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GLOBAL HOPF BIFURCATION OF A DELAYED DIFFUSIVE
GAUSE-TYPE PREDATOR-PREY SYSTEM WITH THE FEAR
EFFECT AND HOLLING TYPE IIT FUNCTIONAL RESPONSE

QIAN ZHANG!, MING Liuh* AND XIAOFENG XU?

Abstract. In this paper, a delayed diffusive predator—prey system with the fear effect and Holling
type III functional response is considered, and Neumann boundary condition is imposed on this system.
First, we explore the stability of the unique positive constant steady state and the existence of local
Hopf bifurcation. Then the global attraction domain G of system (1.4) is obtained by the comparison
principle and the iterative method. Through constructing the Lyapunov function, we investigate uni-
form boundedness of periodic solutions’ periods. Finally, we prove the global continuation of periodic
solutions by the global Hopf bifurcation theorem of Wu. Moreover, some numerical simulations that
support the analysis results are given.
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1. INTRODUCTION

It is well known that the dynamics analysis of predator—prey systems has a significant role in biology. In
order to study dynamical behavior between predator and prey, Lotka [1] and Volterra [2] first proposed a
mathematical predator—prey system. Nevertheless, the system supposed that the population density of prey
is going to become infinitely large in absence of predator, but that is unrealistic in nature. Therefore, many
scholars have progressively revised predator—prey systems according to the actual situation. The Gause-type
predator—prey system is one of systems that has been progressively revised, and its classical form is shown
below [3-5]:

du

— =ufr(u) — g1(u)v,

((11,2 (u) — g1(w) L)
E = U(QQ(U) - d)v
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where u = u(t) and v = v(¢) are the population densities of prey and predator at time ¢ respectively. d > 0
is the death rate of predator. fi(u) is the growth rate of prey in absence of predator and satisfies f1(0) > 0,
f1(K) =0 and f{(u) <0 for all u > 0, where K represents the environmental carrying capacity of prey. g1 (u)
is the functional response of predator to prey, which describes the change in the rate of predation by a single
predator per unit time as a function of prey density. g2(u) is the numerical response of predator to prey, which
describes the change in reproduction rate with changing prey density. Through those years of research, g1 (u)
and go(u) have been derived in multiple types, like

Holling II-1V type: bu bu? b

atu’  atu? atu®
Beddington-DeAngelis type: m,
ratio-dependent type: %,

see [6-12]. Up to now, scholars have done a large number of work related to Gause-type predator—prey systems.
Yang et al. [13] investigated the sliding bifurcation and global stability for a non-smooth Gause predator—
prey system. The predator and prey are usually influenced by the spatial factor, that is, the populations are
abundant in space with different densities at different positions. Based on this consideration, for the Gause-type
predator—prey system, Ko et al. [14] studied the existence/non-existence of non-constant positive solutions, the
asymptotic behavior of spatially inhomogeneous solutions and the local existence of periodic solutions, and Liu
et al. [15] proved the existence of a unique globally stable periodic solution. Further considering the quadratic
mortality is suitable for intermediate predators, some scholars [16-19] have introduced the quadratic mortality
into the predator—prey system to analysis. In in most real ecological systems, one biological population does
not respond immediately to the interactions of populations of other species. Considering that the reproduction
of predator after predating the prey is not instantaneous but will be mediated by some discrete time delay
required for gestation of the predator, many scholars have incorporated the gestation time of predator into the
predator—prey system, and studied the stability of equilibrium, Hopf bifurcation, Bogdanov-Takens bifurcation
and so on, see [20-24]. The time delay may greatly affect the dynamic behavior of biological systems, so we
suppose that the gestation time 7 > 0 of predator occurs in the predator response term. Then one delayed
reaction-diffusion Gause-type predator—prey system can be written as

ou U buv

A A 1oy Y

o dy Au + ru( K) Pl

v cu? 9 (12)
N = doAv + a,—i—uQv_SOv .

T

Here u = u(z,t), ur = u(z,t — 7) and v = (x,t). The parameters r > 0 and a > 0 represent the growth rate and
the half-saturation constant of prey, respectively. b is positive constant and represents the maximum value which
per capita reduction rate of prey can attain. ¢ > 0 indicates the conversion efficiency of consumed prey into new
predator. —sgv? is the quadratic mortality for predator population. d; and dy are the diffusion coefficients of
prey and predator, respectively.

In recent years, scholars have found that the fear of predator drives prey to carry out various anti-predator
behavior (foraging activity, habitat changes, vigilance and different physiological changes, etc.) to escape direct
predation, which can increase the survival of prey in a short term, but it is detrimental to the reproduction of
prey population for the long term [25, 26]. The experiments of some birds [27, 28] and wolves [29] have shown
that even in absence of predation behavior, the population of prey diminished substantially due to the presence
of predator. In practically the fear of predator has a greater effect on prey than direct predation, so the fear
effect should be included in ecosystem as a form of reproductive reduction. The general function indicating the
fear effect is fo(3,v), which fo(5,v) satisfies

(1) fg(O,’U) = fQ(ﬂzo) = 17
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(i) lim fo(B,v) = lim f2(B,v) =0;
v—‘>oo i B—ro0
(i) 2280 < o, 22080 < g,

v

where 8 > 0 is the fear level caused by predator. In 2016, Wang et al. [30] introduced fo(8,v) = fﬁv into a
predator—prey system, studying the existence of limit cycles and Hopf bifurcation. Since then, more and more
scholars have focused on the issue. Under the fear effect, the authors [31] discussed the asymptotic stability
for a prey-predator system with prey refuge and gestation delay. In [32], Halder et al. added both the fear
and Allee effect to a predator—prey system, investigating the indirect interaction of prey and predator. Liu and
Jiang constructed a stochastic predator—prey system with the fear effect and obtained some results about the
existence and uniqueness of an ergodic stationary distribution of positive solutions in [33].
In this paper, we consider system (1.2) with the fear effect as follow:

Ju r r bu?v

= d A - u- 2_ 77

ot ! u+1—|—ﬂvu KY " axur

9 re, t>0,

@—dAv—i— Uy~ sov?

ot 7 at+uz 07 (1.3)
ou Ov

—=—=0 o, t>0

v Ov ’ TEO, 120,
u(x,t) > 0,0(x,t) >0, xe€Q, tel-0],

where Q = (0,I7)(l > 0) and v is the outward unit normal vector of the boundary 92. Then, we define
_u Ur - b _ a - B - — dsy
= — = =, = s b:*, = =, = —, d:dK, d:i.
YR TR v Ksy Tz Py =d 2= %
Dropping the bars for simplification, system (1.3) can transform into

0 bu?

—uzdlAu—i— d u—ruQ—ﬁ,

ot 14 Bv a + u?

9 reQ, t>0,

9 _ do Av + MUy 2

ot~ 7 a+ u? ’ (1.4)
ou Ov

—=—=0 o0, t>0

ov  Ov ’ TEO, 1>,

u(z,t) > 0,v(z,t) >0, r€Q, te[-7,0].

In this paper, we will focus on proving the extended existence of periodic solutions of system (1.4) by the
global Hopf bifurcation theorem of Wu [34]. Hopf bifurcation is commonly applied to explain the phenomenon of
periodic fluctuations in predator and prey populations. For practical modeling, appropriate simplifications and
assumptions are indispensable. Due to some neglected factors, the parameter values of the system are usually
variable within a certain range, and this range of variation may be larger, so global Hopf bifurcation might be
a better explanation for periodic fluctuations than local Hopf bifurcation. As far as I know, there have been
numerous research on the global Hopf bifurcation of delay differential equations (DDEs), see [35-38]. However,
owing to the influence of spatial factor, studying the global Hopf bifurcation for partial functional differential
equations (PFDESs) is quite difficult, thus research on this aspect is relatively few. Su et al. [39] and Xu et al.
[40] investigated the local and global Hopf bifurcation of one-dimensional PFDEs. In [41], Xu and Liu discussed
a reaction-diffusion predator—prey system with stage structures, proving the global continuation of periodic
solutions. Liu et al. studied the global Hopf bifurcation of a phytoplankton-zooplankton system with delay and
diffusion [42]. To apply the global Hopf bifurcation theorem of Wu, we need obtain uniform boundedness of
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periodic solutions and their periods. Unlike previous studies, we first get the permanence properties of system
(1.4) by using the comparison principle. Then, to expand the scope of the theorem, we use the iterative method
to compress the upper and lower boundedness of periodic solutions and get the global attraction domain of
system (1.4). Additionally, because system (1.4) is monotonous with respect to the time-delay term, then the
upper and lower solutions method is no longer applicable to this system. We have to carry out a Lyapunov
function to verify uniform boundedness of periodic solutions’ periods.

The paper is organized as follows. In Section 2, the stability of unique positive constant steady state for system
(1.4) is proved, then we study the existence of local Hopf bifurcation. In Section 3, the existence of global Hopf
bifurcation is demonstrated by the global Hopf bifurcation theorem of Wu [34]. In Section 4, we carry out some
numerical simulations supporting the analysis results. In Section 5, a conclusion section completes the paper.

2. LocAL HOPF BIFURCATION

There are two boundary steady states E,(0,0) and E(1,0) in system (1.4). For positive constant steady
states of system (1.4), we have the following result.

Theorem 2.1. System (1.4) has one unique positive constant steady state E.(us,vs) if the assumption (Hp)
2

cu?

atu?”

(see Appendiz A) holds, where v, =

Due to the complexity of the proof process of Theorem 2.1, we put the proof in the Appendix A.
We denote the real-valued Sobolev space

X = {(u,v) € H*(0,I7) x H*(0,I7)|uy = vy = 0,2 = 0,17},
and the abstract space
C =C([-7,0],X).
The following equation is the linearized form for system (1.4) at E.(u.,v,) in the phase space C,

%—(tj = DAU(z,t) + AU (z,t) + BU (z,t — 1), (2.1)

where U(z,t) = (u(x,t),v(z,t))T, D = diag(d;,d2) and

r o, — 2abu, v, B 7 BUs B bu?
A= 1750 @+w2? ~(A+pn)? atd? |,
0 — Uy
0 0
B =1 2acu,v,
(a+u3)?

Then, the corresponding characteristic equation of equation (2.1) is

Ay(N) =X+ T \+D, +Pe ™ =0, necNy:=NU{0}, (2.2)
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where
r 2abu, vy
x) — — 2 * T oo
olue) = =1y, Tt Gy
dq + do)n?
T, = M + v, + a(u*)’

12

n2 n2
D, = (dllQ +04(U*)> (d2l2 +U*) )

p_ 200U Vs 7By buf
C(a+u2)2 \(1+80.)?  atu?)’

Moreover, denote
d P
(H1): a(uy) >T, where I'= max{ — vy, ——tu,, —}.

Lemma 2.2. Under assumptions (Ho) and (Hy), the positive constant steady state E.(u.,vs) is locally
asymptotically stable when T = 0.

Proof. In absence of time delay, A, (A) = 0 becomes
N +T,A\+D, +P=0. (2.3)

For any n € Ny, it is easy to know that T}, and D,, + P are monotonically increasing in terms of n. If (Hy) and
(H1) hold, we obtain Ty > 0 and Dy + P > 0. Then T, > 0 and D,, + P > 0. Hence, all roots of equation (2.3)
have negative real parts. The proof is completed. O

Lemma 2.3. Suppose (Hy) and (Hi) hold. For any 7 >0, A,(X\) =0 has no zero characteristic roots.

Next, we assume there is a purely imaginary root A = iw(w > 0) for A, (A) = 0. Then substituting A = iw
into Ay, (A) = 0 as shown below,

—w? 4+ iTw + D, + P(coswT — isinwr) = 0. (2.4)

Separating the real and imaginary parts, we get

~w? 4+ D,y = —Pcoswr, Thyw= Psinwr. (2.5)
Hence
T, 2-D,
sinwr = Pw, cosz:wT. (2.6)

Let x = w?, it follows from equation (2.5) that

X* 4+ (T2 - 2D,)x + D? — P> =0. (2.7)

n

Note that

, 2 2 2 2
T, —2D, = dll—Z—l—a(u*) + dgl—z—l—v* > 0.
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Calculating shows equation (2.7) has two real roots X, where

. —(T?2-2D,)+ /(T2 —2D,)? — 4(D2 — P?)

Through analysis, we know

(i) If D2 — P? > 0 holds, then equation (2.7) has no positive roots, which implies A, ()\) = 0 has no purely
imaginary roots.
(ii) If D2 — P? < 0 holds, then equation (2.7) has one positive root x;’, which implies A, (\) = 0 has a pair
of purely imaginary roots +iw, = 4i\/xi.
Suppose that (Hp) and (H;) hold. According to the proof of Lemma 2.2, there is D,, + P > 0 for any n € Nj.

On the other hand, for any n € Ny, D,, — P is a monotonically increasing function with respect to n. Obviously,
there is

Dy— P <0, U < P,
{ 0 auy)v 2.8)

Dy — P >0, a(us)ve > P.

Therefore, we clearly obtain D,, — P < 0 for n < n, and D, — P > 0 for n > n,, where

1
_ g [ v = daa(ue) + V{(dive — daa(u))? + 4dydy P\
= 2d,ds

As a result, if

P
(Hz): afus) < —, 0<n<n, néeNy,
U

holds, then D2 — P? < 0. For convenience, let I* = {n| (Hs) holds}. Then we have the following result.

Lemma 2.4. Under assumptions (Ho)—(Hz), An(A) = 0 has a pair of purely imaginary roots +iw, when
T = Tp,;, Where

\/—(T,% —2D,) + /(T2 —2D,,)? — 4(D2 — P?)
Wnp = )
2

1 w2 n
Tn,j = — | arccos —+——
Wn

Iz +2j7r>, nel*, jeN.

Lemma 2.5. Suppose that (Hy)—(Hz) hold. For any n € I*, letting A\(7) = &1 (1) + i€ (7) 1is a root of equation
(2.2) satisfying &1(Tn,j) = 0 and 2(Th ;) = wn, when T =T, ;, then the transversality condition holds.

Proof. Taking the derivative of A, (\) = 0 with respect to 7, one has

-1 .
T, +2
Al T n 21 T (2.9)
dr Thw? +iw(w? — D,)  iw
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The real part of the above equation at 7 =7, ; is

) V(T2 =2D,)2 —4(D2 — P?)

—_— = n n . 2.1

R (dT) _— T2 + (@2 — D2 " (2.10)
Then
o . da\ !
Sign &;(7n,;) = Sign R — =1 (2.11)
dT T=Tn,j

O

On the basis of the above analysis, we get the following theorem.

Theorem 2.6. Assume that (Hy)—(Hz) hold. For system (1.4), we define 19 = miIn {Tn0} and have the following
nel*
statements:
(i) If 0 < 1 < 79, then the positive constant steady state E,(u.,v.) of system (1.4) is locally asymptotically
stable.

(i1) If T > 79, then the positive constant steady state E.(u.,v.) of system (1.4) is unstable.
(i) If T =7, ; forn € I* and j € Ny, there is one Hopf bifurcation occurring at E.(us,vs) for system (1.4).

3. GLOBAL HOPF BIFURCATION

In this section, we are going to investigate the existence of global Hopf bifurcation for system (1.4) by the
global Hopf bifurcation theorem in Wu [34].

Lemma 3.1. All solutions of system (1.4) with u(z,0) Z 0 and v(z,0) £ 0 are ultimately uniformly bounded.

Proof. The proof is mainly based on the comparison principle. From the maximal principle, we obtain that every
solution (u(x,t),v(x,t)) of system (1.4) with u(x,0) #Z 0 and v(z,0) # 0 is positive for € Q and all £ > 0.
According to the first equation of system (1.4), one has

ou

EgdlAu—i—ru(l—u), zeN, t>0. (3.1)

Let Yy(z,t) be the solution of the following equation,

Yy S .

W—dlAYO—&—rYo(l—YO), reQ, t>0,

Y, 3.2
@:o, z €N, t>0, (32)
ov

Yo(z,0) = u(z,0), z €.

Applying the comparison principle, it is easy to obtain u(x,t) < Yo(z,t) in Q x [0, 400). For all z € Q, there is
tlim Yo(z,t) = 1. Then
—00

limsup max wu(z,t) <1 := ap.
t—oo xEQ

Consequently, for sufficiently small ; > 0, there is T} > 0 such that u(z,t) <@g + &7 for all ¢t > T;.
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According to the second equation of system (1.4), we get

Let Zo(x,t) be the solution of equation (3.4),

07, ~ c(to+e1)? 52

920 _ A7y + SO TE) S22 peQ t>TY,
Bn 2 0+a+(a0+51)2 0 0, T 1
o7,

020, 2€09, t>T,

ov

ZO(xaTl) = v(val)v z €

Well, it is clear to get v(x,t) < Zo(z,t) in Q x [T}, +0c). Furthermore,

. A c(tg + €1)? _
lim Zo(, ) = 0T g
t—>o00 a—+ (UO -|—51)2
Owing to the arbitrariness of €1 > 0, then
. cug _
lim sup max v(z,t) < = 7.

too  TEQ a+ u}

If €5 > 0 is enough small, there is T» > T7 > 0 such that v(z,t) < 0 + &2 for all t > T5.

According to the first equation of system (1.4), we have

ou

azdlAU—&-u r b(tg + &2)

<1+6(170+€2) a

There is u(x, t) > Yo(z,t) in Q x [Ty, +00), where Yy (x,t) satisfies

oYy NN r o b +€2) ¢
— =AYy + Yo ———— Yy - —=Y) |, z€Q,
gt nrot 0<1+5(60+52) o a A
aY;
=2 =0, 2€09Q, t>T,
ov
Yo(z, Ty) = u(z,Tz), €.
Besides, for sufficiently small €5 > 0, we have
. > r b(f]o—‘rEg) -1 _
lim Yy(x,t) = - , e Q.
1200 o(@,?) 1+ B(to + €2) <r+ a !
Hence,
r bio\ !
litrggfrmneig u(x,t) > 15 A (r+ ao) = qg.

—ru—u), x e, t>1T.

t>Ts,

For sufficiently small e5 > 0 and all ¢ > T3, there is T3 > T such that u(x,t) > 1y — €3.

(3.5)

(3.6)
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According to the second equation of system (1.4), we have

ov C(ﬁo—é’g)Q 2
— >dAv+ ———v — Q, t>Ts. 3.7
o 2PVt et T e 1> T (3.7)

Considering the following equation:

820 S C(ﬂo - 53)2 2 59

—— =dyAZ, ———70— 7, eN, t>1Ts,

ot 2AZy + a+ (G0 — £3)2 0 0y T 3

7z 3.8
Q:Q r €I, t>Ts, (3:8)
ov

Zo(x,T3) = v(z,Ts), = €Q,

we denote Zo(w, t) as the solution of equation (3.8). Obviously, for any x €  and all ¢ > T3, there are v(z,t) >

Zo(z,t) and

f 32
lim Zy(x,t) = c(qu—gg,).
t—00 a+ (g —e3)?
Thus for sufficiently small 3,
. cti3 .
liminf min v(z,t) > — = 0.
t—oo zeQ a + up
The proof is complete. O

In order to avoid contradictions with the conditions for the existence of local Hopf bifurcation, we compress
the upper and lower boundedness of perdioc solutions of system (1.4) by the iterative method.

Lemma 3.2. System (1.4) with u(x,0) # 0 and v(x,0) # 0 has a global attraction domain G, = [4,4] X [0,7],
where G, G, O and O are the limits of sequences {y}, {GUn}, {On} and {0,} for n € Ny, respectively. The four
sequences are as follow,

N -1 ~9
N r n boy, - cliy
Un+1 = - r = Untl1 = ——=5 —
1+, ' av@y) At (3.9)
- -1 N :
N _ T . bV, 41 i B cu%_H
n+l = po - ntl = 5 —
1+ Bopi1 a+ a2 ’ a+a2,,’
where
- Lo\ -1 N
. . cud ) r by A cii2
=1, 0= ~5y U0 = T2 T+ — y Vo= <9
a + ug 1+ By a a+ ug

Proof. From Lemma 3.1, if €4 > 0 is sufficiently small, and Ty > T5, one has u(x,t) < tg+e4 and v(x,t) > 09 —ey4
for all ¢ > T4. According to the first equation of system (1.4), we obtain

Ou r b(vo — €4)
Y d A _U\Y% —¢e4)
5 = di1Au +u

——~ — - ~ , e, t>Ty. 3.10
(1+5(U054) ru a+(uo+54)2u) ! ! (3.10)
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By the comparison principle, we know wu(z,t) < Y (z,t) for (z,t) € Q x [Ty, +00), where Y, (z,t) is the solution
of the following equation,

8}71 = -, r = b('[A}o—64) ~>

A4 (— Ly - 0 TE) ) e s T,

ot ! ! ! <1+ﬁ(1}0—64) i a+(u0+54)2 ! v 4

Y 3.11
sz, €0, t>1Ty, ( )
ov

Yi(x, Ty) = u(z, Ty), z €.

Additionally,

o r b(io —eq) \ _
1 Y ,t = o . A/~ N - ~ . aa ) e Q.
e 1@, 1) 1+ B(tg — e4) (r+ a+ (o +€4)? v

Then,

5 (2.1) < r ( N big >—1 i
imsupmax u(z,t) < — [ — = 1.
t%oop z€Q 1+ Big a+ u% '

Hence, there is any €5 > 0 and T5 > Ty such that u(z,t) < @y +e5 for all ¢ > T.
According to the second equation of system (1.4), we have

ov C(ﬂ1+85)2 9
— < doA —_——v — Q, t>Ts. 3.12
ot S PVt Y vE 1> T (3.12)

Then we consider the following equation,

821 ~ C(ﬂl +€5)2 ~ 592

—— =dyAZ —_— 71— 7 Q, t>1T

ot 2 1+a+(&1+55)2 1 1 HAS B > 15,

YA 3.13
o0, 2€09, t>Ts, (3.13)
ov

Zl(xaTEE) = U(I7T5)7 z € (.

Defining Z, (z,t) is the solution of equation (3.13) and satisfies

~ 2
lim Zl(x,t):M, z € Q.
t— 00 a+ (Ul —+ 55)
Similarly, we have v(z,t) < Z;(z,t) in Q x [T}, +-00), then
li (z,t) < ai__;
im sup max v(z,t) < — 1= 0.
t~>oop zEQ a+u? !

Clearly, if g6 > 0 is enough small, there is T > T5 such that u(z,t) > Gg — ¢ and v(z, t) < 01 + €4 for all ¢ > T.
For z €  and t > Tj, one has the following equation from system (1.4),

ou
— >dA
Bt_dl U+ u

(]WH’EG) T (g — £6)? (3.14)

r b(71 + €6) u) .
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Letting Vi (x, ) is the solution of equation (3.15), where equation (3.15) is

8}71 ~ N r ~ b(’DlﬁLEﬁ) A>

L AV 4+ (—— ey - LT g} e, > T,
ot 1= 1<1+B(v1+56) rh a+(u0—56)21 . 6
\%

@:07 x €I, t>Tg,

ov

Yl(‘raTﬁ) - u(szﬁ)a x € (L

For z € Q and t € [Ts, +00), we know u(x,t) > Yi(x,t) and

. ~ T b(f)l +56) -
lim Yi(x,t) =
tigolo 1(1‘7 ) l—i—ﬁ(’f]l +56) <T+ a+ (120 —56)2

Therefore,

L. . r bvy B N
liminf min w(z,t) > —(r+ = = .
=00 zeQ 1+ Py a + ug

As a result, for enough small 7 > 0, and all ¢t > T7 > T, we have u(x,t) > 41 — 7.
According to the second equation of system (1.4), there is

v c(ty —e7)? 5
— > doA — v — v, €Q, t>1T15.
o = %2 U+a+(ﬁ1—57)2v Ve, x 7

It is easy to see v(x,t) > Zy(x,t) in Q x [T}, +00), where Z; (x,t) satisfies the following equation,

821 A C(ﬁl - 57)2 5 52

— =dyAZ —_— 7 — 77, eN, t>Tx,
ot 2 1+a+(’&1—57)2 1 1, 7
YA

ZL_0, z€0Q, t>Tr,

ov

Zl(xaT7) = U(‘T7T7)7 z € (L

Moreover,
N 2 B
lim Z;(x,t) = C(u{—&), z e
t— 00 a+ (Ul — 57)2
Then
ci?
lim inf min v(x,t) > —5 = 1.

t—oo zeQ a + uy ’

11

(3.15)

(3.16)

(3.17)
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Furthermore, due to

- T + b’ﬁo -1 < n bf)o -1 < 1 - - < -
Uy = r r{r =u U1 <0
Y7 1+ B a+ 2 a+ a2 0 L=
- -1 N 1
i< T N by T n b, . b o< b
U T T = U U v
™1+ Bay a+ a2 1+ B0y a+ i3 b oS

LT LMo N L b -t s
U —_— | T —_— T = U v v
™1+ Bay a+ a2 1+ B a+ 2 Lo 0T

then g < 47 < 21 < Ug and 99 < U1 < U7 < Vp.

In this way, system (1.4) have a smaller global attraction domain Gy = [, @] X [01,01] than Gy = [dg, Gg] X
[00, D). By continuing to iterate with this method, we can get the smaller and smaller global attraction domain,
i.e. Gy = [ln,Upn] X [0n, 0], n € Ny, where four sequences {u,}, {@,}, {0,} and {0,} satisfy equation (3.9)
and

120<1},1<"'<ﬂn+1<"'<ﬂ,n+1<"'<ﬂ1<ao,
D <V <+ < OUpg1 < -0 < Upgq < -+ <01 < V.

By analyzing, it is easy to know {a,}, {@,}, {0,} and {9, } are uniformly convergent, i.e.

bA —1 C’l]2
= lim ——— (r4 22 . = lim —L
n—oo 1+ B0, a+ u2

» e (3.18)
. . T b'Dn+1 N . Cﬁ%+1
4= lim — r+ ~ , b= lim ——
n—oo 1+ Bp 41 a+ 1z n—oo a + 1y 4

In conclusion, for any positive initial values, system (1.4) exists the global attraction domain G, = [, 4] X [0, 7].
The proof is completed.
O

Lemma 3.3. Denote

abv Hmax
Hs) : 57 — Cmax > 0, L,
(Ha): 14 i@ ez ~ e > 2 °
abd b
h L = mi — — Cmax, —U2p,
where min {rJr (0t @)t ¢ acu*}

and Cmax and Hyay are defined in the following proof. Under assumptions (Hy) and (Hs), the positive constant
steady state Ey(u.,vy) is global attractivity for system (1.4) with u(z,0) # 0 and v(x,0) # 0 when 7 = 0.

Proof. On the global attraction domain G, define a Lyapunov function as follows:

»«t)::/gx/uxx,w,v(x,w)dx, (3.19)

where

= Vi(u) + Va(v),
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with
b
p=—ul
ac
It follows that
dV(t) U — Us v — U dV (u,v)
— = [AWAN doAv | d ——=dz. 21
dt /sz(u1u+pv2v>x+/n a (3.21)

Clearly, V(u,v) is a continuous function defined on G, and is corresponding to the ordinary differential
equation (ODE) of system (1.4),

du T 5  butv
- = u—ru” —
dt 1+ pv a-+u?’
t>0,
dv cu? 9 (3.22)
dt a4+ u? ’

There exists one unique positive equilibrium F, (4, v4) in system (3.22) if (Hp) holds. Then computing along
the solution of system (3.22), the derivative of V(u,v) is shown below:

W) ) (T e PN o — ) (S
dt T\ T U 1+ Bov r a+ u? PRV Ux a+ u? v

(o o bwua e e o) (- w) (o — v
_( ( ))< ) 2(0 — 0,)2 + H (u,0) (u — ) (0 — v.)

a+ u?)(a+ u? ac (3.23)
abv — bu,vsu b - (u—us)? + (v — vs)?
< _,_ 00V~ Obuvu UTRY BN VA
- ( " (a+u2)(a+u§)> (u—u.) acu*(v ve)” + ‘H(u, v)‘ 2
=Py (u,v)(u — us)? + Pa(u,v)(v — v4)?,
where
- r3 bu2 — abu,
H(u,v) = — -
= B+ B T (ar et )
abv ‘ﬂ(u,v)‘ b, v, U
P(u,v) = —r— m + ((u) + 9 C(u) = ma
o)
_ b 9
Py(u,v) = T ot
On the one hand, from H(u,v), one has
7 2
OH(u,v) _ rp > 0. (3.24)

v (14 Bv)2(1 + Bos)
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Consequently, H (u,v) has the maximum or minimum value at the boundary of G, then the maximum value
Hax of |H(u,v)]| is taken at (u, ) or (u,d), i.e.

Hopae = max {|ﬁ(u,a)|, \H (u, @)|} , ue G, (3.25)

On the other hand, {(u) is continuous on G, and have

d¢(u)  bu,v.(a —u?)
du  (a+u?)2(a+u2) (3:26)

Through the analysis of the above formula, we have the following results:

(i) If 0 < a < 42 holds, then %(u“) < 0, thus ((u) exists the maximum value (pax = ¢(4).
(i) If 4% < a < @2 holds, then %(u“) >0 in (4,+/a ] and %(uu) < 0 in (v/a,u), thus ¢(u) exists the maximum
value (max = ¢(Va).
(iii) If @ > @2 holds, then %ﬁf) > 0, thus ((u) exists the maximum value (iax = ¢(@).
Under assumption (Hs), we know

abv Hmax
P < - T ~oNs . o max
1(u,v)_ r (a+a2)(a+uz)+< a + 2
abo
< max L
T e @) aga) ome T (3.27)
<0,
ﬁmax b
Py(u,v) < — —u?<L—-—u?<0.
2 ac c
Then,
dv
#U) < Py(u,v)(u — us)? + Po(u,v) (v —v,)? <0. (3.28)
In addition, V' (u,v) satisfies
?Vi(u)  us 0*Va(v) Vs
V(U,U)ZV1(U)+‘/2(U)7 8u2 :? >0, W: 72 >O
Applying some results of Hsu [43], it is easy to obtain
D) o,
dte  —
The proof is completed. O

Remark 3.4. Assume (Hp) and (H3) hold. Owing to the global attractivity of steady state E, (u., vs) of system
(1.4) without time delay, it is clear to know that there are no positive nonconstant periodic solutions of period
7 in this system.

The boundedness of positive periodic solutions and their periods have been verified by Lemma 3.2 and
Lemma 3.3, next we are going to state the global Hopf bifurcation theorem. From [34], define
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(i) E=C(S', X) is a real isometric Banach representation of the group G = S* :={z € C: |z] = 1};
(ii) B¢ .= {x € E: gz = x for all g € G}, then E€ = X. F exists an isotypical direct sum decomposition

E = EY @ Ey, where By = {e?*z: 2 € X} for k > 1.
k=1

System (1.4) can be written as an integral equation, and it satisfies continuous differentiability, complete
continuity and G-invariant property.

Suppose the conditions (Hy)—(Hs) hold. From Lemma 3.3, it is easy to see system (1.4) has no nonconstant
steady states, which shows the system has a unique positive steady state F.(us,v.). For any 7 > 0, the char-
acteristic equation at F,(u.,v.) has no zero eigenvalues from Lemma 2.3. Besides, there exist one unique pair
of purely imaginary eigenvalues A = %iw,, for A, (X) =0 if and only if 7 = 7, ; and w = w,,. Obviously, the
assumptions (H1)—(H3) in Section 6.5 of [34] are satisfied for system (1.4). Then denoting R, = (0, +00), we
define the local steady state manifold

M = {(E,7,w) : |7 — Tnj| < €0,|w —wn| <0} C E€ xR x Ry,

(T,w) € [Tn,j — €0, Tn,j + €0] X [wn — S0, wn + <o),

where ¢y and ¢y are positive and sufficiently small. Therefore, (E., 7, ;,wy) is an isolated singular point in M.
From Section 6.5 of [34], we call ug(Es,Tn j,wn) the generalized crossing number, k = 1,2,---, and know
w1 (Ey, Tn j,wn) = 1 from the transversality condition. Define

S = Cl{(z,T,w) EEXR xRy 2= (z1(-,wt), 22(-,wt)) = (u(-,t),v(:, 1))

2
is a nontrivial — periodic solution of system (1.4)}.
w

By the local bifurcation theorem, it is easy to conclude that (E, 7, ;,wy) € S. Then, we denote the following
form as the complete steady state manifold,

M* ={(E,,7): 7 € R} C E® xR,

and let &, ; = &, ;(E, T j,wn) be the connected component of (E., 7, j,wy) in S. Hence,

> p11(Ewy T jywn) > 0. (3.29)

(E*an,j7W7l)E€n,ij* XR+

Theorem 3.5. Assume that (Hy)-(H3) hold. System (1.4) has at least one positive periodic solution for T €
(11, +00), where 1 = miIn{Tml}.
nel*

Proof. At first, we know each connected component €, ; is unbounded from equation (3.29). Then from
Lemma 3.2, it is easy to see the projection of €, ; onto the z-space is bounded. Moreover, one has

2j7r < WpTpj < 2(] + 1)7T7 J € N.

It follows that

1 2w 1 .
. <-=, 7€ N.
]+1 wnTn,j J

By Lemma 3.3 and Remark 3.4, we get 17 < < - if (z,7,w) € €, ; for j € N holds. This and Lemma 3.2

illustrate that if 7 is bounded, then the projection of €, ; onto the T-space must be bounded. Consequently, the
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projection of €, ; onto the 7-space includes [7, ;,00). Therefore, (i) of Theorem 6.6.5 of [34] is satisfied. This
proof is completed. O

4. NUMERICAL EXAMPLE

In this section, we will carry out some numerical simulations to support our analysis results. To start with,
we choose the parameter values as follow:

dy =02, d =02, r=0.2, 8=0.01, a=0.18, b=0.81, ¢=0.35, [ =16.
From Appendix A, we calculate

A=—-51812 <0, uS=0.0597, ©®(uf) =—0.3476 <0, u3® =0.1057,
¢ (u3?) = 8.594 x 1074 > 0, wf® =0.0370, uE® =0.1683, o(ul’)=0.0011 >0,

which shows the condition (16) of (Hp) holds. System (1.4) has one unique positive steady state
E.(0.3457,0.1397). Under this set of parameters, we obtain

a(us) = 0.0955, Tp=0.2352 >0, Do+ P =0.0353 > 0,
then
T,>0, D,+P>0.

The characteristic equation Ag(A\) = 0 has a pair of purely imaginary eigenvalues +0.0909:. Moreover, we also
get

p=15367, G, =[0.1513,0.8488] x [0.0395,0.2800], Py(u,v) = —0.0025 <0, Py(u,v)= —1.3961 < 0.

Clearly, the assumptions (Hy)—(Hj) are satisfied with this set of parameter values. Following the formulas in
Appendix B, one has

C1(0) = —0.9322 — 2.09014, po = 0.04695 > 0, B2 = —1.8643 < 0.

By Theorem 2.6 and Theorem B.1, system (1.4) undergoes the Hopf bifurcation at F,(0.3457,0.1397), and the
Hopf bifurcation is supercritical. For the bifurcation parameter 7, we let n =0,1,2,--- and get

0.0 = 19.8556, 71 = 89.0008, 70 = 158.1459,
710 =20.2593, 714 = 90.1550, 715 = 160.0507,
2.0 = 21.5642, 751 = 93.9009, 755 = 166.2375,

By the definition of 7y in Theorem 2.6, it is easy to know 79 = HéiIn{Tn,O} = 19.8556. According to (a) and (e)
el

of Figure 1, the fact shows the positive steady state F,(0.3457,0.1397) of system (1.4) is asymptotically stable
for 7 = 16 < 7. Clearly, when 7 = 19.86 lies in a small right-side neighborhood of 7q, system (1.4) has one stable
spatial homogeneous periodic solution, see (b) and (f) of Figure 1. In order to study the influence of spatial
factor on system (1.4), we choose the time delay 7 = 21.5 > 7 ¢ = 20.2593 to simulate the dynamics behavior
of predator and prey, (c¢) and (g) of Figure 1 indicate that system (1.4) has one spatial inhomogeneous periodic
solution. These simulation results support Theorem 2.6 and Theorem B.1. Lastly, the simulation results ((d)



GLOBAL HOPF BIFURCATION OF A DELAYED DIFFUSIVE GAUSE-TYPE PREDATOR-PREY SYSTEM 17

. o~
- - 1m0
0
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0 Timet Distance x () Timet

(b) T=19.86 () T=21.5

0142

~
0

Distance x 0o Timet Distance x 0 Timet

f) Tt =19.86 (90 T=21.5 (h) Tt =120

FIGURE 1. we use the initial values wu(z,0) = 0.3457 + 0.001 cosz and v(x,0) = 0.1397 +
0.002cosz. (a)—(d) show the dynamical behavior of the prey with 7 = 16,19.86,21.5,120,
respectively; (e)—(h) show the dynamical behavior of the predator with 7 = 16,19.86, 21.5, 120,
respectively.

and (h) of Figure 1) of system (1.4) at 7 = 120 > 7; show that there is at least one positive periodic solution
for system (1.4), where 7 = miln{Tn,l} = 89.0008.
nel*

5. CONCLUSION

In this paper, we investigate a delayed diffusive predator—prey system with the fear effect and Holling type III
functional response under Neumann boundary condition. By analysing, we give the conditions for the existence
of one unique positive constant steady state F,(u.,v.) of system (1.4). Next taking the time delay 7 as a
bifurcation parameter, we get that if the assumptions (Hy)—(Hz) hold, there is a Hopf bifurcation occurring at
T = Tp,j. Unlike previous research methods, we use the new research method to prove the existence of periodic
solutions of system (1.4) away from bifurcation points 7, ;. First we use the iterative method to obtain the global
attraction domain G, of system (1.4), which shows that periodic solutions of this system are uniformly bounded.
Then, by proving the global attractivity for system (1.4) without delay at positive steady state Ey(u,vs), we
have the uniform boundedness of periods of periodic solutions. At last, applying the global Hopf bifurcation
theorem of Wu, we know system (1.4) has at least one positive periodic solution for 7 > 7. Moreover, we
also give s that determines the direction of local Hopf bifurcation and fs that determines the stability of
bifurcating periodic solutions by the center manifold theorem and normal form method. It is clear from the
simulation results that our analysis results are reasonable.

APPENDIX A. THE PROOF OF THEOREM 2.1

In this Appendix, we investigate the conditions that the unique positive constant steady state of system (1.4)
exists. Positive constant steady states of system (1.4) always satisfy

r buv cu?

gy — =0 —v=0. A1l
1+ Bv T et w2 " atw2 (A1)
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Sorting out the above equations, we get

o(u) = Au” + BuS + Cu® + Du* + Eu® + Fu® + Gu+ H = 0, (A.2)
where

A= —r(14+¢cB), B=r, C=—ar(3+2ch)—bc(l1+ch), D = 3ar,

E = —d*r(3+cB) —abe, F =3d’r, G=—d®r, H=d
Obviously, the unique positive constant steady state F.(u.,v.) of system (1.4) exists if and only if equation
(A.2) have one positive root. Moreover, thanks to ¢(+00) = —oo and ¢(0) = H > 0, if p(u) is a monotonically

decreasing function, then there is only one positive root for ¢(u) = 0.
It follows from equation (A.2) that

¢ (u) = TAuS + 6 Bu® + 5Cu* + 4Dv® + 3Eu* + 2Fu + G,
¢ (u) = 2(2144° + 15Bu* + 10Cu® + 6Du? + 3Eu + F),
3 (u) = 6(35Au* + 20Bu® 4+ 10Cu? + 4Du + E), (A.3)
oW (u) = 24(35Au® + 15Bu® + 5Cu + D),
©® (u) = 120(21 Au® + 6 Bu + C).

First of all, the discriminant A = 3632 — 84AC has two cases as follows.
Case 1: A >0
When A > 0, ¢® (u) = 0 has two positive roots,

. —3B+V9B2 -21AC
uy = = )
214

where u] < uj . Therefore, ¢(*)(u) is decreasing monotonically in (0,u;]) U (u] , +00) and increasing monoton-
ically in [u],u]], then we have the following results:

(i) If o™ (u] ) >0, then ¢ (u ) = 0 exists at least a positive root u3, where u} > uj .

ii If W (uf) < 0 and @ (u7) > 0, then ¢ (u) = 0 exists three positive roots u3, u3 and ui, where
14 14 ¥ p 2, U 2

u3 < uj < uj.

(iil) If o™ (u]) < 0, then ¥ (u) = 0 exists at least a positive root u3, where u3 < uj .

The analysis of (i) and (iii) is similar. For (i) (respectively, (iii)), ¢ (u) increases in (0,u}] (respectively,
(0,u3]) and decreases in (uj, +00) (respectively, (u3, +00)). Then for ¢ (u), there exist the analytical results
(al) and (a2).

(al) Suppose ¢ (uQ) <0or 4,0(3)(u2) < 0, then ¢”(u) is a monotonically decreasing function and ¢"(u) =0
has a positive root uj. Hence, ¢ ( ) first increases monotonically and then decreases monotonically. As a result,
when ¢’(u}) < 0, then ¢’ (u) < 0, which 1mpheb o(u) is monotonlcally decreasing for all u > 0. When ¢’ (u}) > 0,
then ¢’(u) = 0 has two positive roots u} and u2, where u} < u, which implies ((u) is monotonically decreasing
in (0,ul) U (u2, +00) and increasing in [u},u2]. Only ¢(ul) > 0 or ¢(u) < 0 holds, ¢(u) = 0 has one positive
root.

(a2) Suppose 0B (ud) > 0 or 3 (u3) > 0, then 3 (u) = 0 has two positive roots u} and u2, where u} < 3.
Therefore, " (u) is a monotonically decreasing function for u € (0,u}) U (u3, +00) and increasing function for
u € [us,u?,] Then, the analysis results (b1) ,(b2) and (b3) of ¢ (u) are shown below:
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1" ’

(b1) If ¢ (u}) >0, then © (u) = 0 has at least a positive root u%, where u3 > u3.
(b2) If ¢ (u3) <Oand ¢ g u3) > 0, then ¢/(u) = 0 has three positive roots u3, uf and u3, where u3 < u} < uj.
(b3) Tf ¢ (u3) < 0, then ¢ (u) = 0 has at least a positive root u, where u§ < u}.

On the one hand, for (b1) (respectively, (b3)), ¢'(u) is increasing monotonically for 0 < u < u3 (respectively,
0 < u < u§) and decreasing monotonically for u > uj (respectively, u > u§). Now assuming ¢'(u3) < 0 or
¢'(u§) <0, cp( ) is a decreasing function for u € Ry. Assuming ¢’ (u3) > 0 or ¢ (u§) > 0, there are two positive
roots ui < uj for ¢’ (u) = 0, which means ¢(u) first decreases in (0,u3) U (u3, +00) and then increases in [u3, ud].
By analysing, we know o(u) = 0 exists a positive root if ¢(u) > 0 or p(u2) < 0. On the other hand, for (b2),
we have the five results: Firstly, suppose ¢’ (uj) > 0, then o(u) decreases in (0,u2) U (ul, +00) and increases
in [u?,uf], where u? and u are positive roots of ¢ (u) = 0. Obviously, ¢(u) = 0 has a positive root under
assumption ¢(u2) > 0 or ¢(uf) < 0. Secondly, suppose <p (u4) >0, ¢'(u}) <0 and ¢'(uj) > 0, then ¢'(u) =0
has four positive roots uf, uf, ud and ui, where uf < uf < ud < uil. It is easy to see that (p( ) is decreasing
monotonically in (0,uf) U (uf,u) U (ui’ ,+oo) and increasing monotonically in [uf, u] U [ug, ui?]. Hence if Ay
or A, is satisfied, then ¢(u) = 0 exists a positive root, where A; = {p(uf) > 0, p(ul) > 0 or (ul®) < O} and
Ay = {<p(u5) <0, ga( %) < 0}. Thirdly, suppose ¢'(u3) < 0and ¢ (u}) > 0, there are at least two positive roots
uil and ui? for <p "(u ) =0, Where uj < uil < ui? Through analysis, we obtain ¢(u) = 0 has a positive root if
and only if ¢(ui!) > 0 or ¢(ui?) < 0 holds. Fourthly, suppose ¢'(u3) > 0 and ¢’(u}) < 0, then ¢'(u) = 0 has
at least two positive roots u%g < utt on the left-side of uj. Similarly, if p(ui?) > 0 or p(ui?) < 0, then there is
a positive root for ¢(u) = 0. Fifthly, suppose ¢’ (u3) < 0 and ¢'(uj) < 0, then (u) is a monotonic decreasing
function for all u > 0.

For (ii), ¢® (u) is a monotonic increasing function for u € (0,u3) U (u3,u3) and decreasing function for

u € [u3, u3] U[uj, +00). Based on analysis, we obtain the following results:

(c1) Supposing <p(3)(u2) > 0 and ¢ (u3) > 0, then there are at least two positive roots u3 and uj in ¢ (u) = 0,
where u3 < uj < ug
(c2) Suppos1ng 0B (u3) >0, 4,0(3) (u2) < 0 and <p(3 (u3) > 0, then there are four positive roots u3, u$, u} and
in ) (u) = 0, where u3 < u3 <l < uf.
(e3) Supposing 03 (u3) > 0, oG )( ) < 0 and ©®) (u) <0, then there are at least two positive roots uf and
Oin @ (u) = 0, where uj < ui® < uj.
(c4) Supposing ¢ (u2) < 0and ) (u3) > 0, then there are at least two positive roots u3' and u3? in p® (u) =
0, where u2 < uél < ud?
(¢5) Supposing @) (u2) < 0and @ (u}) < 0, then ¢ (u) < 0, which means ¢~ (u) is decreasing monotonically
in R+.

Because the analysis processes of (cl), (¢3) and (c4) are similar, we can just analyze one case. For (cl), we
have the following results:

(d1) If " (u3) > 0, then ¢ (u) = 0 exists at least one positive root u] on the right-side of u3, which indicates
¢’ (u) first increases for u > uf and then decreases for u < uj.

(d2) Tf " (u) < 0and " (ud) > 0, then ¢ (u) = 0 exists three positive roots u5, uf and u}® with u$ < uf < ui® ;
which indicates ¢'(u) first increases for 0 < u < u§ and u} < u < u3® and then decreases for u§ < u < u
and u> ui?.

(d3) If " (ud) < 0, then ¢ (u) = 0 exists at least one positive root u}! on the left-side of u2, which indicates
¢’ (u) first increases for u > ul! and then decreases for u < u}!

Therefore, for (d1) or (d3) if o' (uf) < 0or ¢'(ul') < 0is satisfied, then ¢(u) is monotonic and decreasing for u €
Ry . Ifp (u4) > 0 or ¢’ (uil) > 0is satisﬁed then ¢’ (u) = 0 has two positive roots ui® and uib, where ul® < ui®.
Then, under assumption <,0( ) > 0or p(ul®) < 0, p(u) = 0 has only one positive root. As for (d2), we can obtain
five possible results: under <p’ (ul) >0, (p(u) is decreasing monotonically in (0, ui") U ( 8 +oo) and increasing
monotonically in [u}7, ués] where ul” and ui® are positive roots of ¢'(u) = 0 with ui” < u} < ui8. So ¢(u) =0

has a positive root if p(ui”) > 0 or p(u®) < 0. Under ¢’ (uf) > 0, ' (u]) < 0 and ¢’ (ul®) > 0, p(u) is decreasing
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monotonically in (O u?) U (uf®, u2t) U (u#?, +00) and increasing monotonically in [uég, u2%) U [u?!, u%Q}, where

ud® u0, u5 and u2? are positive roots of ¢'(u) = 0. Thereby, if A3 = {p(ui®) > 0, p(ul) > 0 or p(uz?) < 0} or
Ay = {p(u2) < 0, p(u2?) < 0} holds, there is one positive root for ¢(u) = O Under ¢ (u4) <0and ¢ ( 9 >0,
o(u) is decreas1ng monotonlcally in (O ud) U (u5 ,—|—oo) and increasing monotonically in [u%g,u?] Where u§3
and u2* are positive roots of ¢'(u) = 0 with u§ < u2® < u2*. Then when p(u2®) > 0 or p(u2*) < 0, there
is one positive root for p(u) = 0. Under ¢'(uf) > 0 and ¢'(ui®) < 0, p(u) is decreasing monotonically for

€ (0,u)u (u5 ,+oo) and increasing monotonically for u € [u5 ,u%G] where u2% and u25 are positive roots of
<p’( )= 0 and u2® < u2® < u40 Similarly, under ¢(u2®) > 0 or (u2) < 0, p(u) = 0 has a positive root. Finally,
under ¢’ (u§) < 0 and ¢'(ui®) <0, for all u > 0, p(u ) is monotonic and decreasing.

For (¢2), we get the analysis results indicated below:

el) If o (u}) > 0and ¢ (ul) > 0, then ¢ (u) = 0 exists at least one positive root u}2, and uf < ul2. It implies
( 80 3 90 3 ¥ Y 3 4 p
that cp/(u) first i 1ncreases in (0, u12) and then decreases in [ui?, +00).
e2) If >0, go ul < 0 and u§) > 0, then = 0 exists at least three positive roots u}3, ul* and
<P 3 ¥ \u3 ‘P i ug

uld, and u < up < ult <wul’. It implies that ¢'(u ) increases monotonically in (0,u}%) U (ul?, u3®) and

decreases rnonotonlcally in [ul® ui] U [u4 ,+00).
(e3) If " (ud) > 0 and ¢ (ul) < 0, then ¢ (u) = 0 exists at least one positive root u}®, and u3 < ul® < u§. It
implies that ¢’(u) first increases in (0,u}%) and then decreases in [ulf, +00).
(ed) If <p” (ug) <0 and @ (ul) >0, then ¢ (u) = 0 exists at least three pos1t1ve roots ui’, ui® and u}®, and
T <ui® < uf <ul’ It implies that ¢'(u) increases monotonically in (0,u3") U (u}®, ui®) and decreases
monotonically in uf,uis] [u4 , +00).

(e5) If @ (uf) < 0, ¢ (u3) >0, ¢ (ul) <0 and @/,(u3) > 0, then ¢ (u) = 0 exists five positive roots u2°,

u3l, uiQ, u33 and u?*, and u20 <ufl <u?? < uP <3 It implies that ¢/(u) increases monotonically in
(0,u3°) U (u3t, u22) U (u?f’7 u?ﬁ) and decreases monotonically in [u3%, u2'] U [u2?, u33] U [u3*, +00).

(e6) If cp// (u3) <0, ¢ (uf) > O and 4,0” (u8) <0, then " (u) = 0 exists at least three positive roots u3®, u3% and

u3’, and u2® < u3® < u3” < uf. It implies that ¢'(u) increases monotonically in (0,u3”) U (u3%,u5") and
decreases monotonically in [u2°, u2%] U [u37, +00).
(e7) If gou (u3) < O and @ (u8) > 0, then ¢ (u) = 0 exists at least three pos1t1ve roots u3%, u3? and u3°, and
8 <u§ < u? <’ It implies that ¢'(u) increases monotonically in (0,u3%) U (u3?,43%) and decreases
monotonlcally in [u 25 ,uF U [ud® ,+00).

(e8) If " (uf) < 0and ¢ (uf) <0, then ¢ (u) = 0 exists at least one positive root u3!, and u3! < uf. It implies
that ¢ (u) first increases in (0,u3') and then decreases in [uj!, +00).

Then for (el) ((e3) or (e8)), assuming ¢’ (uj?) < 0 ( "(ui®) <0 or o' (uil) < O) then ¢'(u) < 0, thus ¢(u)
is a monotonically decreasing function. Assume o' (ui?) >0 (¢'(ui®) > 0 or ' (uil) > 0), then ¢'(u) = 0 has
two positive roots u2” and u2®, where u2” < u28. By computation, when ¢(u2”) > 0 or p(u2®) < 0, we know
©(u) = 0 exists only one positive root. Next, the analytical results (f1)—(f5) of (e2), (e4), (e6) and (e7) are shown
below:

> >0 or >0 or > then there are positive roots uz” and wu or
(f1)1f<p()0(()0<p()0<p()0)hh P 5d50f

¢'(u) = 0 with u2® < u2°. Then, the equation ¢(u) is decreasing monotonically for (0,u2%) U (u3°, +00)

and 1ncreas1ng monotonlcally in [u2% u3%], so p(u) = 0 has only one positive root under ¢(u2’) > 0 or

p(uz”) < 0.

(£2) IfBl—{w( P2) > 0,90 (ug') < 0,¢'(uf’) > 0} (B2 = {¢'(ui") > 0,¢' (uj )<0780( %) > 0} or By =
{p' (u3®) > 0,¢'(u3%) < 0, <p( 21 > 0} or By = {¢/(u®) >O,<p( 29)<() o' (ud )>O}) then there are
positive roots ud!, u%Q, u3® and udt for ¢'(u) = 0 with u3 2w < ug‘l It is easy to see that
¢(u) decreases in (0,u3) U (ug2,u§3) (u3*, +00) and increases in [ugl,u§2] U [u2®, u3%]. By analyzing, if

As = {pul) > 0,0(u®) > 0 or p(ud?) < 0} or Ag = {p(ud?) < 0, p(ud*) < 0} is satisfied, then p(u) = 0

has only one positive root.



(f3)

(f4)

(f5)
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i1 < 0,9 (u) )>0}OYB7*{<P(25)<0,90( ") >0}
) = 0 has at least two positive roots u3® and u3S, where
5 < 438, Similar to (fl) when o(uf®) >0 or <p(u§6) <0, there is only one p081tlve root for ¢(u) = 0.
I By = {5/ (u1%) > 0,$/(u) < 0} (Bro = {'(uf") = 0, ¢/(ul?) < 0} or Bur = {/(u) > 0./ (u ) <0)
or By = {cp( 28) > O,<p( 39) < 0}), then (u) = O has at least two positive roots ui’ and u}
where 437 < w38, Similar to (f1), under p(uf’) > 0 or (uf®) < 0, ¢(u) = 0 has only one positive
root.
If Biz = {¢'(u 13)<0 ¢’ (u} )S 0} (Bua = {¢'(ui") < 0,¢
or Big = {¢'(u3®) <0,¢'(u3’) <0}), the equation p(u) =

If Bs = {¢'(u}’) < 0,¢'(uj )>0} (Bs = {¢'(u
orBs—{sO( 1) <0,¢'(ui’) > 0}), Jhen ¢'(u

"(ug”) < 0} or Bis = {¢'(uf’) < 0,¢'(uf") < 0}
0 decreases monotonically for all u > 0

As for (eb), the analysis results are as follow:

(g1)

(92)

(94)

(95)

(97)

(98)

Assume K3 '(u3') > 0 and ¢’ (u3®) > 0, then there are at least two positive roots u2? and ui® for o' (u) = 0,
where u39 < u50 Hence, ¢(u) decreases monotonically in (0,u2?) U (ui% +00) and increases monotonically

in [uf?, u? J Consequently, if p(u3%) > 0 or p(uz®) < 0, then there is only one positive root for ¢(u) = 0.

Assume ¢ (uit) >0, <p( ) < O and ¢ (u 24) > 0, then there are at least four positive roots uil,

u§2, ud and ult for ¢ (u) = 0, where udl < uf? < uf3 < u*. Hence, ¢(u) decreases monotonically
n (0,udl)uU (uéz,u‘gg) U (u*, +00) and increases monotonically in [ugl,u§2] U [ud3, udt]. Consequently,

if A7 = {p(utt) > 0,(udd) > 0 or p(u?) < 0} or Ag = {¢(uz?) < 0, p(ui*) < 0}, then there is only one

positive root for p(u) = 0.

Assume cp "(u2') > 0 and ¢ (u2t) <0, then there are at 1east two positive roots u5 and ui® for ¢ (u) = 0,

where u3’ < u56. Similar to (gl)7 if p(us®) >0 or p(ui®) < 0, then there is only one positive root for

¢(u) = 0.

Assume ¢ (u2°) >0, ¢ '(u3') < 0 and ¢ (u33) > 0, then there are at least four pos1t1ve roots ug’ ) u‘518,

ud? and u 20 for ¢ (u) =0, where ud’ < u48 < uf® < w0, Similar to (g2), if Ag = {p(ud’) > 0,p(ud’) >

0 or p(ul ) < 0} or Ajp = {ap( 8) <0, ap( %) < 0}, then there is only one positive root for p(u) = 0

Assumego( 9 >0, cp( )<0 ¢’ (uj >>O o' (ug )<Oandg0( )>0 thenthereares1xpos1t1ve

roots u2! u52 w23, w2, u2® and w28 for =0, Whereu <u52<u <u54<u55<u6 Hence
59 %5 Y5 Y5 5 U5 5 5 5 )

decreases monotonically in (O udl) U (ud?, ug3) u (ug4,ug5) (u5 ,+oo) and increases monotomcally in

o8, 0003, ] U 0B, Conseauently, if Avy = {(u3!) > 0. 9(u) > 0, 9(u87) > O or (a) < 0)

or A1z = {p(ud) > 0 or p(ud?) < 0,¢p(u?) < 0,p(u3’) < 0}, then there is only one positive root for

o(u) = 0. /

Assume ¢ (u3%) > 0, ¢’ (u3 ) <0, ¢'(u2?) >0 and ® ( ) < 0, then there are at least four positive roots

ud’, ugg, u3? and u60 for ¢ (u) = 0, Where u T < ug® < u5 < udY. Similar to (g2), if A3 = {e(ul") >

0, 0(u) > 0 or p(uf®) < 0} or Ay = {p(u? ) < 0,0(uf®) < 0}, then there is only one positive root for
p(u) =0.

Assume 90 ( 9) >0, ¢ "(u3?) < 0 and ¢ (u3?) > 0, then there are at least four p0s1t1ve roots ugl, qu,

ul3 and u for o (u ) =0, Where ult < u62 < ud3 < uft. Similar to (¢2), if A15 = {p(ust) > 0,0(ufd) >

0 or p(ul ) < O} or Ajg = {<p( %) <o, gp( 1) < 0}, then there is only one positive root for <p( ) = O.

Assume ¢ "(u3%) > 0, o "(u3?) < O and ¢ (u2 ) <0, then there are at least two positive roots ud® and ug6

for ¢’ (u) = 0, where u® < u66. Similar to (gl) if c,o( ) > 0 or (uf®) < 0, then there is only one positive

root for ¢(u )=0.

Assume <p "(u29) < 0 and ¢’ (u33) > 0, then there are at least two positive roots uS” and ug® for ¢ (u) = 0,

where u$7 < u88. Similar to ( 1), if (ul”) > 0 or p(uf®) < 0, then there is only one positive root for

o(u) = 0.

Assume ¢ (u3°) <0, ¢ (u 22) >0, ¢ (uF) <0 and ¢ (u3) >0, then there are at least four positive roots

u8? ug07 ufl and u72 for ¢ (u) = 0, Where ul? < ul® < uf' < wuf? Similar to (¢g2), if A1z = {p(us?) >

0, p(ull) >0 or Lp(ugg) <0} or Ajg = {(p(ugo) <0, <p(u§2) < 0}, then there is only one positive root for

o(u) = 0.
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(911) Assume ¢ "(u32%) <0, <p !(ug ) > 0 and ¢ (u2*) <0, then there are at least two positive roots uZ? and uZ*
for ¢'(u) = 0, where uZ® < uZ*. Similar to (gl) if <p( 3) > 0 or p(ul*) < 0, then there is only one positive
root for ¢(u) = 0.

(912) Assume ¢ "(u30) <0, cp '(u2?) < 0 and ¢ (u3*) > 0, then there are at least two positive roots uf® and uf®
for ¢'(u) = 0, where uZ® < u76. Similar to (gl) if p(uf®) > 0 or p(uf®) < 0, then there is only one positive
root, for gp(u) 0.

(g13) Assume ¢ (u20) < 0, ¢'(u22) < 0 and ¢ (u2*) < 0, then (u) is decreasing monotonically in R,

For (¢5), ¢ (u) = 0 has one positive root u3 Then under assumption ¢’ (u3?) < 0, ¢(u ) is decreasing
monotomcally for all u > 0. Under assumptlon ® ( 2) > 0, ¢'(u) = 0 has two positive roots uf’ and uZ® with
T < uf8. Similarly, when ¢(ul”) > 0 or p(u®) < O, ¢(u) = 0 has a unique positive root.

Case 2: A <0

If A <0 holds, then »® (u) < 0, which means that ¢(* (u) is decreasing and monotonous for any u > 0.
There are ) (u) > 0 in (0,u$) and ™ (u) < 0 in [uS, +-00), where u$ is positive root of ¢*)(u) = 0. The fact
shows () (u) first increases monotonlcally and then decreases monotonically. Then, the analysis of ¢ (u) is
as follow: Suppose ¢ (u $) < 0, then ¢ (u) is a rnonotone decreasing function. By now, there is one positive
root u3® in the equation ¢’ (u) = 0. Then if ¢'(u3®) < 0 holds, then ¢(u) is decreasing and rnonotonic in
Ry. If ¢'(u3®) > 0 holds, then ¢'(u) = 0 has two positive roots uZ® and u5 , where ul? < u$?. Obviously,
o(u) increases monotonically in [uf?, u8°] and decreases monotonlcally in (0,uf%) U (u8° ,—|—oo) Therefore, when
o(ul®) > 0 or p(ul?) < 0 is satisfied, p(u ) = 0 has only one positive root. Suppose ©® (u§) > 0, then ¢ (u)
is a monotone decreasing function in (0,u3%) U (ui?, +00) and increasing function in [u}? ,u§4] After that, for
¢ (u), the following results are indicated below:

(h1) When ¢ (ul?) >0, ¢" (u) = 0 exists at least one positive root u3*, where u3* > ul3. Then, ¢ (u) increases
monotonically in (0, u3*) and decreases monotonically in [u3*, +00).
(h2) When ¢ (u?) <0 and @ (ud?) >0, ¢ (u) = 0 exists three positive roots u3°, u3% and u3’, where u3® <
6 < u37. Then, ¢ (u) increases monotonically in (0,u3%) U (u2®,u37) and decreases monotonically in
l f’f’ ] U [ug” +OO)
(h3) When ¢ (u 14) <0,¢ (u) = 0 exists at least one positive root u3%, where u3® < ui?. Then, ¢” (u) increases
monotonically in (0,u3%) and decreases monotonically in [u3®, +00).

For (h1) or (h ) if o'(u3?) <0 or ' (uf¥) <0 holds, then ¢(u) decreases and monotonic for all u > 0. If
O (uit) > 0or ¢ (u3®) >0 holds then ¢'(u ) = 0 has two positive roots u§! and u§?, where uf! < uf2. It is clear
to obtaln that o(u ) is decreasing monotonically for 0 < u < u$! and u > u8? and increasing monotonically for
ult < u < uf%. Consequently, there is one unique positive root for p(u) = 0 under (uf') > 0 or p(uf?) < 0. In
the end, for (h2), we have

(11) Tf ¢’ (u3®) > 0, then ¢'(u) = 0 has at least two positive roots u§ and uf* with uf® < u3% < uf*. Obviously,
©(u) decreases rnonotonically for (0,u§3) U (uf*, +00) and increases rnonotonlcally for [uf3, u$*]. Hence,
under assurnption o(uf) > 0 or p(ul ) < 0, ¢(u) = 0 has a unique positive root.

(12) If ¢'(ud®) > 0, ¢'(u 36) < 0 and 4,0( ™) > 0, then ¢'(u) = 0 has four positive roots u5 , udt, uf” and

uf® w1th ul® < ufl < wlT < s Obv1ously, o(u) decreases monotonically for (0,u8%) U (ufS, uf") U

(uf® ,+oo) and i 1ncreases monotonically for [u§5, ufSu [u§7, u88]. Hence, under assumption A19 = {p(uf®) >
0,<p(u5 ) >0 or p(uf ) < 0} or Agg = {p(uf®) < 0, 0(uf®) < 0}, p(u ) = 0 has a unique positive root.

(3) 1t cp "(u3®) > 0 and ¢ ( 7) <0, then ¢'(u) = O has at least two positive roots u? and u2® with u8? < u0 <
Slmllar to (I1), under assumption ¢(us?) > 0 or p(ul®) <0, p(u) =0 has a unique positive root.

(14) lf gp "(u3?) < 0and ¢'(u3") > 0, then ¢/ (u) = 0 has at least two positive roots u2! and u2? with u3® < u! <
. Similar to (I1), under assumption ¢(u2!) > 0 or p(u?) < 0, p(u) =0 has & unique positive root.

)

(15) If ¢'(u3%) <0 and ¢'(u3”) <0, then ¢(u) is a monotonic decreasmg function in R .
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In order to facilitate, the above analysis can be summarized as: when (Hy) is satisfied, system (1.4) has one
unique positive constant steady state F, (u., vs), where
(Hp): any one of the conditions (1)—(19) holds,

(1)
(2)

3)

(12)

(13)

A > O,Q{so(‘“ (uf) >0, 0® (ug) <0} or {o (u) <0, B (uf) <0}, ¢ (uf) < 0or {¢(uf) >0, p(uf) >0
or p(ug) <0}

A 2(05){@‘4}( 1) 20, P (up) > 0} or {oW(uy) <0, ¢@(uf) > 0}, {¢"(u}) >0
{¢"(u3) <0,¢ (ufi) < 0}or {¢" (u}) >0,¢ (uf) >0, p(ul) > 0or p(ul) < 0} or {¢" (u3
@(ud) >0 or sO( 3) < 0};

A >0, {eW(uf) >0, 0@ (u3) > 0} or {e™W(u;) <0, o (uj u

0, <p(u5) >0 or w(ug) <0} or {¢'(u}) >0, ¢'(ug) <0, ¢ ( i) >0, Ay or A2} or {¢'( 2 <0, ¢'(u}) >
g}f 57) > 0 or p(uz?) < 0} or {¢'(uf) >0, w(u4)§07</)( ) > 0or p(up*) <0} or {¢'(u}) <0, ¢'(uf) <
A >0, 0" () < 0,0 (ug) >0, {p(
0, @‘3)( 5) <0, <p (ug) > 0} or {p® (u}
o(us )>00r<ﬂ( %) <0} )
A >0, so(‘”( 1) <0, oW (uy) >0, {e® () >0, o®(u3) >0, ¢ ( 3) <0} or {w(?’ (u3) >0, w‘?’)( 5) <
0, 0@ (u )SO,w "(ud?) <0} or {o® (ud) <0, 3 (ud) >0, ¢ (u?) <0}, ¢'(uk') < 0 or {¢'(u}!) >0,
@(us®) >0 or @(UéG) < 0};

"(u2) < 0} or

(
0, ¢ (uf) >0,

\Y
)
—_
©
e
e
A
=]
‘6
&9
\Y
=)
—~—
AN
=
e
S\

>0, ¢ ( 3) 20, 9" (u3) > 0} or {¢@(u3) > 0, ¥ (uf) <

u3)
)SOMP()( 3) >0, ¢ (u3") = 0}, ¢'(u]) <0 or {¢(uf) >0,

A >0, oW (uf) <0, oW (uy) > 0, {w(g(u2)>0 P (u )>0w(ug)<0,<ﬁ(us)>0}0r{s03)( 5) >
0, @ (u )<0 ¢® (u3) <0, /( )<0<P( %) > 0} or {p¥(u3) <0, @ (u )>0<P( ') <o,
w(U§2)>0},{90(U2)20 p(us )>00r90( )<0}01“{90(U4)>0790 ufi)<0 v (u] )>0 As or
A4}0r{<9(u4)§0790(10)>0 <P( )>001"<P( ) <0} or {¢'(uf) > 0, ¢ (u) <0, @(u5)>00r

A >0, oW (uf) <0, so(4)(u1) N 0, @ (u2) > 0, p®(ud) < 0, o (u 3 >0, {¢"(u3) 2 0, ¢"(uf) 2 0,
¢ (uj?) <0} or {¢" (u) >0, ¢ (uf) <0, ¢ (u}®) <0} or {¢" (u§) <0, " (u§) <0, <P( ui') < 0};
A>QwWWD<QwW(D>Ow@W@>0¢®Wﬁ<O¢@Wﬁ>O{w(@ZQwOQZ
0, ¢ (uf?) > 0} or {¢ (u) >0, ¢ (uf) <0, ¢ (uf®) > 0} or {¢" (uf) <0, ¢ (uf) <0, ¢ (u}') > 0},
p(uz") > 0 or sO(UES) < 0; )
A >0, oW () <0, oW (ur) >0, 9P (uf) > 0, o (u )<0 P (u3) >0, {¢"(uf) > 0, " (u) <0,
¢ (U3)>07<P( )Z,,O}OT{SD (%9;)< s (u3)>07<P( )>0}0r{s0 (u3)<0,@ "(u§) >0, 9" (uf) <
0, ¢/(u3%) > 0} or {7 (9) <0, ¢ () > 0, /(u) > 0}, 5(u2") > 0 or () < )
A >0, <P(4)< <o, 30(4)(u ) >0, ¢<>( )>0 e (u )<0 w(s)(u)>0 {o (u3) >0, ¢ (uf) <O,
ul <
3 >~

<P§U3)>0 Bl}Or{sD (u§)<0 ) >0, Ba} or {@" (uf) <0, ¢ (uf) >0, ¢ (uf)
{o (W§) <0, ¢ (u3)>0 By}, As
A >0, oW (uf) <0, o (uy) >0 ¢< )(ug) >0, ¢ (u3) <0, o™ (uf) >0, {o" (uf) >
¢ ng) >0, Bs} or {¢"(u3) <0, ¢"(uf) >0, BG} or {¢"(u}) <0, ¢"(u§) >0, " (uf
{v (u§) <0, i "(u§) >0, B}, p(u} )>00w( %) <0;

A >0, oW(uf) <0, w()(u1)>0 @‘3)(u2)>0 PP (W) <0, 9P (u3) >0, {¢' (u3)>0 ¢ (uf) <0,
<p §u3) > 0, Bg} or {go (u3) <0, ¢ (u3) >0, Blo} or {cp (u3) <0, <p (u3) > 0, cp ( 8) <0, By1} or
(¢ (9) < 0. () > 0, Bua}, plall) > 0 or lu®) < 0 )

A >0, () <0, ¢D(ur) > 0, $O3) > 0, o (ud) < 0, PO) 2 0, (5" 0f) 2 0. 5 (1)) <0
¢ ng) >0, 313} or {¢’ (Ug) <0, ¢"(uf) >0, Bia} or {¢" (u]) <0, " (u§) >0, " (uf) <0, Bys} or
{o (W§) <0, 90 (Us) >0, Big}; . .

A >0, P (ul) < 0, e (ur) > 0, 9@ (u3) > 0, sa(?’)(ug) <0, w(g)(ug) >0, ¢ (u3) <0, ¢ (ug) 0,
¢ (U3)<0790 () > 0,{¢'(u3) >0, ¢/ (u 23)>0790( )>00P4P( )<0}01“{90( i) >0, (ug ) <0,
@ (ui') > 0, A7 or Ag} or {¢'(uf") 2 0, '(u] )<0,w( )>00rs0( )<0}0r{<P(2°)>0,<p( ') <
O,<p( )>O AgorAlo}or{ga(u4)>0,g0( )<0,<p( )>O,go(23)<0,<p( )>O A1101'A12}

Or{w( 0)>0,¢' (u3') < 0,9 (uF?) >0, ¢ (u3 )<0A130rA14}0r{<p( )>0,<p( 2)<0,¢ (u3t) >

\./o
V\‘G



24

(15)

with

QIAN ZHANG ET AL.

0A150rA16}0r{<P(20)>0 ¢ (uz?) < 0¢(Z)S0 <P( )>00r¢( 6) < 0} or {¢'(u¥) <0,
¢ (uf®) >0, w( )>00r<p( )<0}0{<P( 9) <0, ¢'(u )>0 o (u} )<0 ¢(24)>0 Anor
Als}or{w( )<0<P( )>0<P( ) <0, (§3)>00r90(us)<0}0r{<ﬁ( 0) <0, ¢'(u3?) <0,
¢ (u3 )>0<p( )>00w( )<0}0r{<p(u)§0s0(22)<090(24)<0}

A>0,<p(4)( )<07s0(4)(UI)>0w‘3)() 0, o3 (u3) <0, ' (uif?) <0 or {¢'(uf?) >0, p(ul’) > 0 or
p(ul®) < 0}; ,

A <0, 9 (uf) <O, o (u?) < {( %) > 0, p(ug)) > 0 or p(us?) <0

A<0 <3><u$>>o,{so,,<u;,>z Fuf) < 0 or fg! (udt) < 0,/ (u) < 0)

A< 0.p(u) > 0. {0 () > 0. /() > 0} or ¢ (u8h) < 0, ¢/(uF) > O}, (uh) > 0 or p(u?) < O
A <0, §9(u3) > 0, ¢ (u5) <0, ¢ (uz!) >0, {p (u] ) > 0, w(u5)>00r<p( )<0}0r{<p( °) >
0, ¢ (ug®) <0, ¢ (uil) >0, Asg o rAao}Or{sO( )>0 <p( ) <0, p(uf ) %0 or p(ud) < 0} or
{o (uf) <0, ¢ (uf") >0, p(ug') > 0 or p(ul )<0}0r{<ﬂ( )<0<P(37)<0}

Ay = {p(uf) > 0,0(ud) >0 or p(us’) <0}, Ay = {p(uf) < 0,p(us’) <0},

Az = {p(us”) > 0,0(uz") > 0 or p(uz?) <0}, Ay = {puz’) <0,p(uz?) <0},

As = {pud") > 0,0(ud’) > 0 or p(ud') <0},  As = {p(ud®) <0,p(ui’) <0},

A7 = {p(uz') > 0,0(uz®) > 0 or p(uz') <0}, As = {p(us?) < 0,p(us?) <0},

Ag = {p(uz") > 0,0(uz”) > 0 or p(ud’) <0}, Ao = {p(us®) < 0,0(ug’) <0},

A = {e(ug") > 0,0(ud’) > 0,0(u’) > 0 or p(u3’) < 0},

Az = {p(ud") > 0 or p(ug?) < 0,(ui?) <0,p(us’) <0},

Az = {p(") > 0,0(ud?) > 0 or p(ug’) <0}, Ars = {p(ud®) <0,p(u’) <0},

Ars = {p(ug") > 0,0(ul’) > 0 or p(ud*) <0}, A = {p(ul?) < 0,p(ul") <0},

A = {pug®) > 0,0(uf") > 0 or p(uf?) <0}, Az = {p(uf’) <0,p(ui?) <0},

Ay = {p(u5’) > 0,0(uf") > 0 or p(uf®) <0}, Az = {p(uf’) < 0,p(us®) < 0},

Br = {¢'(us®) > 0,¢'(ug) < 0,¢'(us) > 0}, Ba = {¢'(ug") > 0,¢" (us®) < 0,¢' (uy”) > 0},
By = {¢'(uf’) > 0,¢'(u3’) < 0,¢'(uf") > 0}, By ={¢'(u3*) > 0,¢' (u3?) < 0,¢'(ui’) > 0},
Bs = {¢'(u}’) <0, ¢'(uz”) > 0}, Bs = {¢'(ui") <0, ¢'(uz”) > 0},

Br = {¢'(ui®) <0, ¢'(ui) > 0}, Bs = {¢'(u3®) <0, ¢'(ui’) > 0},

By = {¢'(us®) > 0, ¢'(us®) <0}, Bio = {¢'(ug") > 0, ¢'(u}®) <0},

Bi ={¢'(u3®) > 0, ¢'(ui") <0}, Bz = {¢'(u3®) > 0, ¢'(u3’) <0},

Bz = {¢'(u}®) <0, ¢'(u;”) <0}, B = {¢'(u;") <0, ¢'(us?) <0},

Bis = {¢'(uf®) <0, ¢'(uf") <0}, Bis = {¢'(u3®) <0, ¢'(u3°) < 0}.

APPENDIX B. THE DIRECTION AND STABILITY OF LOCAL
HOPF BIFURCATION

In this Appendix, we study the direction of local Hopf bifurcation and the stability of bifurcating periodic
solutions by applying the center manifold theorem and normal form method [34, 44] for partial differential
equations with time delay.
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Let u(x,t) = u(z, 7t), v(x,t) = v(x,7t), and t = £. After dropping the bar, system (1.4) can become

2
au:leAu—i-T( 4 u—ruz—buv>,

ot 14 Bv a + u?
@ =doTAV+ T cu% v — 02 .
ot 7 a+u? ’

where 4y = u(z,t — 1). For convenience, denote 7, =7, ;. Let 7 = 7,5 4+ p, then p = 0 is the Hopf bifurcation
value of system (B.1). Define U(t) = (u(x,t) — u,v(z,t) — vi)T, system (B.1) can be written as the following
form in the space ¥ = C([-1,0], X),

U(t) = DAU() + Lu(U)) + F(u,U), (B.2)
where
D= (s + D,
L.(¢) = (1, + n)(A9(0) + Bo(-1)),
a1167(0) + a1261(0)¢2(0) + az2¢3(0) + a111¢7(0)
+a11267(0)$2(0) + a12261(0)$3(0) + a2263(0)
Fu, ¢) = (1, + 1) +O0(4),
b225(0) + bagh2(0) 1 (—1) + bazdi(—1)
+ ba33d2(0)¢7 (—1) + baszd} (—1)
with
_ o 2ab(3u? — a)v, B rs3 2abu, B 2r3%u,
aj] = — 7‘+W, ajg = _(14‘5”*)2 - (a+u§)27 a22 = m;
_ 24abu,(a — u)v, _ 2ab(3u2 — a) 2B _ 6733,
ajll = (at @)t , Q112 = 7(a+u§)3 ; Qle2 = 7(1 B0 G222 = 7(1 T+ o)t
2acu, 2ac(a — 3u?)v, 2ac(a — 3u?) 24acu, (u? — a)v,
bao = =2, bog = m, 33 = W, bass = W, bszz = (a—l—uz)‘l

Then the linear system of equation (B.2) at (0,0) is
U(t) = DAU(t) + L,(Uy). (B.3)

By the Riesz representation theorem, there exists a bounded variation function

— (1t +1)B, 0=-1,
(0, 1) = O,D2 -1<60<0,
—Z—Z+(T;+M)A, 6 =0,
such that
Dn2 0
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For ¢(6) € €, define

7925(9)7 AS [7170]7

Autel0)) = {bA¢<o> + Lu(9), 6 =0,

and for ¢(s) € €* = C([-1,0], X*), define the adjoint operator A* of A,

- 1[)(8)7
A*(Y(s)) = 0
(W) [1 dn(s,0)(—s), s=0.

Consider the bilinear form
(0(s),0(0) = 5(0)0(0) ~ [ [ (€ - o)tn(o.0)0(6)de, 00) < %, w(s) €%
-1Jo
From Section 2, it is clear to know +iw, 7} are eigenvalues of Ay and A*, and ¢(6) = (q1,q2)e»™2? and

q*(s) = En(qs, g3)e'“nTn® are eigenvectors of Ag and A* corresponding to iw, 7, and —iw, 7., respectively, where

2

T ) n 20CU Ve iy, o
R = d —_— 55 nin s
()" = (i + Ty 02, et

n2 7By bu2
L) =|—1 n do— ) . )
(a1, 42) ( W + 02 12 v (1+ Bv,)? aJruf)

’I’L2 2 ']7,2 4 ) —1
Kn = <iwn + d272 + v*> + (1 + 7 (iwn + dQTQ + v*>> Pe~"nTn .

Let ®(0) = (q(0),q(0)) and ¥(s) = (¢"(s),q"(s)), then

w1 1)

Define f, = ( rlmfg)Ta where frll = (’Yn,O)Tv f?% = (O”YH)T and

1, n =20,
T = \@COS%, n € N.

By applying the notation of Wu [34], we define

C'fnzclf%'i_Cfoer C:(Cl,CQ)TE(C27

(V- fn)0 =(0) - fn, 0€[-1,0],
and

1 lﬂ'
(u,v) = —W/ uivy + ugvedr,  u = (ug,us),v = (v1,v2) € X,
0
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thus (¢, fr) = ((¢, fL), (¢, fT2L>)T, where ¢ € €. Therefore, we can decompose the space € into
¢ = PoNC ® P, Pong =PV, (¢, fn)) fn, ¢ €.

The computation formula for the direction of local Hopf bifurcation and the stability of periodic solutions is
only associated with u = 0, so we make u = 0 for equation (B.2) and in P& get a center manifold

2 52
W(z, z) =W20%+W1125+W02%+“' . (B.4)

Then the flow of equation (B.2) can be expressed as

Up = ®(=(0), 5(0)7 - fu + W (2, 2), (B.5)
where
2(t) =twn1i2(t) + ¢*(0) <F(07 D(2(¢), Z(t))T fn +W(z,2)), fn> (B.6)
:ZWnT;Z(t) —i—g(zj), .
with
_ 22 _ z2 2%z
9(z, 2) = 9205 +911ZZ+9025 +g217+"' . (B.7)
For convenience, denote
G? = a11q} + a12q1¢2 + a223;
G = ba2g3 + bazqigae™“n™n 4 byagle ™2 WnTn, (B.8)
HY' =2a11q1q1 + a12(q1G2 + q1G2) + 2a22G2G2;
HY = 2b32qo G2 + bas(q1dee ™™ ™ + q1g2e™" ™) + 2b33q1 G-
After some calculations, we have
920 = 2:%07'0 (q_TG(l)-Fq_;Gg), TLZO,
20 0, n €N,
koo (¢t HY + g3 HY) | n=0,
=0 nenN
L ’ (B.9)
| 2ko0 (qi‘G? + q;Gg) , n =0,
J02 0, n €N,

*
26,7

I
go1 = /o (g7 (@172 + Q27p) + @5 (@372 + Quvi)) dz,  n € Ny,

%
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where

q q qs
Qi =2an1 (W1 (0) + Wi (0)) + ana (@WiP(0) + GWSD(0) + Wi (0) + TWi(0)
+ 20 (W17 (0) + SWS (0)).
Q2 =3a111¢1q1 + a112(¢1 @ + 2¢101G2) + a122(q1 G5 + 2q1G2B) + 3a22205 P,
q_ —dw X q_ W T,
Q3 =2by (CI2W1(%) (0) + ;W%)(O)) + ba3 (Q1W1(f)(0)e mn A+ éWZ(S)(O)e trt ‘bwl(%)(*l)

+ %Wg(é)(—l)) + 2b33 (qlwl(i)(_l)e—iwnT: + %Wéé)(_l)elwnT::) ,
Qa =bass (ﬁ@zfﬂwﬂ; + 2ql@1q2) + bgzsqrqre .

Clearly, in order to calculate go1, we also have to calculate Wiy (6) and Wa(0).
From Wu [34], we get

W = AW + H(z,%,0), (B.10)
where
22 z2
It follows that
(2iwnT; — AO)WQO = ]‘1207 —AOW11 = H11. (B12)

According to equation (B.11), one has
Hao(0) = —920q(0) — Go2q(0), Hi1(0) = —g119(9) — g11q(#), —1 <0 <0,
and

Hs0(0) = —g20q(0) — Go2q(0) + 7,5(G, G5)"~2,
H11(0) = —g11q(0) — g114(0) + 7,1 (HT, HY) "2

From equation (B.12), it can be seen

Wan(6) = (Z224(6) + 3220(0) ) - fo + B3,
Wn Ty 3wn7n (B 13)
—i ,L'* .
Wia(0) = (2240) + Pg00)) - o + e
WnTy, WnTy,
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where
4din? By bu? -t
ity + AV ) x .
I + 2 + afu.) (14 Buy)? + a+ u? G 2nx
FEi == ) o | cos —
2 200UV g, it & 4dan N 5 l
- nTn W, Vs
(@t ) E
-1
. 7By bu?
2 n * n
LU Eeerel e tarae | (o
2 | 2acuve _o;, o i + nl’
[ nin Wy, Vy
(a+uf)?
4dyn? By bu? -1
2wy, + —5— * * "
B i + 2 +afu.) (14 Bu.)? + a+ u? H{ 2nx
=— cos ——
279 200U Vs %% + 4dyn? n HY l
— Wy + —— + Uy
(a+u2)? 12
B, bu? -t
24 n * x n
1 iwn + auy) (1+Bv*)2+a+u$ H]
2 | 2acu, vy . H} '
21wy, + Vs

(a+uz)?

Summarizing the above analysis, it is clear that each g;; can be expressed in terms of the parameters.
Therefore, we can compute the following values related to the property of Hopf bifurcation:

21 __ R(G1(0))

g
-2 4= =——=r—
(920911 l911]7) B H2 7*Sign &, (1)

C1(0) B2 = 2R(C1(0)). (B.14)

2w T}

Theorem B.1. Suppose that (Hp)—(Hsz) hold, and R(C1(0)) # 0. For system (1.4),

(i) w2 determines the direction of local Hopf bifurcation: if po > 0 (uo < 0), then the Hopf bifurcation is
supercritical (subcritical);

(ii) B2 determines the stability of bifurcating periodic solutions: if Ba < 0 (B2 > 0), then the bifurcating periodic
solutions are asymptotically stable (unstable).
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