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in the Presence of Viral Infection and Periodic Nutrient Input
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Abstract. Chattopadhyay et al. [Biosystems (2003), 68, pp. 5-17] proposed and analyzed an
N − P model in the presence of viral infection on phytoplankton population. They studied the
dynamics under the constant nutrient input. The present paper deals with the problem with seasonal
variability on nutrient input. We use a general periodic function for nutrient input. We observe the
dynamics of the system by considering (i) the infected phytoplankton consumes nutrient and (ii)
the infected phytoplankton is not in a state to consume nutrient. Conditions for the persistence
and extinction of populations are worked out. Our numerical experiments show that if the infected
phytoplankton does not take nutrient then susceptible phytoplankton coexists with the infected
ones. But if the infected phytoplankton consumes nutrient then there is a chance for extinction of
susceptible phytoplankton for high rate of infection. We also observe that periodic nutrient input
enforces the system to enter into chaotic region.
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1. Introduction
Phytoplanktons are the micro organism in aquatic system. They transform mineral nutrients into
primitive biotic material using external energy, provided by the sun. The dynamical relationship
between the phytoplankton community and the nutrients has long been of great interest from both
experimental and theoretical view point. The importance of nutrients on the growth of plankton
leads to explicit incorporation of nutrients concentration in the plankton- herbivore models. Busen-
berg et al. [29] analyzed the dynamics of plankton-nutrient interaction and observed that under
certain conditions the coexistence of phytoplankton and zooplankton occured in an orbitally stable
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oscillatory mode. Ruan [31] considered plankton-nutrient interaction model with general nutrient
uptake function and instantaneous nutrient recycling. Further he considered the plankton-nutrient
interaction model with a fluctuating nutrient input and with a periodic washout rate. He showed
that coexistence of the zooplankton and the phytoplankton might arise due to positive bifurcating
periodic solutions. Many research papers related to nutrient-plankton model with constant and
periodic nutrient input have been published, for example see [12, 4, 3, 18]. In recent time, Huppert
et al.[2] considered a nutrient-phytoplankton model, where they assumed the consumption rate to
be a function of time t. But they took the input rate of the nutrient to be a constant. They observed
the seasonal phytoplankton bloom and the dynamics of seasonally recurring algae blooms. Their
model displayed a wide spectrum of dynamical behaviours, from simple cyclical blooms which
trigger annually, to irregular chaotic blooms in which both the time between outbreaks and their
magnitudes were erratic. Viral infection is another factor, other than the nutrient availability, that
govern the growth rate of the phytoplankton population. In marine ecosystem phytoplankton are
infected through virus entities that are the most abundant in the sea-nearshore and offshore, trop-
ical to polar, sea surface to seafloor, and in sea ice and sediment pore water. The first evidence
of infective “phycoviruses” in sea water was provided by Mayer and Taylor [17]. Quite a good
number of studies [22, 27, 21, 6] showed the presence of pathogenic viruses in the phytoplankton
communities. Fuhrman [16] synthesized the accumulated evidence regarding the nature of marine
viruses and their ecological as well as biogeological effects. Suttle et al. [6] showed by using
electron microscopy that the viral disease could infect bacteria and even phytoplankton in coastal
water. Viral infections can cause various phenomenon such as phytoplankton cell lysis, the col-
lapse of Emiliania huxleyi blooms in mesocosms [11] and in the North Sea [5] and the lysis of
Chrysochromulina [7]. Due to strain-specific, viruses can increase genetic diversity [20]. Viruses
may be important agents in the mortality of marine micro-organism and in controlling their ge-
netic compositions. Nevertheless, despite the increasing number of reports, the role viral infection
in phytoplankton population is still far from understood.

Recently, Chattopadhyay et al. [15] proposed a nutrient-phytoplankton model with viral infec-
tion on phytoplankton population. They divided phytoplankton into two groups susceptible and
infected. They derived the conditions for the co-existence and extinction of the population. Their
results indicated that the system will persist when the infected phytoplankton population was not
able to consume nutrient.

The main aim of the present paper is to observe the effect of viral disease on the growth of phy-
toplankton in the presence of periodic nutrient input. As far our knowledge goes, no such work has
been initiated in this direction. In this paper we modify the model of Chattopadhyay et al. [15] by
introducing periodic nutrient input. We first consider a phytoplankton-nutrient interaction model
with general uptake functions and input nutrient is general periodic function of period ω. Later for
numerical simplicity we consider the functional response is of Holling-II. Then we compare our
system numerically with the dynamics of the system where infected phytoplankton is incapable of
nutrient uptake and the system where input nutrient is of constant in nature.

The paper is organized as follows. In section 2, we outline the basic mathematical model with
some preliminary results. In section 3, we analyze our model with the assumption that the infected
phytoplankton population is incapable of nutrient consumption. We perform extensive numerical
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simulations in section 4. The article ends with a concluding remarks.

2. Model description and qualitative analysis

2.1. The mathematical model
We modify the model of Chattopadhyay et al. [15] which studied the nutrient plankton interaction
under the influence of viral infection, by introducing periodic nutrient input N0(t), a nontrivial
positive ω periodic C0 function. Thus the mathematical model takes the following form,

dN

dt
= D(N0(t)−N)− aSf0(N)− bIf1(N)

dS

dt
= aSf0(N)− λ

SI

S + I
−D1S (2.1)

dI

dt
= bIf1(N) + λ

SI

S + I
−D2I.

System (2.1) has to be analyzed with the following initial conditions :

N(0) = N0 > 0, S(0) > 0, I(0) > 0.

Here, N(t) is the concentration of the nutrient at time t. S(t) and I(t) be the concentration of
susceptible phytoplankton population and infected phytoplankton respectively at time t. N0(t)be
the periodic input of nutrient concentration; D is the washout rate of the nutrient; D1 is the mor-
tality rate of susceptible population ; D2 is the mortality rate of infected population and λ denotes
the infection rate. The maximal nutrient uptake rate for the susceptible population and maximal
nutrient uptake rate for the infected population are a and b respectively.

A crucial part of all host-pathogen models is the term describing the way in which the pathogen
is transmitted between hosts. In this connection we mention that all conventional host-pathogen
models make the assumption that the rate of pathogen transmission follows the mass action law
ηSI [i.e. the product of the number of susceptible hosts (S), the number of infectious units (I)
and the transmission coefficient, a constant which represents the chance of transmission of the
infectious per contact between susceptible hosts and infectious units] [28, 25]. But Jong et al. [8]
and Bouma et al. [1] pointed out that there was some confusion between mass action incidence
ηSI and standard incidence λSI

S+I
(where S +I is total host population) on the description of disease

transmission. They also suggested that standard incidence λSI
S+I

is more suitable term to describe
the disease transmission. Begon and his co-workers [23, 24] concluded that standard incidence is
better descriptor of transmission dynamics than density dependent transmission for cowpox. In our
proposed model standard incidence has been assumed to transmit viral disease in phytoplankton
populations rather than a simple mass action ηSI . The comparison between standard incidence
and mass action incidence shows λ = η(S + I) so that this form implicitly assumes that the
contact rate λ increases linearly with the population size [14]. But for human disease the contact
rate seems to be only very weakly dependent on the population size [14]. Also there are animal
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population like mice in a mouse-room or animal in a herb [8], where the disease transmission
primarily occurs locally from nearby animals. This is because in case of large population and
slow movements of individual prevents it to make contact to a large numbers of individuals in a
unit time like phytoplankton. In this connection we mention that Beltrami and Carroll [9]assumed
standard incidence in phytoplanktons so that infected phytoplanktons represent a small fraction of
the total biomass. In fact, this assumed that the contact rate was not limited by the availability of
phytoplankton cells, which was responsible in view of the typically high algal concentrations. The
above theoretical and experimental evidences motivate us to consider the transmission term as of
standard incidence.

Here the functions f0(N) and f1(N) describe the nutrient uptake rates of susceptible and in-
fected population respectively. Moreover we assume

(A1) N0(t) is a nontrivial positive ω-periodic C0 function.
(A2)fi: R+ → [0 1], i = 0, 1, fi ∈ C1(R+, [0 1]), is increasing i.e.( ´fi(r) > 0 for r ≥ 0, i =

0, 1) and fi(0) = 0, fi(+∞) = 1.
Suppose

l1 = min
{
N0(t) : 0 ≤ t ≤ ω

}
, l2 = max

{
N0(t) : 0 ≤ t ≤ ω

}

and
N̂ =

1

ω

∫ ω

0

N0(t)dt.

Then clearly 0 < l1 < N̂ < l2.

Ṅ = D(N0(t)−N). (2.2)

It is easy to verify that

N∗(t) =
D

eDω − 1

∫ ω

0

eDrN0(t + r)dr

is the unique ω-periodic solution of (2.2) and moreover every solution of (2.2) can be written as
N(t) = N∗(t) + ce−Dt with c = N(0)−N∗(0).

We also found that N(t) − N∗(t) → 0 as t → ∞ and thus N∗(t) is a globally exponentially
stable ω-periodic solution of (2.2).

Since l1 ≤ N0(t) ≤ l2, all solutions N(t) eventually enter the interval J = [l1 l2] and remain
there for all future time.

2.2. Some preliminary results
The following lemma describes the behaviour of N∗(t).

Lemma 1. (i) There exists b > 0 such that

l1 + b ≤ N∗(t) ≤ l2 − b
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for all t ∈ R.
(ii)

1

ω

∫ ω

0

N∗(t)dt = N̂ .

Proof.
Since all solutions N(t) eventually enter the interval J = [l1 l2] and remain there for all future

time, l1 ≤ N∗(t) ≤ l2.
Now if we take

l2 = max{N∗(t) : 0 ≤ t ≤ ω}( or l1 = min{N∗(t) : 0 ≤ t ≤ ω})
then there exists t∗ ∈ (0, ω] such that N∗(t∗) = l2(or = l1). Now (2.2) has no constant solution
since N0(t) is not constant, hence there exists t0 ∈ (0, t∗) such that N∗(t0) < l2(or > l1).
Hence we can choose a solution N(t) with N∗(t0) < N(t0) < l2 ( or l1 < N(t0) < N∗(t0)).
Then by the intermediate value theorem, there exists t1 ∈ (t0, t

∗] such that N(t1) = N∗(t1) since
N(t0) > N∗(t0) (or N(t0) < N∗(t0)) while N(t∗) ≤ N∗(t∗) (or N(t∗) ≥ N∗(t∗)). This is a
contradiction to the uniqueness of solutions of initial value problems. So there exists b > 0 such
that

l1 + b ≤ N∗(t) ≤ l2 − b for all t ∈ R.

Now, we proof the second part of the theorem.
(ii) By substituting N∗(t) into (2.2) and then integrating both side of (2.2) from 0 to ω we get

1

ω

∫ ω

0

N∗dt =
1

ω

∫ ω

0

N0(t)dt = N̂ .

Lemma 2. Suppose (A2) holds. Then each solution (N(t), S(t), I(t)) of (1) with its initial
value in R3

+ will remain in R3
+ for all t ≥ 0. Further if we denote u(t) = N∗(t) − N(t) for

solutions N(t), then the following are true:
(i)

u(0)e−Dt ≤ u(t),

(ii) Either there exists t1 ≥ 0 such that u(t) ≥ 0 for all t ≥ t1 or u(t) < 0 ∀ t ≥ 0 in which
case u(t), S(t), I(t) all tend to zero exponentially as t → +∞.

Proof.
u(t) = N∗(t)−N(t).

˙u(t) = ˙N∗(t)− ˙N(t)

= D(N0(t)−N∗(t))−D(N0(t)−N(t)) + aSf0(N) + bIf1(N)

= −Du(t) + aSf0(N) + bIf1(N) (2.3)
≥ −Du(t)

By standard comparison theory it follows that

u(0)e−Dt ≤ u(t).
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On the other hand, by variation of constant

u(t) = e−Dt(u(0) + F (t)), (2.4)

˙u(t) = −De−Dt(u(0) + F (t)) + e−Dt ˙F (t). (2.5)

From (2.3) and (2.5) we have

−De−Dt(u(0) + F (t)) + e−Dt ˙F (t) = −Du(t) + aSf0(N) + bIf1(N).

Thus from (2.4) we have

−De−Dt(u(0) + F (t)) + e−Dt ˙F (t) = −De−Dt(u(0) + F (t)) + aSf0(N) + bIf1(N).

Therefore

F (t) =

∫ t

0

eDr [aS(r)f0(N) + bI(r)f1(N)] dr,

is an increasing nonnegative function for t ≥ 0 since the integrand is positive.
Therefore, the first case of (ii) occurs if u(0) ≥ 0. If u(0) < 0 then F (+∞) > −u(0),

otherwise u(t) < 0 ∀t ≥ 0.
In the latter case, let

W (t) = S(t) + I(t)− u(t), (2.6)

˙W (t) = ˙S(t) + ˙I(t)− ˙u(t)

= aSf0(N)−D1S + bIf1(N)−D2I − ˙u(t)

= −D1S −D2I + Du(t)

≤ −δW (t), where δ = min{D, D1, D2} > 0.

It follows that
W (t) ≤ W (0)e−δt → 0 as t →∞.

Since S(t), I(t) and −u(t) (since u(t) < 0 ∀t ≥ 0) are all nonnegative, this assertions (ii) is true.
With the above lemmas, we can prove the following theorem, showing system (2.1) is dissipa-

tive. A system of ordinary differential equations

dy

dt
= f(t, y)

defined in a domain Ω is dissipative if there exists a B such that all solutions y(t) with y(t) ∈ Ω
for all t satisfy

lim sup
t→∞

| y(t) |≤ B.
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Definition of dissipativeness is taken from V. A. Pliss, ’Nonlocal problems of the theory of oscil-
lations’ [32].

Theorem 1. System (2.1) with (A2) is dissipative and all solutions initiating in R3
+ satisfy

(i)
0 ≤ lim inf u(t)

(ii)

lim sup[N(t) + S(t) + I(t)] ≤ Dl∗2
δ

where δ is given in the proof of lemma 2.
Proof. The first part of the proof is immediate from lemma 2.
For second part, we note that

Ẇ ≤ −δW (t) + (D − δ)u(t)

≤ −δW (t) + (D − δ)l∗2, since u(t) ≤ N∗(t) ≤ l∗2 and D − δ ≥ 0.

By variation of constants,

W (t) ≤ e−δt

(
W (0)− (D − δ)l∗2

δ

)
+

(D − δ)l∗2
δ

. (2.7)

On the other hand,

N(t) + S(t) + I(t) = W (t) + N∗(t). (2.8)

Combination of (2.7) and (2.8) proves (ii). Hence the system (2.1) is dissipative.

The following theorems describe extinction of the prey due to lack of nutrient. The conditions
given in these theorems describe an environment which provides insufficient nutrient for prey
survival and consequently they are washed away from the system.

Theorem 2. Suppose (A2) holds.
i) If

σ0 =
1

ω

∫ ω

0

[af0(N
∗(t))−D1] dt < 0,

then S(t) tends to zero exponentially, and
ii) if

σ1 =
1

ω

∫ ω

0

[bf1(N
∗(t)) + λ−D2]dt < 0,

then I(t) tends to zero exponentially.
Proof. The result (ii) of lemma 2 is sufficient to show the theorem is valid.
So our assumption that u(t) ≥ 0 implies N∗(t) ≥ N(t) for t ≥ t1 ≥ 0.
Since f0 is increasing, so

f0(N(t)) ≤ f0(N
∗(t)) for t ≥ t1.
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dS

dt
= aSf0(N)− λ

SI

S + I
−D1S ≤ S(af0(N

∗)−D1) for t ≥ t1.

We have

0 ≤ S(t) ≤ S(0)e
R t1
0 [af0(N∗(t))−D1]dte

R t1+nω
t1

[af0(N∗(t))−D1]dt

= S(0)e
R t1
0 [af0(N∗(t))−D1]dte

R nω
0 [af0(N∗(t))−D1]dt (2.9)

for some n = n(t) > 0.
If we take

σ0 < 0 i.e. ωσ0 =

∫ ω

0

[af0(N
∗(t))−D1]dt < 0

then (2.9) implies that S(t) tends to zero exponentially. Similarly we can proof that I(t) tends to
zero exponentially provided the conditions stated in the theorem is satisfied. Hence the theorem.

Remark 1. If σ0 < 0 and σ1 < 0 then for every solution (N(t), S(t), I(t)) of (2.1), S(t) and
I(t) both tend to zero exponentially. If σ0 > 0 and σ1 > 0 then for every solution (N(t), S(t), I(t))
of (1), S(t) and I(t) both co-exist.

Theorem 3. Let us suppose that a > D1 and b > D2, then (A2) implies that there exists unique
λ0 and λ1 for which f0(λ0) = D1

a
and f1(λ1) = D2−λ

b
. Moreover we assume that the derivative f ′0

of f0 and f ′1 of f1 are strictly decreasing.
i) If

λ0 ≥ N̂

then S(t) tends to zero exponentially as t →∞, and
ii) if

λ1 ≥ N̂

then I(t) tends to zero exponentially as t →∞.
Proof. Denote

J+ = {t ∈ [0, ω] : N∗(t) ≥ λ0} and J− = [0, ω] \ J+

is the compliment of J+ in [0, ω]. J− is a nonempty open set in [0, ω].
By the mean value theorem,

f0(N
∗(t))− f0(λ0) = f ′0(θ(t))(N

∗(t)− λ0),

where θ(t) lies between λ0 and N∗(t).
Thus

f0(N
∗(t))− f0(λ0) ≤ f ′0(λ0)(N

∗(t)− λ0). (2.10)

If t ∈ J+ and θ(t) ≥ λ0 then f ′0(θ(t)) ≤ f ′0(λ0) as f ′0 is strictly decreasing . But if t ∈ J− and
θ(t) < λ0 then f ′0(θ(t)) > f ′0(λ0).

Hence in both cases the above inequality holds.
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From the inequality (2.10) and nonemptiness of J−, we get
∫ ω

0

[f0(N
∗(t))− f0(λ0)]dt < ωf ′0(λ0)(N̂ − λ0).

Therefore, we have

σ0 =
a

ω

∫ ω

0

[f0(N
∗(t))− f0(λ0)]dt < af ′0(λ0)(N̂ − λ0) ≤ 0, if N̂ ≤ λ0.

This completes the first part (i) of the theorem. The second part of (ii) follows the similar proof
and hence omitted.

Hence the theorem.

Remark 2. If we take f0(N) = N
k1+N

then f0(λ0) = D1

a
implies λ0 = k1D1

a−D1
and condition

λ0 ≥ N̂ takes the form k1D1

a−D1
≥ N̂ . If we take f1(N) = N

k2+N
then f1(λ1) = D2−λ

b
implies

λ1 = k2(D2−λ)
b−D2+λ

and condition λ1 ≥ N̂ takes the form k2(D2−λ)
b−D2+λ

≥ N̂ .

We shall now summarize our analytical findings in a tabular form (Table 1).

Table 1: Table summarizing the analytical findings of system (2.1).

Threshold conditions Dynamical behaviour
σ0 < 0 Extinction of susceptible phytoplankton
σ1 < 0 Extinction of infected phytoplankton

σ0 > 0 & σ1 > 0 Co-existing of both phytoplanktons

3. Infected population is incapable of nutrient consumption
The study of Uhlig and Sahling [13] on the dinolagellate Noctiluca scintillans in the German Bight
showed that infected phytoplankton cells do not feed any more and are also not in a position to
reproduce. Under this assumption the system (2.1) takes the following form:

dN

dt
= D(N0(t)−N)− aSf0(N)

dS

dt
= aSf0(N)− λ

SI

S + I
−D1S (3.1)

dI

dt
= λ

SI

S + I
−D2I

The following theorem describes the extinction of both phytoplanktons due to lack of nutrient.
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Theorem 4. Suppose (A2) holds.
i) If

σ0 =
1

ω

∫ ω

0

[af0(N
∗(t))−D1] dt < 0,

then S(t) tends to zero exponentially as t →∞, and
ii) if

σ∗1 = λ−D2 < 0,

then I(t) tends to zero exponentially as t →∞.
Proof.
Proof follows from the Theorem2 by putting b = 0

Remark 3. If σ0 < 0 and σ∗1 < 0 then for every solution (N(t), S(t), I(t)) of (3.1) S(t) and
I(t) both tend to zero exponentially. If σ0 > 0 and σ∗1 > 0 then for every solution (N(t), S(t), I(t))
of (3.1) S(t) and I(t) both coexist.

Theorem 5. Suppose (A2) holds and the derivative f ′0 of f0 is strictly decreasing. If λ0 ≥ N̂
then S(t) tends to zero exponentially as t →∞.

Proof. Similar to theorem 3.
Now, we summarize the results of system (3.1) in the following table (Table2)

Table 2: Table is summarizing the analytical findings of model (3.1).

Threshold conditions Dynamical behaviour
σ0 < 0 Extinction of susceptible phytoplankton
σ∗1 < 0 Extinction of infected phytoplankton

σ0 > 0 & σ∗1 > 0 Co-existing of both phytoplanktons

4. Numerical Simulations
In numerical experiment we consider the following forms for nutrient uptake f0(N) = N

k1+N
and

f1(N) = N
k2+N

with k1 and k2 are half-saturation constants. The general system (2.1) reduces to

dN

dt
= D(N0(t)−N)− a

SN

k1 + N
− b

IN

k2 + N
dS

dt
= a

SN

k1 + N
− λ

SI

S + I
−D1S (4.1)

dI

dt
= b

IN

k2 + N
+ λ

SI

S + I
−D2I,

158



K. pada Das et al. Nutrient-Phytoplankton Interaction

where
N0(t) = 0.5 + A sin(ωt).

We perform our numerical experiments by considering the following three different situation
of the system (4.1).

Case 0: Both phytoplanktons are able to consume nutrient (i.e. we consider in full system
(4.1)).

Case I: The infected phytoplankton is not able to consume nutrient (i.e. the system (4.1) with
b = 0).

Case II: Nutrient input is constant (i.e. the system (4.1) with N0 = const).
For numerical simulations we use the following hypothetical parameter values and simulations

have been carried out with MATLAB.

D = 0.0012, D1 = 0.02, D2 = 0.05, a = 1.5, b = 0.3,

k1 = 0.1, k2 = 0.2, λ = 0.2, A = 0.5, ω = 0.19. (4.2)

Numerical simulations have been carried out with the help of MATLAB software.

Table 3: Table summarizing the analytical findings in light of numerical values given in (4.2) for
the system (2.1).

Threshold Variable Dynamical
conditions parameter behaviour Figure

λ
σ0 = −0.0158984 < 0 λ = 0.39 Extinction of susceptible Fig. 5

phytoplankton
σ1 = −0.00958928 < 0 λ = 0.04 Extinction of Fig. 1a

infected phytoplankton
σ0 = 0.4288 > 0 & σ1 = 0.302775 > 0 λ = 0.3 Co-existing of both

phytoplankton populations Fig. 5

In our simulation experiments we like to observe the effect of nutrient-concentration and dis-
ease transmission factor in the dynamics of N − S − I systems described in Case 0–Case II of the
system (4.1). Before that we present the following table (Table3) to verify the analytical findings in
light of numerical observations. Now we observe the following steps: (i) in system (4.1) we vary
the force of infection λ (ii) in the subsequent stages, we compare the observations thus obtained for
the system (4.1) with b = 0 (i.e. Case I) and system (4.1) with N(t)=const (i.e. Case II) and (iii)
finally we observe the rate of nutrient concentration in the dynamics of system (4.1) and system
(4.1) with b = 0. The dynamics of the system (4.1) with three different cases (viz Case 0, Case I
and Case II) have observed by considering the force of infection λ as a bifurcation parameter.

The infected phytoplankton population does not persist below a minimum threshold of infec-
tion (λ ≤ λmim = 0.04) in the system(4.1) and in Case II of system(4.1) (see Fig. 1a,c). But
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Figure 1: Figures(a) and (c) show the extinction of infected phytoplankton for λ = 0.04 in Case 0
and Case II of the system (4.1) respectively and (b) shows the extinction of infected phytoplankton
for λ = 0.05 in Case I keeping other parameters fixed as given in (4.2).
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Figure 2: Figure shows that both phytoplanktons coexist in limit cycle oscillating position for
λ = 0.05 in the system (4.1), keeping other parameters fixed as given in (4.2).
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Table 4: Table summarizing the analytical findings in light of numerical values given in (4.2) for
the system (3.1).

Threshold Variable Dynamical
conditions parameter behaviour Figure

λ
σ1 = −0.01 < 0 λ = 0.05 Extinction of Fig1b

infected phytoplankton
σ0 = 0.25572 > 0 & σ1 = 0.34 > 0 λ = 0.39 Co-existing of both

phytoplankton populations Fig6
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Figure 3: Figure shows that both phytoplanktons coexist in limit cycle oscillating position for
λ = 0.06 in Case I of the system (4.1), keeping other parameters fixed as given in (4.2).

we also notice that the infected phytoplankton does not survive below a minimum threshold of
infection (λ ≤ λmin = 0.05) in Case I of the system (4.1)(see Fig. 1b). We observe that both
susceptible and infected phytoplanktons coexist in oscillatory (limit cycle) position for λ = 0.05
in Case 0 and for λ = 0.06 in case I of the system (4.1) respectively (see Figs. 2 and 3). But in
case II of the system (4.1) both phytoplanktons coexist in stable situation for λ = 0.05 (see Fig. 4).
It is clearly found that both phytoplanktons coexist in limit cycle oscillation for 0.05 ≤ λ ≤ 0.22
and both phytoplanktons coexist in chaotic position for 0.22 < λ < 0.39 in Case 0 but in Case I
both phytoplanktons coexist in limit cycle oscillation for 0.06 ≤ λ ≤ 0.22 and chaotic position for
0.22 < λ (see Figs. 2 and 3, and Figs. 5 and 6). It is also found that susceptible phytoplankton does
not survive for λ ≥ 0.39 in Case 0 but both phytoplankton persist in chaotic position for λ ≥ 0.39
in Case I (see Figs. 5 and 6).

It is noticed that as λ increases, the system (4.1) enters into a chaotic region from limit cycle
oscillation and a further increase in the value of λ leads to the extinction of the susceptible phyto-
plankton population, (see Fig. 5). On the other hand, when infected phytoplankton is not in a state
to consume nutrient (the dynamics presented in the Case I of the system (4.1)), both susceptible
and infected phytoplankton settle down into chaotic region from limit cycle oscillation and there is
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Figure 4: Figure shows that both phytoplanktons coexist in steady stable position for λ = 0.05 in
Case II of the system (4.1), keeping other parameters fixed as given in (4.2).

no chance of extinction of susceptible phytoplankton (see Fig. 6). It is clear from the above obser-
vations that susceptible phytoplankton does not survive in Case 0 for higher values of λ whereas
both phytoplankton survive for higher values of λ for Case I. This result indicates that for the
co-existence of the phytoplankton, incapability of nutrient consumption by infected phytoplank-
ton play an important role. In this connection we like to mention the experimental observations
of Uhlig and Sahling [13] on dinoflagellate Noctiluca scintillans (milliaris). They observed that
Noctiluca scintillans in German Bight showed clear isolated bursts occured fairly regularly when
infected Noctiluca scintillans did not feed anymore.

From Figs. 4 and 7 we observe that both phytoplankton coexist in stable position for 0.05 ≤
λ ≤ 0.22 and limit cycle position for 0.22 < λ < 0.39 and susceptible phytoplankton wipes out
for λ ≥ 0.39 in Case II. For Case II we observe that both phytoplanktons persist in limit cycle
oscillation for λ > 0.22 when infected phytoplankton is unable to consume nutrient (see Fig. 8).

It is observed for Case II of system (4.1), both susceptible and infected population enter into
limit cycle oscillation from steady state and ultimately the susceptible phytoplankton goes to ex-
tinction for variation of λ (see Fig. 7). In such case, if the infected population does not consume
nutrient, all population co-exist (see Fig. 8). Chattopadhyay et al. [15] also observed both phy-
toplanktons do not persist when both phytoplanktons are able to consume nutrient whereas both
phytoplankton coexist if infected phytoplankton do not consume nutrient. Our analytical and nu-
merical analysis suggest that inconsumption of nutrient by infected phytoplankton is a crucial
factor for coexistence of both phytoplanktons species.

To observe the role of seasonal forcing strength (A) and force of infection (λ) in the Case 0
and Case I of equations (4.1) we plot 2-D parameter figure. We observe that when infected phyto-
plankton consume nutrient there is a chance of extinction of susceptible phytoplankton for higher
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Figure 5: Figure shows that the bifurcation diagram for λ ∈ [0.1,0.5] and extinction of susceptible
phytoplankton for the system (4.1), keeping other parameters fixed as given in (4.2).

0.1 0.2 0.3 0.4 0.5
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

λ

 S
m

a
x
 &

 S
m

in

0.1 0.2 0.3 0.4 0.5
0

0.01

0.02

0.03

0.04

0.05

λ

 I
m

a
x
 &

 I
m

in

Figure 6: Figure shows the co-existing of all population for Case I of the system (4.1) (all the other
parameter values fixed as given in (4.2).
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Figure 7: Figure shows the bifurcation diagram for λ ∈ [0.1,0.5] and the extinction of susceptible
phytoplankton for Case II of the system (4.1) (all the other parameter values fixed as given in (4.2).
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Figure 8: Figure shows co-existing of all species when infected population is not able to consume
nutrient for Case II of the system (4.1) (all the other parameter values fixed as given in (4.2).)
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Figure 9: Figure shows the plot between seasonal forcing strength A and force of infection λ for
the equation (4.1) (i.e.Case 0). ‘+’ represents the periodic oscillation, ‘* ’ represents the aperiodic
oscillation and ‘.’ represents extinction of the susceptible population. The parameter values are
given in (4.2)
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Figure 10: Figure shows the plot between seasonal forcing strength A and force of infection λ for
Case I of the equation (4.1). ‘+’ represents the periodic oscillation and ‘* ’ represents the aperiodic
oscillation. The parameter values are given in (4.2).
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values of λ but when the infected phytoplankton do not consume nutrients, then the susceptible
phytoplankton will never be washed away from the system for higher values of λ. We observe for
both the system that when the values of λ and A is small the systems show periodic oscillation, see
‘+’ in Figs. 9 and 10. But for higher values of λ or A we observe that the system shows aperiodic
oscillation, see ‘* ’ in Figs. 9 and 10. Finally for large values of λ we observe that the susceptible
phytoplankton goes to extinction when the infected phytoplankton consume nutrients, see ‘.’ in
Fig. 9.

For convenience, we summarize the above findings in a tabular form (Table 5).

Table 5: Behaviour of system(4.1).

Variation of Case 0 Case I Case II
λ

Extinction of Extinction of Extinction of
λ ≤ 0.04 infected infected infected

phytoplankton phytoplankton phytoplankton

0.05 = λ Limit cycle Extinction of infected Both phytoplanktons
phytoplankton coexist in steady state

stable position

0.06 ≤ λ ≤ 0.22 Limit cycle Limit cycle Both phytoplanktons
coexist in steady state

stable position

0.22 < λ < 0.39 Chaotic oscillation Chaotic oscillation Limit cycle

Extinction of co-existing of both Extinction of
λ ≥ 0.39 susceptible phytoplanktons susceptible

phytoplankton phytoplankton

5. Concluding Remarks
In marine ecosystem two factors viz seasonality of nutrient and viral disease in phytoplankton
influence the dynamics of plankton. However, viral disease in phytoplankton affects significantly
the dynamics of nutrient-plankton model in the presence of periodic nutrient input. In this paper we
consider an NP model with periodic nutrient input and compare it with different cases arising due
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to constant nutrient input and non-consumption nutrient by infected phytoplankton. We begin with
a general model where we took a general functional response and a general periodic function for
the nutrient input. The analytical results corresponding to the general model leads to two distinct
thresholds σ0, and σ1. The existence of susceptible and infected phytoplankton, the endemicity of
the system and disease freeness of the system have been determined by these thresholds. When
both phytoplankton uptake nutrient, the system is endemic for σ1 ≥ 0 and disease free for σ1 < 0
and both plankton co-exist for σ0 > 0 and σ1 > 0. But endemicity of system is determined by σ∗1
(it is obtained by putting b = 0 in σ1) and σ0 > 0 and σ∗1 > 0 implies the persistence of susceptible
and infected phytoplankton when infected phytoplankton is incapable of uptaking nutrient. The
numerical simulations in our study demonstrates a number of interesting phenomena. With the
increase of the force of infection, the system with periodic nutrient input goes to chaotic region
from limit cycle while the system with constant nutrient goes to limit cycle from stable position.
In this connection we like to mention the result of Inoue and Kamifukumoto [26] that external
forcing can induce oscillations in a simple prey-predator system. Ecological communities are
generally embeded in periodically varying environments. It has been shown by Rinaldi et al. [30]
that such periodic external forcing may lead to a classical prey-predator system into limit cycle
oscillation, period doubling and chaos. We claim from the observations of our proposed model
with periodic nutrient input and constant nutrient input that seasonal forcing is responsible for
chaotic dynamics. In this connection we like to mention that Huppert et al. [2] extended the basic
NP model by introducing periodic seasonal forcing which induced all kinds of complex dynamics
from limit-cycles to chaos. We also observe that when the force of infection is high, the susceptible
phytoplankton co-exist with infected phytoplankton only if infected phytoplankton is incapable of
uptaking nutrient. This observation is also supported by the experimental observation of Uhlig and
Sahling [13].

We finally observe from the 2-D parameter figure that for low values of λ and A the systems
show periodic solution while for high values they show aperiodic solution, which may lead to the
extinction of the phytoplankton population if the infected phytoplankton population consumes nu-
trient.

Acknowledgement: The authors are grateful to the learned reviewers for their critical com-
ments and suggestions on the earlier version of the paper.
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