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WAVE PROPAGATION ALONG THE INTERFACE BETWEEN

THE HYPERBOLIC GRADED-INDEX AND

PHOTOREFRACTIVE CRYSTALS

S.E. Savotchenko1,2,3,*

Abstract. New two types of transverse interface waves propagating along the planar contact the
photorefractive and hyperbolic graded-index crystals are described theoretically. The waves are given
by exact analytical solutions to the stationary wave equations with spatial dependent coefficients. The
waves of the two types differ from each other by the presence of oscillations of the decaying field profile
in the photorefractive crystal and the range of existence. Influence on the wave profiles of the system
parameters such as the effective refractive index, temperature, and the hyperbolic profile parameters
(the interface refractive index, and the characteristic distance) are analyzed in details. New features
of the distribution of the maxima and minima of the field profile and the depth of its penetration into
crystals depending on the values of these parameters are specified.
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1. Introduction

Localized structures in optical media are studied actively recent years [1–3]. Various types of surface waves
in photorefractive crystals with different types of nonlinear response formation are described theoretically for a
long time by many authors [4–7].

Of particular interest are surface waves propagating along the boundaries of photorefractive crystals and
crystals with other optical properties [8–14]. A model of the formation of a nonlinear response by means of a
diffusion mechanism is often used in the theoretical description of waves in photorefractive crystals [15–18].

Waves along the contact of such a crystal with media, in which the refractive index depends on the distance
from the contact surface, have been studied comparatively little and therefore require additional and more
detailed investigations. Such media, in which the refractive index depends on the spatial coordinate, are called
gradient or graded-index media [19–22].

An important role in such studies is played by the problem of obtaining exact analytical solutions to the
wave equation with spatially distributed coefficients [23–25]. Special methods are used that allow solutions to
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be obtained for the case of an arbitrary spatial distribution of the refractive index to describe waves in such
media [26–31] including bilayer waveguides [32]. In particular, optical solitons are described using nonlinear
forms using Kudryashov’s approach [33, 34], including parabolic–nonlocal combo nonlinearity [35]. Also the
highly dispersive optical solitons are reported [36–38]. Models in optical fibers with power-law of self-phase
modulation are presented in [39–41]. Solutions of resonant nonlinear Schrödinger equation with exotic non-Kerr
law nonlinearities are obtained in [42].

It should be noted that at present there are many technologies for obtaining refractive index profiles that
decrease with distance from the surface in different media [43, 44] including phonic crystal structures [45–48].

In our study we will be interested in the so-called hyperbolic profile [49, 50] where the hyperbolic graded-
index materials embedded in one-dimensional photonic crystals were considered in the framework of the photonic
band-gaps engineering. A hyperbolic graded-index biophotonic cholesterol sensor with improved sensitivity was
presented in [51]. Thus, surface waves in optical media with a hyperbolic profile of the refractive index require
more detail investigations [52].

In this paper, we theoretically study the interface waves propagating along the contact the hyperbolic graded-
index and photorefractive crystals. Surface waves along the contact of a photorefractive crystal with a diffusion
mechanism of nonlinearity formation with media characterized by other refractive index profiles were considered
by us earlier [53–55] including layered structures [56–58]. Recently we present new exact solutions to the wave
equations describing the surface waves propagating along the hyperbolic graded-index medium contacting with
Kerr nonlinear medium [59] and medium with a step change in the dielectric constant [61]. Therefore, the
present paper can be considered as a continuation of investigation of surface waves in hyperbolic graded-index
media where new solutions are presented and new peculiarities of transverse wave profiles are described in the
case on the contact with the photorefractive crystal.

2. Governing equations

Let us consider the flat interface at x=0 plane between the photorefractive crystal with diffusion type of
nonlinearity (x < 0) and the crystal with a hyperbolic spatial profile of the refractive index (hyperbolic graded-
index crystal, x > 0). We describe the stationary transverse magnetic wave propagating along z axis with the
component of magnetic field

Hy(x, z) = eiβzH(x), (2.1)

where β= k0n is the propagation constant, k0 =2π/λ0 is the wave number, λ0 is the wavelength, n is the
unknown effective refractive index, H(x) is the transverse distribution of the magnetic field. It can be found
the stationary wave (Helmholtz) equation [21, 22]:

H ′′(x) = k20{n2 − n2
cr(x, I)}H(x), (2.2)

where I ∼ |H|2 is the magnetic field intensity, the ncr(x, I) is the inhomogeneous nonlinear refractive index of
the contacting crystals, which is given by

ncr(x, I) =

{
nph(I), x < 0,

nhy(x), x > 0,
(2.3)

where np(I) and nh(x) are the refractive indices of the photorefractive crystal and the hyperbolic graded-index
crystal respectively.
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In this paper, we propose the following index profile (we call it a hyperbolic profile because the dielectric
function is ε = n2

cr(x, I) ∝ 1/x):

nhy(x) =
n0√

1 + x/h
, (2.4)

where n0 = n(0) is the refractive index at the crystal interface (the interface refractive index), h is the charac-
teristic distance from crystal interface, at which the value of the refractive index at the interface decreases by
21/2 n(h) = n0/

√
2 (we call n0 and h the hyperbolic index profile parameters).

We use the following refractive index in the photorefractive crystal:

nph(I) = np0 +∆nph(I), (2.5)

where np0 is the unperturbed (constant) refractive index of the photorefractive crystal, and ∆nph(I) is its
intensity dependent perturbation, which is assumed to be a small one: ∆nph(I) ≪ np0.

The index perturbation in the case of a diffusion mechanism of nonlinearity formation in the photorefractive
crystal is given by [15–17]

∆nph(I) = −1

2
n3
p0reff

kBT

e

I ′

I + Id
, (2.6)

where reff is the effective electro-optic coefficient, kB is Boltzmann constant, T is a temperature, e is the electron
charge modulus, Id is the dark intensity.

We find combining equations (2.2)–(2.6) that the transverse distribution of the magnetic field in the
photorefractive crystal in the case of Id ≪ I obeys the equation:

H ′′(x)− 2µH ′(x) + k20(n
2
p0 − n2)H(x) = 0, x< 0, (2.7)

where, µ = k0T/Tp is the photorefractive crystal damping factor, Tp = e/k0kBreff n4
p0 is the characteristic

temperature [56, 57].
Note that the photorefractive crystal damping factor µ ∼ T . Therefore, we can obtain required interface wave

characteristics by the temperature varying [61].
The transverse distribution of the magnetic field in the hyperbolic graded-index crystal obeys the equation:

H ′′(x) + k20

(
n2
0

1 + x/h
− n2

)
H(x) = 0, x > 0. (2.8)

We add the following boundary conditions at the crystal interface plane x = 0:

H(+0) = H(−0) = H0, H
′(+0)/n2

0 = H ′(−0)/n2
p0 (2.9)

where H0 is the interface amplitude, and |H(x)| → 0 at |x| → ∞.
Thus, we formulate the boundary problem (2.7)–(2.9), the solutions to which describes the interface waves

propagating along the contact of the photorefractive crystal with diffusion type of nonlinearity and the crystal
with a hyperbolic spatial profile of the refractive index.
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3. Interface waves: exact solutions

We find limited and disappearing at x → +∞ exact solution to equation (2.8)

H(x) = H0

Wm,1/2(2nk0(x+ h))

Wm,1/2(2nk0h)
, x > 0, (3.1)

where Wm,1/2(x) is the Whittaker function [62] and m = hk0n
2
0/2n.

The solution to equation (2.7) at x < 0 can be written as

H(x) = H0e
µx


cosh(νx+ δ)

cosh(δ)
, nb < n < np0

cos(px+ φ)

cos(φ)
, n < nb

, (3.2)

where

nb =
√
n2
p0 − T 2/T 2

p (3.3)

is the value of the refractive index, at which the change in the types of the waves occurs;

ν2 = k20{(T/Tp)
2 − n2

p0 + n2}, (3.4)

p2 = −ν2 = k20{n2
p0 − n2 − (T/Tp)

2}, (3.5)

and the values of δ, and φ are determined by the boundary conditions (2.9).
Note that the solutions (3.1), and (3.2) satisfy the first boundary condition (2.9) corresponding to the

field continuity. To satisfy the second boundary condition (2.9), we substitute equations. (3.1), and (3.2) into
equation (2.9) and obtain the following values of δ, and φ:

δ = tanh−1

(
γ − µ

ν

)
, (3.6)

φ = tan−1

(
µ− γ

p

)
, (3.7)

where

γ = qGn
2
p0/n

2
0,

q2G = (n2 − n2
h)k

2
0,

n2
h = nhe(2n− nhe),

nh =
n2
0

2n
+

Wm+1,1/2(2nk0h)

k0hWm,1/2(2nk0h)
.
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Thus, we find two types of interface waves as exact solutions of the boundary problem (2.7)–(2.9). The first
one is given by

H(x) = H0


Wm,1/2(2nk0(x+ h))

Wm,1/2(2nk0h)
, x > 0

eµx
cos(px+ φ)

cos(φ)
, n < nb, x < 0

(3.8)

and the second one is given by

H(x) = H0


Wm,1/2(2nk0(x+ h))

Wm,1/2(2nk0h)
, x > 0

eµx
cosh(νx+ δ)

cosh(δ)
, nb < n < np0, x < 0

(3.9)

The parameters of the waves (3.8) and (3.9) are determined by equations. (3.4)–(3.7). They can be controlled
by two physical quantities such as the effective refractive index and the crystal temperature, which are easily
changed in experiments. Note that the effective refractive index is determined by the angle of incidence of the
beam exciting the interface wave.

The interface wave of the first type determined by equation (3.8) attenuates with oscillation in the photore-
fractive crystal with the spatial period Λ=2π/p. Not that the value of Λ can be also controlled by the effective
refractive index and the crystal temperature in accordance with equation (3.5).

The interface wave of the second type determined by equation (3.9) attenuates without oscillation in the pho-
torefractive crystal. Such waves can propagate in a photorefractive crystal with a diffusion type of nonlinearity
at small angles of incidence of the beam exciting this wave.

Both types of the interface waves penetrate in the photorefractive crystal at the characteristic distance
(penetration depth) lp = 1/µ = Tp/Tk0. Therefore, we can reduce the penetration depth of the field into the
photorefractive crystal by increasing the temperature.

We determine the total power flow carried by the guided waves as:

P =

+∞∫
−∞

|H(x)|2 dx = Pph + Phy, (3.10)

where

Pph =

0∫
−∞

|H(x)|2 dx (3.11)

is the part of the power flow in the photorefractive crystal, and

Phy =

∞∫
0

|H(x)|2 dx (3.12)

is the part of the power flow in the hyperbolic graded-index crystal.
We substitute equation (3.1) into equation (3.12) and obtain

Phy =
H2

0Jm(2nk0h)

2nk0W 2
m,1/2(2nk0h)

, (3.13)
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where

Jm(s) =

∞∫
s

W 2
m,1/2(t)dt.

We substitute equation (3.2) into equation (3.12) and obtain

Pph =
H2

0

4


1

cosh2(δ)

{
1

µ
+

µ cosh(2δ)− ν sinh(2δ)

µ2 − ν2

}
, nb < n < np0

1

cos2(φ)

{
1

µ
+

µ cos(2φ) + p sin(2φ)

µ2 + p2

}
, n < nb

, (3.14)

We calculate and analyze the confinement factors in the photorefractive and hyperbolic graded-index crystals
using equations (3.13), and (3.14) respectively [63]:

Γj =Pj/P, j = hy, ph. (3.15)

The confinement factors of the transverse modes show that the transverse electromagnetic field must be
localized in any propagation mode in the corresponding region of the crystal along the waveguide interface
and shows how efficiently transverse electromagnetic waves propagate through the interface without losses. In
the analysis under consideration, the confinement factors help to identify the areas of the crystal along the
waveguide, in which the magnitude of the power flow of the interface wave will be the greatest one.

4. Results analysis

Characteristic profiles of the interface waves of the first type given by equation (3.8) are presented in Figure 1.
We find that the wave intensity and maximum/minimum positions are determined by the sign of the phase φ
given by equation (3.7). The one maximum is observed in the hyperbolic graded-index crystal when the phase is
a negative one and the one minimum is observed when the phase is a positive one. We analyze numerically effect
of the system parameters such as the effective refractive index n, temperature T , hyperbolic profile parameters:
the interface refractive index n0 and the characteristic distance h.

Figure 1a demonstrates the influence of the effective refractive index n on the wave profiles. The wave intensity
and the field penetration depth in the hyperbolic graded-index crystal reduce with the increasing value of n.

Figure 1b demonstrates the influence of the interface refractive index n0 on the wave profiles. The wave
intensity increases with the increasing value of n0. The field penetration depth in the hyperbolic graded-index
crystal increases slightly in this case. The oscillation period in the photorefractive crystal Λ increases. Increasing
the characteristic distance h leads to the same effects (Fig. 1c).

A temperature variation changes the wave profile only in the photorefractive crystal, while in the hyper-
bolic graded-index crystal it remains unchanged (Fig. 1d). The intensity of the peaks increases, the period of
oscillations in the photorefractive crystal does not change with increasing temperature.

It is important to note that obtained equations (3.8), and (3.9) describe the waves, the spatial transverse
profile of which can attenuate with oscillations in the hyperbolic graded-index crystal and not only in the
photorefractive crystal. The wave oscillating profiles of the first type given by equation (3.8) in both crystals
are shown in Figure 1e. Oscillations occur when the characteristic distance h (or interface refractive index
n0) increases. t is obvious that the formation of oscillations in a hyperbolic graded-index crystal is associated
with self-reflection of waves from layers with a decreasing refractive index [17]. With increasing values of the
hyperbolic profile parameters, the period and amplitude of oscillations, as well as the depth of field penetration
in the hyperbolic graded-index crystal, increase.

Figures 2–4 demonstrate the system parameter influence such as the effective refractive index n, characteristic
distance of the hyperbolic profile h, temperature T respectively on the total power flow P carried by the interface



WAVE PROPAGATION ALONG THE INTERFACE BETWEEN THE HYPERBOLIC GRADED-INDEX 7

 

)(a

1

x

0/ HH
2

3

 

)(b

1

x

0/ HH 2

3

 

)(c

1

x

0/ HH 2

3

Figure 1. Transverse profiles on the interface waves of the first type H(x)/H0 given by equa-
tion (3.8) (in dimensionless conventional units) with k0 = 0.7, np0 = 4, (a) T = 0.5Tp/k0,
h = 0.1, n0 = 5, n = 0.6, (1), n=1 (2), n=1.5 (3); (b) T =0.5Tp/k0, n=1, n0 =5, h=0.1 (1),
h=0.11 (2), h=0.15 (3); (c) T =0.5Tp/k0, n=1, h=0.1, n0 =4.5 (1), n0 =5 (2), n0 =6.2 (3);
(d) n0 =5, n=1, h=0.1, T =0.3Tp/k0 (1), T =0.5Tp/k0 (2), T =0.7Tp/k0 (3); (e) T =0.5Tp/k0,
n=1, n0 =5, h=0.1 (1), h=0.3 (2), h=0.45 (3).
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Figure 1. Continued.
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Figure 2. The total power flow carried by the interface wave of the first type with the compo-
nents given by equations (3.13), and (3.14) versus the effective refractive index n with n < nb

and k0 =0.7, np0=4, T =0.5Tp/k0, h=0.1, n0 =5 (in dimensionless conventional units).
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Figure 3. The total power flow carried by the interface wave of the first type with the com-
ponents given by equations (3.13), and (3.14) versus the characteristic distance h with n < nb

and k0 =0.7, np0 =4, T =0.5Tp/k0, n0 =5 (in dimensionless conventional units).
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Figure 4. The total power flow carried by the interface wave of the first type with the compo-
nents given by equations (3.13), and (3.14) versus the temperature T with n < nb and k0 =0.7,
np0 =4, h=0.1, n0 =5 (in dimensionless conventional units).

wave of the first type with n < nb. We observe the minimum value of Pc at the critical effective refractive index
nc (Fig. 2). This dependence is typical, since the excitation of the interface wave requires a current power
exceeding the critical value of Pc [64–66].

The total power flow increases monotonically with the increasing value of the characteristic distance h (or
interface refractive index n0) (Fig. 3), and it decreases monotonically with the increasing value of the temperature
(Fig. 4).

Figures 5–7 demonstrate the system parameter influence on the confinement factors Γj (j = hy, ph) of the
interface wave of the first type with n < nb. The confinement factors Γhy in the hyperbolic graded-index crystal
decreases and confinement factors Γph in the photorefractive crystal increases with the increasing value of
effective refractive index n (Fig. 5). We find the value of the effective refractive index ne (Fig. 5), at which
both confinement factors coincide with each other: Γhy(ne) = Γph(ne). We observe that at small values of n
not exciding the value of ne, the energy density is concentrated in the hyperbolic graded-index crystal while
Γhy(n) > Γph(n). Then with the further increasing effective refractive index energy density is redistributed into
the photorefractive crystal while n > ne and Γhy(n) < Γph(n).

The dependencies of the factors Γj(j = hy, ph) of the interface wave of the first type with n < nb on the
characteristic distance of the hyperbolic profile h, is presented in Figure 6. Basically, the energy density is
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Figure 5. The confinement factors Γj (j=hy, ph) of the interface wave of the first type with
the components given by equations (3.13), and (3.14) versus the effective refractive index n
with n < nb and k0 =0.7, np0 =4, T =0.5Tp/k0, h=0.1, n0 =5 (in dimensionless conventional
units).
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Figure 6. The confinement factors Γj (j=hy, ph) of the interface wave of the first type with
the components given by equations (3.13), and (3.14) versus the characteristic distance h with
n < nb and k0 =0.7, np0 =4, T =0.5Tp/k0, n0 =5, n = 1 (solid lines) n = 2 (dashed lines) (in
dimensionless conventional units).

concentrated in the hyperbolic graded-index crystal. However, at high values of the effective refractive index,
regions of small values of h appear, at which the energy density is concentrated in the photorefractive crystal.
However, with a further increase in the values of h, a redistribution of the energy density from the photorefractive
to the hyperbolic graded-index crystal is observed. The influence of the interface refractive index n0 is completely
analogous.

Similar conclusions can be made regarding the effect of temperature on the redistribution of the energy
density flow between the crystals. As the temperature increases, the main part of the energy is concentrated in
the hyperbolic graded-index crystal (Fig. 7).

Characteristic profiles of the interface waves of the second type given by equation (3.9) are presented in
Figure 8. Note that the attenuation of the field profile of the second type of waves into the depth of a photore-
fractive crystal can be monotonous one or it can have one maximum or minimum. In particular, the one field
maximum is located in the hyperbolic graded-index crystal at small values of the effective refractive index and
its height reduces with increasing the value of n (lines 1 and 2 in Fig. 8a). Then, the field maximum moves into



WAVE PROPAGATION ALONG THE INTERFACE BETWEEN THE HYPERBOLIC GRADED-INDEX 11

 

 

 

j

hy

ph

ph

hy

pTTk /0

Figure 7. The confinement factors Γj (j=hy, ph) of the interface wave of the first type with
the components given by equations (3.13), and (3.14) versus the temperature T with n < nb

and k0 =0.7, np0 =4, h=0.1, n0 =5, n = 1 (solid lines) n=2 (dashed lines) (in dimensionless
conventional units).

the photorefractive crystal with further increase of n (line 3 in Fig. 8a). The depth of field penetration into the
hyperbolic graded-index crystal is significantly reduced in this case.

A change from the maximum of the field profile to a minimum can be observed in a photorefractive crystal,
which can be regulated by the parameters of the hyperbolic profile. Figure 8b demonstrates such a transition
occurring with an increase in the characteristic distance h (line 3 in Fig. 8b). We observe also an increase in the
field intensity and penetration depth in the hyperbolic graded-index crystal with the increasing value of h (lines
1 and 2 in Fig. 8b). Similar effects appear with increasing interface refractive index n0 (lines 1 and 2 in Fig. 8c).
However, one can also observe a change from the maximum of the field distribution profile to a minimum in a
hyperbolic graded-index crystal with increasing n0 (line 3 in Fig. 8c).

A temperature variation changes the profile of second type wave (just like the first type wave) only in the
photorefractive crystal, while in the hyperbolic graded-index crystal it remains unchanged (Fig. 8d). The field
penetration depth in the photorefractive crystal reduces with an increasing temperature.

Spatial profile oscillations may appear in waves of the second type just as for waves of the first type with
increasing values of the parameters of the hyperbolic profile. Figure 8e demonstrates such a phenomenon
occurring with an increase in the interface refractive index n0.

The analysis of the power flows of waves of the second type showed that the influence of the system parameters
on them is completely analogous to waves of the first type. It does not bring anything new and therefore does
not require a detailed description.

5. Conclusion

We described theoretically the new two types of transverse interface waves propagating along the planar con-
tact the photorefractive and hyperbolic graded-index crystals. The photorefractive nonlinearity is characterized
by diffusion mechanism of optical response formation when the dark intensity is negligibly small compared to
the intensity of the wave field. The waves of the two types differ from each other by the presence of oscillations
of the decaying field profile in the photorefractive crystal and the range of existence (the permissible interval of
values of the effective refractive index).

The interface waves are described by exact analytical solutions to the stationary wave equations with spatial
dependent coefficients, which are given by the Whittaker function. We analyzed in details the influence on the
wave profiles of the system parameters such as the effective refractive index, temperature, and the hyperbolic
profile parameters: the interface refractive index, and the characteristic distance. We identified new features of
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Figure 8. Transverse profiles on the interface waves of the second type H(x)/H0 given by
equation (3.9) (in dimensionless conventional units) with k0 =1, np0 =4, (a) T =10Tp/k0,
h=0.5, n0 =1, n=0.4, (1), n=0.5 (2), n=0.8 (3); (b) T =10Tp/k0, n=0.4, n0 =1, h=0.5 (1),
h=0.8 (2), h=1.02 (3); (c) T =10Tp/k0, n=0.4, h=0.5, n0 =1.0 (1), n0 =1.2 (2), n0 =1.6 (3);
(d) n0 =1, n=0.4, h=0.5, T =5Tp/k0 (1), T =11Tp/k0 (2), T =20Tp/k0 (3); (e) T =10Tp/k0,
n=0.4, h=0.5, n0 =1.0 (1), n0 =1.8 (2), n0 =2.14 (3).
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Figure 8. Continued.

the distribution of the maxima and minima of the field profile and the depth of its penetration into crystals
depending on the values of these parameters.

We calculated and analyzed the power flows and confinement factors, using of which we identified the areas
of the crystal along the waveguide, in which the magnitude of the power flow of the interface wave will be the
greatest one.

The results of this paper complement previously studies of the features of the propagation of surface waves
in photorefractive crystals and in graded-index media, taking into account the specifics of the decrease in the
refractive index inversely proportional to the distance from the surface. The results of the paper also expand
theoretical understanding of the mechanisms of formation of surface waves along the boundaries of nonlinear
and inhomogeneous optical media and its possible applications [57].
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