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Abstract. We investigate several equivalent notions of the Jost solution associated with a
unitary CMV matrix and provide a necessary and sufficient conditions for the Jost solution
to consist of entire functions of finite growth order in terms of super exponential decay of
Verblunsky coefficients. We also establish several one-to-one correspondences between CMV
matrices with super-exponentially decaying Verblunsky coefficients and spectral data associated
with the first component of the Jost solution.
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1. Introduction

Five diagonal unitary matrices have been studied extensively in recent years due to their rich connections
with orthogonal polynomials on the unit circle as well as function and operator theory. These matrices
were introduced first in the context of numerical linear algebra [4,30], but were later rediscovered in
the context of orthogonal polynomials on the unit circle [5] and coined CMV matrices in [24]. For a
comprehensive discussion of CMV matrices and related topics we refer to the two volume monograph
[26,27] and review papers [24, 25, 28].

In this note we consider infinite CMV matrices, which can be viewed as unitary operators on £2(Np).
The entries of a CMV matrix U are uniquely determined by a sequence of complex numbers in the unit
disk {a }72, which are called Verblunsky coefficients. For CMV matrices with sufficiently fast decaying
Verblunsky coefficients there exists a unique solution u(z) = {ug(2)}32, of [(U — 2)u(2)]x = 0, k > 1,
with prescribed asymptotic behavior at infinity. The solution wu(z) is called the Jost solution of U and
is directly related to the spectral data of the associated CMV matrix U. We will study the nonlinear
map that takes a sequence of Verblunsky coefficients to ug(z), the first component of the Jost solution of
the corresponding CMV matrix U. This map is an analog of the spectral transformation that provides a
one-to-one correspondence between sequences of Verblunsky coefficients and probability measures on the
unit circle representing the spectral measures of the corresponding CMV matrices.

In spectral theory, one is interested in finding relations between coeflicients of an operator and proper-
ties of its spectral data. There is a long history of such results in the context of orthogonal polynomials
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on the unit circle [26,27]. We mention a few of the most remarkable ones below. The spectral theorem
for CMV matrices combined with the Szegd theorem [26, Thm.2.3.1] shows that there is a one-to-one
correspondence between 2 Verblunsky coefficients and probability measures du = w% + dus on the
unit circle with integrable logw. Likewise, the spectral theorem combined with the Baxter theorem [26,
Thm.5.2.1] gives a one-to-one correspondence between ¢! Verblunsky coefficients and probability measures
du = w% +dus on the unit circle with ¢! Fourier coefficients and w being uniformly bounded away from
zero. Similarly, the Nevai-Totik theorem [26, Thm.7.1.3] provides necessary and sufficient conditions for
exponential decay of Verblunsky coefficients in terms of analytic properties of the corresponding Szeg6
function.

The main goal of this paper is to investigate the case of Verblunsky coefficients with super exponential
decay of the form |ay| < ck~*/% and find the corresponding conditions on the spectral data. Motivated
by the approach used in [6] for the study of Jacobi matrices with exponentially decaying coefficients,
we establish necessary and sufficient conditions for the existence of the Jost solution {uy(z)}72, with
entire functions ug(z), k > 0, of finite growth order in terms of super exponential decay of Verblunsky
coefficients. We also obtain one-to-one correspondences between the class of super exponentially decaying
Verblunsky coefficients, the class of entire functions of finite growth order vanishing at the origin that
represent ug(z), and the class of possible sets of zeros of ug(z) which we describe explicitly.

The paper is organized as follows. In Section 2 we introduce the basics of CMV matrices and state
some known facts. Section 3 is devoted to a discussion of three alternative notions of the Jost solution
which we show to be equivalent. Finally, in Sections 4 and 5 we prove our main results.

We use the following notation in the paper. The set of nonnegative integers is denoted by Ny and
the Hilbert space of all square summable complex-valued sequences by ¢?(Ny). The inner product in the
Hilbert space £2(Np) is denoted by (,-) and is assumed to be linear in the second argument. The vectors
of the canonical basis of £?(Ny) are denoted by i, k > 0. The open unit disk in the complex plane is
denoted by D.

2. Preliminaries

Below we summarize some of the results established in [9] that will be used throughout the paper. A
CMV matrix U with Verblunsky coefficients {a;}72; C D is defined by

—Q1 P1 0 O
—p1Q2 —Qpie —pP2Qi3 P23
p1p2 Qupz —Oi2qi3 Qi2P3 0
U= 0  —p3ayq —Q30q —paces paps ) (2.1)

p3ps  Q3py —agas agps 0

0

where pr, = /1 — |ag|?, k > 1. The CMV matrix U admits a factorization into a product of two block
diagonal matrices U = VW. The matrices V and W are given by

V=1® (@ @2k> , W= @82}’@—17 (2.2)
k=1 k=1

where 1 denotes a 1 x 1 block and @}, denote 2 x 2 blocks

O = (‘O"“ p’“) . k> (2.3)

Pk O
It is easy to see that the matrices V, W, and hence, U define unitary operators on £?(Np).
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The CMV recurrence equation is defined for all z € C\{0} by

(?M?>:IM@<W’NQ>7 k>, (2.4)

vE—1(2)

where,
L[k Z) k odd,

T() Pk I/Zak
w(z) = »
1 (el ,  k even.
Pk 1 o

It is related to the CMV matrix via the following result obtained in [9].

Lemma 2.1. For every z € C\{0}, the sequence ("*)) = {("’“(Z)) } oo is a solution of the CMV recursion

v(z) v (2

equation (2.4) if and only if

Vu(z) = u(z) + [vo(z) — uo(2)]do,
(2.5)
Uu(z) = zu(z) + z[vo(z) — uo(z)]do.
The Weyl-Titchmarsh m-function of a CMV matrix U is defined by
mo(2) = (80, (U + 2)(U — 2)7180) = 1+ 2(0¢, 2(U — 2)716y), 2z € D. (2.6)
The spectral theorem then gives
el 4z
7m@:/ o dpolt), €D, (2.7)

where dpug denotes the spectral measure associated with the unitary operator U and the cyclic vector
8o. Since (e’ + 2)/(e® — 2) has positive real part for all z € D, it follows that mg(z) is a Carathéodory
function (i.e., analytic with Remg(z) > 0 on D). Another important function associated with U is the
Schur function fo(z) (i.e., analytic with |fo(z)| < 1 on D) defined by

 1Img(z) -1

fo(z) = ZW, z € D. (2.8)

1

Employing the Neumann series for (U — z)~* in (2.6) and using (2.8) yields the asymptotics

mo(z) =142 i Zn<(5(), U_n(50> =1-2a1z+ 0(22) and fo(O) = —qQj. (29)

n=1

There is a one-to-one correspondence provided by the spectral theorem for CMV matrices between
the class of Verblunsky coefficients (equiv., CMV matrices) and the class of Schur functions (equiv.,
Carathéodory function normalized by mg(0) = 1).

3. The Jost solution of a CMV matrix

In this section, we introduce three equivalent notions of the Jost solution associated with a CMV matrix
and explore some of their properties and connections with the Weyl-Titchmarsh m-function mg(z) and
the Schur functions f,(z) associated with the truncated Verblunsky coefficients {a,4+1}72,, n > 0.
First, consider the free CMV matrix which is the CMV matrix U with the identically zero Verblunsky
coefficients o, = 0, k > 1. In this case the Jost solution u(z) = {uy(2)}32, is defined to be the solution
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of (U — z)u(z) = zdyp. It is easy to check that the Jost solution of the free CMV matrix is given by
gk 1(2) = 2%, uop(2) =0, k > 1, z € C.

Now let {2 be an open domain on C containing the origin and consider a general CMV matrix U. A
sequence of analytic functions u(z) = {ux(2)}32, on 2 is called the Jost solution of U on {2 if

(U = 2)ulz) = 20(2)00, 2 € 02, (3.1)
for some function y(z), called the Jost function of U on {2, and

lim 21 gy, veel?)
k—o00 zk k—oo 2k

=0, zelf (3.2)

We will show shortly that a necessary condition for the existence of the Jost solution is the decay of
Verblunsky coefficients a, — 0 as k — oo.
Next, we introduce the Jost solution of the CMV recursion equation as an analytic solution (38) =

{(“’“(z))}iio of (2.4) on {2 such that u(z) satisfies (3.2) and v(z) satisfies

v (2

. Ugp—1\2 .
lim % =0, lim
k—o0 z k—o0 z

=1, zef (3.3)

The above two notions of the Jost solution are, in fact, equivalent. Indeed, if (58) is the Jost solution

of the CMV recursion equation (2.4), then by Lemma 2.1 u(z) is the Jost solution of U and the Jost
function of U is given by

Yo(z) = vo(z) — uo(z2). (3.4)

The converse is also true. If u(z) is the Jost solution of U on {2, define the complementary sequence
v(z) by vk(2) = [V u(2)]k, k > 1, and vo(2) = 27 [Wu(z)]o. Then (Zgzg) satisfies (2.4) by Lemma 2.1.
Moreover, the structure of the matrix V in (2.2) and the 2 x 2 blocks @y, in (2.3) shows that

vak-1(2)\ _ (~@ak par | (u2k-1(2) k> (35)

ng(z) P2E G2k UQk(Z)
It follows that {vy(z)}3, are analytic on {2 since {uy(2)}72, are. In addition, by (3.5), the asymptotic
(3.3) follows from (3.2) as long as oy, — 0 as k — co. Thus, it remains to verify that ay — 0 as k — oo
and show that vg(z) does not have a pole at z = 0. In fact, we will show that all the quotients in (3.2)

and (3.3) do not have poles at the origin, and hence, are analytic on (2.
In the following it will be convenient to change variables to

—1 k
T (2) zk/21 0 01\" (ur(2)
= > .
(N = (7 aim) (V5) (2): w20 e mon (36)
and extend (3.6) by analyticity to z = 0. A priori the functions x(2), yx(z) are analytic on 2\{0}
but might have a pole at z = 0. To simplify notation we will consider xx(z), yx(z) as functions to the

extended complex plane, that is, we will define them on all of {2 by assigning the value infinity at the
pole. The CMV recursion equation (2.4) in the new variables becomes

1 _,
("”’“(Z)> - ( o O";“Z) <x’““(z)>, k>0, z€ 0. (3.7)

Yk (2) Pr+1 \ 7 Qk+1 Yrt1(2)
It is easy to see that (3.2) is equivalent to zax(z) — 0 and yor_1(2) — 1 as k — oo, hence, z25(0) and

y2k—1(0) must be finite for all sufficiently large k. Then it follows from (3.7) that x4(0) and y(0) are
finite for all & > 0, and hence, vo(0) as well as all the quotients in (3.2) and (3.3) are finite at z = 0
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by (3.6). In addition, (3.7) show that x;(0) = 0 and yx(0)pr+1 = yr+1(0) for all & > 0. In particular,
yx(0) = yo(0) HZ:1 Pn, k > 0, and hence, yi(0) is monotone decreasing w.r.t. k. The asymptotic
yak—1(0) — 1 as k — oo then implies

oo

1 <yp(0) = H L < 0. (3.8)

e Pn

Thus, pr — 1, and hence, o — 0 as k — oco. This finishes the verification of the equivalence of the two
notions of the Jost solution.
It follows from the above discussion that in the new variables we have the third equivalent notion of

the Jost solution which is an analytic solution (;Ei;) of (3.7) on £2 with the asymptotic

()~ () oo

The Jost solution (28) of (3.7) on 2 = C has a useful symmetry property which we explore next.
Define

2f (2) =w(1/2), v () =u(1/2), k>0, z€C\{0}, (3.10)

and note that the matrix in (3.7) has a symmetry that allows us to rewrite (3.7) as

() () () oscem o

Ty (2) Pt \ T+ 2T (2)

Combining (3.11) and (3.7) into a single matrix equation and taking the 2 x 2 determinants on both sides
then gives

ui ()i (2) = 2 (2)2n(2) = Yy (DJyren (2) — 2l (e (2), (3.12)

that is, the expression on the LHS is constant w.r.t. k. Utilizing the asymptotic (3.9) then yields the
following useful identity

v (2)un(z) — 2 (2)zn(z) =1, k>0, z € C\{0}. (3.13)

Next, we derive several relations between the Jost solution, Jost function, m-function, and Schur
function. As before, let (igg) be the Jost solution of (3.7) on 2 D D. Since, by (3.6), ug(z) = x0(z) and

vo(z) = yo(2), (3.4) yields

Po(2) = yo(z) —x0(2), z€ . (3.14)
Combining (2.6) and (3.1) gives
gl () tm()
mo(z) =1+ 2%(2)  yo(2) —wo(2)’ =P (315)
and hence by (2.8),
_ Llazo(2) B
folz) = - i) € D. (3.16)

Since fo(z) is analytic on D and, by (3.13), z¢(2) and yo(z) have no common zeros on C\{0}, it follows
from (3.8) and (3.16) that

yo(z) #0, z€D. (3.17)
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Consider the CMV matrix U, associated with the truncated sequence of Verblunsky coefficients
{an+r}72, and denote by fi,(z) the Schur function associated with U,,. Then noting that the Jost
solution of (3.7) associated with U, is the truncation of the Jost solution of (3.7) associated with U gives

1z,(2)
fn(z) == , n>0,zeD. 3.18
# =200 (345)
In addition, similar to (2.9), we obtain
Fal0) = @y, n>0. (3.19)

Finally, we note that (3.16) shows that the Jost solution (;Ei

forms of the Jost solution and the Jost function, are unique. Indeed, z((z) and yo(z) are uniquely
determined up to a common multiple by U via the Schur function fy(z) and the relation (3.16). Then, by
(3.7), the whole Jost solution is determined by U up to the same common multiple and the asymptotic
(3.9) shows that the common multiple must be identically 1.

3)7 and hence also all the other equivalent

4. Characterization of CMYV matrices with super exponentially decaying
Verblunsky coefficients

In this section we present our first main result. It characterizes CMV matrices that have the Jost solutions
on C whose components are entire functions of finite growth order in terms of super exponential decay
of Verblunsky coefficients. This result extends the sufficient condition for the existence of the entire Jost
solutions of growth order zero obtained in [31]. Our extension is threefold: we replace the earlier sufficient
condition of [31] by a weaker condition, show that the weaker sufficient condition is also necessary, and
discuss the Jost solutions of all finite growth orders.

Theorem 4.1. Let U be a CMV matriz with Verblunsky coefficients {ax};>, C D. Then U has the Jost
solution u(z) = {ur(2)}72, on C with uy(z) being an entire function of growth order at most v, that is,

log log max|,|— g |uo(2)]

lim sup

< 4.1
R—o0 logR =7 ( )

if and only if the Verblunsky coefficients satisfy the super exponential decay condition

log(k
lim sup og (k)

_— . 4.2
k—o00 _1og‘ak| o ( )

Remark 4.2. (i) (4.1) is equivalent to |ug(z)| < ¢(8) exp(|2]°), z € C, for all § > ~.

(i1) (4.2) is equivalent to |ay| < ¢(6)k=F/% k> 1, for all § > ~.

(#i7) Due to the equivalence of (4.1) and (4.2), the inequalities in (4.1) and (4.2) can be replaced by the
equalities.

(iv) Tt follows from the proof that (4.2) implies (4.1) for all ug(2).

Proof. We start by showing that (4.2) implies (4.1). Adopting the approach used in [31], we introduce
the constants

o 1
Ck) = H R k Z 07 (43)
=t P

and consider the following Volterra sum equation
wi)=e()- 2 & 0™ (o)
=C — — " , k>0,zeC. 44
(yk(z) N n:zk;“ Cp \an 0 yn(2) (44
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It is a straightforward verification that a solution of (4.4) satisfies (3.7), (3.9) and hence gives rise to the

Jost solution of U via (3.6). Indeed, if (z:éz;) is a solution of (4.4), then the asymptotic (3.9) with 2 =C

follows from the convergence of the product in (4.3) and the series in (4.4). The recurrence relation (3.7)
can be derived from (4.4) as follows,

() =a()- = (o7 0™) (o)
= G () - (e 5 ()
Sr e 5 D Dl S [ W)
= GO o) - (a5 (i)
_ ( z mkH) (xk“(z)), k>0, z€eC. (4.5)

Pr+1 \ Y+l 1 Yr+1(2)

Thus, it suffices to show that (4.4) has an analytic solution of growth order at most ~.
We build a solution of (4.4) using the standard Volterra iterations

() -SChe)

where
(0) (s+1) 0o e e (s)
(xéco) (Z)) = Ck (O>a (xéchrl)(Z)) = - Z @ ( 0 = Oa") (xz)(z)) k,s > 0. (4.7)
Yg (Z) 1 Yy, (Z) n=k+1 Cn On Yn (Z)

Then recursively estimating the terms as in [29, Lemma 7.8] using the C2-norm we obtain

CE<3((1L5) £ mivmnin)

Y (2) =1Pi/ S

(
zy (2)

and hence,

. k>0 (4.9)

D] <om((T12) 55 ommtrirn) | (o)

The assumption of the super exponential decay of Verblunsky coefficients (4.2) guarantees that the
constant in the estimate (4.8) is uniformly bounded w.r.t. z on compact subsets of C, hence the series
(4.6) converges locally uniformly. Since by construction (4.7) the summands of (4.6) are entire then so
is the solution (z: 1 ) of (4.4).

Next, we estimate the growth order of the entire functions x4 (z) and yi(z). It follows from (4.2) that
for any § > 7 there exists ¢ = ¢(§) > 0 such that |a,| < en™™/% n > 1. Let |2 = R > 1 and N = [(2R)°].
Then |ay,2z"| < 27" for all n > N + 1, and hence, it follows from (4.9) that

()= (L)oo ()
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Taking R sufficiently large so that NV > k, applying the recursion (3.7), and estimating the norm of the
matrix in (3.7) by || (_Z ~9"*) || < R(1+ |anl), then yields

e m (L o) |G comemr,

where the constant C' is z-independent. Thus, we compute

- log 1og maxz|=r H (z:g;) H
R—o0 1Og(R)

<4 (4.12)

Since § > v was arbitrary, it follows that the growth order of xx(2), yx(2), k > 0, is at most 7, and hence,
(4.1) follows from (3.6).

For the other direction, (4.1) implies (4.2), we start by recalling the equivalent notion of the Jost
solution (2%2) of the recurrence equation (3.7). As discussed in Section 2, the functions xx(2), yi(z),
k > 0, are entire and xo(z) is of growth order at most v by (4.1). We also recall the definitions of a:k#(z)
and yf(z) in (3.10), define f,f&(z) = f1(1/Z), note that z’lf,fﬁ(z) = xk#(z)/y;f(z) by (3.18), and rewrite
(3.13) as,

yk(2) =y (2) 7 4 27 (2)a(2), k>0, 2 € C\{0}. (4.13)

In the following we restrict all functions to the circle z = Re?, R > 1, and consider them as elements

of L*([—,m]; 92). Let P} denote the orthogonal projection in L?([—m, 7]; £ ) onto the span of {e™?}22 ;.
Then applying P, to both sides of (4.13) and evaluating the L?-norms then yields
low — 5Ol = 1P+ (7 )l < 127 el < Lol < 2l (114)
Similarly, rewriting the first component of (3.7) as
2 ppre_1(2) = 2h(2) —arye(z), k>1, (4.15)
applying P, to both sides, and estimating the L?-norms gives
%kaflﬂ > ||z prwrall 2 1P (27 pren-1) | = 1Py (wr — @) |
> [|Prakll — low 1 Pryell = llex — 2k (0)] = [lyx — we (0)]- (4.16)
Recalling that z;(0) = 0 and combining (4.16) with (4.14) then implies
ekl = (R =1llzel, k=1, (4.17)

Let Zx(2) = 27 '2(2) and recall that —a,1 = 24(0)/yx(0) by (3.18) and (3.19). Thus, using the mean
value property of the entire function Z(z) and iterating the inequality (4.17), we obtain

[Ze ()] _ @kl _ =l L | L ol
(O~ yr(O)] = lyx(0)] = R =1 [y(0)] ~ (R=1)* |yx(0)"

logt1] = (4.18)

Since xo(z) is of growth order at most v, for any § > v there exists ¢ = ¢(6) > 0 such that |xo(z)| <
cexp(]z]?). Hence, we obtain from (4.18) that
cexp(R?)
PO JCl (4.19)
(R = Dy (0)]
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Let R =14 k'/? and note that R < (2k)/% for sufficiently large k, then

cexp(2k)

- 4.20
|0¢k+1| = kk/5|yk(0)|a ( )
and using the fact that y;(0) — 1 as k — 0o we compute
. klogk . klogk
1 — <1 = 4. 4.21
P Dioglon] = P TR/ log b+ Tog ok (0)] ~Toge 2% 2y
This yields (4.2) since § > ~ was arbitrary. O

5. One-to-one correspondences for CMV matrices with super exponentially
decaying Verblunsky coefficients

In this section we present our second and third main results, which establish two one-to-one correspon-
dences for CMV matrices with super exponentially decaying coefficients. More precisely, the first result we
present shows that every entire function of finite growth order vanishing at the origin appears as the first
component uy(z) of the Jost solution {uy(2)}52,, of a unique CMV matrix U with super exponentially
decaying Verblunsky coefficients. Combined with Theorem 4.1 this provides a one-to-one correspondence
between entire functions of finite growth order and super exponentially decaying Verblunsky coefficients.
In addition, we note that our proof is constructive, and hence, it can be viewed as a solution to the inverse
problem of finding a unique CMV matrix with super exponentially decaying Verblunsky coeflicients and
a prescribed first component ug(z) of its Jost solution {ug(2)}72,.

Theorem 5.1. For every entire function h(z) of finite growth order, there exists a unique CMV matrix
U with super exponentially decaying Verblunsky coefficients {ca }72 |, that is,

lim sup (5.1)

k—oo  — log |ay]
such that the first component ug(z) of the Jost solution of U on C satisfies ug(z) = zh(z).
Remark 5.2. (i) By Theorem 4.1 the limit in (5.1) equals the growth order of h(z).

Proof. We start by showing the uniqueness part. Since the Schur functions are in one-to-one correspon-
dence with CMV matrices by Geronimus’ Theorem (cf. [26]), it suffices to show that ug(z) uniquely
determines fy(z). Indeed, by the discussion in Section 3, we have the equivalent Jost solution (;8)
of (3.7) on C with z(z) = up(z) and yo(z) being an entire function with no zeros on D by (3.17) and
Yo(0) > 0 by (3.8). Thus, yo(z) on D is uniquely determined by |yo(z)| on D, and hence by the function
x0(2) since |yo(2)|? = 1+ |x¢(2)]? on D by (3.13). The Schur function fo(z) is then uniquely determined
by xo(z) and yo(z) via (3.16).

Next, we show the existence part by constructing the Verblunsky coefficients and the corresponding

Jost solution (28) of (3.7) on C. Let zo(z) = zh(z), z € C, and define yo(z) on D by

—T

el 4z v 12y 40
()= ([ G o (14 fan(P) T ). 2 €D, )

and on C\D by
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where x# (z) and y#(z) are given by (3.10). It follows from (5.2) that yo(z) has nontangential boundary

values a.e. on 9D and lim,4q |yo(re?)? = 1 + |zo(e?)|? for a.e. 6 € [0,27). By (5.3), a.e. on dD the
boundary values of yo(z) from the outside of the unit circle match with the boundary values from the
inside of the unit circle,

L+ |zo(e™)[? _ limygy fyo(re™)|?

lim,+1 yo(re’?) lim, 41 yo(re®?)

lim yo (re'?) = = lim yo(re™), 5.4
o yo( ) Tlﬂ yo( ) (5.4)
and hence yo(z) is an entire function by Morera’s theorem.

Now we recursively define the Verblunsky coefficients o, and the entire functions zx(2), yi(z), & > 1.
For k = Oa 1727 AR define fk(z) = Z_lﬂj‘k(Z)/yk(Z), Qp+1 = _fk(o)a and

() (2 ) (59) e .
Yet1(2))  prrr \Z0ky1 1 yr(2)

The definition of zo(z) and the above choice of the Verblunsky coefficients guarantees that xj(0) = 0 for
all £ > 0. Then, since yo(0) is finite by (3.8), it follows that the functions zj11(z) and yx11(z) defined in

(5.5) have no poles at the origin and hence are entire for all £ > 0. Moreover, (5.5) is equivalent to (3.7),

hence the constructed sequence (*2)) = {(**(*))} s a solution of (3.7) on C. Using (3.7) at z = 0 we
y(2) yr(2)/ T k=0

get yi(0) = yo(0) Hszl pn > 0. Thus, y5(0) is monotonically decreasing as k — oo and as a result y;(0)
has a limit Y = limy_ o yx(0) > 0.

Finally, recalling the estimates (4.14) and (4.17) obtained in the proof of the previous theorem, we
get for any R > 1 that ||zx| — 0 and ||yx — yx(0)|| — 0 as & — oo. Hence, for every z € C we have
2i(z) = 0 and yr(z) — yx(0) — 0 as k — oo. The latter one implies that yi(z) — Y for all z € C as
k — oo since y(0) has the limit Y. Taking k — oo in (3.13) yields |Y|? = 1, and hence, yx(z) — 1 for all
z € Cas k — oo. Thus, the constructed solution (zgz;) is the Jost solution of (3.7) on C corresponding to

the constructed sequence of Verblunsky coefficients. The super exponential decay condition (5.1) follows
from Theorem 4.1 as up(z) = xo(z) = zh(2) is of finite growth order. O

In our second result we continue the study of CMV matrices with super exponentially decaying coef-
ficients. For the Jost solutions {u(z)}72,, associated with such matrices we describe the distribution of
zeros of ug(z). More precisely, we show that the reciprocals of the nonzero roots of ug(z) are in P for
all p > § > 0 whenever |ay| < ck™*/%. This describes the distribution of roots of ug(z) near infinity.
For the roots of ug(z) on the unit disk we establish the lower bound |ou| < ]}, <1 [2k], where ay is
the first Verblunsky coefficient. There is a long history of similar results for Jacobi and Schroédinger
operators in which zeros of the corresponding Jost functions (called resonances) were studied under
various assumptions on the background operators and their compact perturbations, see for instance
[7,8,11,14,15,18,23,32] and the references therein.

There is also a related inverse problem of constructing/recovering a CMV matrix from a prescribed set
of zeros of ug(z). It is easy to see that this problem does not have a unique solution in general. Indeed,
the functions ug(z) = ze® and ug(z) = bz, b € C, correspond to different CMV matrices by Theorem 5.1
yet all have the only zero at the origin. It turns out that these examples illustrate essentially all possible
cases of nonuniqueness. In our result below we impose an additional assumption of fast super exponential
decay |o| < c¢k™*/%, 0 < § < 1 which, by Theorem 4.1, rules out presence of an exponential factor and
assume that aq is known which fixes the multiplicative constant b. More precisely, we show that under
the assumption of fast super exponential decay of Verblunsky coefficients the zeros of ug(z) together with
the value of the first Verblunsky coefficient oy uniquely determine a CMV matrix. In fact, we show that
there is a unique CMV matrix for every prescribed set of zeros for ug(z) and every prescribed value for
the first Verblunsky coefficient o1 as long as they satisfy the restrictions of the distribution of zeros result
mentioned above. Thus, for each fixed value of oy we obtain a one-to-one correspondence between the
class of CMV matrices with |ay| < ck=#/9, 0 < § < 1, and the collection of sets of zeros for ug(z) allowed
by the distribution of zeros result.
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In the context of Jacobi and Schoédinger operators the inverse problem of recovering an operator
from the set of zeros of its Jost function is known as the inverse resonance problem, see for instance
[1-3,12,13,16,17,19-21, 33] and the references therein. Our result is a CMV analog of these inverse
resonance problems. The uniqueness part of our result has appeared earlier in [31] under stronger decay
assumptions on Verblunsky coefficients. Also uniqueness and stability of the inverse resonance problem
associated with the Jost function 1g(z) of a CMV matrix has been treated in [22].

Theorem 5.3. Let {z;} | C C\{0}, K €{0,1,...,00}, be a sequence satisfying

K
1
inf{d>0: <oo}§’y<1, (5.6)
{202
and let a € D be such that
0<|al < H |2k |- (5.7)
|z | <1

Then in the class of CMV matrices with Verblunsky coefficients satisfying

log(k
lim sup 0g (k)

SO <y <, 5.8
kel —log ag] = (5:8)

there exists a unique CMV matriz U with the Jost solution {uy(2)};>, on C such that oy = a and the
roots of ug(z) repeated according to their multiplicities are precisely {0} U {2} ,.

Conversely, let U be a CMV matriz with Verblunsky coefficients {ou, }32, satisfying oy # 0 and (5.8)
and let {ug ()}, be the Jost solution of U on C. Then the nonzero roots of ug(z) repeated according to
their multiplicities {z }5_, satisfy (5.6) and a = ay satisfies (5.7).

Remark 5.4. (i) The value of the infimum in (5.6) is the exponent of convergence for {z; }5_,.

(#4) Due to the equivalence, the nonstrict inequalities in (5.6) and (5.8) can be replaced by the equalities.
(797) Tt follows from the proof that the restriction v < 1 in (5.6) is only necessary for the uniqueness
part of the forward direction. The existence part and the converse direction continue to hold with the
restriction 4 < 1 dropped from (5.6) and (5.8).

(iv) The theorem also extends to the case where ug(z) has a zero of order kg > 1 at the origin. In this
case the Verblunsky coeflicients satisfy o = -+ = ag,—1 =0, ag, = a # 0.

Proof. We start by showing the uniqueness part of the forward direction. As discussed in Section 3 (cf.

(3.5), (3.6)), the Jost solution {ux(z)}32, of a CMV matrix U on C is equivalent to the Jost solution
(Zgg) of (3.7) on C with wug(z) = xo(z). By Theorem 4.1, the function zo(z) is entire of growth order
strictly less than 1 for any CMV matrix U with Verblunsky coefficients satisfying (5.8). Thus, by the

Hadamard factorization theorem,

xo(z) =0bz2II(z), z€C, (5.9)
where b € C\{0} and

1I(z) = ﬁ (1 - Z> 2 €C. (5.10)

The function yo(z) is also an entire function and, by (3.17), yo(2) has no zeros on . Hence yo(z) is an
outer function on D. Then since y(0) > 0 by (3.8) and |yo(2)|*> = 1 + |2o(2)|*> = 1 + [b|?|11(2)|> on OD
by (3.13) and (5.9), we have

T e 42 » de
yo(z) = exp (/ - log (1 + |b|2|ﬂ(610)|2)47r>, z € D. (5.11)
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Since a; = a, it follows from (2.9), (3.16), (5.9), and (5.11) that

arg(—a) = arg(b), (5.12)

T |b|? do
oelo = | 1ot -ty ) 3 049)
Tt is easy to see that the RHS of (5.13) is monotone increasing w.r.t. |b|, hence the value of b is uniquely
determined by a via (5.12) and (5.13). Thus, the first component of the Jost solution ug(z) = xo(z) is
uniquely determined by a and {z;}%_,, and hence, the CMV matrix U is unique by Theorem 5.1.

Next, we show the existence part of the forward direction. By Theorem 5.1 it suffices to construct an
appropriate function ug(z). Define the function IT(z) according to (5.10) and let ug(z) = bzII(z) with
some constant b € C\{0} to be determined later. Then it follows that IT(z) and hence also ug(z) are
entire functions of growth order at most . Indeed, for any § € (0,1) there exist a constant ¢ = ¢(J) > 0
such that log |1 — z| < log(1 + |2|) < ¢|2|°, z € C. Then utilizing (5.6) with 6 € (v, 1) gives

K S
I < lmsup (St erir) 5 5.14
T mer T wmr o

log log max|,|—p |I1(2)|

Since ¢ € (7, 1) was arbitrary, the growth order claim follows.

We determine the constant b from the requirement «; = a which is equivalent to (5.12) and (5.13) as
was discussed in the previous part. The equation (5.12) is trivially solvable, thus, it remains to verify
that (5.13) has a solution. It suffices to show that log |a| is in the range of the RHS of (5.13) as |b| runs
through (0, c0). Since the RHS of (5.13) is monotone increasing and continuous w.r.t. |b|, the range of the
RHS of (5.13) is an interval. The end points of this interval are the limits of the RHS of (5.13) as |b] — 0
and [b| — oo which, by the monotone convergence theorem, are equal to —co and ["_—log [11(z)| 4,
respectively. By Jensen’s formula, we get the following expression for the right end point of the interval,

T do 1
—/ 10g|H(2)|%:—log\H(0)|— Z log@: Z log || (5.15)

o |zk| <1 |z |<1

Thus, it follows from (5.7) that log |a| is in the rage of the RHS of (5.13), and hence, (5.13) has a solution.

Finally, we show the converse direction. It follows from the Theorem 5.1 that the function ug(z) is
entire of growth order at most v < 1. Then by [10, Thm.7.8.2] the zeros of ug(z) have the exponent of
convergence at most v, that is, (5.6) holds. Moreover, applying Jensen’s formula to the Schur function
fo(z) and recalling that fo(0) = —@; by (2.9) yield

1 (" ; 1
log |y | :%/ log | f(e'?)|d6 — Z log — < Z log | 2|, (5.16)

- Top PR o)

that is, (5.7) holds for a = ay. O
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