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Abstract. We study the in�uence of natural convection on stability of reaction fronts in
porous media. The model consists of the heat equation, of the equation for the depth of
conversion and of the equations of motion under the Darcy law. Linear stability analysis of
the problem is ful�lled, the stability boundary is found. Direct numerical simulations are
performed and compared with the linear stability analysis.
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1 Introduction
Propagation of reaction fronts can be accompanied by various instabilities. Under the con-
stant density approximation with a single stage exothermic chemical reaction, front propaga-
tion is described by the reaction-di�usion system of equations (2.1), (2.2). It can exhibit the
thermo-di�usional instability that can manifest itself as one-dimensional pulsations, various
multi-dimensional periodic in time waves, cellular patterns and so on (see [15, 16] and the
references therein). The stability conditions are determined by the Lewis number L = κ/d
and by the Zeldovich number Z de�ned below.

If the density of the medium depends on temperature, then its expansion in the reaction
zone can result in the hydrodynamic instability �rst studied in [8, 9] (see [11] for recent
results and the literature review).
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Propagation of reaction fronts in �uids under the gravity �eld can result in the convective
instability. If the front propagates upwards and the reaction is exothermic, then it heats cold
original reactants from below. If the frontal Rayleigh number [7] is su�ciently large, then
the convective instability appears. For downward propagating fronts, though the reaction
zone heats cold reactants from above, the convective instability can also occur [6] unlike in
a layer of a liquid heated from above. This problem has been studied studied by a formal
asymptotic analysis in the limit of large Zeldovich numbers.

Propagation of reaction fronts in a porous medium can be in�uenced by the interaction of
reacting gases or liquids with a porous matrix resulting in �ngering [4, 5], various phenomena
speci�c for �ltration combustion [1, 2, 14] or for transition from combustion to detonation
[3].

In this work we continue the investigation of exothermic reaction fronts in a porous
medium. We will study the convective instability and the in�uence of natural convection
on the thermal instability. The contents of the paper are as follow. We introduce the
model in Section 2 and reduce it to a singular perturbation problem in Sections 3 and 4. In
Section 5 we consider the linearized problem and derive the dispersion relation. The stability
conditions given by the linear stability analysis are discussed in Section 6. In Section 7 we
present the numerical study of the complete model. Finally in the last section we compare
and discuss the analytical and numerical results.

2 Governing Equations
To study propagation of exothermic reaction fronts in a porous medium we consider the
reaction-di�usion system of equations coupled with the equations of motion corresponding
to the Darcy law and the Boussinesq approximation. We consider the upward propagation
of the reaction front, that is in the direction opposite to the gravity. The process is described
by the following model:

∂T

∂t
+ v · ∇T = κ∆T + qK(T )φ(α), (2.1)

∂α

∂t
+ v · ∇α = d∆α + K(T )φ(α), (2.2)

v +
Kp

µ
∇p =

gβKp

µ
ρ(T − T0)γ, (2.3)

∇ · v = 0. (2.4)
This system is considered in the whole space R2. It is supplemented by the following condi-
tions

T = Ti, α = 0 and v = 0 when y → +∞
T = Tb, α = 1 and v = 0 when y → −∞.

(2.5)
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Here β denotes the coe�cient of thermal expansion, µ the viscosity, Kp the permeability
of the porous media and γ is the unit vector in the vertical direction (upward), T is the
temperature, α the depth of conversion, v = (vx, vy) the velocity, p the pressure, κ the
coe�cient of thermal di�usivity, d the di�usion coe�cient, q the adiabatic heat release, g
the gravity acceleration, ρ is the density. Finally, ∇ and ∆ denote the standard di�erential
operators

∇ =
( ∂

∂x
,

∂

∂y

)
, ∆ =

∂2

∂x2
+

∂2

∂y2
. (2.6)

In addition T0 is the mean value of the temperature, Ti is an initial temperature while Tb

is the temperature of the reacted mixture given by Tb = Ti + q. The function K(T )φ(α)
describes the reaction rate where the temperature dependence is given by the Arrhenius
exponential:

K(T ) = k0 exp
(
− E

R0T

)
, (2.7)

E is the activation energy, R0 the universal gas constant and k0 the pre-exponential factor.
The asymptotic analysis of this problem will be carried out in the limit of large activation
energies speci�c for combustion and polymerization fronts.

For the asymptotic analysis of the problem we will consider the zero order reaction,

φ(α) =

{
1 if α < 1,

0 if α = 1
(2.8)

while for the numerical simulations it is more convenient to use the �rst order reaction,
φ(α) = 1 − α. It is known that the qualitative behavior of reaction fronts for the zero and
for the �rst order reactions is the same.

Problem (2.1)-(2.5) includes the heat equation, chemical reaction and the motion of an
incompressible liquid in a porous medium. The heat release due to the exothermic chemical
reaction results in a nonhomogeneous temperature distribution and can lead to the convective
instability.

If the medium is at rest, that is v = 0, then there exists a stationary propagating front
with the velocity and temperature distribution that can be found asymptotically for large
values of the Zeldovich number Z = qE/R0T

2
b . In the case of the zero order reaction we

have
c2 =

2k0κ

q

R0T
2
b

E
exp

( −E

R0Tb

)
, (2.9)

T (ȳ, t) =





Tb if ȳ < 0,
Ti + (Tb − Ti) exp

(−ȳc

κ

)
if ȳ > 0,

(2.10)

α(ȳ, t) =

{
1 if ȳ < 0,
0 if ȳ > 0.

(2.11)
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We now introduce the dimensionless spatial variable x′ = xc1/κ, y′ = yc1/κ, time t′ =
tc2

1/κd, velocity v/c1 and pressure pκµ/Kp with c1 = c/
√

2. Denoting θ = (T − Tb)/q
and keeping for convenience the same notation for the other variables, we re-write system
(2.1)-(2.4) in the following form

∂θ

∂t
+ v · ∇θ = ∆θ + WZ(θ)φ(α), (2.12)

∂α

∂t
+ v · ∇α = Λ∆α + WZ(θ)φ(α), (2.13)

v +∇p = Rp(θ + θ0)γ, (2.14)
∇ · v = 0, (2.15)

with
WZ(θ) = Z exp

( θ

Z−1 + δθ

)
, (2.16)

and the function φ de�ned in (2.8). Here Λ = d/κ is the inverse of Lewis number, Rp =
Kpc

2
1P

2R/µ2, where R is the Rayleigh number and P is the Prandtl number de�ned by
R = gβqκ2/µc3

1 and P = µ/κ, respectively. In addition, the parameters δ and θ0 are de�ned
by δ = R0Tb/E and θ0 = (Tb − T0)/q. Finally boundary conditions (2.5) re-write:

y → +∞, θ = −1, α = 0 and v = 0, (2.17)

y → −∞, θ = 0, α = 1 and v = 0. (2.18)
The linear stability analysis is carried out for the case Λ = 0 which corresponds to a liquid
mixture. For the direct numerical simulations we consider small positive values of Λ.

3 Approximation of in�nitely narrow reaction zone
To study this problem analytically we reduce it to a singular perturbation problem where
the reaction zone is replaced by a reaction surface and the reaction term is neglected outside
the reaction zone (Zeldovich - Frank-Kamanetsky method). This is a conventional approach
for combustion problems. We perform a formal asymptotic analysis with ε = 1/Z taken as
the small parameter and we obtain a closed interface problem.

Let y = ζ(t, x) be the location of the reaction zone and de�ne the new independent
variable as

y1 = y − ζ(t, x). (3.19)
We introduce new unknown functions θ1, α1, v1, p1:

θ(t, x, y) = θ1(t, x, y1), α(t, x, y) = α1(t, x, y1),

v(t, x, y) = v1(t, x, y1), p(t, x, y) = p1(t, x, y1).
(3.20)
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We re-write the equations in the form (the index 1 for the dependent variables is omitted):

∂θ

∂t
− ∂θ

∂y1

∂ζ

∂t
+ v · ∇̃θ = ∆̃θ + WZ(θ)φ(α), (3.21)

∂α

∂t
− ∂α

∂y1

∂ζ

∂t
+ v · ∇̃α = WZ(θ)φ(α), (3.22)

v + ∇̃p = Rp(θ + θ0)γ, (3.23)
∂vx

∂x
− ∂vx

∂y1

∂ζ

∂x
+

∂vy

∂y1

= 0, (3.24)

where we have set

∆̃ =
∂2

∂x2
+

∂2

∂y2
1

− 2
∂ζ

∂x

∂2

∂x∂y1

+
(∂ζ

∂x

)2 ∂2

∂y2
1

− ∂2ζ

∂x2

∂

∂y1

, (3.25)

∇̃ =
( ∂

∂x
− ∂ζ

∂x

∂

∂y1

,
∂

∂y1

)
. (3.26)

We use matched asymptotic expansions. We look for the outer solution of the problem
in the form of the expansion

θ = θ0 + εθ1 + ..., α = α0 + εα1 + ...,

v = v0 + εv1 + ..., p = p0 + εp1 + ....
(3.27)

Here (θ0, α0,v0) is the dimensionless form of the basic solution given in (2.9)-(2.11).
In order to obtain the matching conditions across the reaction zone we consider the inner

problem and we introduce the stretched coordinate η = y1/ε. We look for the inner solution
in the form of the expansion

θ = εθ̃1 + ..., α = α̃0 + εα̃1 + ...,

v = ṽ0 + εṽ1 + ..., p = p̃0 + εp̃1 + ..., ζ = ζ̃0 + εζ̃1 + ....
(3.28)

Substituting these expansions into (3.21)-(3.24), we obtain:
order ε−1

(
1 +

(∂ζ̃0

∂x

)2)∂2θ̃1

∂η2
+ exp

( θ̃1

1 + δθ̃1

)
φ(α̃0) = 0, (3.29)

−∂α̃0

∂η

∂ζ̃0

∂t
− ∂α̃0

∂η

(
ṽ0

x

∂ζ̃0

∂x
− ṽ0

y

)
= exp

( θ̃1

1 + δθ̃1

)
φ(α̃0), (3.30)

∂p̃0

∂η
= 0, (3.31)

ṽ0
x +

∂p̃0

∂x
− ∂ζ̃0

∂x

∂p̃1

∂η
= 0, (3.32)
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−∂ṽ0
x

∂η

∂ζ̃0

∂x
+

∂ṽ0
y

∂η
= 0. (3.33)

order ε0

ṽ0
y +

∂p̃1

∂η
= −Rpθ0, (3.34)

Let us consider both the outer and the inner expansion of the temperature (we use the same
technique for the variables α and v) and recall that η = y1/ε:

θ(x, y1) = θ0(x, y1) + εθ1(x, y1) + ε2θ2(x, y1) + ...,

θ(x, εη) = εθ̃1(x, η) + ε2θ̃2(x, η) + ....

We write the outer solution in terms of the inner variable η and we use the Taylor expansion:

θ(x, y1) = θ0(x, 0) + ε
(

∂θ0

∂η
(x, 0)η + θ1(x, 0)

)

+ ε2
(

1
2

∂2θ0

∂η2 (x, 0)η2 + ∂θ1

∂η
(x, 0)η + θ2(x, 0)

)
+ ....

The zero order terms with respect to ε correspond to the stationary solution. Equating the
�rst order terms and taking into account that ∂θ0

∂η
(x, 0−) = 0, we obtain, using the matching

principle [12], [13], the following matching conditions:

η → +∞ : θ̃1 ∼ θ1|y1=0+ + η
∂θ0

∂y1

|y1=0+, α̃0 → 0, ṽ0 → v0|y1=0+, (3.35)

η → −∞ : θ̃1 → θ1|y1=0−, α̃0 → 1, ṽ0 → v0|y1=0−. (3.36)
From (3.31) we obtain that p̃0 does not depend on η, which implies that at the leading order
the pressure is continuous through the interface. Next, denoting by s the quantity

s = ṽ0
x

∂ζ̃0

∂x
− ṽ0

y, (3.37)

we obtain from (3.33) that s does not depend on η. Finally from (3.32), (3.34) and (3.37)
we easily obtain that ṽ0

x and ṽ0
y do not depend on η, which provides the continuity of the

velocity across the interface.
We next derive the jump conditions for the temperature from (3.29), in the same way

as it is usually done for combustion problems. From (3.30) it follows that α̃0 is a monotone
function of η and 0 < α̃0 < 1. Since we consider zero-order reaction, we have φ(α̃0) ≡ 1.

From (3.29) we conclude that ∂2θ̃1

∂η2
≤ 0. From (3.36) we have ∂θ̃1

∂η
= 0 at η = −∞. Then

∂θ̃1

∂η
≤ 0 and θ̃1 is a monotone function.
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We multiply (3.29) by ∂θ̃1

∂η
and integrate with respect to η from −∞ to +∞ taking into

account (3.35), (3.36) (θ̃1 changes from θ1|y1=0− to −∞ when η changes from −∞ to +∞):

(∂θ̃1

∂η

)2∣∣∣
η=+∞

−
(∂θ̃1

∂η

)2∣∣∣
η=−∞

=
2

A

∫ θ1|y1=0−

−∞
exp

( τ

1 + δτ

)
dτ, (3.38)

where we have set
A = 1 +

(∂ζ̃0

∂x

)2

. (3.39)

Next, adding (3.29) and (3.30) and integrating we obtain

∂θ̃1

∂η

∣∣∣
η=+∞

−∂θ̃1

∂η

∣∣∣
η=−∞

= − 1

A

(∂ζ̃0

∂t
+ s

)
. (3.40)

Truncating the outer expansion (3.27), we have θ ≈ θ0, ζ0 ≈ ζ, v ≈ v0. From the inner
expansion (3.28) we obtain Zθ ≈ θ̃1, and from the matching condition (3.36), θ̃1|η=−∞ ≈
θ1|y1=0− ≈ Zθ|y1=0−. Thus,

θ0 ≈ θ, θ1|y1=0− ≈ Zθ|y1=0, ζ0 ≈ ζ, v ≈ v0, (3.41)

We �nally obtain the jump conditions (with the change of variables τ → Zτ under the
integral)

( ∂θ

∂y1

)2∣∣∣
y1=0+

−
( ∂θ

∂y1

)2∣∣∣
y1=0−

= 2Z
(
1 +

(∂ζ

∂x

)2)−1
∫ θ|y1=0

−∞
exp

( τ

Z−1 + δτ

)
dτ, (3.42)

∂θ

∂y1

∣∣∣
y1=0+

− ∂θ

∂y1

∣∣∣
y1=0−

= −
(
1 +

(∂ζ

∂x

)2)−1(∂ζ

∂t
+

(
vx

∂ζ

∂x
− vy

)∣∣∣
y1=0

)
. (3.43)

4 Formulation of the interface problem
Here we present the complete formulation of the free boundary problem derived above. We
have for y > ζ (in the unreacted medium)

∂θ

∂t
+ v · ∇θ = ∆θ, (4.44)

α ≡ 0, (4.45)
v +∇p = Rp(θ + θ0)γ, (4.46)

∇ · v = 0. (4.47)
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The equations in the reacted medium (y < ζ) have the form

∂θ

∂t
+ v · ∇θ = ∆θ, (4.48)

α ≡ 1, (4.49)
v +∇p = Rp(θ + θ0)γ, (4.50)

∇ · v = 0. (4.51)
We �nally complete this system by the following jump conditions at the interface y = ζ:

[θ] = 0,
[∂θ

∂y

]
=

∂ζ
∂t

1 +
(

∂ζ
∂x

)2 , (4.52)

[(∂θ

∂y

)2]
= − 2Z

1 + ( ∂ζ
∂x

)2

∫ θ(t,x,ζ)

−∞
exp

( s

1/Z + δs

)
ds, (4.53)

[v] = 0. (4.54)
Here [ ] denotes the jump at the interface,

[f ] = f |ζ−0 − f |ζ+0.

The free boundary problem is completed by the conditions at in�nity

y → +∞, θ = −1 and v = 0, (4.55)

y → −∞, θ = 0 and v = 0. (4.56)

5 Linear stability analysis and dispersion relation
5.1 Linearization
The interface problem presented in the previous section has a travelling wave solution
(θ, α,v),

θ(t, x, y) = θs(y − ut), α(t, x, y) = αs(y − ut), v = 0, ζ = ut (5.57)
(in what follows we do not need the explicit expression for the pressure p). Here

θs(y1) =

{
0 if y1 < 0

e−uy1 − 1 if y1 > 0
, (5.58)
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y1 = y − ut, the number u stands for the wave speed. It can be found from the jump
conditions,

u2 = 2Z

∫ 0

−∞
exp

( τ

Z−1 + δτ

)
dτ.

We now introduce the moving coordinate frame, y1 = y − ut. In these coordinates the
travelling wave is a stationary solution of the problem

∂θ

∂t
+ u

∂θ

∂y1

+ v · ∇θ = ∆θ, (5.59)

v +∇p = Rp(θ + θ0)γ, (5.60)
∇ · v = 0, (5.61)

together with the jump conditions (4.52)-(4.54).
We next consider a small perturbation of this stationary solution. For that purpose we

consider a perturbation of the reaction front, of the temperature and of the velocity:

ζ(t, x) = ut + ξ(t, x), (5.62)

θ(t, x, y) = θs(y − ut) + θj(z)eωt+ikx, j = 1, 2,

vy(t, x, y) = vj(z)eωt+ikx,
(5.63)

where
z = y − ζ(t, x) = y − ut− ξ(t, x), ξ(t, x) = ε1e

ωt+ikx, (5.64)
j = 1 corresponds to z < 0 and j = 2 to z > 0.

We linearize system (5.59)-(5.61) about the stationary solution and apply rot rot trans-
formation to eliminate the pressure in the equation (5.5). We obtain the following system,
for z < 0:

θ′′1 + uθ′1 − (ω + k2)θ1 = 0, (5.65)
v′′1 − k2v1 = −Rpk

2θ1; (5.66)
for z > 0:

θ′′2 + uθ′2 − (ω + k2)θ2 + v2ue−uz = 0, (5.67)
v′′2 − k2v2 = −Rpk

2θ2. (5.68)
This system is completed with the linearized jump condition (4.52)-(4.54):

θ2(0)− θ1(0) = uε1, (5.69)

θ′2(0)− θ′1(0) = −ε1(u
2 + ω), (5.70)

−u(u2ε1 + θ′2(0)) = Zθ1(0), (5.71)
v1(0) = v2(0) and v′1(0) = v′2(0). (5.72)
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5.2 General solution
Introducing the linear di�erential operators:

L1θ = θ
′′

+ uθ
′ − (ω + k2)θ, L2v = v

′′ − k2v,

we re-write equations (5.65)-(5.68) as:

L1θ1 = 0, L2v1 = −Rpk
2θ1, (5.73)

L1θ2 = −ue−uzv2, L2v2 = −Rpk
2θ2. (5.74)

Since the perturbations decay at in�nity, so that vi(±∞) = 0, θi(±∞) = 0, i = 1, 2,
then the general solutions of (5.73)-(5.74) have the form:

v1(z) = a1
Rpk

2

k2 − µ2
1

w̃1(z) + a2w̃2(z), θ1(z) = a1w̃1(z), (5.75)

v2(z) = b1w1(z) + b2w2(z), θ2(z) = b1s1(z) + b2s2(z), (5.76)
where b1, b2, a1, a2 are arbitrary constants and the functions wi, w̃i, si for i = 1, 2 have the
form

w̃1(z) = eµ1z, w̃2(z) = ekz, wi(z) =
∞∑

j=1

ai,je
σi,jz, si(z) =

∞∑
j=1

ci,je
σi,jz, (5.77)

with

µ1 =
−u +

√
u2 + 4(ω + k2)

2
,

σ1,1 =
−u−

√
u2 + 4(ω + k2)

2
, σ2,1 = −k,

σi,j+1 = σi,j − u, i = 1, 2, j = 1, 2, ...

c1,1 = 1, c2,1 = 0, a2,1 = 1,

ai,j =
Rpk

2ci,j

k2 − σ2
i,j

for (i, j) 6= (2, 1) and i = 1, 2, j = 1, 2, ...

ci,j+1 =
−uai,j

σ2
i,j+1 + uσi,j+1 − (ω + k2)

i = 1, 2, j = 1, 2, ....

(5.78)

We assume here that

k2 − σ2
i,j 6= 0, for i = 1, 2, j = 1, 2, ..., and k2 − µ2

1 6= 0,

and
σ2

i,j+1 + uσi,j+1 − (ω + k2) 6= 0, for i = 1, 2, j = 1, 2, ...
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It is easy to verify that the series (5.77) converge uniformly in z, and the solutions (wi, si),
i = 1, 2 are linear independent if the numbers σi1 are di�erent.

We show now that the functions (wi, si) satisfy (5.73)-(5.74). Indeed, we denote

wn
i (z) =

n∑
j=1

ai,je
σi,jz, sn

i (z) =
n∑

j=1

ci,je
σi,jz, i = 1, 2.

Substituting these partial sums into (5.73)-(5.74), we have

L1s
n
i = −ue−uz(wn

i − aine
σinz), L2w

n
i = −Rpk

2sn
i , i = 1, 2.

Passing to the limit as n →∞ we obtain that (5.77) satis�es (5.73)-(5.74).

5.3 Dispersion relation
The constants a1, a2, b1 and b2 should be found from the jump conditions (5.69)-(5.72).
Simple computations lead us to the following linear system of equations





b1s1(0) + b2s2(0)− a1 = uε1,
b1s

′
1(0) + b2s

′
2(0)− a1µ1 = −ε1(u

2 + ω),

b1s
′
1(0) + b2s

′
2(0) + a1

Z

u
= −u2ε1,

b1w1(0) + b2w2(0)− a1
Rpk

2

k2 − µ2
1

− a2 = 0,

b1w
′
1(0) + b2w

′
2(0)− a1

Rpk
2µ1

k2 − µ2
1

− a2k = 0.

(5.79)

The solvability condition of this linear system allows us to obtain the dispersion relation.
More precisely, from the second and the third equations we obtain

a1 = ε1
uω

Z + uµ1

. (5.80)

From the �rst and the second equations

b1 =
(uε1 + a1)s

′
2(0)− s2(0)(a1µ1 − ε1(u

2 + ω))

s1(0)s′2(0)− s2(0)s′1(0)
, (5.81)

b2 =
s1(0)(a1µ1 − ε1(u

2 + ω))− s′1(0)(uε1 + a1)

s1(0)s′2(0)− s2(0)s′1(0)
, (5.82)

and from the fourth equation

a2 = b1w1(0) + b2w2(0)− a1
Rpk

2

k2 − µ2
1

. (5.83)

Finally, the �fth equation provides the dispersion relation σ(Rp, k, ω, u, Z) = 0 as a compat-
ibly relation which ensures that the system has a nonzero solution.
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6 Stability conditions
The dispersion relation allows the determination of eigenvalues of the linearized problem.
If an eigenvalue ω lies on the imaginary axis and all other eigenvalues have negative real
parts, then the dispersion relation determines the stability boundary. It is the cellular
stability boundary if ω = 0, and the oscillatory stability boundary if ω = iφ for φ 6= 0.
In the following subsections, we present the results corresponding to these two cases. The
dispersion relation will be solved numerically. The series in (5.77) will be replaced by �nite
sums with a su�ciently large number of terms in such a way that the results would be
independent of the truncation.

6.1 Cellular stability boundary
To �nd the cellular stability boundary, we put ω = 0 in system (5.23). We �x u and �nd Rp as
a function of k from the dispersion relation. We remark that the cellular instability boundary
does not depend on Z. Indeed all coe�cients of Z in the dispersion relation vanish. Fig. 1
shows the critical Rayleigh number as function of the wavenumber k. The curve separates
the stability and instability regions, that is the front is stable when Rp < Rpcr and unstable
when Rp is greater than its critical value. We note that for Rp < 0, which corresponds to
descending front [6], the front is always stable.
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Fig. 1: Cellular stability boundary for u=
√

2.

The eigenfunction corresponding to the zero eigenvalue at the stability boundary has
the components that correspond to the temperature and to the stream function. The latter
shows the convective pattern when the front loses its stability. Fig. 2 shows the level lines
of the stream function for the values Rp = 30, u =

√
2, k = 3.14 and k = 1.57, respectively

(in the instability region). One or two vortex structure can emerge.
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(right).

When we increase the velocity u of the stationary front, it becomes less stable (Fig.
3). There are two opposite phenomena related to the front speed. On the one hand,
the temperature gradient near the front increases and promotes the convective instability
(T (x) ∼ exp(−ux)). On the other hand, if the front speed increases, it makes more di�cult
for the perturbation to develop. It appears that the in�uence of the former on the front
stability is more essential.
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Fig. 3: In�uence of u on the cellular stability boundary

6.2 Oscillatory stability boundary
To �nd the oscillatory stability boundary, we substitute ω = iφ, φ 6= 0 and wi, si,
i = 1, 2 given by (5.19) into (5.23). From the dispersion relation, we obtain a complex valued
equation. Separating its real and imaginary parts, we obtain two real valued equations. We
�nd from them the unknown frequency φ and the values of the parameters which give the
stability boundary. We �nally note that the dispersion relation is very complicated and
should be analyzed numerically.
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Fig. 4 shows the critical values of the Zeldovich number as a function of the wavenumber
for di�erent values of the Rayleigh number. First, we can observe that when k approaches
zero the Zeldovich number tends to 8, the same value as in the case without hydrodynamics
[6, 7]. It is known for condensed phase combustion [10] that the minimum of the neutral
stability curve is reached for a positive value of k (Fig 4, Rp = 0). This peculiarity of the
problem results in appearance of spinning modes and other multi-dimensional regimes. It
is interesting to note how convection in�uences the behavior of the stability boundary. For
positive Rp (upwards propagating front) and for su�ciently large k the stability boundary
moves down, that is the front is less stable. For smaller values of k the behavior of the
stability boundary becomes quite di�erent. It has a sharp maximum for k ≈ 0.5. For
negative Rp (downwards propagating front) the front becomes more stable for large k and
the minimum of the neutral stability curve moves to the left.
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Fig. 4: Oscillatory stability boundary for u =
√

2

The structure of the vortices in the case of the oscillatory instability is shown in Fig. 5.
It is di�erent compared with the cellular instability. We recall that in this case the front
moves upwards and at the same time there are hot spots that move along the front. This
is the reason why the vortices also move along the front and have this speci�c form. The
speed of their horizontal motion is determined by the frequency of oscillations φ. For larger
φ this speed increases and the vortices have more pronounced asymmetric form. For smaller
φ they are almost symmetric.
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The stability and the instability regions in the (Rp, Z)-plane are shown in Fig. 6 for
the case of a bounded width which corresponds to the wavenumber k = π. The cellular
stability boundary is given by the vertical line, it does not depend on the Zeldovich number.
It corresponds to the zero eigenvalue of the linearized problem. The oscillatory instability
boundary, where the corresponding eigenvalue is pure imaginary, decreases with the increase
of the Rayleigh number Rp. When it approaches to the cellular instability boundary, the
frequency of oscillations tends to zero (cf. Fig. 5, right).
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Fig. 6: Stability domain for k = 3.14 and u =
√

2.

34



K. Allali et al. Convective instability of reaction fronts in porous media

7 Direct numerical simulations
This section is devoted to numerical simulations of problem (2.12)-(2.18) with the �rst order
reaction. In the case of large activation energies E, δ in (2.16) is a small parameter. We
replace it by zero. The model becomes

∂θ

∂t
+ v · ∇θ = ∆θ + WZ(θ)φ(α), (7.84)

∂α

∂t
+ v · ∇α = Λ∆α + WZ(θ)φ(α), (7.85)

v +∇p = Rp(θ + θ0)γ (7.86)
∇ · v = 0, (7.87)

with
WZ(θ) = Z2eZθ, φ(α) = 1− α, (7.88)

y → +∞, θ = −1, α = 0 and v = 0,

y → −∞, θ = 0, α = 1 and v = 0.

This system of equations is studied numerically in a �nite strip Ω = (0, Lx) × (0, Ly) with
homogeneous Neumann conditions at the boundary. The initial condition is chosen to be
close to the one-dimensional traveling wave solution without convection. We will study the
appearance of convective reaction fronts and will �nd the critical Rayleigh numbers.

Numerical computations are ful�lled using the stream function associated to the velocity.
Due to incompressibility of the medium we can introduce the stream function ψ de�ned by

v = (vx, vy) =
(∂ψ

∂y
,−∂ψ

∂x

)
. (7.89)

Function ψ is then uniquely chosen by the condition

ψ = 0 on Ω. (7.90)

Therefore instead of system (7.1)-(7.4) we have system (7.1), (7.2) completed by the equation

∆ψ = Rp
∂θ

∂x
, (7.91)

together with (7.6), boundary condition (7.7) and the homogeneous Neumann boundary
condition for θ and α.

We use a semi-implicit �nite di�erence approximation and an alternating direction me-
thod. The basic set of parameters is Z = 8, Λ = 0.1 (Λ is the inverse of Lewis number),
Lx = 2, Ly = 35. The initial condition is

T (0, x, y) = T0(y), α(0, x, y) = α0(y), ψ(0, x, y) = 0,
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where the functions T0 and α0 are some step functions. We note that for small values of the
Rayleigh number the convective regime develops slowly. As a consequence, the vortex can
reach the top of the reactor without being completely developed. In this case the solution
is shifted downwards and taken as a new initial condition. This procedure is repeated while
the solution reaches a steady state regime.

We start the computations with a su�ciently large Rayleigh number with respect to its
value at the stability boundary (Rpcr = 26). Fig. 7 shows the level lines and the amplitude
of the stream function (along a vertical section of the reactor) for Rp = 150. For this value
of the Rayleigh number, a convective regime rapidly appears and stabilizes as a travelling
wave. We can also notice that the stream function is not symmetric with respect to the
vertical middle line of the reactor. The appearance of a nonsymmetric regime can be related
to a secondary bifurcation. For smaller values of the Rayleigh number it is symmetric (Fig.
8).
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Fig. 7: Level lines (left) and amplitude (right) of the stream function for Rp = 150.

Figures 8 and 9 show the stream function and the temperature for Rp = 30 and for the
stationary propagating front. It is interesting to note that because of the convection the
temperature distribution is not symmetric with respect to the vertical middle line of the
reactor and it is not monotone with respect to y.
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If we change the value Lx = 2 to Lx = 4 with the same values of other parameters, we
obtain the critical value Rpcr = 12 of the Rayleigh number. The numerical simulations of
the complete model are in agreement with the results of the linear stability analysis. In
particular, Lx = 2 (resp. Lx = 4) corresponds to the wavenumber k = π (resp. k = π

2
) and

the dispersion relation provides the critical value of the Rayleigh number about Rpcr = 20
(resp. Rpcr = 8). It is Rpcr = 26 (resp. Rpcr = 12) in the direct numerical simulations.

This correspondence is even better for larger values of the Zeldovich number. In fact, the
critical value of the Rayleigh number found numerically converges to its value given by the
linear stability analysis when Z increases (see Table 1).

Z 8 9 10
Rpcr 26 22 20

Table 1: Critical values of the Rayleigh number for various values of the Zeldovich number,
Lx = 2.

8 Discussion
In this work we study stability of reaction fronts in a porous medium. Natural convection can
appear because of a nonhomogeneous temperature distribution and can result in a convective
instability of the front. It can also in�uence the conditions of thermal instability.

For ascending fronts, because of the temperature gradient in front of the reaction zone,
the exothermic chemical reaction can cause convective instability. It is similar to some
extent to the classical Rayleigh-Benard problem of convection in a layer of a liquid heated
from below. The condition of the cellular instability is independent of the Zeldovich number.

If the liquid is heated from above then it is known that the cellular instability does not
occur. It is the same for downwards propagating fronts in a porous medium but it can be
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di�erent for reaction fronts in a liquid phase where convective instability can occur even for
descending fronts [6].

The results of the linear stability analysis show that the front becomes less stable when
its velocity increases. It can be explained by the dependence of the temperature distribution
on the velocity, T (x) ∼ exp(−ux).

The oscillatory instability boundary corresponds to the case where a pair of complex
conjugate eigenvalues with nonzero imaginary parts intersects the imaginary axis. The con-
ditions of the thermal instability are in�uenced by convection. The front propagating up-
wards appears to be more stable with respect to multidimensional perturbations with small
wavenumbers than in the pure combustion problem. The front propagating downwards ap-
pears to be less stable.

For perturbations with large wavenumbers, the situation is the opposite. The front
propagating upwards appears to be less stable than in the problem without convection. The
front propagating downwards is more stable. The in�uence of convection on the thermal
instability for reaction fronts in a porous medium is similar to that for reaction fronts in a
liquid phase [6].
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