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Abstract. Thrombus formation in flowing blood is a complex time- and space-dependent pro-
cess of cell adhesion and fibrin gel formation controlled by huge intricate networks of biochem-
ical reactions. This combination of complex biochemistry, non-Newtonian hydrodynamics, and
transport processes makes thrombosis difficult to understand. That is why numerous attempts
to use mathematical modeling for this purpose were undertaken during the last decade. In
particular, recent years witnessed something of a transition from the “systems biology” to the
“systems pharmacology /systems medicine” stage: computational modeling is being increasingly
applied to practical problems such as drug development, investigation of particular events un-
derlying disease, analysis of the mechanism(s) of drug’s action, determining an optimal dosing
protocols, etc. Here we review recent advances and challenges in our understanding of thrombus
formation.
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1. Introduction

Hemostasis is a protective physiological mechanism that functions to stop hemorrhage upon vascular
injury. The two principal components of the blood involved in hemostasis are: i) platelets, specialized
anucleated cells that adhere to the damaged tissue and form a primary plug thus reducing blood loss; ii)
blood coagulation, a complex biochemical reactions responsible for conversion of liquid blood plasma into
a solid fibrin gel mesh which is required to completely seal the wound. Malfunctioning of the hemostatic
system is the leading cause of mortality and morbidity in the modern world.

The most prominent of the hemostatic disorders is thrombosis, manifested by intravascular formation
of platelet-fibrin clots that obstruct blood flow in the vessels. Life-threatening thrombus formation has
been identified as a cause of multiple diseases and conditions such as atherosclerosis, trauma, stroke,
infarction, cancer, sepsis, surgery and others, and exemplified by 70% of cardiac deaths worldwide due to
thrombosis [1] and approximately 400 000 such deaths recorded annually in the United States only [2].

Platelet aggregation and blood coagulation are extremely complex processes. Attachment of platelets
and their accumulation into thrombus is regulated by mechanical interactions with erythrocytes and vessel
wall, by numerous chemical agents such as thrombin, or ADP, or prostaglandins, or collagen, as well as by
an enormous network of intracellular signaling. Blood coagulation is only marginally simpler, including
some fifty proteins that interact with each other and with blood or vascular cells in approximately two
hundred reactions in the presence of flow and diffusion. Although extensive research during the last
decades identified many key players in the hemostatic system, regulation of hemostasis and thrombosis
remains poorly understood. It is extremely difficult to relate a protein or a reaction in such a complex
system to the functioning of the system as a whole.

Huge complexity of thrombosis makes it an attractive target for computational modeling that can aid
not only in basic research, but also in solving practical issues of diagnostics, treatment, and drug design.
Actually, this complexity also makes researchers doubt usefulness of such modeling [3], which is a subject
of some debate [4]. However, it can be safely assumed that computational models have, in the end,
the same advantages and disadvantages as experimental models: they are a simplification that
can allow better understanding, but a simplification nevertheless. However, the same can be said about
any experimental model like ferric chloride-induced thrombosis that has been in use for drug design and
basic research for decades, and is a subject of major criticism as one full of artifacts [5]. These days,
papers with mathematical models are published not only in computational biology or biophysics journals,
but also in the leading medical ones [3,4,6-19]. These practical clinical applications of computational
biology are of particular interest.

Several reviews on mathematical and computational modeling in the field of hemostasis and thrombosis
are available. Our previous paper covers the early period of model development with regard to blood
coagulation [6], and another one focuses on clinical applications specifically [14]. There are also several
recent reviews and editorials on thrombosis modeling by Xu et al. [19-21], Fasano et al [22], and Diamond
[8]. However, these reviews are already somewhat outdated, and initially did not aim at the development
of a comprehensive picture of applied computational modeling in hemostasis and thrombosis, which is
the subject of this paper.

2. What are all these models for?

Why do we need mathematical and computational models of biological systems? In general, mathemat-
ical and computational modeling is a way to provide quantitative and/or semi-quantitative analysis of
experimental data, which helps to better understand the nature of a phenomenon under the study. How-
ever, typical computational model includes a huge pile of partial differential equations with large number
of undetermined or poorly determined parameters, which brings “vulnerability” to the model and the
results generated using particular model. In this regards, the major question of computational modeling
is “If there is a way accurately dissect and use this pile of equations to obtain specific answer to targeted
practical problems?”
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FiGURE 1. Thrombus formation in a vessel. The scheme shows formation of a
partially occlusive thrombus in a blood vessel initiated by a contact of blood with a
damaged region of the vessel wall.

The major clinical and pharmacological problems that attract the attention of systems biologists
(including mathematicians) could be listed as following:

1) Investigation of the mechanisms underlying thrombus formation. It is not clear how a specific defect
in the platelet-dependent hemostasis or in the coagulation system may affect the clinically observed
phenotype. A typical example is the nature of bleeding in hemophilia that has been a subject of numerous
investigations and hypothesis [23].

2) Identification of drugs targeting specific steps in complicated biochemical network of reactions in-
volved in clot formation. A related problem is development of novel methods to deal with the disease.
What is the optimal target for inhibition in the complicated reaction network? Is there a way to inhibit
thrombosis without damaging physiological hemostasis? Various sensitivity analysis methods are the
main approach to these problems [24].

3) Study of the drug mechanism of action. Even when drug is developed, the best way of its application
is not always clear. Indications for treatment, correct dosing, possible drug-drug interactions etc. are
usually the subject of such research, which forms a major part of systems pharmacology.

4) Personalized medicine. Finally, the models can be used not only for general problems, but also for
simulation of individual cases based on the available data [7,25,26].

3. The basics of thrombosis

Contact of blood with damaged endothelium induces the process of thrombus formation (Figure 1).
Under arterial conditions, the leading mechanism of thrombus development is adhesion of platelets, that
can be activated to carry out numerous functions, first of them being their ability to interact with the
site of the vessel wall injury and with each other to form aggregates. Another mechanism that is more
pronounced under venous flow conditions is formation of fibrin that leads to jellification of blood plasma
and conversion of the protein fibrinogen into fibrin, which is controlled by enzyme thrombin, as a result
of the process of blood coagulation (Figure 2).

In both cases, however, the final thrombus includes platelets as well as fibrin. A typical scanning
electron microscopy image of a clot formed in whole blood is shown in Figure 3: it can be seen that red
blood cells, platelets, thrombin and fibrin are all observed there.

Disturbances in any element of the hemostatic system can be a cause for bleeding or thrombosis.
Deficiencies of coagulation factors, as well as insufficient quantity or functionality of platelets can be
associated with various types of bleeding. In contrast, increased concentrations of many proteins such
as prothrombin or fibrinogen (or deficiencies of anti-coagulation proteins), or of lipid microparticles are
well-recognized risk factors for thrombosis; other risk factors include abnormalities of flow (e.g. venous
thrombosis caused by prolonged flights) or vessel wall (atherosclerotic plaques).
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F1GURE 2. The blood coagulation cascade. Coagulation is a network of enzymatic
reactions. The cascade enzymes are serine proteases activating each other via prote-
olysis. Their lifetimes are limited due to protease inhibitors. Primary activator is a
transmembrane protein tissue factor (TF) which is localized to extravascular tissues and
comes in contact with blood upon injury. The complex of TF and factor VIla activates
factor X into Xa that activates prothrombin into thrombin; thrombin converts fibrinogen
into fibrin; fibrin polymerizes to jellificate blood. In addition, thrombin activates factors
VIII, V, XI, and VII in positive feedback loops, and protein C in a negative feedback;
factor VII is also activated by factor Xa. Ultimately, thrombin cleaves fibrinogen to yield
fibrin that polymerizes and forms a clot. Adapted from [24].

To summarize, the main elements of the hemostatic system that are usually modeled are:

1) Platelet adhesion and aggregation in flow. The basis of arterial thrombus formation is attachment of
platelets to the sites of the vessel wall injury . This requires little in terms of complicated activation mech-
anisms, but a rather challenging hydrodynamics problems. There are, however, additional complications
such as different pro-aggregatory ability of different activated platelet subpopulations [27].

2) Platelet activation and signal transduction. Activation of each platelet that occurs at the earliest
stages of the thrombus formation is an extremely complicated process that includes shape change, granule
secretion, phosphatidylserine externalization etc., and is regulated by an immense signaling network that
is only partially deciphered. This module does not require hydrodynamics but is extremely challenging
from the biochemical point of view: most reactions are poorly known, and their parameters have not
been determined.

3) Network of blood coagulation. Compared with other parts, reactions of blood coagulation are rel-
atively well characterized. Despite numerous challenges, in particular with regard to poorly known
mechanisms of the membrane-dependent reactions [28] and fibrin polymerization issues [29], this part is
probably the best studied of all.

4) Fibrinolysis. Finally, dissolution of the fibrin network is a critically important process. It usually
occurs at larger timescales than clot formation, and is not included into the majority of models of
thrombosis.

It can be noted that the problem of thrombus formation is not only complex, it is also a multiscale
one: the processes occur at vastly different spatial and temporal scales. Therefore, various multiscale
approaches are an important component of most current models [21].

4. Development of models

Let us consider the models dealing with the main modules of the hemostatic system as described above.
1) Platelet adhesion and aggregation in flowing blood. Numerous models were developed for investi-
gation of thrombus formation in flowing blood. First of all, the researchers almost always first analyzed
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FicURE 3. Electron microscopy imaging of the structure of the whole blood
clot. Citrated whole blood was clotted by recalcification, fixed with glutaraldehyde,
dried and subjected to scanning electron microscopy. Principal cellular elements of the
clot (red blood cells and platelets) and fibrin network are indicated in the figure.

blood flow dynamics and platelet-flow/platelet-erythrocyte interactions that are critical for platelet ad-
hesion. Models of blood flow with a varying degree of detalization were developed by Fogelson group
[30,31], by Fedosov et al. [32-34], by the Alber group [35], by Tosenberger et al. [36], by Tokarev et al.
[37,38], by Mody and King [39,40], and also by others; and almost all these groups then further devel-
oped thrombus formation models. A typical example can be found in Figure 4, where three-dimensional
flow of deformable erythrocytes can be observed rather realistically. The main computational models of
thrombus formation developed during the last years are those by Alber group [20,41,42], by Fogelson
group [43,44], and others [45,46]. Models for some specific cases, like thrombosis is case of intracranial
aneurisms, were also proposed [47].

Despite significant progress, development of these models is presently limited by computational power
and methods available. Analysis of platelet-vessel wall interaction, collision with erythrocytes, and of the
subpopulation phenomena requires simulation of single cells mechanics in 3D, which is presently possible
for a very little number of cells and very small volumes. Therefore, thrombus formation on the large scale
usually requires simplified continuum models [48]. Another limitation is poor understanding of platelet
activation mechanisms, which prevents correct description of long-term thrombus development.

2) Platelet activation and signal transduction. The first mechanism-driven model of some signaling
pathways in platelets upon stimulation with adenosine dis-phosphate was created in the Diamond lab in
2008 [16], followed by a more detailed study [49]. This was recently supplemented by a model of thrombin
signaling via one of thrombin receptors [50]. The cyclic adenosine monophosphate signaling has also been
a subject of computational modeling [51]. However, there is no single consistent platelet signaling model,
and this field is probably the least studied of all. Therefore, the majority of researchers use simplified
phenomenological models when they need to include platelets into large-scale models [27,52-54].

3) Network of blood coagulation. There are several mathematical models of blood coagulation that form
the basis for others. One of the best characterized is the model designed by in Mann laboratory to simulate
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thrombin formation in a reconstituted system of coagulation factors and phospholipids [55]; anticoagulant
reactions were added later [56]. This model formed a basis for numerous clinical applications by the same
group [4,7,13,25,26,57-60] and other groups [41,61]. Another model, developed by our group, differed
by including spatial propagation of fibrin clot and took into account interaction of coagulation factors
with platelets [52]. Since then, this model also gave rise to a number of pharmacological and basic studies
[15,24,62-65].

Other models for the blood coagulation network have also been developed such as [18], and some of
them also were further applied for clinical research [9-12]. Some of the thrombosis models also included
coagulation network in some form [20,21,43,64,66,67].

Despite abundance of these models, some parts of the coagulation network are known much worse than
others. Despite extensive research, there are few models that attempt to carefully simulate membrane-
dependent reactions [68] and interaction of coagulation factors with platelet subpopulations [69,70], fibrin
polymerization in flow [29], or contact pathway [71], and further development of coagulation models will
likely center on these aspects.

4) Fibrinolysis. This module has received relatively little attention during the last years. The only
model of thrombus growth including several fibrinolytic reactions was one of Anand et al. [66,67].
However, new detailed models of tissue plasminogen activator-initiated fibrinolysis have recently been
developed [72,73].

From here we shall go to the specific results obtained; all sections of this review mostly focus on recent
studies, as previous advances were reviewed in [14].

FIGURE 4. Red blood cells in flow: a particle dynamics simulation. The figure
shows distribution of red blood cells in a three-dimensional vessel. Red blood cell shape,
deformation, collisions, distribution of cells and flow velocity in the vessel are in good
agreement with the experiments. Reproduced from [36].

5. Models of thrombosis: clinical significance

Onset of thrombus formation remains highly intriguing, in particular, with regard to the blood coagulation
components. This question was analyzed using many mathematical models of blood coagulation [24,61,
62]. However, none of these computational models considered/included the role of blood flow in the
process of clot formation (REF). Remarkably, a mathematical model of fibrin thrombus formation in
the presence of flow [64] revealed that the meaning of the initiation reactions completely changes in the
presence of flow-mediated transport. The positive feedback of factor VII activation by factor Xa that has
no role in the absence of flow turns out to be critical for the onset of clotting in flow. These feedbacks
make coagulation sensitive to flow in a threshold-like manner, abruptly stopping clot initiation once shear
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rate exceeds some threshold. This not only sheds light on the basic mechanisms of clotting initiation,
but also suggests revision of the mechanisms of action of many drugs, first of all recombinant activated
factor VII [74].

An even more urgent problem of the field of thrombus formation is the mystery of thrombus size
regulation. Both blood coagulation and platelet thrombus growth are self-sustained process and can
potentially propagate in space once initiated until complete occlusion. If this mechanism is discovered,
it can be used for development of new therapeutic approaches that could differentially regulate initiation
and propagation of thrombi, and could potentially regulate thrombosis/bleeding without affecting nor-
mal hemostasis. For the blood coagulation system, the protein C-dependent mechanism of clot growth
termination via a negative feedback loop was demonstrated experimentally and analyzed theoretically in
[52,63].

For platelet thrombus formation, one possibility is hindered transport of coagulation factors: prothrom-
bin is completely depleted in the region where prothrombinase is assembled, an no new prothrombin can
get there [75]. Another hypothesis was proposed in [20]: it was suggested that a fibrin “cap” is formed
on the surface of thrombus that prevents further platelet attachment; this was further explored in [76].
Although there is some experimental evidence that a fibrin cap or shell is observed in vivo and can stop
thrombus growth [77], another group using a well-established experimental model of thrombosis reported
that fibrin is located in the core of the thrombus rather than in “shell” or “cap” [78] and thus cannot
stop thrombus growth.

Another concept, also based on the interaction of the platelet- and plasma-dependent hemostasis, was
suggested by our group in [53], and further developed in a more detailed model in [54]. According to
this concept, fibrin is not likely to be formed on the surface of platelet thrombi in arterial shear rates
[64]. Therefore, fibrin is formed within the thrombus; however, the regions of platelet thrombus above
the fibrin core are at some time point disrupted and removed by flow, which externalizes the inert fibrin
shell and stops further propagation (Figure 5).

b)

d)

FIGURE 5. Stopping thrombus growth as a result of disruption of the shell
and externalization of the fibrin core. Snapshots of the clot growth for the hybrid
model: a) the clot begins to form, b) fibrin begins to form in the growing clot, ¢) clot
core is full of fibrin but the clot continues to grow, d) the clot reaches its critical size, €)
the clot ruptures and its outer part is removed by flow, f) the core of the clot remains
captured in fibrin mesh, which prevents the clot from growing further. Reproduced from
[54].
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6. Blood coagulation: sensitivity analysis, modules, variability

An important group of methods that is usually employed to better understand a complex system is
sensitivity analysis: individual parameters are perturbed in order to estimate impact of these parameters
on the model behavior. Sensitivity analysis has several objectives: 1) to identify reactions and processes
that are important for the system functioning; 2) to see whether experimental errors in the parameter
determination allow their use in the model (e.g. a huge error is not critical if the parameter is not
important); 3) to study the effect of variability of the parameters within their normal value ranges.

All these applications can be found with regard to blood coagulation models. Interestingly, there are
few examples of sensitivity analysis with regard to thrombus formation models [64], probably because
these models represent the ultimate goal of computational hemostasis and thrombosis, and are still in
their early stage of development.

Identification of the “critical elements” in the coagulation network was first carried out by Luan et al.
[79], who found that thrombin and factor Xa are the best targets with regard to overall potency. Impact
of uncertainty in parameter determination on the model behavior was studied by Danforth et al. [59].
Finally, boundaries of normal hemostasis and effects of individual variability were explored in [26] and
[11]. A typical example can be found in Figure 6.

The most sophisticated type of sensitivity analysis was introduced in our paper [24], where we called
it “task-oriented analysis”. The basic idea behind this method is that biological systems usually have
several tasks, and different output parameters are specific for each task. Therefore, there is not one,
but several sensitivity coefficients that allow identification of specific subsets of processes responsible
for the control of different tasks carried out by the system. Furthermore, perturbation was carried out
by two methods, by either small perturbations or by removal of components in order to evaluate both
local sensitivity and integral importance. Finally, we mapped all important components for each output
to identify sub-systems, or modules, responsible for each task. Figure 7 displays the resulting modular
decomposition of the coagulation network, where different modules are identified that are responsible
for different tasks carried out by this system. This is critical for both diagnostic and drug development
purposes because this allows to segregate clotting response into several aspects that can be differentially
regulated. Further application of this method can be found in [64].

7. Other clinical applications: systems pharmacology and beyond

Investigation of the molecular mechanisms underlying disease(s). Among disorders of hemostasis, major
attention with regard to the modeling was attracted by hemophilia, deficiency of coagulation factors VIII,
IX, or XI. The nature of this disease is not clear because there are alternative pathway of coagulation that
do not involve these factors and should allow sufficient thrombin formation. We found that these factors
are important components of positive feedback loops that control spatial propagation of coagulation
[52,63], which can have important consequences for diagnostics and treatment [23,62,65].

Two other cases that were subject of investigation by Mitrofanov et al. are coagulopathies caused
by decreased temperature [12] and hemodilution [10,11]. Both these disorders are common and their
understanding is very complicated because both factors (temperature and dilution) affect both pro- and
anti-coagulant reactions, so that the resulting shift of balance is not intuitively obvious. Finally, one
more interesting example is the study by Butenas et al. on the significance of circulating factor IXa in
blood that can cause thrombosis [58].

Study of the mechanism(s) of drug’s action. One of the two main lines of computational research
with regard to the already established drugs is investigation of new anticoagulants. All these studies
were carried out using the model developed in the Mann group. The model was used to differentiate
effects of direct factor Xa inhibitor and low molecular weight heparin on acute and ongoing coagulation
processes [13]. Investigation of the anticoagulant mechanism of action depending on the original plasma
composition was continued in [60].
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FI1GURE 6. Computationally derived thrombin generation phenotypes in a pop-
ulation of apparently healthy individuals. Plasma factor composition for 32 indi-
viduals was used to generate time courses of thrombin generation, thrombin parameters
were extracted and each individual. The boundaries (magenta) of the theoretical pop-
ulation are outlined and an individual with all factors at their mean physiologic values
is also presented. Arrow indicates an individual with all factors at mean physiological.
Reproduced from [26].

Another line that received significant attention is pharmacology of bypassing agents in hemophilia.
These drugs are used to compensate factor VIII or IX deficiency via alternative mechanisms (that do
not include replacement of the missing factors), which can be important if hemophilia is associated with
development of antibodies against these factors rendering replacement therapy inefficient. One such
agent is recombinant activated factor VII, which has been in use for decades, but whose mechanisms of
action are still a matter of debate [74]. Computational modeling was used to obtain novel information
with regard to this enzyme: a critical role of flow in the regulation of this molecule was identified [64];
differential effects of rVIIa on thrombin generation was studied [9]; and ultimately, a model unifying its
mechanism of action depending on the conditions was proposed [17].

An interesting alternative to rVIla is inactivation of plasma inhibitors, e.g. of tissue factor pathway
inhibitor; in other words, inhibition of inhibitors means stimulation. Our group investigated one such
candidate drug, an inhibitor aptamer BAX-499 in the spatial model of clot growth and demonstrated how
this molecule can improve coagulation in hemophilia depending on factor VIII activity and tissue factor
density [15]. Computational modeling was a critical tool for experimental planning and data analysis in
that study.

Personalized medicine. Finally, mathematical modeling can be used for diagnostics and dose adjust-
ment in individual patients, because the models can identify parameters of the clotting system that are
not readily detected in experiments. A classic example is use of modeling to study factor Xa generation
based on the determined coagulation factors levels [57]; the same group used computational approaches
for the analysis of prothrombotic phenotype [25] and of other phenotypes [7]. In all cases, coagulation
factor levels were determined and integrated into the thrombin generation model to evaluate overall
procoagulant potential and to identify the reasons behind the thrombotic risk.
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A similar approach for the platelet-dependent part of hemostasis was recently employed to analyze
thrombus formation in patients [80]. Patient platelet response was determined using large-throughput
scanning, immersed into a multiscale model of platelet deposition, and compared with microfluidic ex-
periments on thrombus growth. This allowed not only prediction of phenotype, but also identification of
novel mutations and drug responses.

6: Localization
5: Spatial propagation /

A= CEl0

—m

1: The core cascade

4: Triggering in flow Slnagenna

2: Gelation threshold

FIGURE 7. Modular decomposition of the coagulation network. Task-oriented modular
analysis allows identification of specific modules responsible for individual functions of
coagulation: threshold behavior, spatial propagation, etc. Reproduced from [24].

8. Conclusion

Thrombosis is a critically important field of medicine, where computational models are not only a great
tool for research, but are also in high demand by both medical community and pharmacological companies.
Despite numerous challenges in both biological and mathematical parts of this field, the next decade will
likely witness mathematical models becoming a major integral part of decision-making in diagnostics,
treatment, and drug development.
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