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Local Collapses in the Truscott-Brindley Model
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Abstract. Relaxation oscillations are limit cycles with two clearliffdrent time scales. In this
article the spatio-temporal dynamics of a standard pregi@ior system in the parameter region
of relaxation oscillation is investigated. Both prey anedgator population are distributed irreg-
ularly at a relatively high average level between a maxinmal a minimal value. However, the
slowly developing complex pattern exhibits a feature oWérse excitability”: Both populations
show collapses which occur erratically both in space andne.t The nature of these collapses is
analysed statistically and it is shown that the model behawgan be interpreted as a resolution of
the paradox of enrichment.
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1. Introduction

The term “relaxation oscillations” was initially introded by van der Pol [23] who investigated
an electrical circuit. The mathematical theory of relagatoscillations was mainly developed in
the Russian literature, starting with a short note by Migimito and Pontryagin [13] and further
elaborated in [12, 15]. In general, from the mathematicahipof view, periodic solutions of a
singularly perturbed system of ordinary differential etijoas
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are denoted relaxation oscillations, see the monograpbrn@¢laxation oscillations in ecolog-
ical models (which is, however, focussed on delay ODE models
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Figure 1. Phase space diagram of the Holling type Ill presdptor model: The prey nulicline
is plotted with solid lines. The two Hopf bifurcations arddéded 'H," and 'H,'. One limit
cycle solution for the parameter set (3.1) is plotted witkhdal lines, the corresponding stationary
solution is indicated by a cross and labelléd” v*)'.

Prey-predator models with Holling type Il functional resyse have often been used to demon-
strate cyclic collapses, cf. the classical paper by Ludwigle[10]. In the parameter range of
relaxation oscillations, the behaviour is characterisgtiho clearly seperated time scales: For pa-
rameter sets close to the Hopf bifurcatifi, see the phase space diagram with the prey nulicline
shown in Figure 1, the populations remain at nearly the sawe for a long time but suddenly
collapse as soon as a certain threshold, say for the prepapardation, denoted,,,..., is reached,
see Figure 2.

Opposed to excitable solutions where a stable stationatg & reached after a single spike,
relaxation oscillations consist of a train of spikes. In ffi@ase space diagram (Figure 1) this be-
haviour can be interpreted by the alternating movement dast™and a “slow” manifold: In our
case the prey nulicline is the slow manifold whereas the nm@re on lines which are nearly paral-
lel to thew axis is fast. Concerning the analysis of slow-fast systees[16]. In this article it will
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Figure 2: In order to identify critical values of the preyegiator dynamics, the local model is
simulated for the choice of parameters given in Equatioh)(Frey levels are plotted with solid
lines, predator levels with dashed lines. The dotted lihesvcritical levels for predator densities.
At a certain critical valuey,,,, of the predator density, the prey population collapses edmeit
explodes for a low predator density,;,, .

be shown that slow-fast dynamics can lead to sudioeal collapses whereas in most of the spatial
area both populations are at high levels: If the predatallesaches,, ., at a certain point, the
prey and soon also the predator population collapse as trgeeted from the local model. How-
ever, the spatial extension of these collapses is veryduniafter a collapse, the prey population
regrows explosively to its carrying capacity and the predegcovers slowly. This observation is
interesting in the context of the famous “paradox of enriehtit Rosenzweig [17] observed that
in a broad class of prey predator models an increase of tingicgicapacity of the prey population
leads to destabilisation of the interior stationary salntii.e. the equilibrium which corresponds
to coexistence of prey and predator. Instead both populatiscillate and if the carrying capacity
is increased further, the oscillations become so sharghleaninimum values of both populations
are close to extinction. This is a very counter-intuitivesetyation because it suggests that “en-
richment”, i.e. an improvement of the living conditions imetecosystem might actually lead to
extinction. Petrovskii et al. [14]—see also [11, chapter31d] which provides a valuable source
of references related to the paradox of enrichment—suglyasspatio-temporal chaos might pro-

116



|. Siekmann and H. Malchow Local collapses in the Truscott-Bindley model

vide a mechanism which prevents from sharp oscillationsnireariched system. The results,
which will be presented in the following, complement [14]s A more general mechanism we
suggest that slow-fast dynamics combined with spatialrsxts of the system are sufficient that
both populations remain on a relatively high level.

2. Spatio-temporal stochastic Truscott-Brindley model

The Truscott-Brindley model [22], extended by diffusivevement of the species and stochastic
variations driven by multiplicative noise, is investigadte

ou U U?
E =rU (1— ?) —Fmaxm‘/‘i‘DAU—FWCUU, (21)
oV U?

= €Fm V- mVV + DAV + WCVV.

or " H2 4+ U2

r denotes the growth rate of the prdy, is the carrying capacityt,,.... is the maximal catch
rate of the predator is the half saturation constant of the Holling type Il fuiocial response,
see [5]. e is a so called efficiency factor which accounts for the faett tthe predator is not
capable of transforming each caught prey into the same anebomwn biomassin, is the natural
mortality of the predator. Both species spread by diffusivevement with the same diffusion
coefficientD. (;; and(y stand for Gaussian noise with zero mean and unity varianoe factorw
describes the strength of the density-dependent noisdmaitsed as a simple model for stochastic
environmental variability.

By passing over to dimensionless variables

U 1%
= — = —, t:=eFu.
u K, v eK’ e T
and dimensionless parameters
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where the diffusion coefficienb is scaled by the system lengthto the powerk = 1,2 of
spatial dimensions, the transformed system reads

ou u?
o =pu(l —u)— mv—l—dAquwCUu,
v u?

E = mv — Uyv + dAv + WCVU.
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3. Spatio-temporal dynamics

A range of parameters is chosen where the dynamics of thertoadel is characterised by relax-
ation oscillations. Relaxation oscillations occur if thgndmics of the predator is much slower
than the prey dynamics. Suitable choices of parametersoarevdlues ofh and ., close tol.
Biologically, this can be interpreted in the sense that tingrenment is “enriched” (because the
carrying capacityk' is large compared to the half saturation constdnf the predator) and that
the mortality of the predator is close to but still below itegth ratee F;,,,...
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Figure 3: Initial conditions for thé00 x 500 grid with spatial step sizé, = 0.333. The initial
prey patch is bounded by a dashed, the initial patch of thegboe by a dotted line.

The first choice of parameters which was used for simulagon i
p =20, py =0.99, h=0.03125, d = 0.05. (3.1)

The simulation was carried out orba0 x 500 grid, each grid cell having a length 6f = 0.333
spatial units. For all simulations, a square of prey withltwveer left cornen(75, 75) and side length
20 was initialised with the value, = 0.1 and covered by a rectangular patch with the lower left
corner(75,83) and side lengths 15 and 10 respectively was initialised wjth= 0.2. The rest
of the space was set to 0 for both populations, see FiguresB4it be noted that neither varying
the initial conditions, nor choosing slightly differenfffdision coefficients, nor slightly varying the
other parameters leads to qualitative changes in the dyrsaniihe results are shown in Figure 4.

A complex pattern is formed very slowly in three stages: tritse prey grows quickly to its
carrying capacity and occupies the whole space. At the sanee(turing the first few hundred
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(a) t=700 (b) t=750 (c) t=755

(d) t=1350 (e) t=1575 (f) t=1975

Figure 4: Simulation of (2.1) for the choice of parameterd)8n a500 x 500 grid; initial condition
shown in Figure 3. The prey population is plotted green, tieglator is plotted blue. Black areas
indicate that in these regions in space both populationglase to extinction. In the beginning
what looks like a target pattern (see (a)) already exhiloitsll collapses (see (b)), followed by
explosive regrowth of the prey population (see (c)). Insitiehat first looked like a target pattern,
the collapses form complex structures (see (d),(e)); finblack spots indicating collapses move
along a “cellular” structure (see (f)).

time steps) the predator hardly seems to change at all. Indgkiephase the pattern resembles the
well-known target pattern (see Figure 4a). However, alyesdhis stage the pattern exhibits some
kind of “inverse excitability”: Occasionally, light bluéngs and black spots appear which indicate
very low levels of the prey population (see Figure 4b). At flaene areas, also the predator pop-
ulation collapses nearly instantaneously. We denote gfsiour “inverse excitability” because
most of the time the populations are at a resting state wiicharacterised blyigh levels where
small perturbations might induce local collapses; howegrcitability is usually defined as the
possibility to “excite” alow-valued resting state. The dynamics results from the pericallapses
which could be observed in the local model: When the predat@l has reached a critical value
Umae the prey population suddenly breaks down, see Figure 2. A®texpected from the local
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dynamics, the life time of the black areas is not very longaose each collapse is followed im-
mediately by explosive regrowth of the prey population (Begire 4c). Finally, at the last stage,
the inside of what first looked like a target pattern becomesezmand more irregular: Light greeen
“cells” (where the prey population is relatively high, cbo® its carrying capacity) are separated by
light blue “membranes” (where the prey is clearly below isrging capacity). These “cells” do
not change shape over a long time whereas black spots whidhlavaprey levels move quickly
along the “membranes” showing a high variability both inghand size (see Figures 4d-4f).

In general, it shows that the prey population is at a highlleveost of the spatial area. To get
a more quantitative idea of this observation we repeat tmellsition with the parameter set (3.1)
in one-dimensional space (see Figure 5).
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Figure 5: A collapse of the prey population is characterigg@ drop of the spatial average prey
levelz and an increase of the standard deviatiofParameters given in (3.1).

The average prey level(t) is computed for each time step over the spatial area where the
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predator is above the critical valug,;,,, thus,u(t) is a spatial average over the domain
Sy :={x € R|v(t,z) > vyin}-

This cuts off the right and the left end of the space which hasebeen invaded yet by the
predator and where the prey population is close to its cagrgapacity. Low values of this average
provide an indicator for the possibility that both poputais go extinct on a larger spatial scale.
Because of the strong heterogeneity of the pattern alsdaahdard deviation (¢) from this average
is taken into account; the interval which contains all peyels which differ at most one standard
deviation from the spatial average is indicated by a grep amethe plots. With these statistical
indicators it can be shown quantitatively that the collapaee local, see Figure 5 for a “typical
collapse” and Figure 10b for the temporal development(of ando(t): The average population
level is always clearly above 0.5, see Figure 10b. Also, peegls at places where a collapse
takes place differ much more than one standard deviatian tfee spatial average which shows
that these events in a statistical sense can be consideresa@ptions” or in other words: as
local events. However, despite being global statisticalndjties, the spatial averag€t) and the
standard deviation(¢) from this average provide indicators for the local collap3#&’hen collapses
occur, the average prey level decreases and the standaadidiewncreases.

(a) t=3570 (b) t=3700 (c) t=3785

Figure 6: For a higher value of; (closer to the Hopf bifurcatiof/,, see Figure 1), a “moonscape”
pattern appears: In most of the spatial area the prey leathiselatively high value (blue “moon”).
Black and green spots (“mountains” and “craters”) mark akghere the prey level is either nearly
at its carrying capacity or close to extinction. Opposechmfirst simulation, see Figure 4, local
collapses do not “move” through the prey distribution alaamplex tracks—collapses rather
occur in some distance from each other.

Different patterns are obtained for the same initial candias above (see Figure 3) and the
parameter set
p=2.0, py = 0.996, h = 0.03125, d = 0.05, (3.2)
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where .y, is close to the Hopf threshold,, see Figure 1: A “moonscape” pattern is formed
(see Figures 6a-6¢). The population levels are nearly aahsin the expanding “lunar disk”,
however, black “craters” appear which indicate local qudles. As to be expected from the local
dynamics (see Figure 2), the prey immediately regrows t@atsying capacity (green “moun-
tains”); however, the predator recovers only very slowlppOsed to the first simulation, collapses
do not “travel” along a complex cellular patterns but rathppear as discrete black spots.

4. Noisy spatio-temporal dynamics

The model is now extended by density-dependent Gaussiae wniich provides a simple model
for fluctuations of the populations due to stochastic valitgg1, 2, 20, 21]. For a recent review
on structures which can emerge due to noise, see Sagué$l&]ahlso the monograph [4] intro-
duces to effects of noise in spatially extended systemsirnanet al. [9] give a review on noise in
excitable systems. The noise which we will use in the follayis “white” in time but “coloured”

in space, i.e. the Gaussian random numbers are uncorrelatiohe series but in the spatial do-
main they form a Gaussian random field with a certain corn@latThe Gaussian random fields
were generated with the algorithm described by Lang [8]. @ason for using spatially correlated
noise is the fact that the solutions of stochastic partiintial equations are not guaranteed to
be continuous if spatially uncorrelated noise is used, Iseetonographs [3, 24] for more details.
Also from the biological point of view, the use of spatiallgroelated noise makes sense because
many types of fluctuations—like, for example, nutrient aachperature differences—which lo-
cally increase or decrease the quality of a certain placendezd correlated.

500 ;
>~ 250 "r?
0
X X X
(a) white noise (b) pink noise (c) red noise

Figure 7. Samples of noise with different spatial correlas: white (uncorrelated), pink and red
noise.

Colours of noise are characterised by their power distitioun the frequency spectrum. Dif-
ferent decays proportional to the frequentwre distinguished. Noise with spectral density per
unit of bandwidth proportional ta/ f is denoted “pink”, proportionality ta / % is characteristic
for “red” (sometimes also referred to as “brown”) noise. drrelated noise has a flat spectrum
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and is called “white”. Three samples of Gaussian randomdielith different noise colours are
shown in Figure 7.

(a) t=580 (b) t=640 (c) t=645

(d) t=1240 (e) t=1425 (f) t=1700

Figure 8: Simulation of (2.1) for the parameter set (3.1) dedsity-dependent “pink” noise. A
comparison with the corresponding deterministic solutsee Figure 4, shows that the stochastic
system produces similar patterns if no collapses take pkae (a) and compare with Figure 4a.
However, the symmetrical distribution of collapses whicksvobserved in the deterministic solu-
tions (see Figure 4) is replaced by an irregular pattern bpses which however still move along
the light blue areas between the green “cells”.

First we present solutions with “pink” noise. Again, theaaeter set (3.1) was chosen in order
to compare the results with the deterministic model. At a tase intensityv = 0.01 the noise
is hardly visible in the results—because the typical granappearance of the solutions which are
usually connected with noise is missing, see Figure 8.

However, already after a few hundred time steps the symnuoétilye deterministic solutions
is destroyed by local collapses whose locations are dig&tbirregularly opposed to the deter-
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(a) t=1575 (b) t=1850 (c) t=1930

Figure 9: Simulation of (2.1) for the parameter set (3.1) dedsity-dependent “red” noise. It
seems that inside the cellular structure which was also ddrin the deterministic simulation,
see Figure 4, the collapses are spatially more extended. cbuild be explained by the stronger
correlation of the Gaussian random field. Generally, theitgm is qualitatively similar to the
corresponding simulation with “pink” noise, see Figure 8.

ministic model where some symmetries could still be reakivMaterestingly, also the stochastic
pattern indeed looks nearly symmetric when the system isindér the influence of “inverse ex-
citability”, i.e. if there are no collapses, see Figure 8d aompare with Figure 4a. The typical
enhancement of the diffusive movement compared to therdétistic system, cf. for example [4],
is also observed in this model.

Driving (2.1) with “red” noise produces similar dynamics.h& stronger spatial correlation
seems to increase the spatial extension of the collapseEjgere 9. Potentially this might change
the results which were obtained from the deterministic nhade under the influence of strongly
correlated noise the tendency of the system to exhibit loolpses might be an extinction risk.
A more systematic study of the extension of collapses depgrah the spatial correlation of the
noise is postponed to a subsequent paper.

5. Conclusions

A new aspect of the spatio-temporal behaviour of the Trud8ohdley model was discovered:
Close to but below the Hopf threshald, the solutions are characterised by the well-known phe-
nomenon oexcitability. In the spatio-temporal context, this means that a smadil lperturbation

of the stationary prey level may lead to “excitation”, i.erapid growth of the prey population
which is followed by relaxation, i.e. a decrease to the stetry resting state. This type of solu-
tion was, for example, related to phytoplankton blooms [Z2]ir simulations without noise show
that close to but below the Hopf threshaly when the dynamics are characterised by relaxation
oscillations, the spatio-temporal dynamics looks exéatté/opposite way: The prey population is
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at a high level close to its carrying capacity; however, $maitturbations lead to collapses after
which the prey regrows rapidly—we find some kind of “invergeigability”. It becomes clear that
the spatio-temporal dynamics close to both Hopf threshisldmirrored”—thus, a rather subtle
symmetry of the model was revealed. Further work will inigestie if this is a general feature of
excitable systems or which additional conditions have toriygsed.

Driving with temporally white spatially coloured noise bduartificial structures of the de-
terministic solutions which is a well-known effect of naiselowever, the spatial correlation of
stochastic forcing is especially interesting in our cas@roferse excitability”: The correlation of
the stochastic perturbations tend to increase the spatiahgon of collapses. This has to be de-
termined more systematically in a further study, howeVegaaly this qualitative result has a clear
ecological implication: Even though in the deterministiodel the population levels are high, the
tendency of showing local collapses might be catastrofifziamplified by spatially correlated en-
vironmental fluctuations leading to extinction of majorgasf the populations on a larger spatial
scale.

Finally, there is a simple but nice relation to the fampasadox of enrichmensee [17]: It was
mentioned above (see Section 3.) that by choosing a low @élughe system can be interpreted as
“enriched” because the carrying capacity is high compavetie half saturation constast of the
predator. Indeed, sharp oscillations develop which, incthrext of the local model, was taken as
a hint that populations might be destabilised and even gaaxt despite the increased carrying
capacity which should intuitively lead to stabilisationowkever, in this respect, the simulations
which are presented here show that in most of the spatialatepopulations maintain relatively
high levels far away from extinction ! This suggests an esgcsimple resolution of the paradox
of enrichment which only depends on two ingredients: theadyics characterised by slow-fast
cycles and the spatial extension of the system. Heurititta transition of an oscillatory local
model to the corresponding spatio-temporal model can beerbgdassuming that at each point
in space oscillators are coupled to their neighbourhoodiffysion, see for example [7] for an
introduction to this idea. For most of the time, the prey dapan is at a high level because this
is the “slow” part of its slow-fast cycle; collapses are meganstantaneously followed by rapid
regrowth to the carrying capacity. This reasoning consiffdeads to the heuristic assumption
that in most of the spatial area the prey level must be at a lengti—the only exception is of
course the case when the coupling between the oscillat@s strong that the prey level starts
to oscillate homogeneously. In this sense, our results lasely related with [14]. However,
Petrovskii et al. [14] were mainly interested in “enrichrtieas a process, i.e. opposed to our
approach, they actually considered an increase of theingroapacity whereas we already start
in a situation with a supossedly high valuefof Also, Petrovskii et al. [14] used the Rosenzweig-
MacArthur model [18] with Holling type Il functional respea of the predator (for a summary
of the main results of [14] and a wealth of spatio-temporaigras found with the Rosenzweig-
MacArthur model, see Malchow et al. [11, chapters 10 & 11]hey present spatio-temporal
chaos as a possible resolution of the paradox of enrichnmegpatially extended systems. Our
results suggest that in fact even the slow-fast dynamie# its enough to ensure the survival of
populations in spatially extended systems. To understaisdie compare the average prey level
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Figure 10: Comparison of the average prey leye) for 500 solutions;(¢) of (2.1) with randomly
chosen, uniformly distributed initial conditions with tepatially averaged prey level of the model
with diffusion in one-dimensional space. The standardatex from the average is shown by the
grey area.

of a setu;(t) of 500 solutions of the deterministic ODE systavithout diffusive movement of
the species. The initial conditions are randomly chosen wamtbrmly distributed—thus every

126



|. Siekmann and H. Malchow Local collapses in the Truscott-Bindley model

solutionu;(t) reaches the same limit cycle, however, two different sohsgi;(t) andw;(t), i # j
usually differ by a phase shift. The average prey lexe) of these 500 solutions and the standard
deviationo (t) are computed and plotted for the time interva [2000, 3000], see Figure 10a.
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Figure 11: Although in the local model for the parameter)&e oscillations are sharper than for
the parameter set (3.1), the behaviour of the spatial madekan fact more stable. This can be
explained by the slow-fast dynamics: The series of pictahesvs that the prey distribution seems
to be stationary except for a small regiomate 230 where the prey level collapses and quickly
regrows to its carrying capacity.

By simple considerations one finds thét) ando(¢) have the same periddas allu;(t). Also,
u(t) has a smaller maximum,,,, and a larger minimuna,,,;,, than the single solutions;(¢), i.e.
Umin < Umin < Umar < Umaz- ThIS argument already shows that—even if there is no cogpli
by diffusion—the average population leviglt) of solutionsu;(t) which are shifted out of phase
is far away from extinction (especially in the case of reta@aoscillations as the prey is at a high
level in the “slow” phase of the dynamics and only stays atvalkvel for a short instant in the
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“fast” phase). The fact that the solutiongt¢) have to be out of phase to considerably “quench”
the amplitude ofu(¢) probably convinced Petrovskii et al. [14] that the spatiaft@rn shall be
characterised by spatio-temporal chaos.

However, simulations of the parameter set (3.2) show theioscillations in the local model
are especially sharp, the spatial system shows quaststayi population distributions which
hardly change—except for small “hot spots” where collapsssir. The sharpness of the oscilla-
tions is in fact the main reason that the system stabilisekiyuafter the collapse, see Figure 11
and compare Figure 12 with Figure 10b. Thus, the paradox tlement seems to be resolved
quite naturally in systems whose dynamics is charactebyeadlaxation oscillations.
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Figure 12: Spatially averaged prey level for (2.1) in onsxeinsional space. The standard deviation
o(t) from the spatial average(t) is shown by the grey area. Although the oscillations in the
local model are even sharper for the parameter set (3.2)ftrg3.1), the spatial solution is not
influenced as strong by collapses—both spatial averégeand standard deviation(t) show less
variability, cf. Figure 10b.
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