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Inverse Scattering Problem
with Underdetermined Data
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Abstract. Consider the Schrédinger operator —V? 4 ¢ with a smooth compactly supported
potential ¢, ¢ = q(z),z € R,

Let A(B,a, k) be the corresponding scattering amplitude, k? be the energy, a € S? be the
incident direction, 8 € S? be the direction of scattered wave, S? be the unit sphere in R3.
Assume that k = ko > 0 is fixed, and @ = «p is fixed. Then the scattering data are A(3) =
A(B, o, ko) = Aq4(B) is a function on S?. The following inverse scattering problem is studied:
IP: Given an arbitrary f € L*(S?) and an arbitrary small number ¢ > 0, can one find q €
C§°(D), where D € R? is an arbitrary fived domain, such that ||A4(B) — JBNIL2(s2) <e€?

A positive answer to this question is given. A method for constructing such a ¢ is proposed.
There are infinitely many such ¢, not necessarily real-valued.

Keywords and phrases: underdetermined data, inverse scattering, fixed energy, fixed inci-
dent direction
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1. Introduction

Consider the scattering problem:
Find the solution to the equation

V2 +k? —q(x)Jlu=0 inR? (1.1)
such that _
ikox elkr 1 T
w=e*r L AB k) to(5), r=ll oo, T=p, (1.2)

where o € S? is a given unit vector, S? is the unit sphere, k = const > 0, k? is the energy, « is the
direction of the incident plane wave ug := e***? is the incident plane wave, 3 is the direction of the
scattered wave. The function

A(B,a, k) = Ag(B, a, k) (1.3)

is called the scattering amplitude corresponding to the potential ¢(z).
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If g(z) € C§°(R?) and is a real valued function, then the scattering problem (1.1)-(1.2) has a unique
solution, the scattering solution. There is a large literature on this topic, see, for example, [1], [2], [3], and
and references therein. The scattering theory has been developed for much larger classes of potentials,
not necessarily smooth and compactly supported.

We prove existence and uniqueness of the scattering solution assuming that Img < 0, see Lemma 2.5 in
Section 2. The inverse scattering problem consists in finding ¢(z) in a certain class of potentials from the
knowledge of the scattering data A(f3, a, k) on some subsets of the set 5% x $? x R, where R, = [0, c0).
If A(B, a, k) is known everywhere in the above set, then the inverse scattering problem is easily seen to
be uniquely solvable in the class of L3(R?), that is, in the class of compactly supported square-integrable
potentials, and in much larger class of potentials. If the scattering data is given at a fixed energy, and
k=ky >0 forall 5 € S? and all a € S?, then uniqueness of the solution to inverse scattering problem
was proved originally in [4]. An algorithm for finding g(x) from the ezact fixed-energy scattering data
and from noisy fixed-energy scattering data was given in [5], where the error estimates of the proposed
solution were also obtained, see Chapter 5 in [6].

Only recently the uniqueness of the solution to inverse scattering problem with non-over-determined
data A(—p, 8,k) and A(S, ao, k) was proved, see [7], and [8], [12].

The data A(—f,3,k),V8 € S? and all k > 0 are the back-scattering data, the A(S,aq,k),V3 € S?
and Vk > 0 are the fized incident direction data. The scattering data are called "non-over-determined” if
these data depend on the same number of variables as the unknown potential, that is on three variables
in the above problems.

Note that the data A(B,a, ko), Ve, 3 € S? and a fixed k = ko > 0 are over-determined: they depend
on four variables while ¢ depends on three variables.

The inverse problem IP with the data A(8) := A,(8) := A(S, o, ko) is under-determined: its data
depend on two variables. This problem, in general, does not have a unique solution in sharp contrast
to the inverse scattering problems mentioned above. The IP was not studied in the literature, except
in the paper [10]. The proofs in the current paper are more detailed, the potential is allowed to be
complex-valued with Img < 0, and the uniqueness of the scattering solution is proved for this class of the
potentials.

In this paper the IP is studied further. Assume that D C R3 is an arbitrary fixed bounded domain.

Let us formulate the inverse problem:

IP: Given an arbitrary f € L*(S%) and an arbitrary small number € > 0, find a ¢ € C§°(D) such that

IAB) = f(B)l|L2(s2) < e. (1.4)

The IP’s formulation differs from the formulation of the inverse scattering problems discussed earlier:

i) There is no unique solution for the problem we are discussing,

ii) In place of the exact (or noisy) scattering data a function f(8) on S? is given, which, in general,
is not a scattering amplitude at a fixed o = ag and a fixed k = kg corresponding to any potential from
L?(D).

The main results of this paper include:

a) A proof of the existence of ¢ € C§°(D) such that (1.4) holds;

b) A method for finding a potential ¢ € C§°(D) for which (1.4) holds;

¢) An analytic formula for a function h = qu, where u is the scattering solution at a fixed k and a fixed
«, corresponding to q.

In section 2 we prove that the set {A(B)} corresponding to all ¢ € C§°(D), is dense in L?(S?),
and that the set of functions {h} = {qu} is dense in L?(D) when ¢ runs through all of L?(D). Here
u = u(z) = u(x, ap, ko) is the scattering solution corresponding to the potential ¢, that is, the solution
to the scattering problem (1.1)-(1.2) with a = o € S? and k = ko > 0.

In section 3 an analytical formula for ¢ is given. The ¢ computed by this formula generates A(S)
satisfying (1.4).
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We do not discuss in this paper the relation of our results with the theory of creating materials with
a desired refraction coefficient, see [9], [11], [14].

2. The density of the set A(3) in L?(S?)

This Section is the main one. The logic of the proof of the main result, namely, the validity of formula
(1.4), can be described as follows.

First, it is proved that the set of functions {— [, e *#¥h(y)dy} is dense in L?(5?) when h runs
through L?(D), see Theorem 2.2.

Then we prove that the set {qu} is dense in L?(D) when ¢ runs through L?(D) and u is the scattering
solution corresponding to ¢, see Theorem 2.4.

Combining these two results one gets the desired inequality (1.4).

Let us start by proving the following lemma.

Lemma 2.1. If the set {A(B)} is dense in L?(S?) when q runs through all of L*(D), then it is dense in
L?(S?) when q runs through C§°(D).

Proof. The set C§°(D) is dense in L?(D) (in L?(D) norm), and the scattering amplitude A(3) depends
continuously in the norm of L?(S5?) on ¢, that is,

[[Ag, (B) = Agy (B)lIL2(s2) < cllar — q2llr2(py- (2.1)

Estimate (2.1) follows, for example, from the known lemma of the author (see [6], p.262):

—4m[Aq, (B) — Ag. (B)] = /D[ql(x) — q2(2)]u1 (2, ao, ko)ua(z, — B, ko)dz, (2.2)
and the well-known estimate
sup |u(z, a, k)| < e, (2.3)
x€eD

where ¢ > 0 is a constant depending on the L?(D) norm of ¢ and uniform with respect to k € [a, 00),
a > 0 is a constant and a € S?. Lemma 2.1. is proved. O

Thus, in what follows it is sufficient to establish the density of the set {A,(3)} in L?*(S?) when ¢ runs
through L?(D).

Theorem 2.2. For any f € L?(S?) and any € > 0 there ezists a ¢ € C5°(D) such that estimate (1.4)
holds, where A(B) = A,(B) is the scattering amplitude corresponding to q, and o = ag € S,k = ko > 0
are fized.

Proof. By Lemma 2.1, it is sufficient to prove that the set {A(3)} is dense in L?(S?) when ¢ runs through
all of L?(D). Assuming the contrary, one finds a function f € L?(S?) which is orthogonal in L?(S?) to
any function A(f3). It is well-known that

—4rA(p) = /D IRy, h(y) = q(y)uly), (2.4)

where u(y) = u(y, ag, ko) is the scattering solution. Using the orthogonality of f to A(f), one gets
/ f(ﬁ)/ e " Vh(y)dydB =0, Vg e L*(D). (2.5)
52 D
We prove later, see Theorem 2.4, that when ¢ runs through all of L?(D), the corresponding h runs through

a set L dense in L?(D). Taking this for granted, one can replace in (2.5) the expression Yq € L*(D) by
Vh € L?(D), and rewrite (2.5) as follows:

/ h(y) [ f(B)e *FYdBdy =0, Vhe L. (2.6)
D S2
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This implies
f(B)e*vdp =0, Vye D, (2.7)
52

where k = kg is fixed. In what follows, we write everywhere k for ko and « for «g. The integral in (2.7)
can be considered as the Fourier transform of a compactly supported distribution

£\ olgl—F
o9 =90) = £ (5 ) (2.8
where £ € R*,\ = [¢], 8 = £, and
§(y) = “itvge = [ a2ax [ e g, ) 2.9
9() : 9(&)e 3 e g(A, B)dp. (2.9)
R3 0 52
Since distribution (2.8) is supported on the sphere |¢| = k, which is a compact set in R?, its Fourier

transform is an entire function of . This function vanishes in an open in R3 set D by (2.7). Therefore,
it vanishes everywhere in R3. By the injectivity of the Fourier transform one concludes that f(3) = 0.
Therefore the assumption that the set {A(3)} is not dense in L?(S?) is false. Theorem 2.2 is proved
under the assumption that the set {h} is dense in L?(D) when ¢ runs through all of L?(D). In Theorem
2.4, see below, this density statement is proved. Thus, one can consider Theorem 2.2 proved. O

Remark 2.3. If one defines A(8) = — 4 [, e *#Vh(y)dy and assumes that {h} runs through a dense
subset of L?(D), then the corresponding set {A(B3)} is dense in L?(S?), as follows from our proof of
Theorem 2.2.

Theorem 2.4. The set {h} is dense in L?(D) when q runs through a dense subset of L*(D), where
h(z) = q(x)u(x), and u(x) is the scattering solution corresponding to q = q(x).

Proof. If u is the scattering solution, then

u(w) = uo(e) — [ glwp)h(o)dy, 2 € RE, uofe) i= 7 b= aqu, (2.10)
D
el R? 2.11
g(z,y)—m, T,y € o (2.11)
Define h L
o) = MB) _ (z) z € R5. (2.12)

u(x)  uo(x) — [ 9@, y)h(y)dy’

If the function ¢(x), defined in (2.12), belongs to L?(D), then the function u(x), defined in (2.10), is the
scattering solution, corresponding to ¢ € L?(D), defined by formula (2.12). Uniqueness of the scattering
solution is guaranteed if Imqg < 0 by the following Lemma 2.5.

Lemma 2.5. Assume that Imq < 0 and q € L?*(D),q = 0 in D := R®>\ D. Then there erists a unique
scattering solution, that is, the solution to problem (1.1)-(1.2). This solution is also the unique solution
to equation (2.10) if h = qu.

Proof. Tt is sufficient to prove uniqueness of the scattering solution. Indeed, the scattering solution solves
a Fredholm-type Lippmann-Schwinger equation,

u(x) =uO(w‘)—/Dg(af,y)q(y)U(y)dy,

and the uniqueness of the solution to this equation implies the existence of this solution by the Fredholm
alternative.
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Suppose that there are two scattering solutions, u; and wusg, that is, solution to problem (1.1)-(1.2)
(with @ = ap and k = kg > 0). Then the function v := u; — us solves equation (1.1) and satisfies the
radiation condition at infinity:

[V2+ k% —q(z)lv=0 inR?, (2.13)
% —ikv=o0 <?1ﬂ> , ri=z] = oo. (2.14)

Multiply equation (2.13) by o, the bar stands for complex conjugate, and the complex conjugate of (2.13)
by v and subtract from the first equation the second. The result is

(V2 + k2o —o(VZ+ k%) o — (¢ — q)v]* =0 (2.15)

Integrate (2.15) over a ball By of large radius R, centered at the origin, and use the Green’s formula to

get
_Ov  0v / ,
V— —v— | ds — 2i Img(x)|v(x)|“dx = 0. 216
/aclzR( ar 87~> Br q( )| ( )‘ ( )

Using the radiation condition (2.14) one rewrites (2.16) as
2ik |v2ds — 22’/ Img|v|*dz + o(1) = 0, (2.17)
|z[=R Br
where o(1) — 0 as R — oo. Thus, if Img < 0 relation (2.17) implies that

lim lv|?ds = 0. (2.18)

Condition (2.18) and equation (2.13) with a compactly supported ¢ € L2(D) imply that v = 0 in R?, see
Lemma 2.1 on p.25 in [13].
The scattering solution solves equation (2.10), because it satisfies the equation

u=ug— /D 9(z,y)q(y)u(y)dy, (2.19)

so that with the notation h := qu one gets from (2.19) equation (2.10).

Conversely, assume that u is defined by equation (2.10) and h in (2.10) is equal to qu, where ¢ is
defined by formula (2.12) and ¢ € L?(D) . Then this u solves equation (2.19), and, therefore, it satisfies
equations (1.1) and (1.2). To check this, apply the operator V2 +k? to equation (2.10) and use the known
formula (V2 + k?)g = —d6(z — y).

The result is (V2 + k?)u = h = qu, so equation (1.1) holds. The radiation condition holds because ¢
is compactly supported and g satisfies the radiation condition. Lemma 2.5 is proved. (]

Although the scattering solution, in general, is not unique if Img > 0 and may not exist in this case, it
does exist, even if Img > 0, if ¢, defined by formula (2.12), belongs to L?(D). Indeed, then qu = h and

u(z) = uo(x) - /D oz, v)a(y)uly)dy,

so that u := ug(x) — [}, 9(x,y)h(y)dy is the scattering solution.

Let us assume now that the function (2.12) does not belong to L?(D). Since h € L?(D) the function
u(z) € HE (R?), where H7 (R?) is the Sobolev space.

Changing h slightly one may assume that h is a smooth bounded function in D. Such a change leads to

a small change of the scattering data A(3) in L?(S?) norm. Thus, we will assume below that & is bounded
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in D in absolute value. The function (2.12) does not belong to L?(D) if and only if the denominator in
(2.12) has zeros. Let

N :=N(u):={x:u(x) =0,z € D}, Ns:={x:|u(z)] <,z e D},

where § > 0 is a small number, and let Dy := D\ Nj.
The idea of the argument below is to show that the set N is generically a line in R?, and that there
exists a function

| h(z) in Dy,
hs(z) = {0 N (2.20)
such that
[|hs — hHLz(D) < b2, (2.21)

Moreover, the function hs € L°°(D). This function can be made smooth by an approximation by a
C§°(D)-function. The corresponding smooth hs generates As(/5) which differs slightly from the original
f(B). The corresponding us(z) can be defined as follows:

us(z) = uo(z) — / oz hs(y)dy, @ € R, (2.22)
D
where .
L 17‘5 n D5, 00
45 = {05 noN B ELTD). (2.23)

Consequently, we will prove that a small change of h may be arranged in such a way that the corresponding
change of ¢ leads to a potential g5 which belongs to L (D).

Lemma 2.6. The set N is a line in R>.

Proof. Let u = uj + iug, where u; = Ru and uy = Su. Then the set N is defined by two equations in
R3:
ui(z) =0, wug(xr)=0, =xcR> (2.24)

The functions u; € HZ (R3), j = 1,2, because u € H (R?). Therefore, each of the two equations in
(2.24) is an equation of a surface.

The two simultaneous equations (2.24) generically describe a line ¢ in R?®. By a small perturbation of
h one may ensure that the line ¢ := {x : uy(z) = 0,u1(z) = 0,2 € D} is smooth in D and the vectors
Vu;,j = 1,2, on £ are linearly independent.

Lemma 2.6 is proved. O

Lemma 2.7. There exists a function (2.20) such that (2.21) holds.

Proof. Consider a tubular neighborhood of the line ¢ in D. This neighborhood is described by the
inequality p(z,¢) < &, where p(x,£) is the distance between z and ¢. Choose the origin O on ¢ and let
the coordinates s;, j = 1,2, in the plane orthogonal to ¢, be directed along the vectors Vu;|; respectively,
while the third coordinate s3 be directed along the tangent line to £. The Jacobian J of the transformation
(w1,22,73) — (81, S2, $3) is non-singular, |J| + |J~!| < ¢, because Vu;,j = 1,2 are linearly independent.
Define hs by formula (2.20), us by formula (2.22), and ¢s by formula (2.23).
Note that

us() = u(e) + [ gl.0)[by) - hs(w)ldy. (225)
D
Since hs = h in D5 and hs = 0 in Ny, one obtains inequality (2.21):

lhs — hllz2(py = [|hl|L2(ng) < €62,
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because h is bounded and 62 is proportional to the area of the cross section of the tubular neighborhood.
Furthermore,

dy
> _ — = h 2.26
@) 2 @) —c [t = max o)l (2:26)
Denote d
Y
I1(6) := sup / e 2.27
©) veDs Iy AmlT =yl ( :
By construction
|u(z)| >0 if x € Ds. (2.28)
Therefore, inequality (2.26) implies
lus(x)] > 6 —cI(d) Va € Ds. (2.29)
Let us estimate I5 as § — 0 with the aim to prove that
inf |ug(x)| > b(6) >0 Q =1. (2.30)
¢€Ds - ’ 5—>0 0

So, for sufficiently small 6 > 0 one has b(d) > %.

If (2.30) holds, then |us(x)| is strictly positive in Ds and, therefore, g5 := Z—i is a bounded function in
Ds.
Since hs = h in Ds, one obtains

h h u—u 1
llgs — qllz2(ps) = —=_- < hllems) d <cdln—. (2.31)
s WilL2(Dy) Us® 11L2(Ds) 0
Here the following inequalities for x € Ds were used
52
I|hllcps) < ¢ |usul > 5 n Dy,
d
us(o) ~ ula)| < [ e hlldy < s [ < ob1(9), (2.32)
N Ns |z — y|

Here and throughout by ¢ > 0 various constants, independent of §, are denoted.
To estimate I(J) one argues as follows:

1060) < o~ /Né ] < / pdp/ m < 6(521n1 (2.33)

where the unit 1 is a finite coordinate along the s3 axis and we have used the following estimate:

1
ng (
—=In 33—1—\/;)2—1—5:2)
/o VP + 83 ’

where ¢ > 1 is a constant. Estimates (2.29) and (2.34) imply inequality (2.31). Thus, the existence of a
function (2.20) is proved, and

1

1
<cln—-, p—=0, (2.34)
0 p

hs — Bllzco = [Hl] s < c/ dz < c?. (2.35)
Ns

Lemma 2.7 is proved. O
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From Lemma 2.7 the conclusion of Theorem 2.4 follows. Indeed, if h € L?(D) is an arbitrary function
and ¢, defined by formula (2.12), belongs to L?(D), then, as was proved above, the u, defined by formula
(2.10), is the scattering solution. This scattering solution is unique if Img < 0 by Lemma 2.5. If ¢, defined
by formula (2.12), does not belong to L?(D), then there is a bounded function gs(x), approximating g, see
(2.31), such that the corresponding hs approximates h(x) well, see (2.35), and the corresponding us(x)
is the scattering solution corresponding to gs(x).

Theorem 2.4 is proved. O

3. Formulas for solving inverse scattering problem with fixed a and k& > 0

The inverse problem (IP) was formulated in the Introduction. Given ¢ > 0 and an arbitrary f(3) € L?*(S?)
we first find h(x) € L?(D) such that

<e. (3.1)
L2(S2)

@)+ 4 [ e mmay

This can be done (non-uniquely !) in many ways. Let us describe one of the ways. Without loss of
generalities assume that D = B = Bp is a ball of radius R centered at the origin. Expand the plane
wave e~*3'Y and h(y) into the spherical harmonics series:

eV =N dnilji(kr)Yi(—BY(0), =1yl y° =2, (3.2)
T
=0
. TN\ 1/2 A7 ! .
)= (32) Iy @ 5 3 Yin() V() = Rila® - 4°), (3.3)
m=—I

Ji41(r) is the Bessel function regular at the origin, Y;(a) are the spherical harmonics:

milmly [(21 + 1) —|m|

_ 1/2
Yl(a) — Ylﬂn(a) — ( 1) )':| eimgapl)m@os(9)7

Var (I + |m|)!
—1<m <, (3.4)
. md™Pi(cos0) 1 d'(t?—1)
Pl7m(COS 9) = (Sln 6) W, Pl(t) = ﬁT, (35)

t = cosf, the unit vector « is described by the spherical coordinates (6, ¢),0 < ¢ < 27,0 <60 < 7,—1 <
m < [, one has

}/l,m(*a) = (*1>1Yl,m(a)7 }/l,m(a) - (71)l+m)/l,—m(a)v (36)
where the overline stands for complex conjugate. The summation in (3.2) and below is understood as
00 l
Zl:O Zm:—l'
Let -
h(y) =Y h(r)Yi(y°). (3.7)
1=0
It is well-known that
(le,m}/l’,m’)L%S?) = 6ll/5mm’a (38)
where ¢ is the Kronecker delta.
Let
L
fL(B)=>_ fYi(B), (3.9)
1=0
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where f; := (f,Y])12(s2) are the Fourier coefficients of f. For sufficiently large L one has

I[f = frllpesz) <e€/2. (3.10)
Thus, if
<e¢/2, (3.11)

then inequality (3.1) holds. Therefore, practically it is sufficient to find h satisfying inequality (3.11).
Substitute (3.7) and (3.2) into the equation

Fu(8)+ 3= [ e iy

L2(SZ)

/ e MR (y)dy = —4m fL(B), (3.12)
B
and use (3.8) and (3.6) to get
R
47r(—i)l/ 25, (kr)hy (r)dr = —471'fl(L)7 0<I<L. (3.13)
0
Equation (3.13) can be written as
R
(—i)H+2 / P2 (kr)h(r)ydr = £, Vi > 0. (3.14)
0

Recall that £\ = %) and hy(r) = hym(r).
Equation (3.14) has many solutions.
Denote by hj-(r) any function such that

R
/ r2j1(kr)hi- (r)dr = 0. (3.15)
0
Then the general solution to equations (3.14) has the form
hi(r) = (=) "2 f i (k) + it (r), 0< 1< L, (3.16)

where ¢; are arbitrarily constants, and

1

, 3.17
fOR drr2 52 (kr) (317)

"=

We have proved the following result.

Theorem 3.1. The function (3.7), with h; defined in (3.16) for 0 <1< L and h; =0 for 1 > L, solves
equation (3.12). If L = L(e¢) is sufficiently large, so that (3.10) holds, then the function

L
BO) =Y P OYie). =yl ¥ =2, (3.18)
=0

with hl(L)(r) defined in (3.16), satisfies inequality (3.1).

Let us give a formula for a potential ¢ such that h = qu approximates h(’) with a desired accuracy.
This ¢ is a solution to the inverse scattering problem (IP).

Given h")(y) defined in (3.18), let us denote it h(y) for simplicity. Using this function, calculate g(z)
formula (2.12). If this ¢ € L?(D), then the inverse problem (IP) is solved. There is no guarantee that
Img < 0.
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If formula (2.12) does not yield an L?(D) function, then one uses hs(z) in place of h(z) and, as was
proved in Theorem 2.4, obtains a potential ¢s(2) which is a solution to (IP).

Other computational methods can be used for finding h(y) given f(5). For example, one can choose
a basis {¢;} in L?(B), B = D is a ball, and look for

n

ha(z) = > M), (3.19)

J=1

(n)

where ¢; " are constants to be found from the minimization problem

1£(8) =D e g;(B)ll 12 (s2) = min. (3.20)
j=1
Here 1
9;(B) = == | e Vp(y)dy. (3.21)
B

A necessary condition for the minimum in (3.20) is a linear algebraic system for the coefficients c;n), 1<
Jj<n.

The linear minimization problem (3.20) is well-posed for a fixed n, because its solution is found from
the solution of a finite-dimensional linear algebraic system whose matrix is non-degenerate because the
system {g;}”_; is linearly independent.
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