Math. Model. Nat. Phenom.
Vol. 3, No. 3, 2008, pp. 103-114

From Bistability to Coupling-Induced Oscillations
in a Two-Habitat Model for the Rotifer Population Dynamics
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Abstract. We study the role of interactions between habitats in rotifer dynamics. For this purpose we use a modified version of the Consensus model. The Consensus model has been shown
to be realistic enough to reproduce distinguishing features of the rotifer species dynamics. Being
uncoupled, intrinsically bistable rotifer populations, which inhabit the regions under different environmental conditions, do not impact each other. We show that migration of the rotifers between the
habitats leads to the transformation of bistability to oscillatory dynamics. The coupling-induced
oscillations of the rotifer biomass are shown to be either regular or irregular depending on the value
of the model parameters, which describe environmental conditions and the biomass exchange between the habitats. We show that the irregular oscillations are characterized by positive values of
the Lyapunov exponent, which means that they are chaotic.
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1. Introduction
The current state of knowledge of plankton dynamics principles is unsatisfactory on empirical as
well as theoretical grounds. The main problem is the complexity of plankton dynamics, which
are impacted by both the inherent non-linearity underlying changes in plankton abundance in a
habitat and some external factors. Among the many external factors, the exchange of plankton
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biomass between habitats, which can lead to the emergence of new dynamical regimes, occupy a
highly important place. As a result, plankton abundance has been shown to undergo occasional
transitions from regular to chaotic dynamics and vice versa [1, 2].
It is remarkable that some characteristic features of complex plankton dynamics can be simulated with the use of very simple conceptual mathematical models [2, 3, 4, 5, 6, 7, 8, 9, 10, 11].
Within the framework of such an approach Snell and Serra [12] have developed a disctrete-time
model (Consensus model) of population dynamics of rotifers. Rotifers are planktonic animals. The
name ”rotifer” is derived from the Latin word meaning ”wheel-bearer”. This makes reference to
the crown of cilia, whose rapid movement makes rotifers appear to whirl like a wheel. Rotifers
inhabit freshwater environments, such as lakes and rivers [13].
It is remarkable that the Consensus model [12] is realistic enough to capture the relevant biology but is simplified to a level where the parameterization of the model becomes possible. Berezovskaya et al. [14] carried out a sophysticated mathematical analysis of the Consensus model and
identified a number of the dynamical regimes, including stable equilibrium, periodic oscillations
and chaotic oscillations, which correspond closely to the data obtained in the course of field observations. Recently, leaning upon the results obtained by Berezovskaya et al. [14] we have modified
the Consensus model in order to study the role of interhabitat exhange of biomass in the dynamics
of the rotifer populations in a heterogeneous environment [15]. In particular, we have shown that
the biomass exchange between the rotifer populations with different intrinsic dynamical regimes
can lead to a spatially confinement of chaos invasion and to distortion of spatial borders of the
clusters of synchronized rotifer oscillations [16].
An open question still is what the result of biomass exchange between rotifer populations with
not different but identical intrinsic dynamics can be? In this paper, using the model proposed by
Snell and Serra [12] and some results of the analysis of the model carried out by Berezovskaya et
al. [14], we show that the rotifer populations, that are both bistable when uncoupled, can undergo
oscillations in their size resulting from the exchange of biomass between the populations.

2. The model
The Consensus model takes the form:
µ
N (t + 1) = N (t) exp −α +

¶
b
c
−
+ ² (t) ,
N (t) N 2 (t)

(2.1)

where N (t) is the population density at time t with the time unit, which crudely correspounds
to one day [12], α, b and c are constants, and ² (t) is a random variable representing exogeneous
population density-independent effects on the rotifer population under study. Throughout this
paper we exclude the random component of population dynamics from consideration, i.e. ² (t) = 0.
This makes it possible to focus on the inherent features of the dynamics.
The model (2.1) can be simplified by scaling N → bN . After introducing γ = c/b2 , Eq. (2.1)
becomes
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µ
N (t + 1) = N (t) exp −α +

1
γ
− 2
N (t) N (t)

¶
.

(2.2)

The parameter α in (2.1) and (2.2) characterizes environmental conditions. This parameter is
changed as the environmental conditions vary in time or/and in space. The parameter γ is species
specific [14]. For example, γ = 0.057 for Brachionus rotundiformis, γ = 0.076 for Brachionus
lyratus, and γ = 0.152 for Asplanchna girodi [12, 14].
The modified Consensus model, which sumulates the dynamics of two coupled habitats populated with the same rotifer species under different environmental conditions, is:
¶
µ
1
γ
− k (N1 (t) − N2 (t)) ,
(2.3)
N1 (t + 1) = N1 (t) exp −α1 +
−
N1 (t) N12 (t)
¶
µ
1
γ
N2 (t + 1) = N2 (t) exp −α2 +
−
− k (N2 (t) − N1 (t)) ,
(2.4)
N2 (t) N22 (t)
where N1 (t) and N2 (t) are the densities of the rotifer populations in the first and second
habitats, respectively, and k is the coupling coefficient.
Model (2.3) - (2.4) implies that reproduction and dispersal of planktoners occur simultaneously
(with a precision of one time step; see [17] for more details). Considering that both N1 (t) and
N2 (t) are not negative, the value of the coupling coefficient k has to be less than a critical value,
which is species-specific and also depends on the parameters α1 and α2 [15]. We consider two
habitats under different environmental conditions: α1 6= α2 .

3. Results
Figure 1 shows Nt+1 plotted as a function of Nt for parameter values [12, 14] that represent the inherent dynamics of a rotifer population. One can see that the population is bistable. The dynamics
of the population is characterized by three equilibria, two of them stable. The basins of attraction
of the stable equlibria are separated by the unstable equilibrium (Figure 1). In other words, the size
of the population goes to a constant value. The constant value is zero if the initial population size
is less than a critical size, otherwise it is nonzero.
Such type of population dynamics (the so-called Allee effect [18]) has been found for a number
of rotifer species. All the species are situated at the same domain of the Consensus model parameter space (domain II in Figure 2); different domains correspond to different types of the population
dynamics (see [14] for more detail). As an example, positions of three bistable rotifer populations,
which belong in domain II, are shown (Figure 2). They are Brachionus rotundiformis, Brachionus
lyratus and Asplanchna girodi.
Thus, the dynamics of the rotifer populations can exhibit bistability if the populations are not
subjected to external influences resulting, for example, from the heterogeneity, which is typical of
aquatic environments [2]. It may be assumed that interhabitat exchange of biomass arising from an
environmental heterogeneity, can affect the bistability of the population dynamics. Our simulations
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Figure 1: A phase portrait of model (2.2) for model parameters characteristic of Brachionus lyratus: α = 1.425, γ = 0.076 [12, 14]. The black points mark stable equilibria while the circle
corresponds to the unstable equilibrium.
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Figure 2: Positions of the rotifer species inside domain II of the parameter space: 1 - Asplanchna
girodi, 2 - Brachionus lyratus, 3 - Brachionus rotundiformis. The domains are: I - total extinction,
II - bistability, III - zero stable and periodic orbits [14].
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show that this is the case. An example shown in Figure 3 demonstrates variations in the character
of the rotifer (Brachionus lyratus) population dynamics under changes of the value of the coupling
coefficient k.
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Figure 3: Three types of the rotifer (Brachionus lyratus) population dynamics in each of the two
habitats under different values of the coupling coefficient k: k = 0 (A), k = 0.35 (B), k = 0.42
(C); α1 = 1.425, α2 = 1.7; γ = 0.076 [14].
One can see that being uncoupled (i.e. at k = 0) the rotifer populations are stationary stable
(Figure 3A). However, as soon as the value of k is greater than a critical value, which depends
on the model parameters α and γ, the dynamics of the rotifer populations becomes oscillatory.
The growth of the overcritical values of the coupling coefficient k is followed by the transition
from regular oscillations of the rotifer population density (Figure 3B) to the irregular time series
(Figure 3C). Notice that the irregular oscillations are chaotic, which follows from the fact that the
Lyapunov exponents of the irregular time series (in contrast to the regular ones) are greater than
zero. The Lyapunov exponent is a well-known measure of sensitive dependence. The Lyapunov
exponent, if positive, indicates that small differences in initial conditions diverge exponentially
over time. This sensitivity to initial conditions is indicative of chaos; see, for example, [19]). To
calculate the Lyapunov exponents, we followed the method given in [20]. In our case, the values
of the Lyapunov exponents typical of the chaotic regimes fall within the wide range between 0.002
and 0.07.
The bifurcation diagram (Figure 4) demonstrates the dependence of the population dynamics
on the value of the coupling coefficient k in more detail. One can see that increase in the value of
k leads to the Hopf bifurcation and subsequent period doubling followed by chaos. The windows
of periodic behavior [21, 22], which are embedded in the region of chaos are also seen.
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Figure 4: The bifurcation diagrams demonstrating three types of the rotifer (Brachionus lyratus)
population dynamics in each of the two habitats under different values of the coupling coefficient
k; α1 = 1.425, α2 = 1.7, γ = 0.076.

108

A.B. Medvinsky et al.

From bistability to coupling-induced oscillations

A dependence of the rotifer population dynamics on the parameter α2 , characterizing environmental conditions in the second habitat, is shown in Figure 5. Namely, Figure 5 shows the bifurcation diagrams that characterize the rotifer (Brachionus lyratus) population dynamics in each of the
two coupled habitats in relation to the value of the parameter α2 ; the parameter α1 is held constant
and takes the value given in [12, 14], i.e. α1 = 1.425. One can see from Figure 5 that changes
of environmental conditions in one of the habitats, that are reflected in the changes of the value
of the parameter α2 , are suitable for leading to the transition from bistability (as in Figure 1) to
oscillatory behavior, both regular and irregular. Irregular oscillations are also chaotic here.
Notice that transition from equilibrium to chaos resulting from period doubling takes place
under both increase and decrease in the value of the parameter α2 (Figure 5). Increase in the value
of this parameter leads to the Hopf bifurcation and subsequent period doubling in a very narrow
interval of the values of the parameter α2 : between 1.4620 and 1. 4739 (not shown). Decrease in
the value of the parameter α2 , contrastingly, leads to period doubling in a wide α2 range (Figure
5).
In contrast to the Brachionus lyratus population dynamics (Figures 3-5), only regular oscillations followed bistability in the Asplanchna girodi (γ = 0.152 [14]) coupled populations, while in
the Brachionus rotundiformis (γ = 0.057 [14]) populations the bistability was followed by nothing
but chaotic oscillations of the population density as the parameter α2 was increased. Thus, the
character of the changes in the rotifer population dynamics is species-specific and also depending
on both the enviromental conditions and interhabitat biomass exchange.

4. Concluding remarks
Bistability is often considered as a common trait of population dynamics [23, 24, 25, 26]. The
sophysticated mathematical analysis carried out by Berezovskaya et al. [14] has revealed that the
bistable rotifer species, that demonstrate exponentially damped biomass oscillations, fall into a
large domain (domain II) of the Consensus model parameter space (Figure 2). However, not only
exponentially damped time series but also persistent oscillations of the plankton abundance have
been observed in natural aquatic communities [2, 12, 27, 28, 29], suggesting that stable equilibria
and oscillatory dynamics may transform to each other.
Interestingly, transformation of bistability into oscillatory kinetics, which results from coupling
between similar elements, has been found in some physico-chemical systems, too [30, 31]. This
allowed us to think that oscillatory rotifer dynamics can arise from coupling between the populations, which belong to the same domain in the model parameter space.
We found that the biomass exchange between the bistable rotifer populations inhabiting two
areas with different environmental conditions (i.e. under α1 6= α2 in terms of the Consensus model)
can give rise to oscillations of the rotifer abundance. Hence the heterogeneity of the environment
can lead to the essential transformation of the rotifer population dynamics. This phenomenon can
be common in nature since aquatic environments have been shown to be extremely heterogeneous.
In addition to very changeable transient spatial patterns, many more stable structures also exist,
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Figure 5: The bifurcation diagrams demonstrating three types of the rotifer (Brachionus lyratus)
population dynamics in each of the two habitats under different values of the parameter α2 , α1 =
1.425, k = 0.38.
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associated with ocean fronts [32, 33], cyclonic rings [34] and so-called meddies [35]. Spatial
heterogeneity has also been found in offshore marine areas, lakes and rivers [36, 37, 38, 39, 40].
It is noteworthy that the character of the oscillations of the model rotifer abundance depends
essentially on the interhabitat biomass exchange and difference in environmental conditions. In
other words, the oscillatory rotifer population dynamics can become chaotic as numerical values of
the coupling coefficient k or/and the parameter α2 vary (Figures 3 -5). In this connection it should
be noted that increase in the value of the parameter α2 leads to period doubling (followed by chaotic
dynamics) in an extremely narrow α2 interval. As a result, even small variations in the parameter
α2 value can lead to sudden ”jumps” from equilibrium to chaos and vice versa. Interestingly,
immediate transitions from equilibrium to chaotic dynamics have been observed experimentally
[41, 42].
One can see that the chaotic oscillatory regimes emerge in the neighboring habitats for the
same set of the model parameter values (see Figure 5 as an example). In such a way, the couplinginduced chaos resulting from the biomass exchange between the habitats belonging in the same
domain of the parameter space (domain II in Figure 2) may expand widely through aquatic ecosystems. Notice that in contrast to the above-mentioned intradomain biomass exchange, coupling
between the rotifer populations, which belong to different domains of the Consensus model parameter space, can lead to confinement of the invasion of chaos resulting from invariance of the
attractor size under transformation of regular oscillations into chaotic ones [16]. Notice that such a
“
dynamical“ invasion does not imply biological invasion, i.e. the appearance of a foreign invader,
since we speculate that γ1 = γ2 .
Our results show that multihabitat interactions can induce the process of expansion of nonintrinsic types of the rotifer population dynamics, also known as dynamical invasion [16]. The
further investigation of the “ dynamical“ invasion is a challenging problem.
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