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COMPLEX KRAENKEL-MANNA-MERLE SYSTEM IN A FERRITE:
N-FOLD DARBOUX TRANSFORMATION, GENERALIZED
DARBOUX TRANSFORMATION AND SOLITONS

YUAN SHEN, Bo T1AN", T1IAN-YU ZHOU AND CHONG-DONG CHENG

Abstract. Ferromagnetic materials such as the ferrites are used in the electronic and energy indus-
tries. Here, we concentrate on a complex Kraenkel-Manna-Merle system in a ferrite, under some
coefficient constraints. An N-fold Darboux transformation of that system is presented wvia an exist-
ing Lax pair, where N is a positive integer. An N-fold generalized Darboux transformation, which
admits one spectral parameter, is proposed through a limit procedure. One-, two- and three-soliton
solutions of that system are determined via that N-fold Darboux transformation. The second-order and
third-order degenerate soliton solutions of that system are derived via that N-fold generalized Darboux
transformation. Those solitons are graphically represented for the magnetization and external magnetic
field related to a ferrite.
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1. INTRODUCTION

A ferromagnetic material has been considered as a material that possesses a spontaneous magnetization
[3, 13, 28]. Ferromagnetic materials such as the ferrites have been utilized in the electronic and energy industries
[4, 14, 33]. Inductive components containing the ferromagnetic cores, like the transformers, filters, chokes,
resonant circuits, etc., have been seen in almost all the modern electronic devices [6, 11, 14].

In magnetism, optics, fluid mechanics, plasma physics and other fields, there have been some nonlinear phe-
nomena, including the solitons, breathers and rogue waves [1, 2, 7, 8, 12, 16, 25, 27]. Such methods as the Darboux
transformation (DT) [29], Riemann-Hilbert approach [24], Hirota method [9], Bécklund transformation [5] and
similarity reduction [10] have been presented to explore those nonlinear phenomena. The DT has been applied
to study the nonlinear waves in some physical systems, such as the soliton resonances of the transient stimulated
Raman scattering system [26], soliton resonances and soliton molecules of the Lakshmanan-Porsezian-Daniel
system in nonlinear optics [21], interactions between the rogue waves and breathers of the Manakov system
describing the pulse propagation in a stationary self-focusing electromagnetic system [20], as well as rogue
waves and phase transitions of the complex short pulse system in optical-fiber communication [22].

Keywords and phrases: Ferrite, complex Kraenkel-Manna-Merle system, N-fold Darboux transformation, N-fold generalized
Darboux transformation, soliton.
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For studying some microwave ferrites, Ref. [15] has considered a ferromagnetic slab insulator of 0.5 mm
thickness submitted to an external transverse magnetic field. Interaction process of an electromagnetic wave per-
turbation with the slab has been investigated through the Landau-Lifshitz-Gilbert equation with the Maxwell’s
equations [15]. Accordingly, Refs. [15, 17, 34] have discussed the complex Kraenkel-Manna-Merle system
that reads

Ay — ABy + kA, — 1Az = 0, (1.1a)

Ay, — A*B, + KA, — pAL, =0, (1.1b)
1

Bt + 3 (A*A, + AAL) =0, (1.1c)

which can describe certain short waves in a ferrite, where the complex differentiable function A(zx,t) represents
the magnetization related to the ferrite, the real differentiable function B(z, t) denotes the external magnetic field
related to the ferrite, the constants k and p refer to the damping and inhomogeneous parameters, respectively,
the superscript “x” means the complex conjugation, while the subscripts stand for the partial derivatives with
respect to the normalized space variable x and time variable ¢. Painlevé integrability, Backlund transformation,
bilinear form and one-soliton solutions of System (1.1) have been presented [15, 17]. Damping and inhomogeneous
exchange effects of System (1.1) have been studied [34].

When A(z,t) is a real differentiable function and g = 0, System (1.1) has been reduced to the Kraenkel-
Manna-Merle system [30],

Ay — AB, + kA, =0, (1.2a)
Byt + AA, =0, (1.2b)

which describes certain short waves in a saturated ferromagnetic material. For System (1.2), hump solitons, cusp
solitons, loop solitons and kink solitons have been derived via the generalized G’ /G-expansion method [18], loop-
like periodic waves and loop-like solitons have been presented via the auxiliary equation method [19], soliton
twining behaviors have been studied via the Hirota method [32], and oscillation rogue waves have been obtained
via the truncated Painlevé method [23].

Under the coefficient constraints

k= =0, (1.3)

Ref. [35] has given the following Lax pair of System (1.1):

b, —US, U= [_fo? Z, Bﬂﬁ , (1.4a)
A (1.4D)

P, =V, V:[ . i_}, 1.4
S -zt

where ® = (¢,9)7, ¢ and 9 are the complex differentiable functions of x and ¢, spectral parameter A is a
complex constant, i = y/—1, the superscript “I” means the transpose for a vector/matrix; System (1.1) has
been reproduced through the compatibility condition Uy — V, + UV — VU = 0 [35]; inverse scattering transform
and N-soliton solutions of System (1.1) have been worked out [35].

However, to our knowledge, N-fold DT and N-fold generalized DT of System (1.1), as well as the soliton
solutions different from those in Refs. [15, 17, 34, 35] have not been reported, where N is a positive integer.
Under Coefficient Constraints (1.3), in Section 2, an N-fold DT of System (1.1) will be constructed wvia Lax
Pair (1.4); in Section 3, an N-fold generalized DT of System (1.1), which admits one spectral parameter, will
be given through a limit procedure; in Section 4, one-, two- and three-soliton solutions of System (1.1) will be
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obtained via that N-fold DT, while the second-order and third-order degenerate soliton solutions of System (1.1)
will be derived via that generalized N-fold DT. Our conclusions will be addressed in Section 5.

2. N-roLD DT OF SYSTEM (1.1) UNDER COEFFICIENT CONSTRAINTS (1.3)

In this section, we shall provide an N-fold DT of System (1.1) with the aid of Lax Pair (1.4). We begin by
introducing a gauge transformation [31]

N = TINlg, (2.1)
where TV is a reversible matrix and ®[! is required to satisfy

oIV = yINIgINl N — (T;N] + 7N U) TN~ (2.2a)

oM _ yINIGINT N (Tt[N] +T[N]V) UALI (2.2b)

while UV and VIV have the same forms as U and V, respectively, except that the old potentials A, B have
been replaced with new ones ANV, BV the superscript “[N]” represents the Nth-order iteration, and the
superscript “—1” denotes the inverse of a matrix. We suppose that the structure of the N-fold Darboux matrix
TN is as follow:

N—1 N—1
AN 3 NI ST WA
TIN] T Ti2| =0 j=o (2.3)
o T21 T22 B N-1 Nk - N-1 Nk ’ :
— 3 b N AN 4 S a) TN
=0

Jj=0

which indicates that TN has the form of a polynomial matrix of A, where a(?)’s and b)’s are some to-be-
determined functions of  and ¢. Then, we assume that A,’s and A\*’s (¢ =1,2,..., N) are the 2N different roots
of det TIN! = 0. We have TINV1® = 0 when X takes \,, which leads to the linear algebraic system shown below:

N-1 N-1
aDNT 46, bINT = -\7N, (2.4a)
=0 j=0
N-1 - ) N-1 . )
8,y a AT = N 0N = 5 AN, (2.4b)
j=0 j=0
where
P (M)
5, = : 2.5
5 O) (25)

with @, (\,) = (¢ (M), %, (A)T = (64,10,)" being a column vector solution of Lax Pair (1.4).
In what follows, we shall demonstrate that UM and VIV have the same forms as U and V, respectively.

Proposition 2.1. The matriz UN! defined via Equation (2.2a) has the same form as U, i.e.,

—iBINIy - AINTy

—AINE N BINTy

)
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where the transformations from the old potential functions A, B into the new ones AN, BINI are given by
AT = A 4 pN=1)

BN =B +ia®™Y 1 5(1),

and B (t) is a real differentiable function of t.
Proof. Let

(rererme) 7o = ) ) 20

where p11 (A), p12 (A), p21 (A) and pao (M) are the polynomials of A with order —2N + 1. Equations (1.4a), (2.4)
and (2.5) are utilized to arrive at

T11 ()\7.) = —51T12 ()\z) s T21 ()\2) = —51T22 ()\z) s 57.,r = —U;)\Z + 27;’Ux>\251 — ux/\ldf (27)

Then, it is possible to check that A,’s are the roots of p11 (A), p12 (A), p21 (A) and pas (A). Likewise, A\*’s are the

roots of p11 (A), p12 (A), pa1 (A) and pas (A).
Noting that

N
det TNV = A2V TT (A= X)) (A = A7), (2.8)
1=1

we can confirm the existence of a matrix F' such that
(T;Nl + T U) TN = det TV - F, (2.9)

where

)

e e
for A+ far” fag' A+ fas

while fﬁ), 1((1», 1%)7 f 1(3), fz(}), 2((1)), fQ(%) and fQ(g) are some to-be-determined functions of x and ¢. To determine
F, we rewrite Equation (2.9) as

TN 4 TNy = iV, (2.10)
Equating the same powers of A in Equation (2.10) yields the following outcomes:

= =i (Bo+iaNV) = —iBlN,
1 _
fo) = A + bV = AN,
2(}) = A — b(zN_l)* — _AEEN]*7 (2.11)
135 =i (Bo +iaM1) =B,

0) _ £(0) _ £(0) _ £(0) _
11 = Ji2 T J21 T J22 =Y
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The conclusion of Proposition 2.1 is reached from Equations (2.2a) and (2.11). The proof is completed.
Proposition 2.2. The matriz VIN! defined via Equation (2.2b) has the same form as V., i.c.,

iy=1 i g[N]
vIN = _% [N]* _21' —1 >
2

where the transformation from the old potential function A into the new one AN is given by

AN = A 4 pV=D),
Proof. Let

(Tt[N] " T[N]V) TN — [Z; 83 Z;i 8;] ’

where g1 (\) and ¢a2 (M) are the polynomials of A with order —2N — 1, whereas ¢12 (A) and go1 (A) are the
polynomials of A\ with order —2N. By virtue of Equation (2.5), we have

iy 2 2.12
0t 2u 215+ u5 ( )

After that, we can confirm that \,’s and \,*’s are the roots of ¢11 (A), ¢12 (A), g21 (A) and go2 (A) as well.
With Equation (2.8), it can be demonstrated that there exists a matrix G such that

(Ttm LTIV V) TN — det TV . G, (2.13)
where
oo 951)>\ 1+g(0) (0)
e e A T4 g©

while ggl), gﬁ), gg), gg), gé? and gég) are some to-be-determined functions of xz and ¢. To calculate G, we

rewrite Equation (2.13) as

[N]

T, Ny =ari, (2.14)

We reach the following findings by equating the same powers of A in Equation (2.14):

© _ @ (N-1)) _ _ 7 4IN]
g9 = 2(A+b ) SAN,
© _ & (qx  p(N=D*) _ _E 4Ny 2.15
9a1 5 (A +b ) 2A ) (2.15)

{ 1 { 0 0
911 = 1 952) R 951) = 952) =0.

Equations (2.2b) and (2.15) allow us to derive the conclusion of Proposition 2.2. The proof is completed.
Further, we provide the following theorem in light of Propositions 2.1 and 2.2:



6 Y. SHEN ET AL.

Theorem 2.3. Let A and B be the initial solutions of System (1.1), ®, (X,) = (¢, ()0 (M)T = (60, 0,)"
be the column vector solution of Lax Pair (1.4), and we see that the N-Fold DT of System (1.1) is shown as

AN = A 4 p(N D) (2.16a)

BWI = B +ia™N=Y 4 5(t), (2.16b)

where

(N-1) N—-1
JN-D BT v ApY

AN Ay 7
g1 At AV Al e ATy
®2 Ay Lo e A5 Nt g, o A5 Mo e A5 N,
Ay = on  Ayon o AV T VN AN N AN Ty
Y X{(’i)iﬂi‘ X{(’Z*?wi* — % —Xf“i)qﬁ —Af“if%’f’
wp o TPy U e —Tep o Y gy
U AW TR AT —en A TVe AT ey

while AaN =Y and ADNTY are respectively produced from Ay by replacing the Nth and 2Nth columns with
the column vector (—/\1_N¢51, —)\Q_N(JSQ, ey —)\J_\,Nqi)N, —X{(_N)wf, —A;(‘NW};, ceey —)\*N(_N)q//}“\,)T.

3. N-FOLD GENERALIZED DT OF SYSTEM (1.1) UNDER COEFFICIENT
CONSTRAINTS (1.3)
In this section, we shall determine the N-fold generalized DT of System (1.1), which admits one spectral
parameter. To construct the N-fold generalized DT of System (1.1), we redefine the N-fold Darboux matrix
TV as

N N
1+ > alN SN
™= 7 =N (3.1)
— SN 14 S aDN
j=1 j=1
Proceeding as the previous section, we obtain the following linear algebraic system:
N N
ZG(J))\g +5lzb(”/\§ =1, (3.2a)
j=1 j=1
5, Za(J) N o— Zb(ﬂ) N =4, (3.2b)
j=1 j=1

We note that when N > 1, there are 2N functions a(?)’s and 5U)’s in the two algebraic equations of Equa-
tion (3.2). In order to obtain the additional 2N — 2 algebraic equations, we consider the Taylor expansion
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TN (M) @1 (A1) |{/\1_>/\1+€} at € = 0 in the form of

k
TV (A +0) @ (A +e)= Y Y T ) 9 () f + 0 (YY), (3.3)

where

2. %5
M) = | e N e
— chjkb(a) N chjlsa(a) N
L J= Jj=

1 ok 1 ok r
o () = k!aT\’fq)l (A1) = <k!8)\’f¢1 (A1), Hai)\’f% (>\1)> ,

€ is a small parameter, OJ’-C = Ml),ﬂw and k is a non-negative integer.
Following that, we let

TIN] ()\1 + E) P, ()\1 + E)

;1_1% i =0, (3.4)
which leads to the following linear algebraic system:
M ()@ (M) =0, (3.5a)
M O e ) + T () @ (\) =0, (3.5b)
T n) @5 () + 78 () 83 () + T3 () 21 () =0, (3.5¢)
N—1 .
™ () eV (A) = (3.5d)
§=0

The 2N functions a/)’s and b()’s in Darboux Matrix (3.1) can be uniquely determined via Equation (3.5) when
A1 is suitably chosen such that the coefficient determinant of Equation (3.5) is non-zero.
Using the previous analysis as a foundation, we present the following theorem:

Theorem 3.1. Let A and B be the initial solutions of System (1.1), ®1 (A1) = (¢1 (A1), ¥1 (M))" = (o1, 01)"

be the column vector solution of Lax Pair (1.4), and we see that the N-fold generalized DT of System (1.1) is
shown as

AN = A 4 D), (3.6a)
BWI = B+ia™ 4+ 5(t), (3.6b)



8 Y. SHEN ET AL.

where
(1) 1
S Afa ’ e A )’
Ay Ay
Aoy Moy e Ay P
>\1¢§1) + ¢§0) ADR e Ao N AM” + ¢§0) IACHNI R Agon
AS — )\1¢§N_1)+¢§N_2) Anz -+ Apnn Al?/ng_l)Jr?/ng_Q) AnnNt2 - Anpn
N — * * * * * * * * * *1
%o) * )\121/}50) Alego) _)‘10510) _)\12¢go) e uN go)
1/111) +7/1(0) Ani22 -+ Anjan (1) ¢1 Antont2 - Anjoon
/\T%N_l) +7/J§N_2) Nono o DonN A (N_l) ¢1 Aon.Ny2 - DAonoan
r—1
S CkasE (f_l_k), for 1 <r,s <N,
k=0
=l —k—N_(r—1-k)
ZC”“_N)\S 1 , for 1<r<N, N+1<s<2N,
Ar,s = *
2 CU*“ R (r=N=1=k) for N+1<r<2N, 1<s<N,
k=0
—N—1 .
— Y CE ARG NI for N 41 <15 < 2N,
k=0

and AfaM) and AV are respectively produced from A5 by replacing the first and (N + 1)th columns with the

column vector (by,ba, ..., bx,bxy1,bN12,---,ban) T, while
— (1T_1), for 1 <r <N,
by = (r—N—-1)*
-1 , for N+1<r<2N.

4. SOLITON SOLUTIONS OF SYSTEM (1.1) UNDER COEFFICIENT
CONSTRAINTS (1.3)

In this section, we shall use Theorem 2.3 to derive the one-, two- and three-soliton solutions of System (1.1),
and Theorem 3.1 to derive the second-order and third-order degenerate soliton solutions of System (1.1). To
derive those soliton solutions of System (1.1), we choose the seed solutions of System (1.1) as

A=0, B = ax, (4.1)

2 (A ei(fa/\ler%)\l—lt)
(bz (/\1) = |:Zz E)‘z;:| = [ei(aklx_ikllt) ] , (42)
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where « is a real constant. Then, we let \,’s be the purely imaginary numbers to ensure that B! is a real
function.
According to Theorem 2.3, when N = 1, one-soliton solutions of System (1.1) are obtained as
Al = Lsech (204)\1_13: + ! t> , (4.3a)
A1 ’ 2M,1
1
BW = az + B (t) — ——tanh <2ax\1,m‘ + t) , (4.3b)
A1 2M,1

where the subscript “I” denotes the imaginary part. When N = 2, two-soliton solutions of System (1.1) are as
follows:

2i (A ; — A3.;) [M,zcosh (&) — Ag rcosh (€2)]

Al = : : , (4.4a)
et [(nr = Aar)? cosh (€1 + &) + (a1 + Aa)? cosh (61 = €2) = 4,1 2,1
B _ (M = A30) [(Ar + Agp) sinh (&1 — &2) — (Arr — Ao p) sinh (& + &2)] CaztB(). (44D)
ALrder [(AM — Xa.1)? cosh (€1 + &) + (Mr + Ao,1)” cosh (6 — &) — 4/\1,1>\2,1}
where

t

1
& =20\ jx+ —t & =2aly T + .
2Xa,1

2A1,1

When N = 3, three-soliton solutions of System (1.1) can be expressed as the following determinant form:

Ab2)
ABl = = 4.
A, (4.5a)
(2)
BBl = az + B (t) + A (4.5Db)

As
where

b1 Al A\ 2oy U1 A My A2y
S PO Ay 2o Yo Ay abo Ay 21y
D Vg A; 23 V3 A3 s A3 213
L S B R B R e IR S A 1
vy TPy Py —gr —aTYes Py
w3 NTYes TP —er —asTYes (D

while Aa® and Ab®?) are respectively produced from Ag by replacing the third and sixth columns with the
column vector (—AT3¢1, A3 3o, —A3 3, —AF Tt A5 ys, A3 Tyen)T

With respect to A(x,t), the magnetization related to a ferrite, Figure 1(a) shows the one bell-shaped soliton,
Figure 2(a) displays the interaction between the two bell-shaped solitons, and Figure 3(a) shows the interaction
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FIGURE 2. Interaction between the two solitons via Solutions (4.3) with o = §, B(t) = 0,
)\1 = —2¢ and )\2 =1.

FIGURE 3. Interaction among the three solitons via Solutions (4.5) with o = £, B (t) = 0,

_ 5 _ 3 4
/\1——52, )\2—51 and )\3——51.

among the three bell-shaped solitons. With respect to B(z,t), the external magnetic field related to a ferrite,
Figure 1(b) shows the one kink-shaped soliton, Figure 2(b) displays the interaction between the two kink-shaped
solitons, and Figure 3(b) shows the interaction among the three kink-shaped solitons.
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According to Theorem 3.1, when N = 2, we obtain the second-order degenerate soliton solutions of
System (1.1) as

A2 8iAy,rcosh (£1) — 4i (t — 4aA? ;) sinh (&)

5 , (4.6a)
20} 1 + (t - 40()\3133) +2A7 jcosh (2¢1)

_ 2 X
B2 — oz 4 B(t) - 4t 4o\ jz + sinh (261)]

. 4.6b)
2 (
223 + (t - 4a/\ilx> + 2A7 jcosh (2¢;)

When N = 3, the third-order degenerate soliton solutions of System (1.1) can be expressed as the following
determinant form:

AgpD)
3
AcqD)
BB = az + B (t) + i, (4.7b)
A3
where
A11¢§°) Mol Al Ay A A3
/\1¢§ ) + ¢§0) Ag o ADE: )\11/151) + 1/150) Ags Asg
As— >\1¢§2) +<f§1) Aza . Azj3 . )\11%2) -H/igl) Az . Az .
3 )\ (0) )\T2 50) )\TSwgo) 7AT* go) ) *AT2 gO) 7A>{3¢§0) ;
1 §1 'H/) A5 As 3 —)\ng)* —¢§0)* As s As 6
I 52 +¢ Ng 2 AVE: —Affb(f) - ¢§1) AR AYY:
and Ay 5 = A2V +2)\1¢(0) Ags =26 +3202000 Ay 5 = 2200 4209 Ag g = A3yl 4322010 Ay, =
2617 + 20080 +¢<° ol 4 3 ¢”+3A1¢1 B = 0P 4 gl 1o, Ay 36 = AP +
1,(1)11) +3>\1w1 ’ A572 _ )\s{2w11 +2>\ (0) A5 _ )\*31/}(1) _|_3/\*2 0)* A5 _ _)\:{2(;51 _ Td)go) ’
Ase = AP0 = 3126007 Ago = AP §2> +2/\*¢(1> + 0 : )\*3 §2> + 302000 3

Aoy = —2260" —aarglV” — §°> L Apg = AP — a2l - 3)\1 §O) , while A%a® and A=p)
are respectively produced from As by replacing the first and fourth columns with the column vector
0 1 2 0 (2
(_ g)a_¢g)7_ 5)7_'(/}5) '(/)1 ) )) :
For the magnetization A(a: t) related to a ferrite, and the external magnetic field B(z,t) related to a ferrite,
Figures 4 and 5 show the second-order degenerate soliton and third-order degenerate soliton, respectively.

5. CONCLUSIONS

Ferromagnetic materials such as the ferrites have been used in the electronic and energy industries. In this
paper, as for certain short waves in a ferrite, we have investigated a complex Kraenkel-Manna-Merle system, i.e.,
System (1.1), under Coefficient Constraints (1.3). With Lax Pair (1.4), we have proofed Propositions 2.1 and 2.2,
and then provided N-Fold DT (2.16) of System (1.1). Based on N-Fold DT (2.16), we have presented N-Fold
Generalized DT (3.6) of System (1.1), which admits one spectral parameter. By virtue of N-Fold DT (2.16),
we have derived One-Soliton Solutions (4.3), Two-Soliton Solutions (4.4) and Three-Soliton Solutions (4.5) of
System (1.1). For the magnetization A(x,t) related to a ferrite, and the external magnetic field B(z,t) related
to a ferrite, Figures 1, 2 and 3 have shown the one soliton, interaction between the two solitons, and interaction
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FIGURE 5. The third-order degenerate soliton via Solutions (4.7) with o = §, 8 (t) = 0 and
A= §i

5

among the three solitons, respectively. With N-Fold Generalized DT (3.6), we have obtained Second-Order
Degenerate Soliton Solutions (4.6) and Third-Order Degenerate Soliton Solutions (4.7). Figures 4 and 5 have
displayed the second-order degenerate soliton and third-order degenerate soliton, respectively.
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