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Abstract. A traceless variant of the Johnson-Segalman viscoelastic model is presented and
applied to blood flow simulations. The viscoelastic extra stress tensor is decomposed into its
traceless (deviatoric) and spherical parts, leading to a reformulation of the classical Johnson-
Segalman model. The equivalence of the two models is established comparing model predictions
for simple test cases. The new model is validated using several 2D benchmark problems, designed
to reproduce difficulties that arise in the simulation of blood flow in blood vessels or medical
devices. The structure and behaviour of the new model are discussed and the future use of the
new model in envisioned, both on the theoretical and numerical perspectives.
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1. Motivation

The incompressible Navier-Stokes model has been long used to describe blood flow in the human cir-
culatory system, mainly due to simplicity of the involved assumptions. It describes an incompressible
viscous fluid with Newtonian rheology. In this framework the stress tensor is naturally split into its spher-
ical part (represented by pressure) and deviatoric (i.e. traceless) viscous part. These two components
have different physical roles and are treated in a different way from the numerical point of view. Also,
experimentally, these two stress components are measured by different procedures.

When instead of the Newtonian model more complicated non-Newtonian rheological constitutive mod-
els are used, this natural spherical/deviatoric splitting of the stress tensor is lost. In these models the
computed pressure does not represent the whole spherical part of stress tensor. This is the case of the com-
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monly used class of differential viscoelastic models, such as the upper-convected Maxwell or Oldroyd-B
models, both of them being special cases of the Johnson-Segalman model.

The aim of this paper is to reformulate the Johnson-Segalman model in order to recover the spheri-
cal/deviatoric stress tensor splitting into this class of differential viscoelastic models. This reformulation
of the Johnson-Segalman model is referred to as the traceless formulation. This model was chosen because
it contains the commonly used Maxwell and Oldroyd models as special cases. These viscoelastic models
are often generalized (using variable viscosity or relaxation time) to describe the flow of blood and thus
the methodology developed here for the Johnson-Segalman model is applicable to a much wider class of
models being used for blood flow simulations.

Scope of the paper This paper is aimed at developing and validating a traceless variant of the Johnson-
Segalman viscoelastic model. Being the first work dedicated to this topic, some numerical simulations
are chosen to demonstrate the equivalence of the classical and traceless variants of the model in terms
of results, also at the numerical level. This paper should be considered as an introductory study of the
model. Issues related to practical applicability, computational efficiency and other possible properties of
the newly developed variant of the model are beyond the scope of this initial part of our work.

Structure of the paper The work is organized into four sections. The introductory section contains
a short overview of relevant blood rheology, mentioning models where this traceless decomposition can
be applied. The second section, most important section is devoted to the description of the classical
Johnson-Segalman model, the development of traceless variant of this model and its analytical solution
in simple geometries and flow conditions. The next section contains numerical experiments validating the
newly developed traceless model, by comparison with the classical version. The final section concludes
the work by summarizing the numerical experiments and giving some outlook for future work on this
subject.

2. Introduction

The simulation of flow of blood is one of the most challenging problems in contemporary Computational
Fluid Dynamics (CFD). It is a complex flow problem, featuring many specific characteristics that have
to be properly modelled and included in simulations. These characteristics include a complex rheological
behaviour, flow pulsatility, complicated shape of flow domains, important fluid-structure interactions,
influence of blood microstructure, changes in the blood behaviour on various space and time scales,
significant patient-specific variations in blood properties and vessel geometry.

As a result, there is a wide range of models used to describe the behaviour of blood. None of them
is generally accepted as a universal model capturing all the above mentioned phenomena. The model
presented below focuses on non-Newtonian rheology of blood, emphasising the viscoelasticity of blood,
as well as a possible extension to capture shear-thinning behaviour.

Non-Newtonian behaviour of blood Although in many studies blood is considered to be a New-
tonian fluid, several important non-Newtonian characteristics can be observed in blood flow in certain
circumstances. Among the most frequently considered non-Newtonian properties of blood we highlight
the shear-thinning viscosity, viscoelasticity and thizotropy.

Among these three non-Newtonian features, the shear-thinning viscosity, i.e., the shear-rate dependent
variation of apparent viscosity, is probably the most often discussed and taken into account. A very
comprehensive overview of blood viscosity behaviour can be found e.g. in [12]. Tt is evident that the
apparent viscosity of blood reduces with increasing shear rate. There are several factors contributing to
this behaviour, mainly due to the formation and break-up of rouleaux (i.e., aggregation and disaggre-
gation of red blood cells), and to the orientation and deformation of non-spherical cells in blood. Some
experimental and numerical evidence of these effects was presented e.g. in [38].

The existence of yield-stress in blood flows was documented e.g. in [30]. The yield stress in blood
depends mainly on hematocrit (i.e., red blood cells concentration) and fibrin concentration. This property
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has to be considered in low-shear regions with large residence times, where the RBC’s have enough time
to aggregate. The yield-stress can either be considered separately, in a generalised Newtonian model with
an appropriate shear-dependent viscosity function (like in the Bingham), or together with viscoelastic and
thixotropic models [36], [39]. This led to development of blood flow models emphasising the importance
of thizotropy. One such model is developed and used e.g. in [27].

Due to the micro-structure of blood it seems natural to consider blood as a wiscoelastic fluid. The
models mentioned or introduced in this paper aim at modelling this particular behaviour of blood.

Viscoelasticity of blood The viscoelastic properties of blood were measured in several experimental
studies. One of the earliest was presented in [34, 35], followed later by [37]. The viscoelasticity can be
seen as a consequence of microstructure of blood in which red blood cells, being elastic containers filled
with a viscous fluid, aggregate to form larger chains (rouleaux) introducing an elastic stress component
into an otherwise only viscous fluid. This behaviour is well known from polymeric fluid dynamics in
which a specific class of micellar fluids is often considered to exhibit this kind of properties. Although
the viscoelasticity of blood is apparent in many specific blood flow situations, it is seldom considered
in mathematical blood flow models and numerical simulations. In our view, this option is motivated
by saving the extra computational time necessary to solve the more complex viscoelastic models and is
rarely based on rigorous measurements actually showing that the viscoelastic effects are negligible.

Viscoelastic models There is a wide range of different viscoelastic models, used in various applications of
fluid dynamics. This is also the case of blood flow modelling and simulation. These models can be divided
in three major classes, depending on how the viscoelastic extra stress tensor is evaluated depending on
macroscopic or microscopic flow parameters. As a consequence, a different type of governing equation is

obtained for the components of the extra stress tensor!.

— Statistical models — The macroscopic rheological parameters are in this case evaluated using statistical
methods coming up from micro-structural models dealing with interactions of cells, molecules and
chains in the fluid. Typical examples of this class are the dumbbell models, FENE model and its
variants taking into account the elastic stretching of polymeric chains within the fluid. These models
are described e.g. in [6] and applied to blood flow in [33].

— Integral models — The rheological law is described using time-integrals over the history of fluid (parcel
or particle) deformation, possibly considering other relevant factors. The resulting governing equations
for the extra stress tensor are integral, following the stress/strain history of individual fluid parcels
over their specific history i.e. their trajectory. For examples of such models see e.g. [5], [16].

— Differential models — The spatio-temporal evolution of the viscoelastic extra stress tensor is described
by a partial differential equation. This is a coupled set of transport equations (in the Eulerian flow
description) for the components of the extra stress tensor. Although this model has some limitations
concerning the infinitesimal deformations of fluid, it is widely used because it uses similar type of
formalism as the flow equations (momentum balance laws) which makes it easier to implement and
solve with existing CFD codes. These models are described in detail e.g. in [5]. Specific modification
for blood flow have been developed e.g. in [1].

Numerical simulations of blood flow Numerical simulation is a key element for the better under-
standing and prediction of non-Newtonian phenomena. In the last two decades, with an exponential
increase of computational power available to researchers and clinical experts, an enormous number of
numerical studies of blood flows have been conducted. These studies generally treat a specific blood
flow feature and, consequently, in order to get general overview of the state of the art in this area, it is
necessary to go through a large amount of specialised literature. Therefore we do not aim at making a
representative review of published work in this area but simply to mention some publications relevant to
the problem under analysis in this paper.

1This second order stress tensor has to be symmetric, therefore d(d 4+ 1)/2 independent stress components must be
computed, where d is the space dimension
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A large amount of non-Newtonian models describing blood flow have been tested e.g. in [8],[9], [10],
[19], [4], covering mainly the shear-thinning and thixotropic nature of blood and extensive comparisons
with the classical Newtonian flows.

The advances in computation power, medical imaging techniques and image reconstruction, allowed
blood flow simulation in patient-specific geometries. Many models have been tested in these complex
patient-specific geometries. For fundamental initial works we refer to Perktold [28,29] and references
therein. More recently, some effort has been directed towards sensitivity analysis of these simulations
with respect to blood flow model and geometry (see [17,18] and references therein).

Oldroyd-type differential viscoelastic models have been used for blood flow simulations e.g. in [25],
[1], [9], [7]. Also, some finite-element studies of generalised Oldroyd-B fluids flow in vessel-like curved
domains were published e.g. in [2,3] or [31].

There are some basic features common to the different numerical methods for viscoelastic flows. Dis-
cretisation in space is usually performed with Galerkin methods or by collocation, reducing the problem
to a finite-dimensional one. This type of discretisation is present in finite element methods (conforming,
non conforming, mixed, hybrid, discontinuous), in spectral methods (Legendre or Chebyshev expansion)
or in different finite volume schemes. Discretisation in time is normally performed with finite difference
or fractional-step schemes. These methods lead to the solution of typically very large algebraic systems,
whose solution often requires preconditioning obtained through operator splitting, multigrid or domain
decomposition methods.

Regarding the use of finite-element methods for simulation of viscoelastic flows, they have been long
used e.g. in [25], [22]. Focus has been put on the use of discontinuous elements and on iterative lineariza-
tion methods for the fully coupled problem.

The numerical simulation of these flows poses some specific challenges related to limitations in the range
of feasible Weissenberg numbers (non-dimensional number related to viscoelasticity). Several strategies
have been designed to mitigate these problem, for example operator splitting methods like the elastic
viscous split stress (EVSS), stabilisation methods (e.g. SUPG), different combinations of low and high
order methods or discontinuous stresses.

3. Mathematical Model

3.1. Classical Johnson-Segalman Model

The equations of motion can be derived from the conservation (balance) laws for mass and linear momen-
tum, supplemented by rheological constitutive relations for the stress tensor. The conservation of mass,
which is in this case equivalent to an incompressibility constraint, can be written in differential form as

divu =0 (3.1)
The conservation of linear momentum reads
D

p?’l: = divT — Vp (3.2)

Here u stands for the fluid velocity vector, p is the density, p is the pressure. The stress tensor is denoted
by T. It should be noted that the pressure p should be regarded as a Lagrange multiplier enforcing the
incompressibility constraint rather than a thermodynamical quantity as we know it from compressible
fluid dynamics. For Newtonian fluids the stress tensor can be defined explicitly as T = 2uD with p being
the dynamical viscosity. In this case the total stress tensor is already split into its traceless® (deviatoric)
part T and spherical part —pl.

The rheological constitutive model for the problems discussed below is based on the Johnson-Segalman
model. This model has been extensively studied and used in the past, see e.g. [32], [23], [14], [15]. The

2The incompressibility constraint divee = 0 can be alternatively and equivalently expressed as TrD = 0.
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well known upper—convected, lower—convected and co-rotational Maxwell models as well as the Oldroyd—
A and Oldroyd—B models are special sub-cases of the Johnson—-Segalman class of models. In this case the
stress tensor T consists in the Newtonian (solvent) part Ty and the viscoelastic part T..

T=T,+T. (3.3)

These two stress components T, and T, are defined as Newtonian, resp. Maxwell fluids.

Ts =2u,D (3.4)
oT.
Te+ A% = 2u.D (3.5)

The symbol D denotes the symmetric part of the velocity gradient. The physical parameters in this
model are the solvent and elastic viscosities g, resp. p. and the relaxation time .

Convected derivative(s)

The convected derivative 63;6 in the equation (3.5) can be chosen from the one-parametric family of

Gordon-Schowalter derivatives given by :

oT DT
<) = ¢~ WT,+TW +a(DT. +T.D) a € [-1;1] (3.6)
5t ), Dt
When a = —1, this corresponds to an upper convected derivative, a = 0 yields a co-rotational (or

Jaumann) derivative and for a = 1 we get the lower convected derivative. The most commonly used
Oldroyd-B (upper convected Maxwell) model is obtained when a = —1. Expanding the material time
derivative % = % +wu - V it is possible to rewrite equation (3.5) for the elastic stress tensor T,.

oT.
ot

%o . 1
t(u-V)T.=2p

T D- XTG +(WT, —-T.W) —a(DT. + T.D) a€(—1;1) (3.7)

Classical model summary

The full Johnson-Segalman model can be written as:

divu =0 (3.8)

%—;‘ F(u-V)u= %[div(Ts LT -V (3.9)
Ts = 24D (3.10)

8;: +(u-V)T, = % 24D — T.] + (WT, — T,W) — a(DT. + T.D) (3.11)

The convected derivative parameter is in the range a € (—1;1). The Newtonian fluid model (i.e. the
Navier-Stokes equations) can be obtained in the limit of A — 0. The Oldroyd-B model is obtained when
a = —1. For us = 0 the Maxwell model is recovered.

3.2. Traceless Johnson-Segalman Model

Derivation of the traceless model

The elastic stress tensor T, is described by the following evolution equation:

oT.
ot

1
+(u-V)T, = X 2u.D-T.]+ (WT,—TW)—a(DT,+ T.D) a€(—1;1) (3.12)

Tr=o0 Tr=+o0
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If the T, is initialised by the traceless tensor field (e.g., T. = ¢D), then only the last term on the right
hand side of (3.12) will contribute for the trace Tr(T.).
The elastic stress tensor T, can be decomposed? into its traceless (deviatoric) part TZ and diagonal

(spherical) part TH.
1
T.=T0+TH where ™ = Tr(l)Tr(Te)l (3.13)
This decomposition (3.13) is introduced in the constitutive relation (3.12). The tensor products on the
right hand side are decomposed in a similar way. The traceless part of each tensor is denoted by the
superscript O, while ® is used for the remaining diagonal part. The terms on the right hand side of (3.12)
should be decomposed as follows:

(DT.+T.D)= (DT, +TUD) + (DT® + T*D) (3.14)

Tr0 =27®p; Tr=o0
The term (DTY + TYD) is not traceless and thus it should be further decomposed:

(DTD +TYD) = (DTD + TYD)2 + (DTY + TOD)®™ (3.15)
~—_————
=2(TUD)m

In a similar way (for W being skew-symmetric and T® symmetric) the expression (WT, — T.W) can
further be simplified:

(WT, = TW) = (WTZ = TIW) + (WTE — TRW) = (WT. — T.W)© (3.16)
—_———
0

The evolution of the traceless part TE is then governed by:

oTY 1
8: +(u-V)TY = X 2u.D—-TY]+ (WT,—-TW)2 —a(DT.+ T.D)" (3.17)
Using relations (3.14), (3.16) and (3.15), the equation (3.17) can be rewritten into its (almost) final form:
TC 1
aate +(u-V)TD = X 2u.D —TO]+ (WTD — TOW)—a (DTD + TUD)D — 24T®D (3.18)
—_———

=0 in 2D

It can be easily seen that one of the terms on the right hand side vanishes in purely two-dimensional
flows.
The equation for the diagonal part T® is simpler, because (WT, — T.W)® = 0.

oT"
ot

€

1
+(u-V)TE = —XTg — a(DTE +TY D)= (3.19)
N—— —
=2(TYD)m

The decomposed system of tensor equations for the elastic stress can be written as:

T 1

aate +(u-V)TD = X 2D -T2+ (WTD —TUW)—a(DTY +TUD)? — 2¢T*D (3.20)
™ 1

86‘156 +(u-V)TE = _XTE —2a(TOD)™ (3.21)

In this system of equations the stress components TY and T® only appear separately. The separate
systems governing their evolution are linked to each other (also to momentum equations) via the last
term on the right hand side. It seems that we have now twice the number of original tensor equations,
but:

3In fact any tensor can be decomposed in such a way.
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— From the system (3.20) only 5 components (in 3D) need to be computed, while the last (diagonal)
component can be obtained by applying the definition Tr(TY) = 0.
— The equation (3.21) is in fact only a scalar evolution equation for the trace of T.. This is due to
1

specific structure of T® given by the definition T® = Tr(I)Tlr(Te)I.

The Tr(T.) plays a role similar to pressure. Based on this observation a new elastic pressure variable p,
can be defined as:

1 1
mTr(Te) = 7Tr7(|)

From (3.21) follows the evolution equation for elastic pressure:

ape o 1 2a
at + (’LL : V) Pe = _Ape + Tr(l)

Finally instead of the original governing system in 3D case for (6 components of) T., we end up with a
system of equations for (5 components of) TY and (1 scalar) equation for elastic pressure pe.

The elastic pressure equation (3.23) deserves some attention. The first (sink) term on the right hand
side is responsible for an exponential decay in time of the (magnitude of) the elastic pressure. The
rate of decay is determined by the relaxation time A. The second (source) term contains the expression
Tr(TYD) = TY : D which is part of the quantity usually called stress power and is related to the energy
stored in fluid (material) due to stress. In the case of an undeformed velocity field in which D = 0, the
equation reduces to a simple transport equation [gf = —%pe leading to exponential decay of p. along a
streamline. The equation also shows (together with equation (3.20)) that the elastic pressure p, cannot
be shifted by a constant as its incompressible counterpart p.

T8 = —pel = Pe = — Tr(T®) (3.22)

e

€

Tr(TYD) (3.23)

Traceless model summary

The full new traceless model can be written as

divu =0 (3.24)
ou 1. .
5 +(u-V)u= ;[dlv(Ts +T0) = V(p+pe)] (3.25)
T, =2uD (3.26)
oTo 1

5 +(u-V)TY = — 2u.D-TY] + (WTE —TIW)—a(DTY +TED)" + 2ap.D (3.27)

ape o 1 2a O
5 T (U V)pe=—1pet Tr(l)Tr(Te D) (3.28)

By comparison with the original version of the model we conclude that the new traceless model is slightly
simpler when it comes to the evaluation of the right hand sides of equations. The reduction of the number
of terms to be computed is even more apparent in 2D case when (as noted earlier) some more terms will
vanish from the equation for TZ.

3.3. Analytical solution for Poiseuille flow

In the case of Poiseuille flow, i.e., fully developed flow in a straight channel (pipe), an analytical solution
can be obtained. Such solutions for Johnson-Segalman model can be found e.g. in [5]. Here we will only
focus on the solution of the traceless variant of the model.

The traceless elastic stress tensor components of T2 are denoted® according to the following scheme:

f]_ £2 {;\3 tA tA
TO = | iy iy 15 in 3D, resp. TO=( 12 in 2D
PP ty ty
ts t5 tg

4The hat symbol ~ is used to distinguish the new, traceless tensor components from the original tensor Te.
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Traceless model in 2D

The governing equation for the elastic extra stress in 2D can be written in the following form:

T 1

aa; +(u-V) T2 = £ 21D = T2+ (WTZ — TOW) + 2a(p.D) (3.29)
e 1

%pt +(u- V) pe = —pe +aTr(TJD) (3.30)

The velocity vector only has an axial component and it is assumed to depend just on the y coordinate,
ie. u = (u(y),0). The velocity gradient L, and its symmetric resp. skew-symmetric components D resp.
W will take the following specific form:

_ AT 170 u, 1 0 wuy
L—Vu_<00> D_Q(uy 0) W_§ —uy 0

Taking into account that the material time-derivatives on the left-hand side will vanish in Poiseuille type
flow, the governing equations (3.31)-(3.32) can be reduced to:

T = 24D+ A [WT2 + (WT2)”] + 2)a(p.D) (3.31)
pe = Aa(TY : D) (3.32)

Writing these equations component-wise they take the form:

fl 1;2 _ 0 Uy i Q{QUy (£4 - fl)uy 2 97 0 ’U,?QJ
<1€2 E4> = He <uy 0 ) T 2 (2?4 — f1)uy —Qfguy + Aa t2 ui 0 (333)
| —
2X\ap.D
Pe = Aatauy (3.34)

After some calculations it is possible to obtain expressions for elastic stress tensor components t;, to,
t4 and elastic pressure p. as functions of w,,.

. )\;Leuz R
= = —t 3.35
! 1+ (1-a?)\2u2 ! (3:35)
. AMieu? .
il = — Y = —t 3.36
* 1+ (1 — a?)A2u2 ' (3:36)
R ety
ty = 3.37
N R (e PR (3:37)
)\a,ueuz
. = 3.38
Pe = T =22 (3:38)
The solution confirms that ¢; = —t4. It also corresponds (after transformation) to the solution of the

original model. Further observation reveals that the simple shear viscosity defined as

b2 _ e
uy 1+ (1—a?)A2u2’

pe(uy) = (3.39)
i.e.,depends on the velocity gradient (i.e., shear rate). Only for ¢ = %1 it is constant, being equal to
e For all the other intermediate values of the parameter a € (—1;1) the model predicts shear-thinning
viscosity. This is a well known property of Johnson-Segalman model. For Oldroyd A and B models it
plays no role, because these are obtained for a = 1, resp. a = —1.

The elastic pressure in this case has always the sign of the parameter a and vanishes on the axis of the
vessel (pipe or channel). It can be explicitly computed if tensors TY and D are known.
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It is also good to note that in the case a = +1 the velocity field is the same as for the Newtonian case
with viscosity (us + pe), i.e. the velocity has the classical parabolic profile. For all the other values of
a € (—1;1) the velocity profile is not known explicitly, but still the stress components can be computed
from velocity gradient u, for any given velocity profile.

3.4. Generalization to Shear-thinning viscosity

As it was already mentioned in section 2, in most flow regimes blood exhibits a shear-thinning behaviour.
This property is well represented in the Johnson-Segalman model for parameter a in the range a € (—1,1).
This was demonstrated in the previous paragraphs leading to the shear dependent viscosity of the form
shown in the equation (3.39). Although it is possible to use the Johnson-Segalman model in its shear-
thinning regime (i.e. with parameter a # =+1), the more common approach is to use the (constant
viscosity) Oldroyd-B model (i.e. to set a = —1) and generalize it by introducing an explicit formula
for shear-thinning apparent viscosity, normally obtained by fitting experimental viscosity data. This
approach was used e.g. in [7-9] or [25].

In order to account for the shear-thinning behavior of blood, the constant viscosity coefficient ps in
(3.10) or (3.26) is replaced by a shear rate dependent viscosity function ps(¥)

T, =2us(4)D . (3.40)

One of the most frequently used shear-thinning models for blood is the generalized Cross model given by

115 () = poo + ( Ho — Hoo (3.41)

1+ (49)%)"
where shear rate is defined by ¥ = 2v/D : D. Here pg and pe, are the asymptotic viscosity values at
zero and infinite shear rates. The following parameters found in [25] have been used for the blood flow
simulations presented in this paper:

po=1.6-10"1Pa-s foo =3.6-1073Pa - s
a =123, 5=0.64 A =82s

It is evident, that this modification (generalization) of the model does not have any impact on the
traceless splitting and can therefore be used with the original as well as with the traceless variants of
Johnson-Segalman (resp. Oldroyd-B or Maxwell) model.

4. Numerical Experiments

The numerical experiments presented within this section are designed to illustrate, also at the numerical
level, the equivalence of the classical and traceless variants of Johnson-Segalman model. Among the
infinitely many possible parameter set-ups, the Oldroyd-B model (i.e. the case with a = —1) was
chosen for simulations as it is the most commonly used model among the class of Johnson-Segalman
models. In order to make use of the available analytical solution, some tests were performed without
the (straightforward) shear-thinning generalization of the model. The shear-thinning Oldroyd-B model,
applicable directly to blood flow, is used in the last computational case with a simple stenosed vessel.
It should be noted that the numerical tests presented in this paper were performed to validate the
newly developed model and thus no detailed studies of computational efficiency or stability with respect
to Weissenberg number were performed. Any such study will require a model specific adjustments of
numerical solver which is beyond the scope of this paper.

4.1. Numerical Method

Only a short description of the numerical algorithms used to obtain the presented results is given here.
A decoupled scheme is used to solve the mixed elliptic-hyperbolic problem. The extra-stress tensor
is computed separately from the kinematic equations. The solution of a Stokes problem provides the
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initial kinematics and from this solution the viscoelastic extra-stress is computed. Next, the kinematics
is updated with the current extra-stress, whose components are treated as known body-forces. This
iterative process is a Picard’s iterative scheme. The material derivative % = % +u - V is discretised by
a weak form of the method of characteristics. Each time step corresponds to an iteration of the decoupled
method.

4.2. Finite element Method

Let {2 be a bounded, open and connected Lipschitz domain in R?. We denote by 7}, a non-degenerated
triangulation of (2. For each triangle K € Tj,, we take its diameter hx and define the diameter of the mesh,

h = maxhg. We define 2 = U K. Assuming that the triangles have approximately the same size,
KeTy, KeTy

i.e., there exist positive constants C and C , independent of h, such that C1h < hgx < Cop,., VK €T
where pg is the diameter of the greatest ball inscribed circle into K. Let P, be the polynomial space
from R? into R of degree less than or equal to k and Py(K) the restriction to K € T, of Py. To satisfy
the LBB condition [20], we define the Hood-Taylor finite element space for u and p, respectively

Vi ={v, € C(2)NHj () :vpx €P2(K), VK € Tp,}

Mh:{qhec(ﬁ)ng(Q):qh‘KeIP’l(K), VKeTh}

For the discretisation of extra-stress tensor, we consider the discontinuous Galerkin method. The first
discontinuous Galerkin method for hyperbolic partial differential equations was introduced in 1973 by
Reed and Hill, to simulate neutron transport problem. The analysis of the abstract form for this discrete
problem was done one year later by Lesaint and Raviart [24]. More recently, the discontinuous Galerkin
method for hyperbolic equations had a significant development based on numerical fluxes [11]. The
discontinuous Galerkin method can be viewed as a finite element method, but with relaxed continuity at
inter-element boundaries. The key idea of the method is that the shape functions can be chosen so that
the field variable and/or its derivatives are discontinuous across the element boundaries. The effects of
the boundary conditions are gradually propagated through element-by-element connection. The details
of this method can be found in [13,24,26].

To use this method in our formulation we introduce the discontinuous finite element space of piecewise
quadratic functions

X, = {Th € Ly (Q) S ThK e Py (K), VK € Th}

Following Ern and Guermond [13], we introduce the operator defined in V;, x X, x Xp,

1 1
Bh(uh,vh,wh) :/ (vh+uh 'V’Uh) s wp + / *(|TL~’u,h| fn~uh) [’Uh] Wh—
7, \A 2 oK 2

KeF}

/ri" |n - wp|op, - wp,
h

and for all symmetric tensors whose components belong X, we have an analogous operator defined in
Vi x X77% x X772 by

—~ 1 1
Bh(uh,ah,ﬂ)z/ <0h+u; :Voh) CT + / —(In-up| —n-up)lop] : Th—
' T, \A ' Z oK 2

KeF}

/v In - up|oy T
1";’:"”
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where [w] = wg,nk, + wg,nK, denotes the jump of w across the edges of an element over
which it is evaluated with mg, is the unit normal vector on the interface F = 0K; N 0K, point-
ing exterior to K;, (¢ = 1,2) and F; is the set of interfaces. ~Observe that, for all v ad-

missible, the interface flux § (|- wy| —n-wy)[y] is nonzero only on inflow boundary of K, i.e.,
OK ™~ (up)={x € 0K : up(x) - n(z) < 0}.
We define the bilinear form in V;, x V}, and linear form in M}, x V},, respectively by

1
ap, (up,vp) = 7/ 21D (uy) : D (vy) and by, (pn,vn) = / prV - vp.
P Jm, T,

) Y

The system (3.24)-(3.28) (2D) is approximated by the following problem:

Find (uh,ph,TEh,pe’h) = (u,p, T2, pe) € Vi x My, x [Xu]>*? x X}, solution of

Iz, B s v+ an (w,0) = b, (p,v) = b (g u) = [, V-T2 10— [ Vp,-v

O —
Jo, G T+ By (uTD, 1) = [ [22D (u) + (W (u) T2 — TIW (u)) + 2ap.D (u)] : 7
Sz, % e + Bh (w,pe, qe) = [, Tr(TOD(w))ge
for all (v,q,7,qe) € Vi X My, x [Xp]7% x X,

4.3. Computational Setup

To investigate the equivalence between the classical Johnson-Segalman model and the traceless model we
developed a code in 2D using the finite element software package FreeFem++ [21]. The linear systems are
solved using the Crout matrix decomposition for the kinematics and a GMRES solver to obtain the tensor
and elastic pressure. As described in the previous section, continuous piecewise elements of order 2 are
used for the velocity, continuous piecewise elements of order 1 are used for the pressure and discontinuous
piecewise elements of order 2 are used for the tensor and elastic pressure.

4.3.1. Poiseuille flow

The straight pipe (vessel) was chosen to compare the numerical solution with the analytical one for all
models. The point is to provide some basic validation of the models and the information about the
structure of the resulting fields.

Case geometry The straight vessel of finite length is characterised by its cross-sectional dimension
D = 6.2mm and length L = 20D.

FIGURE 1. Geometry definition for the Poiseuille flow (straight vessel).

Computational grid The grid is unstructured with triangular elements. The final grid consists of
approximately 9000 elements. This grid is adapted during the simulation to capture high gradients in
the computational field.
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FIGURE 2. Grid for the Poiseuille flow (straight vessel).

Boundary conditions We prescribe boundary conditions on the solid wall and on the up-
stream region. On the solid wall no-slip conditions are imposed. On the upstream boundary
002 (u) = {x€d2:u(x) n(x) <0} we imposed the known analytical solution for the fully devel-
oped flow in a straight channel (pipe). The classical Johnson-Segalman model can be found e.g. in [5].
For the traceless model the solution is given by (3.35)—(3.38).

4.3.2. Flow in corrugated vessel

Case geometry The corrugated vessel is assumed to consist on straight inlet and outlet parts with
dimension® of D. The attached contraction/expansion parts have length L, Legp. Between these
parts, several identical segments are inserted. These segments are characterised by its minimum and
maximum diameters D, resp. Dpq, and the length Lg.,. All the curvilinear walls have sinusoidal
shape. The configuration of such corrugated vessel is shown in the figure 3.

59‘ 5 &9 5 o

Lin | Loon|_ Nseg 'L seg Lexp | L out

FIGURE 3. Geometry definition for the corrugated vessel case.

The dimensions used for this case closely follow the Poiseuille flow test case. The diameter (cross-
section) size D = 6.2mm is used to define other characteristic lengths.

Duar =D | Leon = Lucg/2 | Lin=3D | Nuy=3
Dunin = D/V2 \ Leap = Lscg /2 \ Lowt = 5D \ Lyeg = 2D

TABLE 1. Corrugated vessel dimensions.

5Diameter in 3D
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Computational grid The grid has only about 3000 elements. No special treatment was used to sym-
metrize the grid with respect to = axis.
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FIGURE 4. Grid for the corrugated vessel flow.

Boundary conditions The computational domain has a length of straight inlet and outlet pipe suf-
ficiently long to obtain a fully developed Poiseuille flow upstream and downstream. On the upstream
boundary the analytical solution for the fully developed flow in a straight pipe for the respective model
are imposed. On the solid wall no-slip conditions are imposed.

4.8.8. Flow in 4:1 contraction

The 4:1 contraction flow was obviously not considered for its direct applicability to blood flow. The
existence of reentrant corners in a region of flow acceleration can introduce singularities in the stress com-
ponents, making this benchmark convenient for testing the accuracy and stability of numerical schemes.

Case geometry The geometry was set to have the same exit dimension D = 6.2mm. The entry cross-
section is four times larger. The origin of the coordinate system is in the center of the cross-section, at
the point of contraction.

Lin L out

FIGURE 5. Geometry definition for 4:1 contraction case.

Computational grid The grid has about 11000 elements. No special treatment was used to symmetrize
the grid with respect to x axis.
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FIGURE 6. Grid for the 4:1 contraction flow.

Boundary conditions Like the corrugated domain, the length of straight inlet pipe is sufficiently long to
impose a fully developed Poiseuille flow in the inflow. On the upstream boundary the analytical solution
for the fully developed flow in a straight pipe for the respective model are imposed. On the solid wall
no-slip conditions are used.

4.83.4. Shear-thinning flow in stenosed vessel

Case geometry The geometry of this test case is two-dimensional version of the stenosed vessel used in
[25] or [7] As in the case of the corrugated vessel also here the curvilinear walls have sinusoidal shape. The
details of the configuration of the stenosed vessel are shown in the figure 7. The characteristic dimensions

yi. 10R _
\4
ny % R
Py
2R | R| R | 5R N

FI1GURE 7. Geometry definition for the stenosed vessel case.

used for this case are similar to previous test cases. The diameter (cross-section) size D = 6.2mm is used
to define other characteristic lengths.

Computational grid The grid has about 8700 elements. No special treatment was used to symmetrize
the grid with respect to x axis.
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y/IR

x/R

F1Gure 8. Grid for the stenosed vessel case.
Boundary conditions On the upstream inlet boundary the parabolic velocity profile is imposed together
with the corresponding Dirichlet boundary conditions for the elastic stress components. On the solid wall
no-slip conditions are imposed.

4.4. Numerical Results

The numerical simulations were carried out for a mean velocity Uy = 6.15mm/s, and the reference
length was taken as the diameter D = 6.2mm, the reference Newtonian (solvent) and elastic viscosities
are, ity = 3.6 x 1073Pa s and p, = 4.0 x 107*Pa s. The constant fluid density is assumed to be
p = 1050K g/m3. Corresponding Reynolds number is Re = 10 and relaxation time is A; = 0.06s leads
to a Weissenberg number We = 0.06. Theses values are adapted from those used in [25]. Lower velocity
was used to avoid higher Reynolds number and corresponding stabilisation techniques.

Poiseuille flow

The comparison of velocity fields for this case using the traceless and classical model is shown in the
figures 9 and 18. The results are expected to be identical for both models.

X/IR

0.0E+00  1.0E-03  2.0E-03 3.0E-03 4.0E-03 5.0E-03 6.0E-03 7.0E-03 8.0E-03 9.0E-03 1.0E-02 11E-02  1.2E-02

FIGURE 9. Axial velocity (u) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.

The comparison of tensor fields is not as straight forward. The off-diagonal components remain un-
changed. For the diagonal components, using the traceless tensor decomposition and definition of elastic
pressure, it is possible to convert the results of the traceless model back to the original model notation.
The comparison of tensor components (full elastic tensor T,) is shown in the figure 116.

It is important to note that the analytical solution for both the velocity and tensor field components is
imposed on the inlet. It perfectly matches the numerical solution obtained in the interior of the domain.
This serves as a demonstration of the correctness of the analytical solution for both models for Poiseuille
flow.

6The color scale is not shown in this side-by-side comparison. It remains the same for both models, however it is different
for each tensor component.
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1.0E-04 2.0E-04 3.0E-04 4.0E-04 5.0E-04 6.0E-04 7.0E-04 8.0E-04 9.0E-04 1.0E-03 1.1E-03 1.2E-03 1.3E-03 1.4E-03

-3.0E-03 -2.5E-03 -2.0E-03 -1.5E-03 -1.0E-03 -5.0E-04 0.0E+00 5.0E-04 1.0E-03 1.5E-03 2.0E-03 2.5E-03 3.0E-03

-1.4E-03 -1.3E-03 -1.2E-03 -1.1E-03 -1.0E-03 -9.0E-04 -8.0E-04 -7.0E-04 -6.0E-04 -5.0E-04 -4.0E-04 -3.0E-04 -2.0E-04 -1.0E-04

FIGURE 10. Elastic stress tensor components #; (top), fo (middle), and elastic pressure
pe (bottom), for the traceless Oldroyd-B model.

FIGURE 11. Comparison of (full) elastic stress tensor components ¢ (top), t2 (middle),
t4 (bottom), for the traceless (left) and classical (right) Oldroyd-B model.

4.4.1. Flow in corrugated vessel

The comparison of velocity and pressure fields for this case using the traceless and classical model is
shown in the figures 12, 13 and 14. The results are expected to be identical for both models.

The extra stress-tensor (traceless) and elastic pressure for the traceless model is shown in the figure
15.

The comparison of tensor fields is not as straight forward. The off-diagonal components remain un-
changed. For the diagonal components, using the traceless tensor decomposition and definition of elastic
pressure, it is possible to convert the results of traceless model back to the original model notation. The
comparison of tensor components (full elastic tensor T.) is shown in the figure 16.

The results for both versions of the model look again the same. The detailed figures reveal that the
contours are not as smooth in this case due to much coarser grid used for this test case.
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0.0E+00 1.0E-03 2.0E-03 3.0E-03 4.0E-03 5.0E-03 6.0E-03 7.0E-03 8.0E-03 9.0E-03 1.0E-02 1.1E-02 1.2E-02 1.3E-02 1.4E-02 1.5E-02

FIGURE 12. Axial velocity (u) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.

x/R
-1.0E-03 -8.0E-04 -6.0E-04 -4.0E-04 -2.0E-04 2.0E-04 4.0E-04 6.0E-04 8.0E-04 1.0E-03

Ficure 13. Radial velocity (v) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.

0.0E+00 1.0E-01 2.0E-01 3.0E-01 4.0E-01 5.0E-01 6.0E-01 7.0E-01 8.0E-01 9.0E-01 1.0E+00 1.1E+00 1.2E+00 1.3E+00 1.4E+00

FIGURE 14. Pressure (p) contours for the classical (top) and traceless (bottom) Oldroyd-
B model.

Flow in 4:1 contraction

The comparison of velocity” fields for this case using the traceless and classical model is shown in the

figures 17 and 18. As for the other cases also here the results are expected to be identical for both models.
The extra stress-tensor (traceless) and elastic pressure for the traceless model is shown in the figure

"The characteristic mean velocity is lower than in the other two computational tests to avoid the need of specific
stabilisation techniques that are necessary due to high velocity speed-up in the contraction and sharp corners in the domain
geometry.
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0.0E+00 5.0E-04 1.0E-03 15E-03 2.0E-03 2.5E-03 3.0E-03 3.5E-03 4.0E-03 45E-03 50E-03 55E-03

0 4 ' 8 16 24 28 32
x/R

-7.0E-03 -6.0E-03 -5.0E-03 -4.0E-03 -3.0E-03 -2.0E-03 -1.0E-03 1.0E-03 2.0E-03 3.0E-03 4.0E-03 5.0E-03 6.0E-03 7.0E-03

-4.0E-03 -3.5E-03 -3.0E-03 -2.5E-03 -2.0E-03 -1.5E-03 -1.0E-03 -5.0E-04

FIGURE 15. Elastic stress tensor components #; (top), fo (middle), and elastic pressure
pe (bottom), for the traceless Oldroyd-B model.

F1GURE 16. Comparison of (full) elastic stress tensor components ¢1 (top), t2 (middle),
ty4 (bottom), for the traceless (left) and classical (right) Oldroyd-B model.

19. The comparison of tensor components (full elastic tensor T.) is shown in the figure 20. No visible
differences were observed in solutions of classical and traceless model. Further simulations for higher
velocities (and Reynolds resp. Weissenberg numbers) will be needed to explore the need of stabilisation
techniques in the currently used finite-element solver for accurate resolution of the flow around sharp
corners in this specific case.

Shear-thinning flow in stenosed vessel

The comparison of velocity and pressure fields for this case using the traceless and classical model is
shown in the figures 21, 22 and 23. As in the previous constant viscosity tests, the results are expected
to be identical for both models. The extra stress-tensor (traceless) and elastic pressure for the traceless
model is shown in the figure 24. The comparison of tensor components (full elastic tensor T.) is shown
in the figure 25.
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0.0E+00 1.0E-04 2.0E-04 3.0E-04 4.0E-04 50E-04 6.0E-04 7.0E-04 8.0E-04 9.0E-04 1.0E-03 1.1E-03 1.2E-03

FIGURE 17. Axial velocity (u) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.
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F1GURE 18. Radial velocity (v) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.

As for the previous cases, also here no important differences were observed between the classical and
traceless model solution. The variable shear-thinning viscosity does not represent a problem in simulations
using the newly developed traceless model.

5. Conclusions and Remarks

From the derivation of the new traceless model follows that a similar decomposition technique can be

used not just for the Johnson-Segalman model but also for other viscoelastic models of similar form.
This includes e.g. the generalized Oldroyd and Maxwell models where the constant viscosity or re-

laxation times are replaced by their variable counterparts. One such example based on the generalized
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FIGURE 19. Elastic stress tensor components #; (top), fo (middle), and elastic pressure
pe (bottom), for the traceless Oldroyd-B model.

F1curE 20. Comparison of (full) elastic stress tensor components ¢, (top), t2 (middle),
ty (bottom), for the traceless (left) and classical (right) Oldroyd-B model.

Oldroyd-B model from [25] is shown in the section 3.4. Another example could be the microstructure-
based constitutive model for human blood [27], which is nothing else but upper—convected Maxwell model
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1.0E-03 2.0E-03 3.0E-03 4.0E-03 5.0E-03 6.0E-03 7.0E-03 8.0E-03

FIGURE 21. Axial velocity (u) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.

-12E-03  -1.0E-03 -8.0E-04 -6.0E-04 -4.0E-04 -20E-04 20E-04 4.0E-04 60E-04 B8O0E-04 10E-03  12E-03

FIGURE 22. Radial velocity (v) contours for the classical (top) and traceless (bottom)
Oldroyd-B model.

with variable (depending on structural parameter) relaxation time. None of these modifications, with
respect to constant coefficients models, affect the spherical/deviatoric splitting described in this paper
and thus the corresponding generalized models can be modified to traceless versions in the same way as
the Johnson—Segalman model discussed here. As a consequence, the traceless decomposition has much
wider range of applicability, extending far beyond the Johnson—Segalman model and applications in blood
rheology.

The numerical tests have shown the equivalence between the original (classical) and new (traceless)
model in terms of model predictions. Since the models are mathematically equivalent, the observed small
differences come from the fact that different equations, and therefore different discretizations are being
used in each case. The use of analytical solutions for Poiseuille flow as a boundary condition at the inlet
has also shown a perfect match between the analytical and numerical solutions for both versions of the
Johnson-Segalman model.
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5.0E-02 10E-01 15E-01 20E-01 25E-01 30E-01 35E-01 40E-01 45E-01 50E-01 55E-01 6.0E-01 6.5E-01

FIGURE 23. Pressure (p) contours for the classical (top) and traceless (bottom) Oldroyd-
B model.
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FIGURE 24. Elastic stress tensor components #; (top), fo (middle), and elastic pressure
pe (bottom), for the traceless Oldroyd-B model.

Concerning the computational efficiency, both models behave in a very similar way within the range of
parameters used for this particular application. Although no rigorous comparison has been made, some
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FIGURE 25. Comparison of (full) elastic stress tensor components ¢ (top), to (middle),
tq (bottom), for the traceless (left) and classical (right) Oldroyd-B model.

slight advantage of the traceless model is evident. The number of equations to be solved and their type is
the same for both models, however the number of terms to be evaluated on the right-hand side of tensor
equations is lower for the traceless model. This is even more pronounced in the 2D case in which as noted
earlier, some more terms will vanish in the traceless formulation.

The separation of the traceless (deviatoric) and spherical part of stress can be useful in practical
applications. E.g. the wall shear stress depends only on the deviatoric part of stress. On the other hand,
the vessel wall deformation in some FSI models, depends on the spherical part of stress.

An important question also arises in experimental fluid dynamics. Pressure (and pressure drop) is
usually considered as a measurable quantity. If the pressure is defined® from the spherical part of the
(total) stress, then the corresponding quantity in our model is the sum p + p.. It is good to note that
due to the structure of the elastic pressure field, the total pressure is not constant over the vessel cross-
section in Poiseuille flow, i.e., the measured pressure value significantly depends on the exact location
of measurement point within the cross-section. It is evident that this is typical for viscoelastic models
and is in contrast with the Newtonian or generalised-Newtonian fluids models. Translating this back to
computational fluid dynamics, it may not be meaningful to make a direct comparison of the pressure
(drop) between numerical simulation and experimental data.

Although our simulations have shown that the newly reformulated Johnson-Segalman model is valid
and potentially useful, some questions remain to be answered. A whole series of open questions is related
to the finite-element implementation of the new model. What should be the choice of finite-elements for
the elastic pressure? Should this choice of elements be related to (incompressible) pressure or rather to
the tensor components? Is there a stability condition that must be satisfied by the choice of the finite
element discretization space for the elastic pressure, similar to the LBB condition for the Newtonian
incompressible models?

Other questions concerning the applicability of the decomposed model may arise from specific problems.
As an example we can mention the efficiency and robustness of FSI solvers or solution of high Weissenberg
number flow problems. In principle there is no reason for the traceless formulation of the model to be a-
priori considered superior with respect to the classical version in numerical simulations. The model itself
did not change, it was just recasted in a more convenient way. So, in general, the expected computational
efficiency, robustness and stability with respect to Weissenberg number is roughly the same. The traceless
splitting however opens new possibilities in developing model-specific numerical algorithms (for flow or
fluid-structure interaction schemes) that can bring some improvements in these aspects. It also introduces

8Also important is the pressure measurement method and corresponding probe design.
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the elastic pressure as a primitive variable of the flow problem, allowing a more direct comparison with
experimental pressure measurements.
Some of these topics will be addressed in our future research.
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