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GLOBAL HOPF BIFURCATION OF A DELAYED DIFFUSIVE

GAUSE-TYPE PREDATOR–PREY SYSTEM WITH THE FEAR

EFFECT AND HOLLING TYPE III FUNCTIONAL RESPONSE

Qian Zhang1, Ming Liu1,* and Xiaofeng Xu2

Abstract. In this paper, a delayed diffusive predator–prey system with the fear effect and Holling
type III functional response is considered, and Neumann boundary condition is imposed on this system.
First, we explore the stability of the unique positive constant steady state and the existence of local
Hopf bifurcation. Then the global attraction domain G∗ of system (1.4) is obtained by the comparison
principle and the iterative method. Through constructing the Lyapunov function, we investigate uni-
form boundedness of periodic solutions’ periods. Finally, we prove the global continuation of periodic
solutions by the global Hopf bifurcation theorem of Wu. Moreover, some numerical simulations that
support the analysis results are given.
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1. Introduction

It is well known that the dynamics analysis of predator–prey systems has a significant role in biology. In
order to study dynamical behavior between predator and prey, Lotka [1] and Volterra [2] first proposed a
mathematical predator–prey system. Nevertheless, the system supposed that the population density of prey
is going to become infinitely large in absence of predator, but that is unrealistic in nature. Therefore, many
scholars have progressively revised predator–prey systems according to the actual situation. The Gause-type
predator–prey system is one of systems that has been progressively revised, and its classical form is shown
below [3–5]:


du

dt
= uf1(u)− g1(u)v,

dv

dt
= v(g2(u)− d),

(1.1)
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where u = u(t) and v = v(t) are the population densities of prey and predator at time t respectively. d > 0
is the death rate of predator. f1(u) is the growth rate of prey in absence of predator and satisfies f1(0) > 0,
f1(K) = 0 and f ′1(u) < 0 for all u > 0, where K represents the environmental carrying capacity of prey. g1(u)
is the functional response of predator to prey, which describes the change in the rate of predation by a single
predator per unit time as a function of prey density. g2(u) is the numerical response of predator to prey, which
describes the change in reproduction rate with changing prey density. Through those years of research, g1(u)
and g2(u) have been derived in multiple types, like

Holling II-IV type: bu
a+u ,

bu2

a+u2 ,
bu

a+u2 ,

Beddington-DeAngelis type: bu
a+m1u+m2v

,

ratio-dependent type: bu
m1u+m2v

,

see [6–12]. Up to now, scholars have done a large number of work related to Gause-type predator–prey systems.
Yang et al. [13] investigated the sliding bifurcation and global stability for a non-smooth Gause predator–
prey system. The predator and prey are usually influenced by the spatial factor, that is, the populations are
abundant in space with different densities at different positions. Based on this consideration, for the Gause-type
predator–prey system, Ko et al. [14] studied the existence/non-existence of non-constant positive solutions, the
asymptotic behavior of spatially inhomogeneous solutions and the local existence of periodic solutions, and Liu
et al. [15] proved the existence of a unique globally stable periodic solution. Further considering the quadratic
mortality is suitable for intermediate predators, some scholars [16–19] have introduced the quadratic mortality
into the predator–prey system to analysis. In in most real ecological systems, one biological population does
not respond immediately to the interactions of populations of other species. Considering that the reproduction
of predator after predating the prey is not instantaneous but will be mediated by some discrete time delay
required for gestation of the predator, many scholars have incorporated the gestation time of predator into the
predator–prey system, and studied the stability of equilibrium, Hopf bifurcation, Bogdanov-Takens bifurcation
and so on, see [20–24]. The time delay may greatly affect the dynamic behavior of biological systems, so we
suppose that the gestation time τ > 0 of predator occurs in the predator response term. Then one delayed
reaction-diffusion Gause-type predator–prey system can be written as

∂u

∂t
= d1∆u+ ru(1− u

K
)− bu2v

a+ u2
,

∂v

∂t
= d2∆v +

cu2τ
a+ u2τ

v − s0v
2.

(1.2)

Here u = u(x, t), uτ = u(x, t− τ) and v = (x, t). The parameters r > 0 and a > 0 represent the growth rate and
the half-saturation constant of prey, respectively. b is positive constant and represents the maximum value which
per capita reduction rate of prey can attain. c > 0 indicates the conversion efficiency of consumed prey into new
predator. −s0v2 is the quadratic mortality for predator population. d1 and d2 are the diffusion coefficients of
prey and predator, respectively.

In recent years, scholars have found that the fear of predator drives prey to carry out various anti-predator
behavior (foraging activity, habitat changes, vigilance and different physiological changes, etc.) to escape direct
predation, which can increase the survival of prey in a short term, but it is detrimental to the reproduction of
prey population for the long term [25, 26]. The experiments of some birds [27, 28] and wolves [29] have shown
that even in absence of predation behavior, the population of prey diminished substantially due to the presence
of predator. In practically the fear of predator has a greater effect on prey than direct predation, so the fear
effect should be included in ecosystem as a form of reproductive reduction. The general function indicating the
fear effect is f2(β, v), which f2(β, v) satisfies

(i) f2(0, v) = f2(β, 0) = 1;



GLOBAL HOPF BIFURCATION OF A DELAYED DIFFUSIVE GAUSE-TYPE PREDATOR–PREY SYSTEM 3

(ii) lim
v→∞

f2(β, v) = lim
β→∞

f2(β, v) = 0;

(iii) ∂f2(β,v)
∂β < 0, ∂f2(β,v)

∂v < 0,

where β > 0 is the fear level caused by predator. In 2016, Wang et al. [30] introduced f2(β, v) =
1

1+βv into a
predator–prey system, studying the existence of limit cycles and Hopf bifurcation. Since then, more and more
scholars have focused on the issue. Under the fear effect, the authors [31] discussed the asymptotic stability
for a prey-predator system with prey refuge and gestation delay. In [32], Halder et al. added both the fear
and Allee effect to a predator–prey system, investigating the indirect interaction of prey and predator. Liu and
Jiang constructed a stochastic predator–prey system with the fear effect and obtained some results about the
existence and uniqueness of an ergodic stationary distribution of positive solutions in [33].

In this paper, we consider system (1.2) with the fear effect as follow:

∂u

∂t
= d1∆u+

r

1 + βv
u− r

K
u2 − bu2v

a+ u2
,

∂v

∂t
= d2∆v +

cu2τ
a+ u2τ

v − s0v
2,

x ∈ Ω, t > 0,

∂u

∂v
=
∂v

∂v
= 0, x ∈ ∂Ω, t > 0,

u(x, t) ≥ 0, v(x, t) ≥ 0, x ∈ Ω̄, t ∈ [−τ, 0],

(1.3)

where Ω = (0, lπ)(l > 0) and v is the outward unit normal vector of the boundary ∂Ω. Then, we define

ū =
u

K
, ūτ =

uτ
K
, v̄ = s0v, b̄ =

b

Ks0
, ā =

a

K2
, β̄ =

β

s0
, d̄1 = d1K, d̄2 =

d2
s0
.

Dropping the bars for simplification, system (1.3) can transform into

∂u

∂t
= d1∆u+

r

1 + βv
u− ru2 − bu2v

a+ u2
,

∂v

∂t
= d2∆v +

cu2τ
a+ u2τ

v − v2,

x ∈ Ω, t > 0,

∂u

∂v
=
∂v

∂v
= 0, x ∈ ∂Ω, t > 0,

u(x, t) ≥ 0, v(x, t) ≥ 0, x ∈ Ω̄, t ∈ [−τ, 0].

(1.4)

In this paper, we will focus on proving the extended existence of periodic solutions of system (1.4) by the
global Hopf bifurcation theorem of Wu [34]. Hopf bifurcation is commonly applied to explain the phenomenon of
periodic fluctuations in predator and prey populations. For practical modeling, appropriate simplifications and
assumptions are indispensable. Due to some neglected factors, the parameter values of the system are usually
variable within a certain range, and this range of variation may be larger, so global Hopf bifurcation might be
a better explanation for periodic fluctuations than local Hopf bifurcation. As far as I know, there have been
numerous research on the global Hopf bifurcation of delay differential equations (DDEs), see [35–38]. However,
owing to the influence of spatial factor, studying the global Hopf bifurcation for partial functional differential
equations (PFDEs) is quite difficult, thus research on this aspect is relatively few. Su et al. [39] and Xu et al.
[40] investigated the local and global Hopf bifurcation of one-dimensional PFDEs. In [41], Xu and Liu discussed
a reaction-diffusion predator–prey system with stage structures, proving the global continuation of periodic
solutions. Liu et al. studied the global Hopf bifurcation of a phytoplankton-zooplankton system with delay and
diffusion [42]. To apply the global Hopf bifurcation theorem of Wu, we need obtain uniform boundedness of
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periodic solutions and their periods. Unlike previous studies, we first get the permanence properties of system
(1.4) by using the comparison principle. Then, to expand the scope of the theorem, we use the iterative method
to compress the upper and lower boundedness of periodic solutions and get the global attraction domain of
system (1.4). Additionally, because system (1.4) is monotonous with respect to the time-delay term, then the
upper and lower solutions method is no longer applicable to this system. We have to carry out a Lyapunov
function to verify uniform boundedness of periodic solutions’ periods.

The paper is organized as follows. In Section 2, the stability of unique positive constant steady state for system
(1.4) is proved, then we study the existence of local Hopf bifurcation. In Section 3, the existence of global Hopf
bifurcation is demonstrated by the global Hopf bifurcation theorem of Wu [34]. In Section 4, we carry out some
numerical simulations supporting the analysis results. In Section 5, a conclusion section completes the paper.

2. Local Hopf bifurcation

There are two boundary steady states Ea(0, 0) and Eb(1, 0) in system (1.4). For positive constant steady
states of system (1.4), we have the following result.

Theorem 2.1. System (1.4) has one unique positive constant steady state E∗(u∗, v∗) if the assumption (H0)

(see Appendix A) holds, where v∗ =
cu2

∗
a+u2

∗
.

Due to the complexity of the proof process of Theorem 2.1, we put the proof in the Appendix A.
We denote the real-valued Sobolev space

X = {(u, v) ∈ H2(0, lπ)×H2(0, lπ)|ux = vx = 0, x = 0, lπ},

and the abstract space

C = C([−τ, 0], X).

The following equation is the linearized form for system (1.4) at E∗(u∗, v∗) in the phase space C,

∂U

∂t
= D∆U(x, t) +AU(x, t) +BU(x, t− τ), (2.1)

where U(x, t) = (u(x, t), v(x, t))T , D = diag(d1, d2) and

A =

 r

1 + βv∗
− 2ru∗ −

2abu∗v∗
(a+ u2∗)

2
− rβu∗

(1 + βv∗)2
− bu2∗
a+ u2∗

0 − v∗

 ,

B =

 0 0

2acu∗v∗
(a+ u2∗)

2
0

 .

Then, the corresponding characteristic equation of equation (2.1) is

∆n(λ) = λ2 + Tnλ+Dn + P e−λτ = 0, n ∈ N0 := N ∪ {0}, (2.2)
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where

α(u∗) = − r

1 + βv∗
+ 2ru∗ +

2abu∗v∗
(a+ u2∗)

2
,

Tn =
(d1 + d2)n

2

l2
+ v∗ + α(u∗),

Dn =

(
d1
n2

l2
+ α(u∗)

)(
d2
n2

l2
+ v∗

)
,

P =
2acu∗v∗
(a+ u2∗)

2

(
rβu∗

(1 + βv∗)2
+

bu2∗
a+ u2∗

)
.

Moreover, denote

(H1) : α(u∗) > Γ, where Γ = max

{
− v∗, −

d1
d2
v∗, −

P

v∗

}
.

Lemma 2.2. Under assumptions (H0) and (H1), the positive constant steady state E∗(u∗, v∗) is locally
asymptotically stable when τ = 0.

Proof. In absence of time delay, ∆n(λ) = 0 becomes

λ2 + Tnλ+Dn + P = 0. (2.3)

For any n ∈ N0, it is easy to know that Tn and Dn + P are monotonically increasing in terms of n. If (H0) and
(H1) hold, we obtain T0 > 0 and D0 + P > 0. Then Tn > 0 and Dn + P > 0. Hence, all roots of equation (2.3)
have negative real parts. The proof is completed.

Lemma 2.3. Suppose (H0) and (H1) hold. For any τ ≥ 0, ∆n(λ) = 0 has no zero characteristic roots.

Next, we assume there is a purely imaginary root λ = iω(ω > 0) for ∆n(λ) = 0. Then substituting λ = iω
into ∆n(λ) = 0 as shown below,

−ω2 + iTnω +Dn + P (cosωτ − i sinωτ) = 0. (2.4)

Separating the real and imaginary parts, we get

−ω2 +Dn = −P cosωτ, Tnω = P sinωτ. (2.5)

Hence

sinωτ =
Tnω

P
, cosωτ =

ω2 −Dn

P
. (2.6)

Let χ = ω2, it follows from equation (2.5) that

χ2 + (T 2
n − 2Dn)χ+D2

n − P 2 = 0. (2.7)

Note that

T 2
n − 2Dn =

(
d1
n2

l2
+ α(u∗)

)2

+

(
d2
n2

l2
+ v∗

)2

> 0.
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Calculating shows equation (2.7) has two real roots χ±
n , where

χ±
n =

−(T 2
n − 2Dn)±

√
(T 2

n − 2Dn)2 − 4(D2
n − P 2)

2
.

Through analysis, we know

(i) If D2
n − P 2 ≥ 0 holds, then equation (2.7) has no positive roots, which implies ∆n(λ) = 0 has no purely

imaginary roots.
(ii) If D2

n − P 2 < 0 holds, then equation (2.7) has one positive root χ+
n , which implies ∆n(λ) = 0 has a pair

of purely imaginary roots ±iωn = ± i
√
χ+
n .

Suppose that (H0) and (H1) hold. According to the proof of Lemma 2.2, there is Dn + P > 0 for any n ∈ N0.
On the other hand, for any n ∈ N0, Dn −P is a monotonically increasing function with respect to n. Obviously,
there is {

D0 − P < 0, α(u∗)v∗ < P,

D0 − P ≥ 0, α(u∗)v∗ ≥ P.
(2.8)

Therefore, we clearly obtain Dn − P < 0 for n < n∗ and Dn − P ≥ 0 for n ≥ n∗, where

n∗ = l

(
−d1v∗ − d2α(u∗) +

√
(d1v∗ − d2α(u∗))2 + 4d1d2P

2d1d2

) 1
2

.

As a result, if

(H2) : α(u∗) <
P

v∗
, 0 ≤ n < n∗, n ∈ N0,

holds, then D2
n − P 2 < 0. For convenience, let I∗ = {n| (H2) holds}. Then we have the following result.

Lemma 2.4. Under assumptions (H0)–(H2), ∆n(λ) = 0 has a pair of purely imaginary roots ±iωn when
τ = τn,j, where

ωn =

√
−(T 2

n − 2Dn) +
√

(T 2
n − 2Dn)2 − 4(D2

n − P 2)

2
,

τn,j =
1

ωn

(
arccos

ω2
n −Dn

P
+ 2jπ

)
, n ∈ I∗, j ∈ N0.

Lemma 2.5. Suppose that (H0)–(H2) hold. For any n ∈ I∗, letting λ(τ) = ξ1(τ) + iξ2(τ) is a root of equation
(2.2) satisfying ξ1(τn,j) = 0 and ξ2(τn,j) = ωn when τ = τn,j, then the transversality condition holds.

Proof. Taking the derivative of ∆n(λ) = 0 with respect to τ , one has

(
dλ

dτ

)−1

=
Tn + 2iω

Tnω2 + iω(ω2 −Dn)
− τ

iω
. (2.9)
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The real part of the above equation at τ = τn,j is

ℜ
(
dλ

dτ

)−1 ∣∣∣
τ=τn,j

=

√
(T 2

n − 2Dn)2 − 4(D2
n − P 2)

T 2
nω

2
n + (ω2

n −Dn)2
> 0. (2.10)

Then

Sign ξ
′

1(τn,j) = Sign ℜ
(
dλ

dτ

)−1∣∣∣
τ=τn,j

= 1. (2.11)

On the basis of the above analysis, we get the following theorem.

Theorem 2.6. Assume that (H0)–(H2) hold. For system (1.4), we define τ0 = min
n∈I∗

{τn,0} and have the following

statements:

(i) If 0 ≤ τ < τ0, then the positive constant steady state E∗(u∗, v∗) of system (1.4) is locally asymptotically
stable.

(ii) If τ > τ0, then the positive constant steady state E∗(u∗, v∗) of system (1.4) is unstable.
(iii) If τ = τn,j for n ∈ I∗ and j ∈ N0, there is one Hopf bifurcation occurring at E∗(u∗, v∗) for system (1.4).

3. Global Hopf bifurcation

In this section, we are going to investigate the existence of global Hopf bifurcation for system (1.4) by the
global Hopf bifurcation theorem in Wu [34].

Lemma 3.1. All solutions of system (1.4) with u(x, 0) ̸≡ 0 and v(x, 0) ̸≡ 0 are ultimately uniformly bounded.

Proof. The proof is mainly based on the comparison principle. From the maximal principle, we obtain that every
solution (u(x, t), v(x, t)) of system (1.4) with u(x, 0) ̸≡ 0 and v(x, 0) ̸≡ 0 is positive for x ∈ Ω and all t > 0.

According to the first equation of system (1.4), one has

∂u

∂t
≤ d1∆u+ ru (1− u) , x ∈ Ω, t > 0. (3.1)

Let Ỹ0(x, t) be the solution of the following equation,

∂Ỹ0
∂t

= d1∆Ỹ0 + rỸ0

(
1− Ỹ0

)
, x ∈ Ω, t > 0,

∂Ỹ0
∂v

= 0, x ∈ ∂Ω, t > 0,

Ỹ0(x, 0) = u(x, 0), x ∈ Ω̄.

(3.2)

Applying the comparison principle, it is easy to obtain u(x, t) ≤ Ỹ0(x, t) in Ω̄× [0,+∞). For all x ∈ Ω̄, there is
lim
t→∞

Ỹ0(x, t) = 1. Then

lim sup
t→∞

max
x∈Ω̄

u(x, t) ≤ 1 := ũ0.

Consequently, for sufficiently small ε1 > 0, there is T1 > 0 such that u(x, t) ≤ ũ0 + ε1 for all t > T1.
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According to the second equation of system (1.4), we get

∂v

∂t
≤ d2∆v +

c(ũ0 + ε1)
2

a+ (ũ0 + ε1)2
v − v2, x ∈ Ω, t > T1. (3.3)

Let Z̃0(x, t) be the solution of equation (3.4),

∂Z̃0

∂t
= d2∆Z̃0 +

c(ũ0 + ε1)
2

a+ (ũ0 + ε1)2
Z̃0 − Z̃2

0 , x ∈ Ω, t > T1,

∂Z̃0

∂v
= 0, x ∈ ∂Ω, t > T1,

Z̃0(x, T1) = v(x, T1), x ∈ Ω̄.

(3.4)

Well, it is clear to get v(x, t) ≤ Z̃0(x, t) in Ω̄× [T1,+∞). Furthermore,

lim
t→∞

Z̃0(x, t) =
c(ũ0 + ε1)

2

a+ (ũ0 + ε1)2
, x ∈ Ω̄.

Owing to the arbitrariness of ε1 > 0, then

lim sup
t→∞

max
x∈Ω̄

v(x, t) ≤ cũ20
a+ ũ20

:= ṽ0.

If ε2 > 0 is enough small, there is T2 > T1 > 0 such that v(x, t) ≤ ṽ0 + ε2 for all t > T2.
According to the first equation of system (1.4), we have

∂u

∂t
≥ d1∆u+ u

(
r

1 + β(ṽ0 + ε2)
− ru− b(ṽ0 + ε2)

a
u

)
, x ∈ Ω, t > T2. (3.5)

There is u(x, t) ≥ Ŷ0(x, t) in Ω̄× [T2,+∞), where Ŷ0(x, t) satisfies

∂Ŷ0
∂t

= d1∆Ŷ0 + Ŷ0

(
r

1 + β(ṽ0 + ε2)
− rŶ0 −

b(ṽ0 + ε2)

a
Ŷ0

)
, x ∈ Ω, t > T2,

∂Ŷ0
∂v

= 0, x ∈ ∂Ω, t > T2,

Ŷ0(x, T2) = u(x, T2), x ∈ Ω̄.

(3.6)

Besides, for sufficiently small ε2 > 0, we have

lim
t→∞

Ŷ0(x, t) =
r

1 + β(ṽ0 + ε2)

(
r +

b(ṽ0 + ε2)

a

)−1

, x ∈ Ω̄.

Hence,

lim inf
t→∞

min
x∈Ω̄

u(x, t) ≥ r

1 + βṽ0

(
r +

bṽ0
a

)−1

:= û0.

For sufficiently small ε3 > 0 and all t > T3, there is T3 > T2 such that u(x, t) ≥ û0 − ε3.
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According to the second equation of system (1.4), we have

∂v

∂t
≥ d2∆v +

c(û0 − ε3)
2

a+ (û0 − ε3)2
v − v2, x ∈ Ω, t > T3. (3.7)

Considering the following equation:

∂Ẑ0

∂t
= d2∆Ẑ0 +

c(û0 − ε3)
2

a+ (û0 − ε3)2
Ẑ0 − Ẑ2

0 , x ∈ Ω, t > T3,

∂Ẑ0

∂v
= 0, x ∈ ∂Ω, t > T3,

Ẑ0(x, T3) = v(x, T3), x ∈ Ω̄,

(3.8)

we denote Ẑ0(x, t) as the solution of equation (3.8). Obviously, for any x ∈ Ω̄ and all t ≥ T3, there are v(x, t) ≥
Ẑ0(x, t) and

lim
t→∞

Ẑ0(x, t) =
c(û0 − ε3)

2

a+ (û0 − ε3)2
.

Thus for sufficiently small ε3,

lim inf
t→∞

min
x∈Ω̄

v(x, t) ≥ cû20
a+ û20

:= v̂0.

The proof is complete.

In order to avoid contradictions with the conditions for the existence of local Hopf bifurcation, we compress
the upper and lower boundedness of perdioc solutions of system (1.4) by the iterative method.

Lemma 3.2. System (1.4) with u(x, 0) ̸≡ 0 and v(x, 0) ̸≡ 0 has a global attraction domain G∗ = [û, ũ]× [v̂, ṽ],
where ũ, û, ṽ and v̂ are the limits of sequences {ũn}, {ûn}, {ṽn} and {v̂n} for n ∈ N0, respectively. The four
sequences are as follow,

ũn+1 =
r

1 + βv̂n

(
r +

bv̂n
a+ ũ2n

)−1

, ṽn+1 =
cũ2n+1

a+ ũ2n+1

,

ûn+1 =
r

1 + βṽn+1

(
r +

bṽn+1

a+ û2n

)−1

, v̂n+1 =
cû2n+1

a+ û2n+1

,

(3.9)

where

ũ0 = 1, ṽ0 =
cũ20

a+ ũ20
, û0 =

r

1 + βṽ0

(
r +

bṽ0
a

)−1

, v̂0 =
cû20

a+ û20
.

Proof. From Lemma 3.1, if ε4 > 0 is sufficiently small, and T4 > T3, one has u(x, t) ≤ ũ0+ε4 and v(x, t) ≥ v̂0−ε4
for all t > T4. According to the first equation of system (1.4), we obtain

∂u

∂t
≤ d1∆u+ u

(
r

1 + β(v̂0 − ε4)
− ru− b(v̂0 − ε4)

a+ (ũ0 + ε4)2
u

)
, x ∈ Ω, t > T4. (3.10)
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By the comparison principle, we know u(x, t) ≤ Ỹ1(x, t) for (x, t) ∈ Ω̄× [T4,+∞), where Ỹ1(x, t) is the solution
of the following equation,

∂Ỹ1
∂t

= d1∆Ỹ1 + Ỹ1

(
r

1 + β(v̂0 − ε4)
− rỸ1 −

b(v̂0 − ε4)

a+ (ũ0 + ε4)2
Ỹ1

)
, x ∈ Ω, t > T4,

∂Ỹ1
∂v

= 0, x ∈ ∂Ω, t > T4,

Ỹ1(x, T4) = u(x, T4), x ∈ Ω̄.

(3.11)

Additionally,

lim
t→∞

Ỹ1(x, t) =
r

1 + β(v̂0 − ε4)

(
r +

b(v̂0 − ε4)

a+ (ũ0 + ε4)2

)−1

, x ∈ Ω̄.

Then,

lim sup
t→∞

max
x∈Ω̄

u(x, t) ≤ r

1 + βv̂0

(
r +

bv̂0
a+ ũ20

)−1

:= ũ1.

Hence, there is any ε5 > 0 and T5 > T4 such that u(x, t) ≤ ũ1 + ε5 for all t > T5.
According to the second equation of system (1.4), we have

∂v

∂t
≤ d2∆v +

c(ũ1 + ε5)
2

a+ (ũ1 + ε5)2
v − v2, x ∈ Ω, t > T5. (3.12)

Then we consider the following equation,

∂Z̃1

∂t
= d2∆Z̃1 +

c(ũ1 + ε5)
2

a+ (ũ1 + ε5)2
Z̃1 − Z̃2

1 , x ∈ Ω, t > T5,

∂Z̃1

∂v
= 0, x ∈ ∂Ω, t > T5,

Z̃1(x, T5) = v(x, T5), x ∈ Ω̄.

(3.13)

Defining Z̃1(x, t) is the solution of equation (3.13) and satisfies

lim
t→∞

Z̃1(x, t) =
c(ũ1 + ε5)

2

a+ (ũ1 + ε5)2
, x ∈ Ω̄.

Similarly, we have v(x, t) ≤ Z̃1(x, t) in Ω̄× [T5,+∞), then

lim sup
t→∞

max
x∈Ω̄

v(x, t) ≤ cũ21
a+ ũ21

:= ṽ1.

Clearly, if ε6 > 0 is enough small, there is T6 > T5 such that u(x, t) ≥ û0− ε6 and v(x, t) ≤ ṽ1+ ε6 for all t > T6.
For x ∈ Ω and t > T6, one has the following equation from system (1.4),

∂u

∂t
≥ d1∆u+ u

(
r

1 + β(ṽ1 + ε6)
− ru− b(ṽ1 + ε6)

a+ (û0 − ε6)2
u

)
. (3.14)
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Letting Ŷ1(x, t) is the solution of equation (3.15), where equation (3.15) is



∂Ŷ1
∂t

= d1∆Ŷ1 + Ŷ1

(
r

1 + β(ṽ1 + ε6)
− rŶ1 −

b(ṽ1 + ε6)

a+ (û0 − ε6)2
Ŷ1

)
, x ∈ Ω, t > T6,

∂Ŷ1
∂v

= 0, x ∈ ∂Ω, t > T6,

Ŷ1(x, T6) = u(x, T6), x ∈ Ω̄.

(3.15)

For x ∈ Ω̄ and t ∈ [T6,+∞), we know u(x, t) ≥ Ŷ1(x, t) and

lim
t→∞

Ŷ1(x, t) =
r

1 + β(ṽ1 + ε6)

(
r +

b(ṽ1 + ε6)

a+ (û0 − ε6)2

)−1

.

Therefore,

lim inf
t→∞

min
x∈Ω̄

u(x, t) ≥ r

1 + βṽ1

(
r +

bṽ1
a+ û20

)−1

:= û1.

As a result, for enough small ε7 > 0, and all t > T7 > T6, we have u(x, t) ≥ û1 − ε7.
According to the second equation of system (1.4), there is

∂v

∂t
≥ d2∆v +

c(û1 − ε7)
2

a+ (û1 − ε7)2
v − v2, x ∈ Ω, t > T7. (3.16)

It is easy to see v(x, t) ≥ Ẑ1(x, t) in Ω̄× [T7,+∞), where Ẑ1(x, t) satisfies the following equation,



∂Ẑ1

∂t
= d2∆Ẑ1 +

c(û1 − ε7)
2

a+ (û1 − ε7)2
Ẑ1 − Ẑ2

1 , x ∈ Ω, t > T7,

∂Ẑ1

∂v
= 0, x ∈ ∂Ω, t > T7,

Ẑ1(x, T7) = v(x, T7), x ∈ Ω̄.

(3.17)

Moreover,

lim
t→∞

Ẑ1(x, t) =
c(û1 − ε7)

2

a+ (û1 − ε7)2
, x ∈ Ω̄.

Then

lim inf
t→∞

min
x∈Ω̄

v(x, t) ≥ cû21
a+ û21

:= v̂1.
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Furthermore, due to

ũ1 =
r

1 + βv̂0

(
r +

bv̂0
a+ ũ20

)−1

< r

(
r +

bv̂0
a+ ũ20

)−1

< 1 = ũ0, ṽ1 < ṽ0,

û0 <
r

1 + βṽ0

(
r +

bṽ0
a+ û20

)−1

<
r

1 + βṽ1

(
r +

bṽ1
a+ û20

)−1

= û1, v̂0 < v̂1,

û0 <
r

1 + βṽ0

(
r +

bṽ0
a+ ũ20

)−1

<
r

1 + βv̂0

(
r +

bv̂0
a+ ũ20

)−1

= ũ1, v̂0 < ṽ1,

then û0 < û1 < ũ1 < ũ0 and v̂0 < v̂1 < ṽ1 < ṽ0.
In this way, system (1.4) have a smaller global attraction domain G1 = [û1, ũ1]× [v̂1, ṽ1] than G0 = [û0, ũ0]×

[v̂0, ṽ0]. By continuing to iterate with this method, we can get the smaller and smaller global attraction domain,
i.e. Gn = [ûn, ũn] × [v̂n, ṽn], n ∈ N0, where four sequences {ũn}, {ûn}, {ṽn} and {v̂n} satisfy equation (3.9)
and

û0 < û1 < · · · < ûn+1 < · · · < ũn+1 < · · · < ũ1 < ũ0,

v̂0 < v̂1 < · · · < v̂n+1 < · · · < ṽn+1 < · · · < ṽ1 < ṽ0.

By analyzing, it is easy to know {ũn}, {ûn}, {ṽn} and {v̂n} are uniformly convergent, i.e.

ũ = lim
n→∞

r

1 + βv̂n

(
r +

bv̂n
a+ ũ2n

)−1

, ṽ = lim
n→∞

cũ2n+1

a+ ũ2n+1

,

û = lim
n→∞

r

1 + βṽn+1

(
r +

bṽn+1

a+ û2n

)−1

, v̂ = lim
n→∞

cû2n+1

a+ û2n+1

.

(3.18)

In conclusion, for any positive initial values, system (1.4) exists the global attraction domain G∗ = [û, ũ]× [v̂, ṽ].
The proof is completed.

Lemma 3.3. Denote

(H3) : r +
abv̂

(a+ ũ2)(a+ u2∗)
− ζmax > 0,

H̃max

2
< L,

where L = min

{
r +

abv̂

(a+ ũ2)(a+ u2∗)
− ζmax,

b

ac
u2∗

}
,

and ζmax and H̃max are defined in the following proof. Under assumptions (H0) and (H3), the positive constant
steady state E∗(u∗, v∗) is global attractivity for system (1.4) with u(x, 0) ̸≡ 0 and v(x, 0) ̸≡ 0 when τ = 0.

Proof. On the global attraction domain G∗, define a Lyapunov function as follows:

V(t) =
∫
Ω

V (u(x, t), v(x, t))dx, (3.19)

where

V (u, v) = (u− u∗)− u∗ ln

(
u

u∗

)
+ ρ

(
(v − v∗)− v∗ ln

(
v

v∗

))
= V1(u) + V2(v),

(3.20)
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with

ρ =
b

ac
u2∗.

It follows that

dV(t)
dt

=

∫
Ω

(
u− u∗
u

d1△u+ ρ
v − v∗
v

d2△v
)
dx+

∫
Ω

dV (u, v)

dt
dx. (3.21)

Clearly, V (u, v) is a continuous function defined on G∗, and is corresponding to the ordinary differential
equation (ODE) of system (1.4),



du

dt
=

r

1 + βv
u− ru2 − bu2v

a+ u2
,

dv

dt
=

cu2

a+ u2
v − v2,

t > 0,

u(0) ≥ 0, v(0) ≥ 0.

(3.22)

There exists one unique positive equilibrium E∗(u∗, v∗) in system (3.22) if (H0) holds. Then computing along
the solution of system (3.22), the derivative of V (u, v) is shown below:

dV (u, v)

dt
=(u− u∗)

(
r

1 + βv
− ru− buv

a+ u2

)
+ ρ(v − v∗)

(
cu2

a+ u2
− v

)
=

(
−r − abv − bu∗v∗u

(a+ u2)(a+ u2∗)

)
(u− u∗)

2 − b

ac
u2∗(v − v∗)

2 + H̃(u, v)(u− u∗)(v − v∗)

≤
(
−r − abv − bu∗v∗u

(a+ u2)(a+ u2∗)

)
(u− u∗)

2 − b

ac
u2∗(v − v∗)

2 +
∣∣∣H̃(u, v)

∣∣∣ (u− u∗)
2 + (v − v∗)

2

2

=P1(u, v)(u− u∗)
2 + P2(u, v)(v − v∗)

2,

(3.23)

where

H̃(u, v) = − rβ

(1 + βv)(1 + βv∗)
+

bu3∗ − abu∗
(a+ u2)(a+ u2∗)

,

P1(u, v) = −r − abv

(a+ u2)(a+ u2∗)
+ ζ(u) +

∣∣∣H̃(u, v)
∣∣∣

2
, ζ(u) =

bu∗v∗u

(a+ u2)(a+ u2∗)
,

P2(u, v) =

∣∣∣H̃(u, v)
∣∣∣

2
− b

ac
u2∗.

On the one hand, from H̃(u, v), one has

∂H̃(u, v)

∂v
=

rβ2

(1 + βv)2(1 + βv∗)
> 0. (3.24)
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Consequently, H̃(u, v) has the maximum or minimum value at the boundary of G∗, then the maximum value
H̃max of |H̃(u, v)| is taken at (u, ṽ) or (u, v̂), i.e.

H̃max = max
{
|H̃(u, ṽ)|, |H̃(u, v̂)|

}
, u ∈ G∗. (3.25)

On the other hand, ζ(u) is continuous on G∗, and have

dζ(u)

du
=

bu∗v∗(a− u2)

(a+ u2)2(a+ u2∗)
. (3.26)

Through the analysis of the above formula, we have the following results:

(i) If 0 < a ≤ û2 holds, then dζ(u)
du ≤ 0, thus ζ(u) exists the maximum value ζmax = ζ(û).

(ii) If û2 < a < ũ2 holds, then dζ(u)
du ≥ 0 in (û,

√
a ] and dζ(u)

du < 0 in (
√
a, ũ), thus ζ(u) exists the maximum

value ζmax = ζ(
√
a).

(iii) If a ≥ ũ2 holds, then dζ(u)
du ≥ 0, thus ζ(u) exists the maximum value ζmax = ζ(ũ).

Under assumption (H3), we know

P1(u, v) ≤ −r − abv̂

(a+ ũ2)(a+ u2∗)
+ ζmax +

H̃max

2

< −r − abv̂

(a+ ũ2)(a+ u2∗)
+ ζmax + L

< 0,

P2(u, v) ≤
H̃max

2
− b

ac
u2∗ < L− b

ac
u2∗ < 0.

(3.27)

Then,

dV (u, v)

dt
≤ P1(u, v)(u− u∗)

2 + P2(u, v)(v − v∗)
2 ≤ 0. (3.28)

In addition, V (u, v) satisfies

V (u, v) = V1(u) + V2(v),
∂2V1(u)

∂u2
=
u∗
u2

> 0,
∂2V2(v)

∂v2
= ρ

v∗
v2

> 0.

Applying some results of Hsu [43], it is easy to obtain

dV(t)
dt

≤ 0.

The proof is completed.

Remark 3.4. Assume (H0) and (H3) hold. Owing to the global attractivity of steady state E∗(u∗, v∗) of system
(1.4) without time delay, it is clear to know that there are no positive nonconstant periodic solutions of period
τ in this system.

The boundedness of positive periodic solutions and their periods have been verified by Lemma 3.2 and
Lemma 3.3, next we are going to state the global Hopf bifurcation theorem. From [34], define
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(i) E = C(S1, X) is a real isometric Banach representation of the group G = S1 := {z ∈ C : |z| = 1};
(ii) EG := {x ∈ E : gx = x for all g ∈ G}, then EG = X. E exists an isotypical direct sum decomposition

E = EG
∞⊕
k=1

Ek, where Ek = {eiktx : x ∈ X} for k ≥ 1.

System (1.4) can be written as an integral equation, and it satisfies continuous differentiability, complete
continuity and G-invariant property.

Suppose the conditions (H0)–(H3) hold. From Lemma 3.3, it is easy to see system (1.4) has no nonconstant
steady states, which shows the system has a unique positive steady state E∗(u∗, v∗). For any τ ≥ 0, the char-
acteristic equation at E∗(u∗, v∗) has no zero eigenvalues from Lemma 2.3. Besides, there exist one unique pair
of purely imaginary eigenvalues λ = ±iωn for ∆n(λ) = 0 if and only if τ = τn,j and ω = ωn. Obviously, the
assumptions (H1)–(H3) in Section 6.5 of [34] are satisfied for system (1.4). Then denoting R+ = (0,+∞), we
define the local steady state manifold

M = {(E∗, τ, ω) : |τ − τn,j | < ϵ0, |ω − ωn| < ς0} ⊂ EG × R× R+,

(τ, ω) ∈ [τn,j − ϵ0, τn,j + ϵ0]× [ωn − ς0, ωn + ς0],

where ϵ0 and ς0 are positive and sufficiently small. Therefore, (E∗, τn,j , ωn) is an isolated singular point in M .
From Section 6.5 of [34], we call µk(E∗, τn,j , ωn) the generalized crossing number, k = 1, 2, · · · , and know

µ1(E∗, τn,j , ωn) = 1 from the transversality condition. Define

S = Cl
{
(z, τ, ω) ∈ E × R× R+ : z = (z1(·, ωt), z2(·, ωt)) = (u(·, t), v(·, t))

is a nontrivial
2π

ω
periodic solution of system (1.4)

}
.

By the local bifurcation theorem, it is easy to conclude that (E∗, τn,j , ωn) ∈ S. Then, we denote the following
form as the complete steady state manifold,

M∗ = {(E∗, τ) : τ ∈ R} ⊂ EG × R,

and let Cn,j = Cn,j(E∗, τn,j , ωn) be the connected component of (E∗, τn,j , ωn) in S. Hence,∑
(E∗,τn,j ,ωn)∈Cn,j∩M∗×R+

µ1(E∗, τn,j , ωn) > 0. (3.29)

Theorem 3.5. Assume that (H0)-(H3) hold. System (1.4) has at least one positive periodic solution for τ ∈
(τ1,+∞), where τ1 = min

n∈I∗
{τn,1}.

Proof. At first, we know each connected component Cn,j is unbounded from equation (3.29). Then from
Lemma 3.2, it is easy to see the projection of Cn,j onto the z-space is bounded. Moreover, one has

2jπ < ωnτn,j < 2(j + 1)π, j ∈ N.

It follows that

1

j + 1
<

2π

ωnτn,j
<

1

j
, j ∈ N.

By Lemma 3.3 and Remark 3.4, we get τ
j+1 <

2π
ω < τ

j if (z, τ, ω) ∈ Cn,j for j ∈ N holds. This and Lemma 3.2
illustrate that if τ is bounded, then the projection of Cn,j onto the T -space must be bounded. Consequently, the
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projection of Cn,j onto the τ -space includes [τn,j ,∞). Therefore, (i) of Theorem 6.6.5 of [34] is satisfied. This
proof is completed.

4. Numerical example

In this section, we will carry out some numerical simulations to support our analysis results. To start with,
we choose the parameter values as follow:

d1 = 0.2, d2 = 0.2, r = 0.2, β = 0.01, a = 0.18, b = 0.81, c = 0.35, l = 16.

From Appendix A, we calculate

∆ = −5.1812 < 0, u62 = 0.0597, φ(3)(u62) = −0.3476 < 0, u334 = 0.1057,

φ′(u334 ) = 8.594× 10−4 > 0, u795 = 0.0370, u805 = 0.1683, φ(u795 ) = 0.0011 > 0,

which shows the condition (16) of (H0) holds. System (1.4) has one unique positive steady state
E∗(0.3457, 0.1397). Under this set of parameters, we obtain

α(u∗) = 0.0955, T0 = 0.2352 > 0, D0 + P = 0.0353 > 0,

then

Tn > 0, Dn + P > 0.

The characteristic equation ∆0(λ) = 0 has a pair of purely imaginary eigenvalues ±0.0909i. Moreover, we also
get

ρ = 1.5367, G∗ = [0.1513, 0.8488]× [0.0395, 0.2800], P1(u, v) = −0.0025 < 0, P2(u, v) = −1.3961 < 0.

Clearly, the assumptions (H0)–(H3) are satisfied with this set of parameter values. Following the formulas in
Appendix B, one has

C1(0) = −0.9322− 2.0901i, µ2 = 0.04695 > 0, β2 = −1.8643 < 0.

By Theorem 2.6 and Theorem B.1, system (1.4) undergoes the Hopf bifurcation at E∗(0.3457, 0.1397), and the
Hopf bifurcation is supercritical. For the bifurcation parameter τ , we let n = 0, 1, 2, · · · and get

τ0,0 = 19.8556, τ0,1 = 89.0008, τ0,2 = 158.1459, · · ·
τ1,0 = 20.2593, τ1,1 = 90.1550, τ1,2 = 160.0507, · · ·
τ2,0 = 21.5642, τ2,1 = 93.9009, τ2,2 = 166.2375, · · ·

By the definition of τ0 in Theorem 2.6, it is easy to know τ0 = min
n∈I∗

{τn,0} = 19.8556. According to (a) and (e)

of Figure 1, the fact shows the positive steady state E∗(0.3457, 0.1397) of system (1.4) is asymptotically stable
for τ = 16 < τ0. Clearly, when τ = 19.86 lies in a small right-side neighborhood of τ0, system (1.4) has one stable
spatial homogeneous periodic solution, see (b) and (f) of Figure 1. In order to study the influence of spatial
factor on system (1.4), we choose the time delay τ = 21.5 > τ1,0 = 20.2593 to simulate the dynamics behavior
of predator and prey, (c) and (g) of Figure 1 indicate that system (1.4) has one spatial inhomogeneous periodic
solution. These simulation results support Theorem 2.6 and Theorem B.1. Lastly, the simulation results ((d)
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Figure 1. we use the initial values u(x, 0) = 0.3457 + 0.001 cosx and v(x, 0) = 0.1397 +
0.002 cosx. (a)–(d) show the dynamical behavior of the prey with τ = 16, 19.86, 21.5, 120,
respectively; (e)–(h) show the dynamical behavior of the predator with τ = 16, 19.86, 21.5, 120,
respectively.

and (h) of Figure 1) of system (1.4) at τ = 120 > τ1 show that there is at least one positive periodic solution
for system (1.4), where τ1 = min

n∈I∗
{τn,1} = 89.0008.

5. Conclusion

In this paper, we investigate a delayed diffusive predator–prey system with the fear effect and Holling type III
functional response under Neumann boundary condition. By analysing, we give the conditions for the existence
of one unique positive constant steady state E∗(u∗, v∗) of system (1.4). Next taking the time delay τ as a
bifurcation parameter, we get that if the assumptions (H0)–(H2) hold, there is a Hopf bifurcation occurring at
τ = τn,j . Unlike previous research methods, we use the new research method to prove the existence of periodic
solutions of system (1.4) away from bifurcation points τn,j . First we use the iterative method to obtain the global
attraction domain G∗ of system (1.4), which shows that periodic solutions of this system are uniformly bounded.
Then, by proving the global attractivity for system (1.4) without delay at positive steady state E∗(u∗, v∗), we
have the uniform boundedness of periods of periodic solutions. At last, applying the global Hopf bifurcation
theorem of Wu, we know system (1.4) has at least one positive periodic solution for τ > τ1. Moreover, we
also give µ2 that determines the direction of local Hopf bifurcation and β2 that determines the stability of
bifurcating periodic solutions by the center manifold theorem and normal form method. It is clear from the
simulation results that our analysis results are reasonable.

Appendix A. The proof of Theorem 2.1

In this Appendix, we investigate the conditions that the unique positive constant steady state of system (1.4)
exists. Positive constant steady states of system (1.4) always satisfy

r

1 + βv
− ru− buv

a+ u2
= 0,

cu2

a+ u2
− v = 0. (A.1)
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Sorting out the above equations, we get

φ(u) = Āu7 + B̄u6 + C̄u5 + D̄u4 + Ēu3 + F̄ u2 + Ḡu+ H̄ = 0, (A.2)

where

Ā = −r(1 + cβ), B̄ = r, C̄ = −ar(3 + 2cβ)− bc(1 + cβ), D̄ = 3ar,

Ē = −a2r(3 + cβ)− abc, F̄ = 3a2r, Ḡ = −a3r, H̄ = a3r.

Obviously, the unique positive constant steady state E∗(u∗, v∗) of system (1.4) exists if and only if equation
(A.2) have one positive root. Moreover, thanks to φ(+∞) = −∞ and φ(0) = H̄ > 0, if φ(u) is a monotonically
decreasing function, then there is only one positive root for φ(u) = 0.

It follows from equation (A.2) that

φ′(u) = 7Āu6 + 6B̄u5 + 5C̄u4 + 4D̄u3 + 3Ēu2 + 2F̄ u+ Ḡ,

φ
′′
(u) = 2(21Āu5 + 15B̄u4 + 10C̄u3 + 6D̄u2 + 3Ēu+ F̄ ),

φ(3)(u) = 6(35Āu4 + 20B̄u3 + 10C̄u2 + 4D̄u+ Ē),

φ(4)(u) = 24(35Āu3 + 15B̄u2 + 5C̄u+ D̄),

φ(5)(u) = 120(21Āu2 + 6B̄u+ C̄).

(A.3)

First of all, the discriminant ∆ = 36B̄2 − 84ĀC̄ has two cases as follows.

Case 1: ∆ > 0

When ∆ > 0, φ(5)(u) = 0 has two positive roots,

u±1 =
−3B̄ ±

√
9B̄2 − 21ĀC̄

21Ā
,

where u+1 < u−1 . Therefore, φ
(4)(u) is decreasing monotonically in (0, u+1 ) ∪ (u−1 ,+∞) and increasing monoton-

ically in [u+1 , u
−
1 ], then we have the following results:

(i) If φ(4)(u+1 ) ≥ 0, then φ(4)(u) = 0 exists at least a positive root u12, where u
1
2 > u−1 .

(ii) If φ(4)(u+1 ) < 0 and φ(4)(u−1 ) > 0, then φ(4)(u) = 0 exists three positive roots u22, u
3
2 and u42, where

u22 < u32 < u42.
(iii) If φ(4)(u−1 ) ≤ 0, then φ(4)(u) = 0 exists at least a positive root u52, where u

5
2 < u+1 .

The analysis of (i) and (iii) is similar. For (i) (respectively, (iii)), φ(3)(u) increases in (0, u12] (respectively,
(0, u52]) and decreases in (u12,+∞) (respectively, (u52,+∞)). Then for φ(3)(u), there exist the analytical results
(a1) and (a2).

(a1) Suppose φ(3)(u12) ≤ 0 or φ(3)(u52) ≤ 0, then φ′′(u) is a monotonically decreasing function and φ′′(u) = 0
has a positive root u14. Hence, φ

′
(u) first increases monotonically and then decreases monotonically. As a result,

when φ′(u14) ≤ 0, then φ′(u) ≤ 0, which implies φ(u) is monotonically decreasing for all u > 0. When φ′(u14) > 0,
then φ′(u) = 0 has two positive roots u15 and u25, where u

1
5 < u25, which implies φ(u) is monotonically decreasing

in (0, u15) ∪ (u25,+∞) and increasing in [u15, u
2
5]. Only φ(u15) > 0 or φ(u25) < 0 holds, φ(u) = 0 has one positive

root.
(a2) Suppose φ(3)(u12) > 0 or φ(3)(u52) > 0, then φ(3)(u) = 0 has two positive roots u13 and u23, where u

1
3 < u23.

Therefore, φ′′(u) is a monotonically decreasing function for u ∈ (0, u13) ∪ (u23,+∞) and increasing function for
u ∈ [u13, u

2
3]. Then, the analysis results (b1) ,(b2) and (b3) of φ

′′
(u) are shown below:
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(b1) If φ
′′
(u13) ≥ 0, then φ

′
(u) = 0 has at least a positive root u24, where u

2
4 > u23.

(b2) If φ
′′
(u13) < 0 and φ

′′
(u23) > 0, then φ′(u) = 0 has three positive roots u34, u

4
4 and u54, where u

3
4 < u44 < u54.

(b3) If φ
′′
(u23) ≤ 0, then φ

′
(u) = 0 has at least a positive root u64, where u

6
4 < u13.

On the one hand, for (b1) (respectively, (b3)), φ′(u) is increasing monotonically for 0 < u ≤ u24 (respectively,
0 < u ≤ u64) and decreasing monotonically for u > u24 (respectively, u > u64). Now assuming φ′(u24) ≤ 0 or
φ′(u64) ≤ 0, φ(u) is a decreasing function for u ∈ R+. Assuming φ′(u24) > 0 or φ′(u64) > 0, there are two positive
roots u35 < u45 for φ′(u) = 0, which means φ(u) first decreases in (0, u35)∪ (u45,+∞) and then increases in [u35, u

4
5].

By analysing, we know φ(u) = 0 exists a positive root if φ(u35) > 0 or φ(u45) < 0. On the other hand, for (b2),
we have the five results: Firstly, suppose φ′(u44) ≥ 0, then φ(u) decreases in (0, u55) ∪ (u65,+∞) and increases
in [u55, u

6
5], where u

5
5 and u65 are positive roots of φ

′
(u) = 0. Obviously, φ(u) = 0 has a positive root under

assumption φ(u55) > 0 or φ(u65) < 0. Secondly, suppose φ′(u34) > 0, φ′(u44) < 0 and φ′(u54) > 0, then φ′(u) = 0
has four positive roots u75, u

8
5, u

9
5 and u105 , where u75 < u85 < u95 < u105 . It is easy to see that φ(u) is decreasing

monotonically in (0, u75) ∪ (u85, u
9
5) ∪ (u105 ,+∞) and increasing monotonically in [u75, u

8
5] ∪ [u95, u

10
5 ]. Hence, if A1

or A2 is satisfied, then φ(u) = 0 exists a positive root, where A1 = {φ(u75) > 0, φ(u95) > 0 or φ(u105 ) < 0} and
A2 = {φ(u85) < 0, φ(u105 ) < 0}. Thirdly, suppose φ′(u34) ≤ 0 and φ′(u54) > 0, there are at least two positive roots
u115 and u125 for φ

′
(u) = 0, where u34 < u115 < u125 . Through analysis, we obtain φ(u) = 0 has a positive root if

and only if φ(u115 ) > 0 or φ(u125 ) < 0 holds. Fourthly, suppose φ′(u34) > 0 and φ′(u54) ≤ 0, then φ′(u) = 0 has
at least two positive roots u135 < u145 on the left-side of u54. Similarly, if φ(u135 ) > 0 or φ(u145 ) < 0, then there is
a positive root for φ(u) = 0. Fifthly, suppose φ′(u34) ≤ 0 and φ′(u54) ≤ 0, then φ(u) is a monotonic decreasing
function for all u > 0.

For (ii), φ(3)(u) is a monotonic increasing function for u ∈ (0, u22) ∪ (u32, u
4
2) and decreasing function for

u ∈ [u22, u
3
2] ∪ [u42,+∞). Based on analysis, we obtain the following results:

(c1) Supposing φ(3)(u22) > 0 and φ(3)(u32) ≥ 0, then there are at least two positive roots u33 and u
4
3 in φ

(3)(u) = 0,
where u33 < u32 < u43.

(c2) Supposing φ(3)(u22) > 0, φ(3)(u32) < 0 and φ(3)(u42) > 0, then there are four positive roots u53, u
6
3, u

7
3 and

u83 in φ(3)(u) = 0, where u53 < u63 < u73 < u83.
(c3) Supposing φ(3)(u22) > 0, φ(3)(u32) < 0 and φ(3)(u42) ≤ 0, then there are at least two positive roots u93 and

u103 in φ(3)(u) = 0, where u93 < u103 < u42.
(c4) Supposing φ(3)(u22) ≤ 0 and φ(3)(u42) > 0, then there are at least two positive roots u113 and u123 in φ(3)(u) =

0, where u22 < u113 < u123 .
(c5) Supposing φ(3)(u22) ≤ 0 and φ(3)(u42) ≤ 0, then φ(3)(u) ≤ 0, which means φ

′′
(u) is decreasing monotonically

in R+.

Because the analysis processes of (c1), (c3) and (c4) are similar, we can just analyze one case. For (c1), we
have the following results:

(d1) If φ
′′
(u33) ≥ 0, then φ

′′
(u) = 0 exists at least one positive root u74 on the right-side of u33, which indicates

φ′(u) first increases for u > u74 and then decreases for u ≤ u74.
(d2) If φ

′′
(u33) < 0 and φ

′′
(u43) > 0, then φ

′′
(u) = 0 exists three positive roots u84, u

9
4 and u

10
4 with u84 < u94 < u104 ,

which indicates φ′(u) first increases for 0 < u < u84 and u94 ≤ u ≤ u104 and then decreases for u84 ≤ u < u94
and u > u104 .

(d3) If φ
′′
(u43) ≤ 0, then φ

′′
(u) = 0 exists at least one positive root u114 on the left-side of u43, which indicates

φ′(u) first increases for u > u114 and then decreases for u ≤ u114 .

Therefore, for (d1) or (d3), if φ′(u74) ≤ 0 or φ′(u114 ) ≤ 0 is satisfied, then φ(u) is monotonic and decreasing for u ∈
R+. If φ

′(u74) > 0 or φ′(u114 ) > 0 is satisfied, then φ′(u) = 0 has two positive roots u155 and u165 , where u155 < u165 .
Then, under assumption φ(u155 ) > 0 or φ(u165 ) < 0, φ(u) = 0 has only one positive root. As for (d2), we can obtain
five possible results: under φ′(u94) ≥ 0, φ(u) is decreasing monotonically in (0, u175 ) ∪ (u185 ,+∞) and increasing
monotonically in [u175 , u

18
5 ], where u175 and u185 are positive roots of φ′(u) = 0 with u175 < u94 < u185 . So φ(u) = 0

has a positive root if φ(u175 ) > 0 or φ(u185 ) < 0. Under φ′(u84) > 0, φ′(u94) < 0 and φ′(u104 ) > 0, φ(u) is decreasing
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monotonically in (0, u195 ) ∪ (u205 , u
21
5 ) ∪ (u225 ,+∞) and increasing monotonically in [u195 , u

20
5 ] ∪ [u215 , u

22
5 ], where

u195 , u205 , u215 and u225 are positive roots of φ′(u) = 0. Thereby, if A3 = {φ(u195 ) > 0, φ(u215 ) > 0 or φ(u225 ) < 0} or
A4 = {φ(u205 ) < 0, φ(u225 ) < 0} holds, there is one positive root for φ(u) = 0. Under φ′(u84) ≤ 0 and φ′(u104 ) > 0,
φ(u) is decreasing monotonically in (0, u235 ) ∪ (u245 ,+∞) and increasing monotonically in [u235 , u

24
5 ], where u235

and u245 are positive roots of φ′(u) = 0 with u84 < u235 < u245 . Then when φ(u235 ) > 0 or φ(u245 ) < 0, there
is one positive root for φ(u) = 0. Under φ′(u84) > 0 and φ′(u104 ) ≤ 0, φ(u) is decreasing monotonically for
u ∈ (0, u255 )∪ (u265 ,+∞) and increasing monotonically for u ∈ [u255 , u

26
5 ], where u255 and u265 are positive roots of

φ′(u) = 0 and u255 < u265 < u104 . Similarly, under φ(u255 ) > 0 or φ(u265 ) < 0, φ(u) = 0 has a positive root. Finally,
under φ′(u84) ≤ 0 and φ′(u104 ) ≤ 0, for all u > 0, φ(u) is monotonic and decreasing.

For (c2), we get the analysis results indicated below:

(e1) If φ
′′
(u53) ≥ 0 and φ

′′
(u73) ≥ 0, then φ

′′
(u) = 0 exists at least one positive root u124 , and u73 < u124 . It implies

that φ′(u) first increases in (0, u124 ) and then decreases in [u124 ,+∞).
(e2) If φ

′′
(u53) ≥ 0, φ

′′
(u73) < 0 and φ

′′
(u83) > 0, then φ

′′
(u) = 0 exists at least three positive roots u134 , u144 and

u154 , and u53 < u134 < u144 < u154 . It implies that φ′(u) increases monotonically in (0, u134 ) ∪ (u144 , u
15
4 ) and

decreases monotonically in [u134 , u
14
4 ] ∪ [u154 ,+∞).

(e3) If φ
′′
(u53) ≥ 0 and φ

′′
(u83) ≤ 0, then φ

′′
(u) = 0 exists at least one positive root u164 , and u53 < u164 < u83. It

implies that φ′(u) first increases in (0, u164 ) and then decreases in [u164 ,+∞).
(e4) If φ

′′
(u53) < 0 and φ

′′
(u73) ≥ 0, then φ

′′
(u) = 0 exists at least three positive roots u174 , u184 and u194 , and

u174 < u184 < u73 < u194 . It implies that φ′(u) increases monotonically in (0, u174 ) ∪ (u184 , u
19
4 ) and decreases

monotonically in [u174 , u
18
4 ] ∪ [u194 ,+∞).

(e5) If φ
′′
(u53) < 0, φ

′′
(u63) > 0, φ

′′
(u73) < 0 and φ

′′
(u83) > 0, then φ

′′
(u) = 0 exists five positive roots u204 ,

u214 , u224 , u234 and u244 , and u204 < u214 < u224 < u234 < u244 . It implies that φ′(u) increases monotonically in
(0, u204 ) ∪ (u214 , u

22
4 ) ∪ (u234 , u

24
4 ) and decreases monotonically in [u204 , u

21
4 ] ∪ [u224 , u

23
4 ] ∪ [u244 ,+∞).

(e6) If φ
′′
(u53) < 0, φ

′′
(u63) > 0 and φ

′′
(u83) ≤ 0, then φ

′′
(u) = 0 exists at least three positive roots u254 , u264 and

u274 , and u254 < u264 < u274 < u83. It implies that φ′(u) increases monotonically in (0, u254 ) ∪ (u264 , u
27
4 ) and

decreases monotonically in [u254 , u
26
4 ] ∪ [u274 ,+∞).

(e7) If φ
′′
(u63) ≤ 0 and φ

′′
(u83) > 0, then φ

′′
(u) = 0 exists at least three positive roots u284 , u294 and u304 , and

u284 < u63 < u294 < u304 . It implies that φ′(u) increases monotonically in (0, u284 ) ∪ (u294 , u
30
4 ) and decreases

monotonically in [u284 , u
29
4 ] ∪ [u304 ,+∞).

(e8) If φ
′′
(u63) ≤ 0 and φ

′′
(u83) ≤ 0, then φ

′′
(u) = 0 exists at least one positive root u314 , and u314 < u63. It implies

that φ′(u) first increases in (0, u314 ) and then decreases in [u314 ,+∞).

Then for (e1) ((e3) or (e8)), assuming φ′(u124 ) ≤ 0 (φ′(u164 ) ≤ 0 or φ′(u314 ) ≤ 0), then φ′(u) ≤ 0, thus φ(u)
is a monotonically decreasing function. Assume φ′(u124 ) > 0 (φ′(u164 ) > 0 or φ′(u314 ) > 0), then φ′(u) = 0 has
two positive roots u275 and u285 , where u275 < u285 . By computation, when φ(u275 ) > 0 or φ(u285 ) < 0, we know
φ(u) = 0 exists only one positive root. Next, the analytical results (f1)–(f5) of (e2), (e4), (e6) and (e7) are shown
below:

(f1) If φ′(u144 ) ≥ 0 (φ′(u184 ) ≥ 0 or φ′(u264 ) ≥ 0 or φ′(u294 ) ≥ 0), then there are positive roots u295 and u305 for
φ′(u) = 0 with u295 < u305 . Then, the equation φ(u) is decreasing monotonically for (0, u295 ) ∪ (u305 ,+∞)
and increasing monotonically in [u295 , u

30
5 ], so φ(u) = 0 has only one positive root under φ(u295 ) > 0 or

φ(u305 ) < 0.
(f2) If B1 = {φ′(u134 ) > 0, φ′(u144 ) < 0, φ′(u154 ) > 0} (B2 = {φ′(u174 ) > 0, φ′(u184 ) < 0, φ′(u194 ) > 0} or B3 =

{φ′(u254 ) > 0, φ′(u264 ) < 0, φ′(u274 ) > 0} or B4 = {φ′(u284 ) > 0, φ′(u294 ) < 0, φ′(u304 ) > 0}), then there are
positive roots u315 , u325 , u335 and u345 for φ′(u) = 0 with u315 < u325 < u335 < u345 . It is easy to see that
φ(u) decreases in (0, u315 ) ∪ (u325 , u

33
5 ) ∪ (u345 ,+∞) and increases in [u315 , u

32
5 ] ∪ [u335 , u

34
5 ]. By analyzing, if

A5 = {φ(u315 ) > 0, φ(u335 ) > 0 or φ(u345 ) < 0} or A6 = {φ(u325 ) < 0, φ(u345 ) < 0} is satisfied, then φ(u) = 0
has only one positive root.
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(f3) If B5 = {φ′(u134 ) ≤ 0, φ′(u154 ) > 0} (B6 = {φ′(u174 ) ≤ 0, φ′(u194 ) > 0} or B7 = {φ′(u254 ) ≤ 0, φ′(u274 ) > 0}
or B8 = {φ′(u284 ) ≤ 0, φ′(u304 ) > 0}), then φ′(u) = 0 has at least two positive roots u355 and u365 , where
u355 < u365 . Similar to (f1), when φ(u355 ) > 0 or φ(u365 ) < 0, there is only one positive root for φ(u) = 0.

(f4) If B9 = {φ′(u134 ) > 0, φ′(u154 ) ≤ 0} (B10 = {φ′(u174 ) > 0, φ′(u194 ) ≤ 0} or B11 = {φ′(u254 ) > 0, φ′(u274 ) ≤ 0}
or B12 = {φ′(u284 ) > 0, φ′(u304 ) ≤ 0}), then φ′(u) = 0 has at least two positive roots u375 and u385 ,
where u375 < u385 . Similar to (f1), under φ(u375 ) > 0 or φ(u385 ) < 0, φ(u) = 0 has only one positive
root.

(f5) If B13 = {φ′(u134 ) ≤ 0, φ′(u154 ) ≤ 0} (B14 = {φ′(u174 ) ≤ 0, φ′(u194 ) ≤ 0} or B15 = {φ′(u254 ) ≤ 0, φ′(u274 ) ≤ 0}
or B16 = {φ′(u284 ) ≤ 0, φ′(u304 ) ≤ 0}), the equation φ(u) = 0 decreases monotonically for all u > 0.

As for (e5), the analysis results are as follow:

(g1) Assume φ′(u214 ) ≥ 0 and φ′(u234 ) ≥ 0, then there are at least two positive roots u395 and u405 for φ
′
(u) = 0,

where u395 < u405 . Hence, φ(u) decreases monotonically in (0, u395 )∪ (u405 ,+∞) and increases monotonically
in [u395 , u

40
5 ]. Consequently, if φ(u395 ) > 0 or φ(u405 ) < 0, then there is only one positive root for φ(u) = 0.

(g2) Assume φ
′
(u214 ) ≥ 0, φ′(u234 ) < 0 and φ

′
(u244 ) > 0, then there are at least four positive roots u415 ,

u425 , u435 and u445 for φ
′
(u) = 0, where u415 < u425 < u435 < u445 . Hence, φ(u) decreases monotonically

in (0, u415 ) ∪ (u425 , u
43
5 ) ∪ (u445 ,+∞) and increases monotonically in [u415 , u

42
5 ] ∪ [u435 , u

44
5 ]. Consequently,

if A7 = {φ(u415 ) > 0, φ(u435 ) > 0 or φ(u445 ) < 0} or A8 = {φ(u425 ) < 0, φ(u445 ) < 0}, then there is only one
positive root for φ(u) = 0.

(g3) Assume φ
′
(u214 ) ≥ 0 and φ

′
(u244 ) ≤ 0, then there are at least two positive roots u455 and u465 for φ

′
(u) = 0,

where u455 < u465 . Similar to (g1), if φ(u455 ) > 0 or φ(u465 ) < 0, then there is only one positive root for
φ(u) = 0.

(g4) Assume φ
′
(u204 ) > 0, φ′(u214 ) < 0 and φ

′
(u234 ) ≥ 0, then there are at least four positive roots u475 , u485 ,

u495 and u505 for φ
′
(u) = 0, where u475 < u485 < u495 < u505 . Similar to (g2), if A9 = {φ(u475 ) > 0, φ(u495 ) >

0 or φ(u505 ) < 0} or A10 = {φ(u485 ) < 0, φ(u505 ) < 0}, then there is only one positive root for φ(u) = 0.
(g5) Assume φ

′
(u204 ) > 0, φ′(u214 ) < 0, φ′(u224 ) > 0, φ′(u234 ) < 0 and φ

′
(u244 ) > 0, then there are six positive

roots u515 , u525 , u535 , u545 , u555 and u565 for φ
′
(u) = 0, where u515 < u525 < u535 < u545 < u555 < u565 . Hence, φ(u)

decreases monotonically in (0, u515 ) ∪ (u525 , u
53
5 ) ∪ (u545 , u

55
5 ) ∪ (u565 ,+∞) and increases monotonically in

[u515 , u
52
5 ]∪ [u535 , u

54
5 ]∪ [u555 , u

56
5 ]. Consequently, ifA11 = {φ(u515 ) > 0, φ(u535 ) > 0, φ(u555 ) > 0 or φ(u565 ) < 0}

or A12 = {φ(u515 ) > 0 or φ(u525 ) < 0, φ(u545 ) < 0, φ(u565 ) < 0}, then there is only one positive root for
φ(u) = 0.

(g6) Assume φ
′
(u204 ) > 0, φ′(u214 ) < 0, φ′(u224 ) > 0 and φ

′
(u244 ) ≤ 0, then there are at least four positive roots

u575 , u585 , u595 and u605 for φ
′
(u) = 0, where u575 < u585 < u595 < u605 . Similar to (g2), if A13 = {φ(u575 ) >

0, φ(u595 ) > 0 or φ(u605 ) < 0} or A14 = {φ(u585 ) < 0, φ(u605 ) < 0}, then there is only one positive root for
φ(u) = 0.

(g7) Assume φ
′
(u204 ) > 0, φ′(u224 ) ≤ 0 and φ

′
(u244 ) > 0, then there are at least four positive roots u615 , u625 ,

u635 and u645 for φ
′
(u) = 0, where u615 < u625 < u635 < u645 . Similar to (g2), if A15 = {φ(u615 ) > 0, φ(u635 ) >

0 or φ(u645 ) < 0} or A16 = {φ(u625 ) < 0, φ(u645 ) < 0}, then there is only one positive root for φ(u) = 0.
(g8) Assume φ

′
(u204 ) > 0, φ′(u224 ) ≤ 0 and φ

′
(u244 ) ≤ 0, then there are at least two positive roots u655 and u665

for φ
′
(u) = 0, where u655 < u665 . Similar to (g1), if φ(u655 ) > 0 or φ(u665 ) < 0, then there is only one positive

root for φ(u) = 0.
(g9) Assume φ

′
(u204 ) ≤ 0 and φ′(u234 ) ≥ 0, then there are at least two positive roots u675 and u685 for φ

′
(u) = 0,

where u675 < u685 . Similar to (g1), if φ(u675 ) > 0 or φ(u685 ) < 0, then there is only one positive root for
φ(u) = 0.

(g10) Assume φ
′
(u204 ) ≤ 0, φ′(u224 ) > 0, φ′(u234 ) < 0 and φ

′
(u244 ) > 0, then there are at least four positive roots

u695 , u705 , u715 and u725 for φ
′
(u) = 0, where u695 < u705 < u715 < u725 . Similar to (g2), if A17 = {φ(u695 ) >

0, φ(u715 ) > 0 or φ(u725 ) < 0} or A18 = {φ(u705 ) < 0, φ(u725 ) < 0}, then there is only one positive root for
φ(u) = 0.
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(g11) Assume φ
′
(u204 ) ≤ 0, φ′(u224 ) > 0 and φ

′
(u244 ) ≤ 0, then there are at least two positive roots u735 and u745

for φ
′
(u) = 0, where u735 < u745 . Similar to (g1), if φ(u735 ) > 0 or φ(u745 ) < 0, then there is only one positive

root for φ(u) = 0.
(g12) Assume φ

′
(u204 ) ≤ 0, φ′(u224 ) ≤ 0 and φ

′
(u244 ) > 0, then there are at least two positive roots u755 and u765

for φ
′
(u) = 0, where u755 < u765 . Similar to (g1), if φ(u755 ) > 0 or φ(u765 ) < 0, then there is only one positive

root for φ(u) = 0.
(g13) Assume φ

′
(u204 ) ≤ 0, φ′(u224 ) ≤ 0 and φ

′
(u244 ) ≤ 0, then φ(u) is decreasing monotonically in R+.

For (c5), φ
′′
(u) = 0 has one positive root u324 . Then under assumption φ′(u324 ) ≤ 0, φ(u) is decreasing

monotonically for all u > 0. Under assumption φ′(u324 ) > 0, φ′(u) = 0 has two positive roots u775 and u785 with
u775 < u785 . Similarly, when φ(u775 ) > 0 or φ(u785 ) < 0, φ(u) = 0 has a unique positive root.

Case 2: ∆ ≤ 0

If ∆ ≤ 0 holds, then φ(5)(u) ≤ 0, which means that φ(4)(u) is decreasing and monotonous for any u > 0.
There are φ(4)(u) > 0 in (0, u62) and φ

(4)(u) ≤ 0 in [u62,+∞), where u62 is positive root of φ(4)(u) = 0. The fact
shows φ(3)(u) first increases monotonically and then decreases monotonically. Then, the analysis of φ(3)(u) is
as follow: Suppose φ(3)(u62) ≤ 0, then φ

′′
(u) is a monotone decreasing function. By now, there is one positive

root u334 in the equation φ
′′
(u) = 0. Then if φ′(u334 ) ≤ 0 holds, then φ(u) is decreasing and monotonic in

R+. If φ
′(u334 ) > 0 holds, then φ′(u) = 0 has two positive roots u795 and u805 , where u795 < u805 . Obviously,

φ(u) increases monotonically in [u795 , u
80
5 ] and decreases monotonically in (0, u795 ) ∪ (u805 ,+∞). Therefore, when

φ(u795 ) > 0 or φ(u805 ) < 0 is satisfied, φ(u) = 0 has only one positive root. Suppose φ(3)(u62) > 0, then φ
′′
(u)

is a monotone decreasing function in (0, u133 ) ∪ (u143 ,+∞) and increasing function in [u133 , u
14
3 ]. After that, for

φ
′′
(u), the following results are indicated below:

(h1) When φ
′′
(u133 ) ≥ 0, φ

′′
(u) = 0 exists at least one positive root u344 , where u344 > u133 . Then, φ

′′
(u) increases

monotonically in (0, u344 ) and decreases monotonically in [u344 ,+∞).
(h2) When φ

′′
(u133 ) < 0 and φ

′′
(u143 ) > 0, φ

′′
(u) = 0 exists three positive roots u354 , u364 and u374 , where u354 <

u364 < u374 . Then, φ
′′
(u) increases monotonically in (0, u354 ) ∪ (u365 , u

37
4 ) and decreases monotonically in

[u354 , u
36
4 ] ∪ [u374 ,+∞).

(h3) When φ
′′
(u143 ) ≤ 0, φ

′′
(u) = 0 exists at least one positive root u384 , where u384 < u143 . Then, φ

′′
(u) increases

monotonically in (0, u384 ) and decreases monotonically in [u384 ,+∞).

For (h1) or (h3), if φ′(u344 ) ≤ 0 or φ′(u384 ) ≤ 0 holds, then φ(u) decreases and monotonic for all u > 0. If
φ′(u344 ) > 0 or φ′(u384 ) > 0 holds, then φ′(u) = 0 has two positive roots u815 and u825 , where u815 < u825 . It is clear
to obtain that φ(u) is decreasing monotonically for 0 < u < u815 and u > u825 and increasing monotonically for
u815 ≤ u ≤ u825 . Consequently, there is one unique positive root for φ(u) = 0 under φ(u815 ) > 0 or φ(u825 ) < 0. In
the end, for (h2), we have

(l1) If φ′(u364 ) ≥ 0, then φ′(u) = 0 has at least two positive roots u835 and u845 with u835 < u364 < u845 . Obviously,
φ(u) decreases monotonically for (0, u835 ) ∪ (u845 ,+∞) and increases monotonically for [u835 , u

84
5 ]. Hence,

under assumption φ(u835 ) > 0 or φ(u845 ) < 0, φ(u) = 0 has a unique positive root.
(l2) If φ′(u354 ) > 0, φ′(u364 ) < 0 and φ′(u374 ) > 0, then φ′(u) = 0 has four positive roots u855 , u865 , u875 and

u885 with u855 < u865 < u875 < u885 . Obviously, φ(u) decreases monotonically for (0, u855 ) ∪ (u865 , u
87
5 ) ∪

(u885 ,+∞) and increases monotonically for [u855 , u
86
5 ]∪ [u875 , u

88
5 ]. Hence, under assumption A19 = {φ(u855 ) >

0, φ(u875 ) > 0 or φ(u885 ) < 0} or A20 = {φ(u865 ) < 0, φ(u885 ) < 0}, φ(u) = 0 has a unique positive root.
(l3) If φ′(u354 ) > 0 and φ′(u374 ) ≤ 0, then φ′(u) = 0 has at least two positive roots u895 and u905 with u895 < u905 <

u374 . Similar to (l1), under assumption φ(u895 ) > 0 or φ(u905 ) < 0, φ(u) = 0 has a unique positive root.
(l4) If φ′(u354 ) ≤ 0 and φ′(u374 ) > 0, then φ′(u) = 0 has at least two positive roots u915 and u925 with u354 < u915 <

u925 . Similar to (l1), under assumption φ(u915 ) > 0 or φ(u925 ) < 0, φ(u) = 0 has a unique positive root.
(l5) If φ′(u354 ) ≤ 0 and φ′(u374 ) ≤ 0, then φ(u) is a monotonic decreasing function in R+.
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In order to facilitate, the above analysis can be summarized as: when (H0) is satisfied, system (1.4) has one
unique positive constant steady state E∗(u∗, v∗), where
(H0): any one of the conditions (1)–(19) holds,

(1) ∆ > 0, {φ(4)(u+1 ) ≥ 0, φ(3)(u12) ≤ 0} or {φ(4)(u−1 ) ≤ 0, φ(3)(u52) ≤ 0}, φ′(u14) ≤ 0 or {φ′(u14) > 0, φ(u15) > 0
or φ(u25) < 0};

(2) ∆ > 0, {φ(4)(u+1 ) ≥ 0, φ(3)(u12) > 0} or {φ(4)(u−1 ) ≤ 0, φ(3)(u52) > 0}, {φ′′
(u13) ≥ 0, φ

′
(u24) ≤ 0} or

{φ′′
(u23) ≤ 0, φ

′
(u64) ≤ 0} or {φ′′

(u13) ≥ 0, φ
′
(u24) > 0, φ(u35) > 0 or φ(u45) < 0} or {φ′′

(u23) ≤ 0, φ
′
(u64) > 0,

φ(u35) > 0 or φ(u45) < 0};
(3) ∆ > 0, {φ(4)(u+1 ) ≥ 0, φ(3)(u12) > 0} or {φ(4)(u−1 ) ≤ 0, φ(3)(u52) > 0}, φ′′

(u13) < 0, φ
′′
(u23) > 0, {φ′(u44) ≥

0, φ(u55) > 0 or φ(u65) < 0} or {φ′(u34) > 0, φ′(u44) < 0, φ′(u54) > 0, A1 or A2} or {φ′(u34) ≤ 0, φ′(u54) > 0,
φ(u115 ) > 0 or φ(u125 ) < 0} or {φ′(u34) > 0, φ′(u54) ≤ 0, φ(u135 ) > 0 or φ(u145 ) < 0} or {φ′(u34) ≤ 0, φ′(u54) ≤
0};

(4) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, {φ(3)(u22) > 0, φ(3)(u32) ≥ 0, φ
′′
(u33) ≥ 0} or {φ(3)(u22) > 0, φ(3)(u32) <

0, φ(3)(u42) ≤ 0, φ
′′
(u93) ≥ 0} or {φ(3)(u22) ≤ 0, φ(3)(u42) > 0, φ

′′
(u113 ) ≥ 0}, φ′(u74) ≤ 0 or {φ′

(u74) > 0,
φ(u155 ) > 0 or φ(u165 ) < 0};

(5) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, {φ(3)(u22) > 0, φ(3)(u32) ≥ 0, φ
′′
(u43) ≤ 0} or {φ(3)(u22) > 0, φ(3)(u32) <

0, φ(3)(u42) ≤ 0, φ
′′
(u103 ) ≤ 0} or {φ(3)(u22) ≤ 0, φ(3)(u42) > 0, φ

′′
(u123 ) ≤ 0}, φ′(u114 ) ≤ 0 or {φ′

(u114 ) > 0,
φ(u155 ) > 0 or φ(u165 ) < 0};

(6) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, {φ(3)(u22) > 0, φ(3)(u32) ≥ 0, φ
′′
(u33) < 0, φ

′′
(u43) > 0} or {φ(3)(u22) >

0, φ(3)(u32) < 0, φ(3)(u42) ≤ 0, φ
′′
(u93) < 0, φ

′′
(u103 ) > 0} or {φ(3)(u22) ≤ 0, φ(3)(u42) > 0, φ

′′
(u113 ) < 0,

φ
′′
(u123 ) > 0}, {φ′(u94) ≥ 0, φ(u175 ) > 0 or φ(u185 ) < 0} or {φ′

(u84) > 0, φ
′
(u94) < 0, φ

′
(u104 ) > 0, A3 or

A4} or {φ′
(u84) ≤ 0, φ

′
(u104 ) > 0, φ(u235 ) > 0 or φ(u245 ) < 0} or {φ′

(u84) > 0, φ
′
(u104 ) ≤ 0, φ(u255 ) > 0 or

φ(u265 ) < 0} or {φ′
(u84) ≤ 0, φ

′
(u104 ) ≤ 0};

(7) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′
(u53) ≥ 0, φ

′′
(u73) ≥ 0,

φ
′
(u124 ) ≤ 0} or {φ′′

(u53) ≥ 0, φ
′′
(u83) ≤ 0, φ

′
(u164 ) ≤ 0} or {φ′′

(u63) ≤ 0, φ
′′
(u83) ≤ 0, φ

′
(u314 ) ≤ 0};

(8) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′
(u53) ≥ 0, φ

′′
(u73) ≥

0, φ
′
(u124 ) > 0} or {φ′′

(u53) ≥ 0, φ
′′
(u83) ≤ 0, φ

′
(u164 ) > 0} or {φ′′

(u63) ≤ 0, φ
′′
(u83) ≤ 0, φ

′
(u314 ) > 0},

φ(u275 ) > 0 or φ(u285 ) < 0;
(9) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′

(u53) ≥ 0, φ
′′
(u73) < 0,

φ
′′
(u83) > 0, φ′(u144 ) ≥ 0} or {φ′′

(u53) < 0, φ
′′
(u73) ≥ 0, φ′(u184 ) ≥ 0} or {φ′′

(u53) < 0, φ
′′
(u63) > 0, φ

′′
(u83) ≤

0, φ′(u264 ) ≥ 0} or {φ′′
(u63) ≤ 0, φ

′′
(u83) > 0, φ′(u294 ) ≥ 0}, φ(u295 ) > 0 or φ(u305 ) < 0;

(10) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′
(u53) ≥ 0, φ

′′
(u73) < 0,

φ
′′
(u83) > 0, B1} or {φ′′

(u53) < 0, φ
′′
(u73) ≥ 0, B2} or {φ′′

(u53) < 0, φ
′′
(u63) > 0, φ

′′
(u83) ≤ 0, B3} or

{φ′′
(u63) ≤ 0, φ

′′
(u83) > 0, B4}, A5 or A6;

(11) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′
(u53) ≥ 0, φ

′′
(u73) < 0,

φ
′′
(u83) > 0, B5} or {φ′′

(u53) < 0, φ
′′
(u73) ≥ 0, B6} or {φ′′

(u53) < 0, φ
′′
(u63) > 0, φ

′′
(u83) ≤ 0, B7} or

{φ′′
(u63) ≤ 0, φ

′′
(u83) > 0, B8}, φ(u355 ) > 0 or φ(u365 ) < 0;

(12) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′
(u53) ≥ 0, φ

′′
(u73) < 0,

φ
′′
(u83) > 0, B9} or {φ′′

(u53) < 0, φ
′′
(u73) ≥ 0, B10} or {φ′′

(u53) < 0, φ
′′
(u63) > 0, φ

′′
(u83) ≤ 0, B11} or

{φ′′
(u63) ≤ 0, φ

′′
(u83) > 0, B12}, φ(u375 ) > 0 or φ(u385 ) < 0;

(13) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, {φ′′
(u53) ≥ 0, φ

′′
(u73) < 0,

φ
′′
(u83) > 0, B13} or {φ′′

(u53) < 0, φ
′′
(u73) ≥ 0, B14} or {φ′′

(u53) < 0, φ
′′
(u63) > 0, φ

′′
(u83) ≤ 0, B15} or

{φ′′
(u63) ≤ 0, φ

′′
(u83) > 0, B16};

(14) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) > 0, φ(3)(u32) < 0, φ(3)(u42) > 0, φ
′′
(u53) < 0, φ

′′
(u63) > 0,

φ
′′
(u73) < 0, φ

′′
(u83) > 0, {φ′(u214 ) ≥ 0, φ′(u234 ) ≥ 0, φ(u395 ) > 0 or φ(u405 ) < 0} or {φ′(u214 ) ≥ 0, φ′(u234 ) < 0,

φ′(u244 ) > 0, A7 or A8} or {φ′(u214 ) ≥ 0, φ′(u244 ) ≤ 0, φ(u455 ) > 0 or φ(u465 ) < 0} or {φ′(u204 ) > 0, φ′(u214 ) <
0, φ′(u234 ) ≥ 0, A9 or A10} or {φ′

(u204 ) > 0, φ′(u214 ) < 0, φ′(u224 ) > 0, φ′(u234 ) < 0, φ
′
(u244 ) > 0, A11 or A12}

or {φ′
(u204 ) > 0, φ′(u214 ) < 0, φ′(u224 ) > 0, φ

′
(u244 ) ≤ 0, A13 or A14} or {φ

′
(u204 ) > 0, φ′(u224 ) ≤ 0, φ

′
(u244 ) >
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0, A15 or A16} or {φ′
(u204 ) > 0, φ′(u224 ) ≤ 0, φ

′
(u244 ) ≤ 0, φ(u655 ) > 0 or φ(u665 ) < 0} or {φ′

(u204 ) ≤ 0,
φ

′
(u234 ) ≥ 0, φ(u675 ) > 0 or φ(u685 ) < 0} or {φ′

(u204 ) ≤ 0, φ′(u224 ) > 0, φ
′
(u234 ) < 0, φ′(u244 ) > 0, A17 or

A18} or {φ′
(u204 ) ≤ 0, φ′(u224 ) > 0, φ

′
(u244 ) ≤ 0, φ(u735 ) > 0 or φ(u745 ) < 0} or {φ′

(u204 ) ≤ 0, φ′(u224 ) ≤ 0,
φ

′
(u244 ) > 0, φ(u755 ) > 0 or φ(u765 ) < 0} or {φ′

(u204 ) ≤ 0, φ′(u224 ) ≤ 0, φ
′
(u244 ) ≤ 0};

(15) ∆ > 0, φ(4)(u+1 ) < 0, φ(4)(u−1 ) > 0, φ(3)(u22) ≤ 0, φ(3)(u42) ≤ 0, φ′(u324 ) ≤ 0 or {φ′(u324 ) > 0, φ(u775 ) > 0 or
φ(u785 ) < 0};

(16) ∆ ≤ 0, φ(3)(u62) ≤ 0, φ
′
(u334 ) ≤ 0 or {φ′

(u334 ) > 0, φ(u795 ) > 0 or φ(u805 ) < 0};
(17) ∆ ≤ 0, φ(3)(u62) > 0, {φ′′

(u133 ) ≥ 0, φ′(u344 ) ≤ 0} or {φ′′
(u143 ) ≤ 0, φ′(u384 ) ≤ 0};

(18) ∆ ≤ 0, φ(3)(u62) > 0, {φ′′
(u133 ) ≥ 0, φ′(u344 ) > 0} or {φ′′

(u143 ) ≤ 0, φ′(u384 ) > 0}, φ(u815 ) > 0 or φ(u825 ) < 0;
(19) ∆ ≤ 0, φ(3)(u62) > 0, φ

′′
(u133 ) < 0, φ

′′
(u143 ) > 0, {φ′

(u364 ) ≥ 0, φ(u835 ) > 0 or φ(u845 ) < 0} or {φ′
(u354 ) >

0, φ
′
(u364 ) < 0, φ

′
(u374 ) > 0, A19 or A20} or {φ′

(u354 ) > 0, φ
′
(u374 ) ≤ 0, φ(u895 ) > 0 or φ(u905 ) < 0} or

{φ′
(u354 ) ≤ 0, φ

′
(u374 ) > 0, φ(u915 ) > 0 or φ(u925 ) < 0} or {φ′

(u354 ) ≤ 0, φ
′
(u374 ) ≤ 0},

with

A1 = {φ(u75) > 0, φ(u95) > 0 or φ(u105 ) < 0}, A2 = {φ(u85) < 0, φ(u105 ) < 0},
A3 = {φ(u195 ) > 0, φ(u215 ) > 0 or φ(u225 ) < 0}, A4 = {φ(u205 ) < 0, φ(u225 ) < 0},
A5 = {φ(u315 ) > 0, φ(u335 ) > 0 or φ(u345 ) < 0}, A6 = {φ(u325 ) < 0, φ(u345 ) < 0},
A7 = {φ(u415 ) > 0, φ(u435 ) > 0 or φ(u445 ) < 0}, A8 = {φ(u425 ) < 0, φ(u445 ) < 0},
A9 = {φ(u475 ) > 0, φ(u495 ) > 0 or φ(u505 ) < 0}, A10 = {φ(u485 ) < 0, φ(u505 ) < 0},
A11 = {φ(u515 ) > 0, φ(u535 ) > 0, φ(u555 ) > 0 or φ(u565 ) < 0},
A12 = {φ(u515 ) > 0 or φ(u525 ) < 0, φ(u545 ) < 0, φ(u565 ) < 0},
A13 = {φ(u575 ) > 0, φ(u595 ) > 0 or φ(u605 ) < 0}, A14 = {φ(u585 ) < 0, φ(u605 ) < 0},
A15 = {φ(u615 ) > 0, φ(u635 ) > 0 or φ(u645 ) < 0}, A16 = {φ(u625 ) < 0, φ(u645 ) < 0},
A17 = {φ(u695 ) > 0, φ(u715 ) > 0 or φ(u725 ) < 0}, A18 = {φ(u705 ) < 0, φ(u725 ) < 0},
A19 = {φ(u855 ) > 0, φ(u875 ) > 0 or φ(u885 ) < 0}, A20 = {φ(u865 ) < 0, φ(u885 ) < 0},
B1 = {φ′(u134 ) > 0, φ′(u144 ) < 0, φ′(u154 ) > 0}, B2 = {φ′(u174 ) > 0, φ′(u184 ) < 0, φ′(u194 ) > 0},
B3 = {φ′(u254 ) > 0, φ′(u264 ) < 0, φ′(u274 ) > 0}, B4 = {φ′(u284 ) > 0, φ′(u294 ) < 0, φ′(u304 ) > 0},
B5 = {φ′(u134 ) ≤ 0, φ′(u154 ) > 0}, B6 = {φ′(u174 ) ≤ 0, φ′(u194 ) > 0},
B7 = {φ′(u254 ) ≤ 0, φ′(u274 ) > 0}, B8 = {φ′(u284 ) ≤ 0, φ′(u304 ) > 0},
B9 = {φ′(u134 ) > 0, φ′(u154 ) ≤ 0}, B10 = {φ′(u174 ) > 0, φ′(u194 ) ≤ 0},
B11 = {φ′(u254 ) > 0, φ′(u274 ) ≤ 0}, B12 = {φ′(u284 ) > 0, φ′(u304 ) ≤ 0},
B13 = {φ′(u134 ) ≤ 0, φ′(u154 ) ≤ 0}, B14 = {φ′(u174 ) ≤ 0, φ′(u194 ) ≤ 0},
B15 = {φ′(u254 ) ≤ 0, φ′(u274 ) ≤ 0}, B16 = {φ′(u284 ) ≤ 0, φ′(u304 ) ≤ 0}.

Appendix B. The direction and stability of local
Hopf bifurcation

In this Appendix, we study the direction of local Hopf bifurcation and the stability of bifurcating periodic
solutions by applying the center manifold theorem and normal form method [34, 44] for partial differential
equations with time delay.
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Let ū(x, t̄) = u(x, τt), v̄(x, t̄) = v(x, τt), and t̄ = t
τ . After dropping the bar, system (1.4) can become


∂u

∂t
= d1τ∆u+ τ

(
r

1 + βv
u− ru2 − bu2v

a+ u2

)
,

∂v

∂t
= d2τ∆v + τ

(
cu21

a+ u21
v − v2

)
,

(B.1)

where u1 = u(x, t− 1). For convenience, denote τ∗n = τn,j . Let τ = τ∗n + µ, then µ = 0 is the Hopf bifurcation
value of system (B.1). Define U(t) = (u(x, t)− u∗, v(x, t)− v∗)

T , system (B.1) can be written as the following
form in the space C = C([−1, 0], X),

U̇(t) = D̃∆U(t) + Lµ(Ut) + F (µ,Ut), (B.2)

where

D̃ = (τ∗n + µ)D,

Lµ(ϕ) = (τ∗n + µ)(Aϕ(0) +Bϕ(−1)),

F (µ, ϕ) = (τ∗n + µ)



a11ϕ
2
1(0) + a12ϕ1(0)ϕ2(0) + a22ϕ

2
2(0) + a111ϕ

3
1(0)

+ a112ϕ
2
1(0)ϕ2(0) + a122ϕ1(0)ϕ

2
2(0) + a222ϕ

3
2(0)

b22ϕ
2
2(0) + b23ϕ2(0)ϕ1(−1) + b33ϕ

2
1(−1)

+ b233ϕ2(0)ϕ
2
1(−1) + b333ϕ

3
1(−1)

+O(4),

with

a11 = −2r +
2ab(3u2∗ − a)v∗

(a+ u2∗)
3

, a12 = − rβ

(1 + βv∗)2
− 2abu∗

(a+ u2∗)
2
, a22 =

2rβ2u∗
(1 + βv∗)3

,

a111 =
24abu∗(a− u2∗)v∗

(a+ u2∗)
4

, a112 =
2ab(3u2∗ − a)

(a+ u2∗)
3

, a122 =
2rβ2

(1 + βv∗)3
, a222 = − 6rβ3u∗

(1 + βv∗)4
,

b22 = −2, b23 =
2acu∗

(a+ u2∗)
2
, b33 =

2ac(a− 3u2∗)v∗
(a+ u2∗)

3
, b233 =

2ac(a− 3u2∗)

(a+ u2∗)
3

, b333 =
24acu∗(u

2
∗ − a)v∗

(a+ u2∗)
4

.

Then the linear system of equation (B.2) at (0, 0) is

U̇(t) = D̃∆U(t) + Lµ(Ut). (B.3)

By the Riesz representation theorem, there exists a bounded variation function

η(θ, µ) =


− (τ∗n + µ)B, θ = −1,

0, −1 < θ < 0,

− D̃n2

l2
+ (τ∗n + µ)A, θ = 0,

such that

−D̃n
2

l2
ϕ(0) + Lµ(ϕ) =

∫ 0

−1

dη(θ, µ)ϕ(θ), ϕ(θ) ∈ C .
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For ϕ(θ) ∈ C , define

Aµ(ϕ(θ)) =

{
− ϕ̇(θ), θ ∈ [−1, 0],

D̃∆ϕ(0) + Lµ(ϕ), θ = 0,

and for ψ(s) ∈ C ∗ = C([−1, 0], X∗), define the adjoint operator A∗ of A0

A∗(ψ(s)) =


− ψ̇(s), s ∈ (0, 1],∫ 0

−1

dη(s, 0)ψ(−s), s = 0.

Consider the bilinear form

(ψ(s), ϕ(θ)) = ψ̄(0)ϕ(0)−
∫ 0

−1

∫ θ

0

ψ̄(ξ − θ)dη(θ, 0)ϕ(ξ)dξ, ϕ(θ) ∈ C , ψ(s) ∈ C ∗.

From Section 2, it is clear to know ±iωnτ
∗
n are eigenvalues of A0 and A∗, and q(θ) = (q1, q2)

T eiωnτ
∗
nθ and

q∗(s) = κ̄n(q
∗
1 , q

∗
2)e

iωnτ
∗
ns are eigenvectors of A0 and A∗ corresponding to iωnτ

∗
n and −iωnτ

∗
n, respectively, where

(q1, q2)
T =

(
iωn + d2

n2

l2
+ v∗,

2acu∗v∗
(a+ u2∗)

2
e−iωnτ

∗
n

)
,

(q∗1 , q
∗
2) =

(
−iωn + d2

n2

l2
+ v∗,

rβu∗
(1 + βv∗)2

+
bu2∗

a+ u2∗

)
,

κn =

((
iωn + d2

n2

l2
+ v∗

)2

+

(
1 + τ∗n

(
iωn + d2

n2

l2
+ v∗

))
P e−iωnτ

∗
n

)−1

.

Let Φ(θ) = (q(θ), q̄(θ)) and Ψ(s) = (q∗(s), q̄∗(s)), then

(Φ,Ψ) =

(
1 0

0 1

)
.

Define fn = (f1n, f
2
n)

T , where f1n = (γn, 0)
T , f2n = (0, γn)

T and

γn =

1, n = 0,
√
2 cos

nx

l
, n ∈ N.

By applying the notation of Wu [34], we define

c · fn = c1f
1
n + c2f

2
n, c = (c1, c2)

T ∈ C2,

(ψ · fn)θ = ψ(θ) · fn, θ ∈ [−1, 0],

and

⟨u, v⟩ = 1

lπ

∫ lπ

0

u1v1 + u2v2dx, u = (u1, u2), v = (v1, v2) ∈ X,
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thus ⟨ϕ, fn⟩ =
(
⟨ϕ, f1n⟩, ⟨ϕ, f2n⟩

)T
, where ϕ ∈ C . Therefore, we can decompose the space C into

C = PCNC ⊕ PsC , PCNϕ = Φ(Ψ, ⟨ϕ, fn⟩) · fn, ϕ ∈ C .

The computation formula for the direction of local Hopf bifurcation and the stability of periodic solutions is
only associated with µ = 0, so we make µ = 0 for equation (B.2) and in PsC get a center manifold

W (z, z̄) =W20
z2

2
+W11zz̄ +W02

z̄2

2
+ · · · . (B.4)

Then the flow of equation (B.2) can be expressed as

Ut = Φ(z(t), z̄(t))T · fn +W (z, z̄), (B.5)

where

ż(t) =iωnτ
∗
nz(t) + q̄∗(0)

〈
F (0,Φ(z(t), z̄(t))T · fn +W (z, z̄)), fn

〉
=iωnτ

∗
nz(t) + g(z, z̄),

(B.6)

with

g(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄

2
+ · · · . (B.7)

For convenience, denote

Gn
1 = a11q

2
1 + a12q1q2 + a22q

2
2 ;

Gn
2 = b22q

2
2 + b23q1q2e

−iωnτ
∗
n + b33q

2
1e

−2iωnτ
∗
n ;

Hn
1 = 2a11q1q̄1 + a12(q1q̄2 + q̄1q2) + 2a22q2q̄2;

Hn
2 = 2b22q2q̄2 + b23(q1q̄2e

−iωnτ
∗
n + q̄1q2e

iωnτ
∗
n) + 2b33q1q̄1.

(B.8)

After some calculations, we have

g20 =

{
2κ0τ0

(
q̄∗1G

0
1 + q̄∗2G

0
2

)
, n = 0,

0, n ∈ N,

g11 =

{
κ0τ0

(
q̄∗1H

0
1 + q̄∗2H

0
2

)
, n = 0,

0, n ∈ N,

g02 =

{
2κ0τ0

(
q̄∗1Ḡ

0
1 + q̄∗2Ḡ

0
2

)
, n = 0,

0, n ∈ N,

g21 =
2κnτ

∗
n

lπ

∫ lπ

0

(
q̄∗1
(
Q1γ

2
n +Q2γ

4
n

)
+ q̄∗2

(
Q3γ

2
n +Q4γ

4
n

))
dx, n ∈ N0,

(B.9)
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where

Q1 =2a11

(
q1W

(1)
11 (0) +

q̄1
2
W

(1)
20 (0)

)
+ a12

(
q1W

(2)
11 (0) +

q̄1
2
W

(2)
20 (0) + q2W

(1)
11 (0) +

q̄2
2
W

(1)
20 (0)

)
+ 2a22

(
q2W

(2)
11 (0) +

q̄2
2
W

(2)
20 (0)

)
,

Q2 =3a111q
2
1 q̄1 + a112(q

2
1 q̄2 + 2q1q̄1q2) + a122(q̄1q

2
2 + 2q1q2q̄2) + 3a222q

2
2 q̄2,

Q3 =2b22

(
q2W

(2)
11 (0) +

q̄2
2
W

(2)
20 (0)

)
+ b23

(
q1W

(2)
11 (0)e−iωnτ

∗
n +

q̄1
2
W

(2)
20 (0)eiωnτ

∗
n + q2W

(1)
11 (−1)

+
q̄2
2
W

(1)
20 (−1)

)
+ 2b33

(
q1W

(1)
11 (−1)e−iωnτ

∗
n +

q̄1
2
W

(1)
20 (−1)eiωnτ

∗
n

)
,

Q4 =b233

(
q21 q̄2e

−2iωnτ
∗
n + 2q1q̄1q2

)
+ 3b333q

2
1 q̄1e

−iωnτ
∗
n .

Clearly, in order to calculate g21, we also have to calculate W11(θ) and W20(θ).
From Wu [34], we get

Ẇ = A0W +H(z, z̄, θ), (B.10)

where

H(z, z̄, θ) = H20(θ)
z2

2
+H11(θ)zz̄ +H02(θ)

z̄2

2
+ · · · . (B.11)

It follows that

(2iωnτ
∗
n −A0)W20 = H20, −A0W11 = H11. (B.12)

According to equation (B.11), one has

H20(θ) = −g20q(θ)− ḡ02q̄(θ), H11(θ) = −g11q(θ)− ḡ11q̄(θ), −1 ≤ θ < 0,

and

H20(0) = −g20q(0)− ḡ02q̄(0) + τ∗n(G
n
1 , G

n
2 )

T γ2n,

H11(0) = −g11q(0)− ḡ11q̄(0) + τ∗n(H
n
1 , H

n
2 )

T γ2n.

From equation (B.12), it can be seen

W20(θ) =

(
ig20
ωnτ∗n

q(θ) +
iḡ20

3ωnτ∗n
q̄(θ)

)
· fn + E1e

2iωnτ
∗
nθ,

W11(θ) =

(
−ig11
ωnτ∗n

q(θ) +
iḡ11
ωnτ∗n

q̄(θ)

)
· fn + E2,

(B.13)



GLOBAL HOPF BIFURCATION OF A DELAYED DIFFUSIVE GAUSE-TYPE PREDATOR–PREY SYSTEM 29

where

E1 =
1

2

2iωn +
4d1n

2

l2
+ α(u∗)

rβu∗
(1 + βv∗)2

+
bu2∗

a+ u2∗
2acu∗v∗
(a+ u2∗)

2
e−2iωnτ

∗
n 2iωn +

4d2n
2

l2
+ v∗


−1(

Gn
1

Gn
2

)
cos

2nx

l

+
1

2

 2iωn + α(u∗)
rβu∗

(1 + βv∗)2
+

bu2∗
a+ u2∗

2acu∗v∗
(a+ u2∗)

2
e−2iωnτ

∗
n 2iωn + v∗


−1(

Gn
1

Gn
2

)
,

E2 =
1

2

2iωn +
4d1n

2

l2
+ α(u∗)

rβu∗
(1 + βv∗)2

+
bu2∗

a+ u2∗
2acu∗v∗
(a+ u2∗)

2
2iωn +

4d2n
2

l2
+ v∗


−1(

Hn
1

Hn
2

)
cos

2nx

l

+
1

2

2iωn + α(u∗)
rβu∗

(1 + βv∗)2
+

bu2∗
a+ u2∗

2acu∗v∗
(a+ u2∗)

2
2iωn + v∗


−1(

Hn
1

Hn
2

)
.

Summarizing the above analysis, it is clear that each gij can be expressed in terms of the parameters.
Therefore, we can compute the following values related to the property of Hopf bifurcation:

C1(0) =
i

2ωnτ∗n
(g20g11 − 2|g11|2) +

g21
2
, µ2 = − ℜ(C1(0))

τ∗nSign ξ
′
1(τ

∗
n)
, β2 = 2ℜ(C1(0)). (B.14)

Theorem B.1. Suppose that (H0)–(H2) hold, and ℜ(C1(0)) ̸= 0. For system (1.4),

(i) µ2 determines the direction of local Hopf bifurcation: if µ2 > 0 (µ2 < 0), then the Hopf bifurcation is
supercritical (subcritical);

(ii) β2 determines the stability of bifurcating periodic solutions: if β2 < 0 (β2 > 0), then the bifurcating periodic
solutions are asymptotically stable (unstable).
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