,2m) and y = (y1,...,Ym) in (R™)™ we denote by

m
Toy=Y -y
j=1
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the inner product of z and y, where z; - y; is the ordinary Euclidean inner product of ; and y; in R™.
The sum |z| of z is given by
m
|z| = Z zj.
j=1

We also denote by dx the Lebesgue measure dx . ..dx,,. For the measurable function fy,..., f,, on R”

we denote by ® f; the tensor product of these which is the function on (R™)™ defined by
j=1

®f] l‘ fl xl) f7n(xm,)7

for all z = (x1,...,2y) in (R™)™
Now, let f € L1(Z"). Then the Fourier transform of f is the function on the n-torus T = (R"/27Z"),
defined by

(Fon £)(0) = > fly)e¥?, 6eT
yeL™
Let o : Z™ x (T™)™ — C be a measurable function. Then for every m sequences fi,..., f,, in L?(Z") we

define the sequence T, (f1, ..., fim) formally by

T = [ o @mf] Odu(®), e,

where du(0) = (2m)~"™db; ... d0,,, where db; ...d6, is the projection on T" of the Lebesgue measure of
R™ (the n-torus T™ can be identified with [—7, 7]™ if we identify = ~ —m on the interval [—, 7]).

Therefore we assume throughout the paper that the volume of the n-torus T is equal to 1.

T, is called multilinear (or m-linear) pseudo-differential operator on Z" corresponding to the symbol
o, whenever the integral exists for all x in Z". The operator T, is a natural analogous on Z" of the
standard multilinear pseudo-differential operator on R™ (see for example [2], [5] and references therein).

Let 0 : T" x (Z")™ — C be a measurable function. Then for all f = (f1,..., fn) in L*(T™)™ (the
m-fold product of Lebesgue space L?(T") with itself) we define T, f to be the function on T" formally
defined by

(TNO) = > o@0e" | QFeefs | (x), 0T,

ze(zn)ym
where

(Feu)(ag) = [ e 10)du(o), 2 €27, 1< G < m
denote the Fourier transform of the functions f;, 1 < j <m and = (z1,...,Zm).

We call T,, the multilinear (or m-linear) pseudo-differential operator on T™ corresponding to the symbol
o, whenever the multiple trigonometric series is convergent for all § € T".

This paper is organized as follows. In Sections 2,3 multilinear Rihaczek transforms for functions in
L?(Z™) respectively L?*(T") and the corresponding multilinear pseudo-differential operators are given.
We also give in these sections the Moyal identity for the multilinear Rihaczek transforms and use this to
prove L?-boundedness of multilinear pseudo-differential operators on Z" and T" with L?-symbols.

In Section 4 we give two sufficient conditions for LP-boundedness of multilinear pseudo-differential
operators on Z". To this end we use multilinear version of the Riesz-Thorin interpolation theorem and
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the discrete version of the Young convolution inequality. It is also proved in this section a necessary
condition for (p1,...,pm,r)-boundedness of multilinear pseudo-differential operators on Z".

The relation between weak continuity and continuity of multilinear operators defined on the m-fold
product of Lebesgue spaces LPi (Z™), 1 < j < m is studied in Section 5.

In Section 6 we give a sufficient condition in order that multilinear pseudo-differential operators on Z™
to be compact. It is also given a necessary condition for compactness.

In Section 7 we give a necessary and sufficient condition for multilinear pseudo-differential operators
on Z™ to be Hilbert-Schmidt operators. A sufficient condition for LP-boundedness of multilinear pseudo-
differential operators on T"™ is given in Section 8. We also give in this section a necessary and sufficient
condition for multilinear pseudo-differential operators on T™ to be Hilbert-Schmidt operators.

The linear pseudo-differential operators on Z"™ and T™ have been studied among others by S. Molaha-
jloo, M.W. Wong ([11], [12], [17]), M. Ruzhansky and V. Turunen ([14],[15], [16]), T. Carlos Andres in
([4]), M. Pirhayati in ([13]). The multilinear Fourier multipliers on R™, T™, Z™ have been studied among
others by R. Auscher and M.J. Caro ([1]), L. Grafakos and R.H. Torres ([7]), L. Grafakos and P. Honzik
([8]), D. Bose, S. Madan, P. Mohanty and S. Shrivastava ([3]).

2. Multilinear Rihaczek transforms and multilinear pseudo-differential
operators on Z"

The multilinear Rihaczek transform of f = (f1,..., fi) in L?(Z™)™ (the m-fold product of Lebesgue
space L?(Z™) with itself) and g in L?(Z") is the function on Z™ x (T™)™ defined by

R(f,9)(x,0) = eV | @ Fan f5 | (0)3(x)

j=1

for all  in Z" and 6 in (T")™. Let o0 € L?(Z™ x (T™)™). Then, for f € L*(Z")™ and g in L*(Z") we get

(Tof,9)12@my = Y (Tof)(2)g(x)

TEL™

- / ey ®fznfj (0)du(0) | g(x)

TEL™ (™)

3 / R(f,9)(x, 0)du(0).

e dan”

The following theorem gives the Moyal identity for the discrete Rihaczek transform.

Theorem 2.1. For all f = (f1,...,fm) and h = (h1,...,hy) in L2(Z™)™ and all g1 and go in L*(Z"),

(R(f,91), R(h, 92))L2(Z"><(T” m) = H(fja )L‘Z(Z”)(gl792)L2(zn)~
Jj=1
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Proof. By the definition of the Rihaczek transform, the Plancherel formula for Fourier transform on Z™
and Fubini’s theorem we get

(R(f,91), R(h, 92)) L2(z x (T7)m)
=S / R(f.g1) . 0)R(h g2) (. 0)df

T EL™
B Z/ ® (Fzn 15)(0)(Fzn ) (0)g1 () g2 () d6
zezn ? (TM)™ j=1

H(]:Zn fis Fonhg) 2 rny (91, 92) 220y

<.
[

s

(jbv )L?(Z")(glaQQ)Lz(Zn)

J

As an immediate Corollary of Theorem 2.1 is the L?(Z")-boundedness of multilinear pseudo-differential
operators with L2-symbols. More precisely we have the following result. O

Theorem 2.2. Leto € L?(Z" x (T™)™). Then T, : L*(Z™")™ — L*(Z") is a bounded multilinear operator
and

||TO' ‘ |B(L2 (Zn)nl’LZ (Zn)) S | |O“ |L2(Zn X (’]I‘n)mu) .
Proof. Let f = (f1,-.., fm) € LY(Z™)™ and g € L'(Z™). Then by Schwartz’ inequality and the Moyal
identity for the discrete Rihaczek transform we get

Tt 9lian < 3 [ 0@ OIIR,0)(w0)ldn0)

TEL™

1/2
= (/W (& 9)I2du(9)> (/( - |R(f,g)(x,0)|2dp(9)>

TEL™
1/2
> [ R xe>|du<>>

(z,0)|%d (0)) (
<IEZZ"/ n)m 8 TEL™

R(f, 9)L2(@n x (rnym)

1/2

= ||(7‘ |L2(Zn x (Tr)m)
= [lo||L2@zn x (T7ym) H I f5llz2 @z 19l L2 2y -
j=1
The proof is complete by using a standard density argument. |

Let f:Z"™ — C. Then we write f € S(Z") if for any M < oo there exists positive constant C ps such
that | f(x)| < Cy.ar{z)~™ holds for all x € Z, where we write (z) = (1+|2|?)!/2. Then S(Z") denote the
space of rapidly decaying functions Z™ — C. The topology on S(Z") is given by the seminorms

flk = sup (@)*|f(z)], keN.

zEL

We say that the function ¢ : Z" x T — C is in C°°(Z"™ x T™) when ¢ is smooth on T" for all x € Z™.
Then we write ¢ € S(Z" x T™) if ¢ € C®°(Z™ x T") and in addition for any M < oo, there exists a
positive constant C, ys such that

lo(z,0)| < Cypar{z) ™™ for allz € Z" and § € T™.
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The topology on S(Z™ x T™) is given by the seminorms

lele = sup  (&)¥|p(2,0)], k € N.
(x,0)€Zn xT™

One can show that the continuous linear functionals on S(Z™ x T") are of the form
Z / u(z, 0)p(x,0)du(d),
EASYAL

where u : Z" x T" — C has polynomially growth, i.e. there exist constants M, N < oo and C, p,n such
that
Ju, 0)] < Cuarv )™ (O)™
forall z € Z™, 0 € T™.
Let f=(f1,...,fm) € S(Z")™, g € S(Z™) and o € S(Z"™ x (T™)™). Then

(To o ooy = 3 / el ®f2nfj (0)9(x)dpu(6)
TEZL™
R(f,9)(w, 0)dpu(6).

Now, let o € S'(Z™ x (T™)™) be a tempered distribution on Z"™ x (T™)™. Then the multilinear pseudo-
differential operator T, corresponding to the symbol o is defined on S(Z™)™ by

(T5f)(9) = o(R(f, 7)),
for all f = (f1,...,fm) € S(Z™)™ and g € S(Z™). It can be proved that T, f is a tempered distribution
on S(Z™).

3. Multilinear Rihaczek transforms and multilinear pseudo-differential
operators on T"

The multilinear Rihaczek transform of f = (f1,..., fm) in L2(T™)™ and g in L?(T™) is the function on
T™ x (Z™)™ defined by

R(f,9)(0,2) = 1 [ Q) Fraf; | (2)5(0),

j=1
for all 0 € T" and x € (Z™)™
Let 0 € L?(T™ x (Z™)™). Then for all f = (f1,..., fm) in L2(T™)™ and g in L?(T") we get

(T fr9) 1oy = / (T, £)(0)3(0)do
.
:/ S eitlelg ®~7:Tng (z)g(0)do

IG(Z”)"‘

/ S (6, 5)R(f, 9)(6,x)d0

we(Znym

/Tn o(0,z)R(f, 9)(0,x)do.

IE(Z")m
The following theorem gives the Moyal identity for Rihaczek transform for functions in L?(T"),
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Theorem 3.1. For all f = (f1,...,fm) and h = (hy,..., hy) in L>(T™)™ and g1, g2 € L*(T"),

(R(f, 1), R(h, 92))L2(Tnx(m m) = H(fja )L‘Z(w)(91792)m(w)~
Jj=1

The proof of this theorem is likewise as that of Theorem 2.1.
As an immediate corollary we can prove the following result concerning L?(T™)-boundedness of mul-
tilinear pseudo-differential operators on T" with L2-symbols.

Theorem 3.2. Leto € L?(T" x(Z™)™). Then T, : L*(T™)™ — L%(T") is a bounded multilinear operator
on L?(T™)™. Moreover

| Tol|lB(L2(Trym,L2(T7)) < Nlol|L2(Tn s (z0)m)-

The proof of Theorem 3.2 is analogous as that of Theorem 2.2.

4. Sufficient conditions or necessary conditions for LP(Z™)-continuity

Theorem 4.1. Let 0 € L?*(Z™ x (T™)™). Then T, : LP(Z™)™ — L4(Z") is a bounded multilinear
pseudo-differential operator, where 1 <p <2 and 1/p+1/q =1. Moreover,

1 To |l B(Lr(zrym,Lazny) < llof|L2@nx(Trym)

Proof. Let 0 € L*(Z™ x (T™)™). By using the Schwartz inequality we remark that

1/2
/ﬁ |da0www>s</’ a@ﬂ)%M@) <
Ok (Tnym

1/2
(Z / o(x,0)*du(0 )) = [lol[2@n x(rnym) = M < 400,
weZn 'n/ m

according to the hypothesis. We claim that T,, : L!(Z")™ — L®°(Z") is a bounded multilinear operator.
In fact, we get according to the above remark and the definition of the tensor product of functions that

@)= ([ oo ®ML9M®§

sA)www Q Font; | 0)] du(0) < M 11551z,
- ®

j=1
for all f = (f1,...,fm) € LY (Z™)™. We also have used the following inequalities

\Fon £505)1 < D 1f5@) = Ifiller @),

TEL"

for all 1 < j <m. So,

1To Flls @y = sup [T f ()] < MHIIfJIILl zn)

Jj=1

= |loll2@» xamym) [T 1£illzr @),
j=1
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for all f in L'(Z™)™. This inequality asserts that T, is a bounded multilinear operator. Moreover,

||Ta' ‘ |B(L1(Z7L)'NL,LOO(Z7L)) S | |0" |L2(Zn X (’]l‘n)'m,) .

In virtue of Theorem 2.2 it follows that T, : L?(Z")™ — L2(Z") is a bounded multilinear operator.
Moreover,

1T B(r2@zrym, L2z < lollp2@n s rnym)-

Now, let us remind in the following the multilinear version of Riesz-Thorin theorem very much as it
has stated in Grafakos’ book [8].

Theorem 4.2. Let T be a multilinear map defined on the set of simple functions of the product of m
measure spaces (X1, 1) X ... X (X, tm) and taking values in the set of measurable functions on another
measure space (Z,0). Let 1 < pj, < oo for 1 < k < m and j € {0,1} and also let 1 < p; < oo for
j € {0,1}. Suppose that T satisfies

T (frs- - fo)llovi @) < Myl filloein(xyy - - - I fmllLeim(x,y, 5 =0,1

for all simple functions fi, on Xy, 1 <k <m.

Let (1/¢,1/q1,...,1/qm) lie on the open line segment joining (1/po,1/po1,..-,1/Pom) and
(1/p1,1/p11,-- -, 1/pim) in R™TL. Then for some 0 < 6 < 1 we have

1-06 0 1 1-6 0
1/q= +—=, == +—,1<k<m
Po b1 4k Dok D1k

and T has a bounded extensions from L (X1) x ... x LI (X,,) to LY(Z) that satisfies

NT(fr, -y f)llazy) < My~ MY filloo (xy) - - - 1 fml [ Lam (x0) -
Now, if 1 < p < 2satisfy 1/p+1/q = 1, then T,, : LP(Z™)™ — L%(Z"™) is a continuous multilinear operator

by virtue of Theorem 4.2. Thus the proof of Theorem 4.1 is complete.
|

Theorem 4.3. Let o : Z™ x (T")™ — C be a measurable function such that we can find a positive
constant C' and a function w in LY((Z™)™), ¢ > 1 for which

|Feemyma(z,y)| < Clu(y)], = € 2", y € (Z™)™.
Let us also suppose that

/( o lo(z,0)|du(f) < oo

for all x € Z and let p,r € (1,00) satisfy =1 =p~ !t + ¢~ — 1. Then the multilinear pseudo-differential
operator T, : LP(Z™)™ — L"(Z") is a bounded multilinear operator. Furthermore

HT0| |B(LP(ZH)M,LT‘(ZTL)) < C| |’U.)| |Lq((Zn)m),

where || || gLrzrym,Lr(zn)) 5 the norm in the Banach space of all bounded multilinear operators from

LP(Z™)™ into L7 (Z™).
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Proof. Let f = (f1,..., fm) in LY(Z™)™. Then for all x in Z", we get

T = [ ot 0) | @ Fan,s | 0)iuto

/ e lo(z,0) | Y e’ é)fj (y) | du(9)
(T)™

ye(Zn)m j=1

> (@) [ w0
j=1 (

. Tn)ym
ye(Zn)wL )

= Z ®fj (y)Frnymo(z, T —y)

ye(Zn)nl

— (.F(’]I‘n)mo—(l'7 ) * ®-1]n:1 f]) ((E),
where

Foonymo(a,2) = / =100 (2, 0)du(), = € (Z")™
( n)rn

and & = (z,...,z) € (Z")™, x € Z". O

Now, let g be a function in L™ (Z"), where 1/ is the conjugate index of r, that is 1/r 4 1/7' = 1. Then
by Holder’s inequality, by the hypothesis and by the Young convolution inequality for (Z™)™,

(Tof. Dy = | S (Tof)(@)g(2)

RASYAL

= Z f(Tn)ma(x,~)*®fj (@)g(x)

zEZM j=1

N
Iy
5
3
8

*

(S

e
—
g
o
—~

8
=

TEL™ J=1
< Z |f('ﬂ~n)m0'(17,')| * ®f] (ZE)LQ(I)‘
TEL™ j=1
<03 (1u1+|® 1| | @l
TEL™ j=1
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. ry 1/7 1/

!5 |[w-®s) @ (z |g<x>r>

TEL™ j=1 TEL™

r\ 1/7r

<C Z [w| * ®fj (v) 19l zn)

ze(@Zm)m j=1
= C|||w] * | f; gl zny

=t Mlzr@mym)
< COllwl|pa(znym) ®fj gl zmy
1=t e zmym)

= Cllwllzaczmym [ 11£illee@lgll e gy
j=1
where & = (z,...,z) € (Z")™. The duality between the spaces L"(Z"), L” (Z") and a standard density
argument (L(Z™)™ is dense in LP(Z")™) allow us to conclude the proof.

Remark 4.4. Let us first mention that if ¢ = 1 then the second condition about the symbol ¢ is a
consequence of the first one. So, if we take n = m = 1 and ¢ = 1 in the preceding theorem then we
recover Theorem 23.3 in Wong’s book [17].

Remark 4.5. M. Charalambides and M. Christ have proved (see Theorem 1.2 in [6]) a version of the
Young convolution inequality for torsion-free discrete groups.

A group is said to be torsion-free if it has not finite subgroups except the trivial subgroup of cardinality
equal to one. Their result can be read as follows.

Theorem 4.6. Let p1,pa,q € (1,00) satisfy gt = 101_1 +p2_1 —1. There exist a continuous nondecreasing

function A : (0,1] — (0,1], an exponent v and a positive constant ¢ > 0 satisfying A(t) <1—c(1 —t)7 as
t — 171 such that for any torsion free discrete group G and for any functions f; € LPi(G), i = 1,2

||f1||L°°(G)> y

11 Follzacey < 11 fllom @l fellr @ A (
1 f2lle1 (@)

<A ( ||f2||L°c<G>) _
Il f2llze2 (@)
Then, by using Theorem 4.4 and the first part of the proof of Theorem 4.3 we obtain the following
estimate

" |[w|| L
|To fllr@ny < Cllwlpaqznym [T 11£illze@n 4 ( Nl )~
j:l

" <||f1||Lm)“’" o (nfanx)”’"
A1l e [ foml 2o ’
for all f=(f1,...,fm) in LP(Z™)™.
Thus we get once more the conclusion of Theorem 4.3.
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Theorem 4.7. Let o : Z™ x (T")™ — C, be a measurable function and let T, : LP*(Z") X ... X
Lpm(Z™)™ — L"(Z™) be the multilinear pseudo-differential operator associated with this one, where
1<p1,...,pm,r <o00. If T,, is bounded then

( / oz, 9)e—i<i-y>'|9du(a)> € L"(zZ")
()™

TEL™
for ally € (Z™)™

Proof. Fory € (Z™")™ let us consider f, = (fy,,..., fy,,) € LP*(Z") x ... x LPm(Z") defined by f, () =1
if v =y; and f, (z) =0if 2 #y;, 1 <j <m, x € Z". Then

m
®./T"anyj 1_[]:anyJ Hel?h 3 _6
j=1

for all 0 = (0y,...,60,) in (T™)™. So,

I

o fy ()" =

/ o(z,0)e =190 q,,(p)
(’]1'71.)’"1,

T

/ o(z,0)e @101 q,,(0)
( ’IL)‘NL

for all z in Z™, where & = (x,...,z) € (Z™)™. Hence
1/r
o fyllLr@n) = (Z Tofy($)|r> =
IeZn,

7") 1/7’

The boundedness hypothesis concerning the operator T, lead to the conclusion of the theorem. (]

(s

TEL™

/( @05 o

5. Weak type multilinear operators on Z"

In the sequel we study the relation between weak continuity and continuity of a multilinear operator
defined on the m-fold product of Lebesgue spaces LP(Z"). In this connection we begin with the definition
of (p1,-..,Pm,q)-weak continuity for general measure spaces.

Let T : LP (X1, 1) X ... = LP (X, ) — LP°°(X, u) be a multilinear operator defined on the
m-fold product of spaces of measurable functions on measure spaces (X;, 1), 1 < j < m. We assume
that T takes values in the set of measurable functions on another measure space (X, p):

Let 1 < p;j <o00,¢>0,1<j <m. Then the operator T is said to be of weak type (p1,...,Pm,q)

r (p1,--.,Pm,q)-weak multilinear operator if there exists a constant C > 0 such that the following
inequality is satisfied for all functions f; € L7 (X;, u;), 1 < j < m.

pn{z e X5|T(fr, - fm) (@) > A}) < H\Ifg\lm X115

i.e. T maps the product of Lebesgue spaces LP3 (X, 1), 1 < j < m, boundedly into L@ (X, p).
26



V. Catana LP-boundedness of multilinear pseudo-differential operators on Z™ and T™

Let us also remind that if (X, ) is a measure space and f : X — C' is a measurable function on X,
then

1 =2 [ ¥ mjan

for all p > 0, where m(X) = pu({z € X;|f(x)| > A}) is the distribution function of f.
From now on, we will denote by ¥ the counting measure on Z".

Theorem 5.1. Let T : LP*(Z™) X ... x LPm(Z") — M(Z™,9) be a multilinear operator from the m-fold
product of Lebesque spaces LPi(Z™), 1 < j < m into the space of measurable functions on (Z™,9). If T
is a (p1,--.,Pm,q)-weak multilinear operator for ¢ > 1 and 1 < py,...,pm < 00, then

T:LP(Z") x ... x LP™(Z") — L™ (Z™)
s a bounded multilinear operator for all r > g+ 1. Moreover
1/r

T kq T
||T||B(1‘[7." 1 L3 (zm),Lm(Zm)) <cv Z W +(sC) )

i
k>2

for some suitable positive constant C' and s > 1.

Proof. Let (f1,..., fm) be an arbitrary element in H LP3(Z™) such that H [ fillri(zny = Land r > g+1.
j=1 j=1
By the hypothesis T is (p1, - . ., Pm, ¢)-weak multilinear operator, so

oo e 25T @I > < ()

for some C > 0 and for all A > 0. Thus

sup ) ({z € Z% |T(f1,- .., fm) (@)} < C,
A>0

which is the same as
||T(f17 ) fm)HLq,oo(Zn) g C‘7

where we have denoted by
NT(fr,---, fm)”qu‘X’(Z") = iupo MN({x € Z™ [T (f1,- s fm)(2)| > A})l/q'
>

Then .
IT(f1s- s )l @ny < C T N1£illws @n),

Jj=1

for all (f1,..., fm) in H LPi(Z™).
j=1
Now, let us remark that we have

" ={z e Z%|T(fr,..., fm)(@)] < 13U
U {LU €L (fr,- -, fm)(@)] > 1}

> a1 1
=U{remp <t el s gy
U fe €201 < [T(fuv.. s f) &) € 5C)
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for some s > 1 and for all (fi,..., fn) in H LPi(Z™) such that
j=1

TT 15l 2es 2y = 1.

j=1
Indeed, let us observe that
1
Y{z € Z™|T(f1,..., fm)(x)] <sC}) < S—q <1,

O ({x € Z%[T(f1, ..., fm)(2)] < sC}) =0,

which imply |T(f1,..., fm)(z)] < sC, for all z € Z™. On the other hand we remark that
Y{z e Z™|T(f1,..., fm)(@)]| >1})=0if C < 1.

Now, let us denote by

1 1
= e < — >
Ak {.’EEZ 7k < |T(f1a ,fm)(l’” = k1}7 k_2

and
B={seZh1< T, .. f)x)] < 5C}.
Then,
ST S @ = S T f) @)+
TEL™ TEUAL
Y AT (frye s fn) @)
z€EB
= Y Ty s f) @+ DT (fryeos ) @)
k>2 mEAy zE€B
<> ﬁmw + (sC)9(B)
< ZL+(SC)T <00
a E>2 (k—1)

(the series inside the brackets is convergent, because r > ¢ 4+ 1 by hypothesis). Thus,

T (fr,- s ) (@)L @zny <

1/q

T k:q s 1
<cv Z —1) + (sCO) H||fj||LPj(zn)
k>2 j=1
m
for all (f1,..., fm) in H LPi(Z"), completing the proof of the theorem. O

j=1
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Theorem 5.2. Let T : LP*(Z™) x ... x LPm(Z™) — M(Z",9) be a multilinear operator of weak-type
(P1y-+3Dmyq) for1 <pi,....,pm,q < oo andletpg >q > 1. ThenT : LP*(Z"™)x...x LPm (Z™) — LPo(Z")
18 a bounded multilinear operator. Moreover

- Do 1/po
T g (1, L7 @ny 0 @ny) S8 70 C (po - Q> 7

for some suitable constant s > 1.

Proof. Let pg > q > 1. We assume that T is of weak type (p1,...,Pm,q). Then

q

C m
V({z € Z%|T(fr,. .., fm)(@)] > A}) < XH |fillzes zny |

for all (fi,..., fm) in [] L7 (™), A > 0 and some C > 0.

j=1
Let (f1,..., fm) in H LPi(Z™) such that H [ fill P zny = 1. Hence
j=1 j=1

||T(f177fm)| Lo (Zm) =
= Po /00019({1' S Zn; |T(f17 .. 7fm)(x” > )\}) Apo—ld)\

sC —
Spocq/ APTIEdN = poC (O 2 _ o sPo—aCro,
0 Po—4q Po—4q

But we can equivalently write
Do 1/po
HT(fh...,fm)HLpo(Zn) < CSliq/pO <> ’
bPo—4¢q
where s > 1 a suitable constant.

Now, for an arbitrary (fi,..., fim) in H LPi(Z™) we get
j=1

Do 1/po
1T Fdllmgany < 0570 (2 ) oy
Po—¢q
This completes the proof of the theorem. |

Remark 5.3. Theorem 5.1 is a special case of Theorem 5.2, so it can be state as a corollary of the last
one. However we have given a straight proof for this theorem in order to emphasize the definition of
weak continuity and to put in evidence an interesting partition of Z™ which may be usefully in similar
situation.

Theorem 5.4. Let 1 < py < p < oo such that 1/p+ 1/py = 1. If 0 : Z™ x (T™)™ — C is a measurable
function satisfying

2 / lo(z,0)|du(0) < oo forall xe€Z"
(Tn)m
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() ( /( et e)e-“f-y)'@du(e)) is in L (Z" x (Z")™),

(z,y)ezm x(Z™)™
then T, : LP(Z"™)™ — LP(Z™) is a bounded multilinear operator. Moreover
Tl B(Le@nym, Lo@ny) < IFanymo(,)lro @ x @nym)-

Proof. Let 1 < pg < p < oo such that 1/p+ 1/po = 1 and (f1,..., fm) € L*(Z™)™. Then by Fubini’s
theorem and Hélder’s inequality we get

|T(f1, ceey fm)(;p”PO —

Po
=122 (/ a(a,0)e™ @0 Cdy(0) ) Qfi | wrs-- o ym)
viezr  ypezr \7 T j=1
m Po
< | oo a0 | Q1 | o
ye(@mym |7 j=1
Po m
< Y | etwoe e TTI5Ie.
vemm [T j=1
for all x € Z™. So,
T (frs s fo) o zmy = D 1 To(frse ey fin) (@)
TEL™
Po
20> / o, )T 4y ) H 11 -
zezn ye(zmym [/ T
Hence T, : LP(Z™)™ — LP°(Z") is a bounded multilinear operator. Moreover
[ To | B(Lr@nym,Lro@n)) < [ Fnymo ()|l Lro@nx@nym),
where
Fernpole) = [ ola,0)e "0 du0), 2 € 2, y € (@)
(']rn)nl
Since T, is (p, . .., p, po)-bounded multilinear operator it follows that T, is (p, ..., p, po)-weak multilinear
operator. Hence by Theorem 5.2 and a standard density argument the proof is complete. O

Remark 5.5. When we take m = 1 in Theorems 5.1, 5.2 and 5.4 we recover Theorems 3.1, 3.2 respec-
tively Theorem 4.3 in [4].
6. Sufficient conditions and necessary conditions for compactness

Theorem 6.1. Let 0 : Z™ x (T™)™ — C be a measurable function such that we can find a positive
function C : Z" — Ry and a function w in L1((Z™)™), ¢ > 1 for which

| Frmymo(z,y)| < C(a)lw(y)|, = € Z", y € (Z™)"
and

lim C(z) =

|z] =00
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In addition let us suppose that
[ 1o 0)lduto) < o
(Tn)'m

for allz € Z™ (ie. o(z,-) € LY ((T™)™) for every x in Z™). Let p,r € (1,00) satisfy 1/r =1/p+1/q—1.
Then the multilinear pseudo-differential operator T, : LP(Z™)™ — L"(Z") is a compact operator.

Proof. By virtue of Theorem 4.3, T, : LP(Z™)™ — L"(Z") is a bounded multilinear operator. For every
positive integer N, we define the symbol oy : Z™ x (T™)™ — C by

o(xz,0), x| <N
JN(m,H)z{ (,0), |l < 0 e (T™)™.

0, |z| >N,
Then, by using the same reasoning as in the beginning of the proof of Theorem 4.3, we get

Firnymao(x, ) 5| (@), |z <N
0oy <) [ Fomet >§f (@), Ja]

0, |z| > N,

for all x € Z™, where & = (z,...,z) € (Z™)™.

Let us remark that the range of T,, : LP(Z™)™ — L"(Z™) is finite-dimensional, i.e. T,, is a finite
rank operator. So, T, is a compact operator.

By hypothesis for every positive number € there exists a positive integer Ny = N, such that

[C(2)| <e,

for all « in Z™, |z| > Np. So, we get for N > Ny

|z|>N

< &y

ve@m)m
ly|>N

< > Cly (le* X fi| | @)
(Iw* X il | W)

T
m

< e flwl < |X) S
=t lzr@n
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By Young’s convolution inequality we get for N > Ny

T
m

(75 — TUN)fHZT(Z”) < 5T||w||2q((zn)m) ®f] =
7= lpe(zm

m
= 5T||w||2q((zn)m) H Hfj”ip(zn)-
j=1

Thus, for N > Ny
||T0' — TO’N | |B(Lp(Zn)7n}Lr(Zn)) S E| |w| ‘Lq((Zn)m,).
So, T, : LP(Z™)™ — L"(Z™) is the limit in the operatorial norm of a sequence of compact operators on

LP(Z™)™ and hence it must be compact. O

Remark 6.2. Let us first observe that if ¢ = 1 then the hypothesis o(z,-) € L1((T™)™) for all z in Z"
is a consequence of the first condition about the symbol ¢ in the statement of Theorem 6.1. So, if we
take m =n =1 and ¢ = 1 in Theorem 6.1 then we recover Theorem 23.4 in Wong’s book [17].

We now give a necessary condition for compactness on L?(Z™)™ spaces of multilinear pseudo-differential
operators.

Theorem 6.3. Let ¢ > 0 and s € N. If T, : LP(Z™)™ — L"(Z™) is a compact operator, where
p,r € (1,00), then there exists a function fs = (fis,..., fms) € LP(Z™)™ such that ||To fs||Lrzn) < €
and || fs||przrym = 2ms, where the norm on LP(Z™)™ is defined by ||f||rr@zrym = || fillLr@ny + .. +
fmllLo@ny, for f = (f1,.... fm) € LP(Z7)™.

Proof. Let ¢ > 0 and s € N be given. For k € N let us denote
MF={zeN, s(k—1) <x < sk}
Then we define g* : Z — C by

. 1,ifz € MF
g5 (x) =

0, otherwise.
Now, we consider the sequence (fF)pen in LP(Z™)™ for which entries ]’?s 2 - C, 1 < j < m, are
defined by
k(.
gs(xj),  whenever(zq,...,z,) €
[y, an) = € {0} x...x Mk x ... x {0}
0, otherwise,
1<j<m.
Let us remark that the sequence (f¥)zey in LP(Z")™ is bounded, because

Hfsk“Lp(Z")m = Z ||ff|\LP(Z")m = sm,

Jj=1

for all £ € N. So, by the compactness hypothesis there exists a subsequence (kq)qeny C N and N in N
such that
HTC,ff“ - TﬂfvaLT(Z") <g,
where u,v > N.
If we choose f, = fk~n — ffN“, then || fs||ppznym = 2sm and ||Ty fs||1rzn) < . Thus the proof is
complete. O
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7. Multilinear Hilbert-Schmidt operators

Our approach in the following is based on the theory of the tensor product of Hilbert spaces. For related
references on this topic see the work of Kadison and Ringrose [10]. We need in the following some more
terminology.

Definition 7.1. Suppose that Hy,..., H,, are Hilbert spaces and ¢ : H; X ... x H,; — C is a bounded
multilinear functional. Then we say that 1 is a Hilbert-Schmidt functional if for some (hence for any)
choice of a Hilbert basis Y7 in Hy,...,Y,, in H,, respectively, we have

ST D W ym)? < 0.

Yy1€YL Ym€Ym

Definition 7.2. Let Hy,..., H,,, K be Hilbert spaces and L : Hy X...x H,, — K a bounded multilinear
mapping. Then we say that L is a weak Hilbert-Schmidt mapping if the following statements are valid:
(i) for each w in K, the mapping L, : H; X ... x H,, — C defined by

Ly(z1,...,20) = (L(z1,...,2,),u)

is a Hilbert-Schmidt functional on Hy X ... X H,,;

(ii) there is a real positive number d such that ||L,||2 < d||u|| for each w in K. When these conditions
are satisfied the least possible value of the constant d in (ii) is denoted by ||L||2. We need the following
theorem

Theorem 7.3. (see [10]). Suppose Hy,...,H,, are Hilbert spaces. Then the following statements are
valid.

(i) There is a Hilbert space H = H1®...Q H,, and a weak Hilbert-Schmidt mappingp : Hy X... X Hp, —
H such that given any weak Hilbert-Schmidt mapping L : Hy X ... X Hy,, — K from Hy X ... X Hy, into
a Hilbert space K there is a unique bounded linear mapping T : H — K such that L = Tp. Moreover
Tl = IILI]2.

(1) If the couple (H',p') have the same properties as the couple (H,p) in (i), then there is a unitary
transformation U : H — H' such that p’ = Up.

(111) If x;,y; € Hj and Y; is an orthogonal basis of H;, (j =1,...,m) then

<p($1) .. 7xm)ap(y17 .. aym)> = <x17y1> cee <xmay’m>7
the set {p(y1,...,Ym),;¥1 € Y1,...,Ym € Yo} is an orthonormal basis of H and ||p|l2 = 1.

The above theorem describes the universal property (see (1)) and two other properties of the tensor
product of Hilbert spaces.
Now we give the following definition which will be used in the proof of Theorem 7.5.

Definition 7.4. Let Hy,..., H,,, K be Hilbert spaces and L : H; X ... X H,, — K be a multilinear
mapping. Then we assert that L is a Hilbert-Schmidt mapping if there is a unique bounded linear mapping

T:H®...9H,, — K such that T ®xj = L(xy,...,2m) forall (z1,...,2y)in Hy X...XxHy and T
j=1

is a Hilbert-Schmidt mapping. In such a case we define ||L||s = ||T||s, where ||T||5 is the Hilbert-Schmidt

norm of the mapping 7.

Let us remark that if L is a weak Hilbert-Schmidt mapping then the existence of the operator T in
the previous definition is a consequence of the last theorem.

Now, we give a necessary and sufficient condition for a multilinear pseudo-differential operator on Z™
to be a Hilbert-Schmidt operator.
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Theorem 7.5. Let 0 € L*(Z" x (T™)™). Then the multilinear pseudo-differential operator T, :
L?(Z™)™ — L%(Z") is a Hilbert-Schmidt operator if and only if o € L*(Z™ x (T™)™). Moreover, if
T, : L>(Z™)™ — L*(Z") is a Hilbert-Schmidt operator, then

[ To]ls, = llol|Lz(zn x (xnym)-

Proof. First we remark that (¢;);czn, where g; is given by

1,z =1

)

gi(x) = ,for all [ in Z™
0,z +#1

is an orthonormal basis for L?(Z"). Then by virtue of Theorem 7.3 (e,.. k, = E€k)ke(znym, Where
€k =€k, ®...®¢y, for k= (k1,...,ky) in (Z™)™ is an orthonormal basis for L?(Z") ® ... ® L*(Z")
which is the m-fold tensor product of L?(Z") with itself. For k = (ki, ..., ky) in (Z™)™ we get

®-FZ7L5kj (0) = H (./T'.Zné'kj) (Gj) = H eikjej — eik'e,
Jj=1 j=1

j=1

for all 0 = (0y,...,0,,) € (T™)™, where k-0 = ij -0, because
j=1

(Faner,) (0;) = > e, (@)e™ % = e®s% 6, € T", 1< j <m.

TEL™
Thus,
(Toer)(z) = / e g (2,0) | Q) Faner, | (0)du(d)
(’ﬂ‘n)m j:1
= / e TR 05 (2,0)du(0) = Fpnymo(z, & — k),
()™
for all x in Z", where = (x,...,z) € (Z")™. We write F(nymo(z,-) for the Fourier transform of the

function o(x,-) on (T™)™. It is given by

Famn(g) = [ e Ma(w,0du0), v € 2", y € @)™
( n)m,

In the second place we observe that T, is a bounded multilinear operator by Theorem 2.2 and it is easy to
prove that T, is in fact a weak Hilbert-Schmidt mapping. So, by the universal property of tensor product
of Hilbert spaces (see (i) in Theorem 7.3) there is a unique bounded operator T : L?(Z")®...® L*(Z") —
L?(Z™) such that

T(f1®...Q fm) =To(f1,-- -, fm)
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for all (f1,..., fm) in L?(Z™)™. By using Fubini’s theorem and the Plancherel formula for Fourier series

we get
173, = > - D IT(em ®-.. ®ew,)

ki€Z™ km€Z™

= Z Z ||Ta(5k1a~"7€km)||%2(Z")

kiezZm km €Z™

S IR DI DN (ORI

ki€Z™ km €L™ xEL™

=3 > > [ Famymo(w, @ — k)P

ki€zZn km EZ™ TEL™

= Z Z Z \f(Tn)mU(%f_k)P

TEL™ k1 €L ko €Z™

SN Y [ Famymola k)P

|2
L2(Zm)

TEL™ k€L ko €Z™
=3 [l 0l
CEGZ" n)nL

= [1o1lZ2(znx (znym)-

From the last equality and by the hypothesis it follows that T : L?(Z") ® ... ® L?(Z") — L*(Z"), is
a Hilbert-Schmidt operator if and only if o € L*(Z" x L*(T™)™). Thus by Definition 7.4 the proof is
complete. (Il

8. LP- continuity of multilinear pseudo-differential operators on T"

Let o : T" x (Z")™ — C be a measurable function. Then for all f = (fi,..., fu) in L2(T™)™ (the m-fold
product of Lebesgue space L?(T") with itself), m,n > 1 we define T, f to be the function on T" defined
formally by

(THO = > o0 | @QFaefs | (@), 0T,

ze@r)m
where
(Fref3) (25) = / e 0 L (0)du(6), z; € T, 1< j<n
du(9) = (2m)""df, df = b, .. .d0,, 0 € T",
and

®}"Tnfj x) H (Frn i) ( z=(T1,...,&m) € (Z™")™
j=1 j=1

denote the tensor product of the Fourier transforms of the function f;, 1 < j < m.
We call T,, the multilinear (or m-linear) pseudo-differential operator on T" corresponding to the symbol
o.

Theorem 8.1. Let 0 € LP(T" x (Z™)™), 1 < p < 2. Then T, : LP(T™)™ — LP(T") is a bounded
multilinear operator. Moreover,

ol BLr(rmy,Lommy) < l|o|lLemnx @znym)-
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Proof. Let f = (f1,..., fm) € L*(T™)™. Then by Minkowski’s inequality in integral form, by the Holder
inequality and by Hausdorff-Young’s inequality for the Fourier transform on the torus T" we get

([ 1@nopae)” -
P 1/p

_ /T Z e¥lel (8, 2) ®]~'Tnfj ()| du(0)
j=1

" ee(zn)m
m P 1/p
= Z /|0(0,I)|p ®]~"Tnfj (z)| du(9)
ze(zm)m " =1
1/p m
- % ([ewaran) | (@) @
me(Zn)”m " j=1
1/p o\ VP
m
P> / o (0, &)l du(6) Yo | QFesi | @)
ze(zn)™ ze(zm)m =1
p 1/p’
<| X / o (0, z)[Pdu(0) > H|.7-'Tnfj ;)|
ze(Zn)™ x€(Zn)m j=1
m
<|lollzocnx@nym) [T I1Fen £l Lo zmy

j=1

m
< lollzo@xqy [Tl

Jj=1

where p’ is the conjugate index of p (i.e. 1/p+1/p’ =1). Thus

|To fllB(Le(mnym,e(rny) < lo||Lemn x@n)m) H [1.f5ll e (rmy,
j=1

for all f = (f1,..., fm) in LP(T™)™. Hence by using a standard density argument (L!(T™)™ is dense in
LP(T™)™) the proof is complete. O

Remark 8.2. If we take m = n = 1, p = 2 in the above theorem we recover Theorem 22.1 in Wong’s
book [17].
For x € Z™ we define the function e, : T" — C by

es(0) =€ 9eTm.

Lemma 8.3. {e,},czn is an orthogonal set on L?(T™). Moreover {e;}zezn s an orthonormal basis for
L2(T”).

For the proof of this Lemma and related references on the basic classical Fourier analysis see Grafakos’
book [9] and Wong’s book [17].
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Theorem 8.4. Let o € LP(T" x (Z")™), 1 < p < oco. Then

Z | T5(ezys- - - aexm)Hg = ||J||II]JP(T"><(ZVL)T")'
ZEE(Z”)"L

Proof. First we remark that

by
3
®
&
—~
8
<!
~
I

and
m
®]:Tney (X1, oy Tm) =
j=1
. 17 (5131, 7xm) = (yla 7ym)
07 (:Ela 7$m) = (ﬁUl» aym)
Hence
Toleays--vea,)O) = > e@Wo0,y) | Q) Frees, | (1)
yeZm)™ Jj=1
=o(0,z)e,, (0)...e., (0).
So,
Z HTa(eww s ewnz)HZLj,P(T") =
ye@zr)m
= > [ 100.0Pdu) = llolx
ye(zr)ym "
as asserted. O

Using Theorem 8.4 and Lemma 8.3 we state the following result.

Theorem 8.5. Let o : T" x (Z™)™ — C be a measurable function. Then the multilinear pseudo-
differential operator T, : L*(T™)™ — L2(T") is a Hilbert-Schmidt operator if and only if o €
L3(T™ x (Z™)™). Moreover, if T,, : L*(T™)™ — L*(T") is a Hilbert-Schmidt operator, then

1o ls, = llofl2@n x amym)-

The proof of Theorem 8.5 follows in the same way as well as the proof of Theorem 7.5.
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