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Abstract. Many models in biology and ecology can be described by reaction-diffusion equations
wit time delay. One of important solutions for these type of equations is the traveling wave solution
that shows the phenomenon of wave propagation. The existence of traveling wave fronts has been
proved for large class of equations, in particular, the monotone systems, such as the cooperative
systems and some competition systems. However, the problem on the uniqueness of traveling wave
(for a fixed wave speed) remains unsolved. In this paper, we show that, for a class of monotone
diffusion systems with time delayed reaction term, the mono-stable traveling wave font is unique
whenever it exists.
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1. Introduction

A reaction-diffusion equations with time delay has occurred frequently in literature as models
for many population, ecological or biological problems. A general form of the equations can be
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expressed as

t 0
augz, ) _ dAu(et) + F (u(x,t), / dp(0)u(z, t + 9)) , (1.1)
where u = u(z,t) € IR", d = diag(dy,--- ,d,) is an n X n nonnegative diagonal matrix with

m
. . . . . 0? .
at least one d; > 0, z € IR™ is the spatial variable, ¢ > 0 is the time, A = E 922 is the
-
j:l J

Laplace operator, ' € C*(IR",IR"), and x : [-7,0] — IR" x IR" is of bounded variation. For
the formulation and application of equations to practical problems we refer readers to [8]. The
main interest of this paper is the traveling wave solutions of (1.1). Although the problem on the
existence of traveling wave solutions for a general equation of (1.1) remains open, the existence of
traveling waves for certain classes, in particular, for the monotone class of (1.1), has been proved
[3,5,7,9] (The existence of mono-stable traveling waves for a general system of monotone class of
(1.1) has not been given in literature. However the existence of monotone mono-stable traveling
wave can be proved using a monotone iteration approach similar to one for the monotone system
without time delay.) The purpose of this paper is not to address the problem on the existence,
but the uniqueness of traveling wave solution when (1.1) is a monotone system. The uniqueness
of a traveling wave solution is important in application to practical problems. For instance, when
using (1.1) to model many biological or physics problems, it is often the case that we search
for a traveling wave connecting the equilibrium points £ and Es, where the lower equilibrium
E; = 0. If only the nonnegative solutions (the biologically or physically meaningful solutions)
are considered, then it can be shown that, for a monotone system, the uniqueness of a monotone
traveling wave actually implies the uniqueness of a nonnegative traveling wave (with respect to
a fixed wave speed). For the simplest equation, i.e, the scalar Fisher equation, the uniqueness
of the monotone traveling wave can be proved by analyzing a planar system. The uniqueness
of monotone traveling waves also has been proved for some classes of scalar nonlocal types of
reaction-diffusion equations [2, 6] using sophisticated analysis. Most recently, the uniqueness of
monotone traveling waves for higher dimensional systems without time delay has been proved [5]
by using the comparison argument and asymptotical behavior of solutions as time goes to +-o0o. It
turns out that the technique developed in [5] can also be applied to a time delayed monotone system
(1.1). In this paper we shall prove that, for a class of time delayed reaction-diffusion systems (1.1),
the monotone traveling wave solution is indeed unique whenever it exists.
Recall that (1.1) is a monotone system if

[A1 ] For (u,v) € IR™™,

OF,(u,v)
an

OF(u,v)

20, i#j
J

>0 for i,j,

and 1;;(6) is monotone increasing for all 4, j, where 14(0) = [11;;(0)]nxn-

Throughout of this paper we suppose that [A1] holds. A typical example of equations that satisfies
the condition [A1] is the cooperative system, in which an increase of one group’s population will
be beneficial to the population growth of all other groups.
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The reaction equation corresponding to (1.1) is the delay differential equation

at) = F (u(t), / YOyl + 9)> | (12)

T

In addition to [A1], we suppose that

[A2 ] System (1.2) has two constant equilibrium points £; € IR", such that £} < FE,, Fj is
unstable, and Fj is stable. (For the notation “<” see the definition right after Definition 2.2
in Section 2.)

Condition [A2] holds in many models. For instance, the SIS model in the epidemiology, if the
reductive number Ry > 1, has a disease free equilibrium £; = 0 which is unstable and a strictly
positive endemic equilibrium that is stable. Another example is the dimensionless time delayed
Lotka-Volterra compitition model

0
w(z,t) = Au(z,t) + u(z,t) [1 —u(x,t) — al/ dp;(0)v(x,t + 9)},
0 - (1.3)
v, t) =dAv(z,t) +ro(z,t)[1 - aQ/ dps(O)u(z,t + 60) — v(z,t)],
where both 1 and s are increasing functions with 1;(0) — p;(—r) = 1. The corresponding
reaction system is

at) =u®)[1—u(t) = ar [°, du(O)(t + )]
o(t) =ro()[1 - [°, du(@)ult +0) - o(t)].

which has always two boundary equilibrium points £, = (0,1) and £, = (1,0). It can be easily
verified that, if a; < 1 < ao, then El is unstable and E’Q is stable. System (1.3) can be transformed
to a monotone system by introducing the variable w = 1 — v. Consequently, E, and E, are trans-
formed respectively to equilibrium points £; = (0,0) and F, = (1, 1) of the resulting monotone
system with £} unstable and FE stable.

We further suppose that

(1.4)

[A3 ] Both the matrices A; + B; fi]r du(0), i = 1,2, are irreducible, where
0
A;=D,F(E / E;), B; = DvF(Ei’/ du(0)E;),

—-r

here D, F'(u,v) and D, F'(u, v) stand for partial derivatives of I’ with respect to the variables
u and v, respectively.

In this paper we will establish the following theorem on the uniqueness of traveling wave
solutions.
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Theorem 1..1. Under Assumptions [Al] - [A3], for each c > 0, if (1.1) has a monotone traveling
wave solution u(x,t) = U(v -z + ct) connecting Ey and Es, then the function U(s), s = v-x+ct,
is unique up to a time translation, where v € IR™ is a unit vector.

We remark that Condition [A3] is more technical that makes the analysis of the spectral prop-
erties easier. For certain class of equations this condition can be dropped. A complete proof of
Theorem 1.1 will be given in Section 4. We first study an eigenvalue problem in Section 2. In
Section 3 we use the information on the eigenvalues and eigenvectors to investigate the asymp-
totical behavior of a traveling wave solution as it converges to an equilibrium point. The results
established in Sections 2 and 3 will be used in the proof of Theorem 1.1.

2. An eigenvalue problem

We will see that the asymptotical behavior of a traveling wave solution plays an important role
in proving the unqueness. To understand the asymptotical behavior of a traveling wave when it
converges to an equilibrium, we must study the eigenvalues and the eigenvectors of an associated
linear system.

Definition 2..1. For a second order system of linear differential equations

0

co(t) = do(t) + Av(t) + B/ du(8)v(t + ), 2.1

we say that A € U is an eigenvalue and 0 # n € U" is the associated eigenvector corresponding
to (2.1) if X and n satisfy the equation

0
A+ Xd+ B [ (o)) = on

It is obvious that A is an eigenvalue with the associated eigenvector 7 if and only if (2.1) has a
nonzero solution v(t) = e

Definition 2..2. We say that \ is a simple eigenvalue of (2.1) if there is only one eigenvector
associated to \. Moreover, Eq.(2.1) has no solution of the form v(t) = (thy + hy)eM, where
hl, h2 e IR" with hl 7é 0.

In this paper, a nonnegative vector h € IR" is denoted by h > 0. We use h > 0 to indicate
that h is nonnegative and nonzero. We say that h is strictly positive, denoted by h > 0, if all
components of A are positive. A real matrix is called nonnegative if all its entries are nonnegative.
A nonnegative matrix is positive if it has at least one positive entry. The following lemma is well
known for a positive matrix [1].

Lemma 2..1. Let B = [b;;] € IR™" be a positive and irreducible matrix with b; > 0 for i =
L,---,n. If0 < h € IR" and h has k(k < n) positive components, then Bh has at least k + 1
positive components.
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Lemma 2..2. Let ¢ > 0 and A, B € IR™™" with the off diagonal entries of A being nonnegative
and B being a nonnegative matrix. Moreover we suppose that the matrix A + B fi du(0) is
irreducible. Then

(i) If A € IR is an eigenvalue and the associated eigenvector 1 (with respect to (2.1)) is nonnega-
tive, then (al) n > 0 and ) is the only associated eigenvector (up to a scalar multiplication);
(a2) for 0 # 3 € IR, A +if3 is not an eigenvalue.

(ii) If in addition (2.1) is stable (i.e. all eigenvalues of (2.1) have negative real part), then there
is a unique \, < 0 such that the associated eigenvector n with respect to (2.1) is strictly
positive (up to a scalar multiplication). Moreover, \, must be negative and simple.

Proof. Pick a sufficiently large number « such that o 4 a;; > 0 fori = 1, --- ,n. Then the matrix
A+ B f?r dp(0)e*? + ol + A\*d is a positive irreducible matrix. Since

0
[A+ B/ du(0)e* + N\d]n = cn

'

is equivalent to

0
[A+ B/ du(0)e* 4+ ol + N?d]n = (e + a)n, (2.2)

the theory for positive matrices implies that 7 > 0 and the eigenvector is unique. This proves (al).
For (a2), suppose the opposite, i.e. there is a § # 0 and ¢ € U such that

[A+ B / : dp(0)eP A 1 (X 4 i3)2d)€ = () +iB)E.

-r

Then

0
[A+ B / dp(0)ePT0D Lol + (A +if)*d]¢ = [e(\ +1iB) + al¢.

-7

A straightforward computation yields that

[A+ B / : dp(0)eP P Lol + X3¢ = [(eA + )T 4 B%d +i(cBI — 20Gd)]E.

r

Let (M) denote the spectral radius of the matrix /. Then (2.2) yields that
0
cAAta=r(A+ B/ du(0)e ™ 4 ol + X2d) > 0.
Since d is a nonnegative diagonal matrix, we immediately deduce that

0
A+ B / (0)e™ + al + N2d¢* > (a + eN)E,
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where £* = (|&1], -+, |€n]) is a positive vector. The irreducibility therefore implies that
0
r(A+ B/ du(0)e*al + X2d) > cA + a,

contradicting (2.2).
To prove Part (ii), for real A\, we define the matrix
0

M\ =A+B / du(0)e* + \?d + al.

Then M () is a positive and irreducible matrix. Consider the equation
M(M\)h = (a+ cA)h. (2.3)
By the theory of positive matrices we know that this equation has a solution A > 0 if and only if
r(M(N\) = a+cA.

It is apparent that (M ()\)) is continuous with respect to A. Let us consider A < 0 such that the
above equality holds. First we note that if A\; < Ay < 0, then M (A1) > M ()\y), which implies

r(M(A)) 2 r(M(Xs)).
That is, (M ())) is increasing as A < 0 decreases. It is obvious that
pla) = a+cA

is decreasing as A decreases. Since (2.1) is stable, the dominant eigenvalue A\ of (2.1) is negative
and the corresponding eigenvector ( is positive. Thus we have
0

M) = [A+ B/ du(0)T + allC = (a + Ao)C.

It follows that
r(M(0)) =a+ X < a=pa).

On the other hand, we have (A (\)) > 0 for all A and p(a) < 0 for A < —a/c. Therefore, there
is a unique A, < 0 such that
r(M(A)) = a+ c..

Consequently, there is a unique strictly positive vector n € IR" such that
M(A)n = (a+ e,

Or equivalently,

0
[A+B / dp(0)eM + \2d]n = e,

It is more technical to prove that A, is simple. To reduce the length of the paper we shall omit
the detailed proof and refer the readers to the proof of Proposition 3.6 in [p.104, 4]. The argument
used there can be directly applied to showing that )\, is a simple eigenvalue. 0
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3. Asymptotical behavior of solutions to a non-autonomous lin-
ear system

In this section we use the result established in Section 2 to investigate the asymptotical behavior
of solutions to a linear nonautonomous system. The asymptotical behavior of a solution as it
converges to an equilibrium point is crucial to prove the uniqueness of a traveling wave solution.
Throughout the paper, an n x n matrix function A(t) = [a;;(t)], t € IR, is called an ENN-
matrix function (essentially nonnegative matrix function) if A(¢) is bounded, continuous, and for

all i # 7,
aij(t) 2 O, t € IR.

Lemma 3..1. Let A(t) be an ENN-matrix function, B(t) be a bounded and nonnegative matrix
function, and let w(t) be a nonzero, nonnegative, and bounded solution of the equation

cin(t) = di(t) + A(yw(t) + B(?) / Ot + ), teR

Then the following hold.
(1) There is a real number b > 0 such that if d; > 0, then
—bw;(t) < w;(t) < bw;(t), telR,
where wj is the jth component of w. Consequently, we have
wi(s) > [wt)e e, s<t, 3.1
wi(t) > [w(s)ele” t>s. (3.2)
In particular, w;(to) > 0 for some t, implies that w;(t) > 0 for all t € IR.
(2) There is a real number § > 0 such that if d; = 0, then
w;(t) > [wi(s)e*]e ™ for all t > s.
In particular, w;(ty) > 0 implies that w;(t) > 0 for all t > t,.

(3) If w £ 0 and A(c0) = As and B(oo) = By, then there exists a t* such that w(t) > 0 for all
t >t

@) If A(—0) = Ay, B(—00) = By, and there exists a t* such that w(t) > 0 for all t > t*, then
w(t) > 0forallt € IR.

(5) If A(—o0) = A and A(oc0) = Ay, B(oo) = By and B(—o0) = By, then w # 0 implies
w(t) >0,

Here the matrices A;, B; are defined in [A3] in Section 1.
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Proof. Let « be a sufficiently large number such that forv =1,--- | n,
a + CL”<t) > 1, t € IR.

Then al + A(t) is a positive matrix for all ¢ € IR. For d; > 0, we rewrite the equation for w, as

Od,u(é))w(t—i—c@)} . (33)

J

dyi; (1) — iy (£) — awy () = — | (o + A(t))w(t) + B(t) /

T

where [y]; denotes the jth component of the vector y € IR". Let

c— ./ +4d;a

Q5 = od <0
g - c+ \/;2dﬂ—4djoz =0
Then w;(t) can be expressed by
w;(t) = m/w eaj(t_s)[(ozf—i-A(s))w(s)+B(S) /r du(@)w(s%—c@)}jds
_ ooeﬁj(t_s) o s))w(s s ’ w(s+c s
+dj<5j_aj)/t (o + A(9)w(s) + B )/rd,u(@) (s+ct)] d o
Thus we have |
w = % t et=9) | (o s))w(s s : w(s+c s
0 =gy [ [er s a)ue + 5 [ oyt )]
_h Ooeﬁj(t’s) a s))w(s s ’ w(s+c s
b [ (ol + A + B9 [ dutonuts + e)]dés)

Let
b = max{|a;|, 5, : d; > 0}.

Note that (al + A(s))w(s) + B(s) [° du(f)w(s + ) > 0. By (3.4) and (3.5) one easily sees
—bw;(t) < w;(t) <bw,(t), telR, j=1,--- n (3.6)
From the last inequalities, we deduce that for any s < ¢,
wj(s) > [w;(t)e™™]e™,  w;(t) > [w;(s)e™ e

This completes the proof of Part (1).
If d; = 0, then w;(t) satisfies the inequality
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ai;(t) + aw;(t) = | (ad + A(t))w(t) + B(t)/ dp(0)w(t + c@)} | > 0.

Part (2) of the lemma follows immediately from the above inequality with § = «/c.

Now we prove Part (3). By (1) and (2), for any ¢, either w; = 0 or there is a ¢; such that
w;(t) > 0 forall t > ¢;. Since w # 0, there is at least one ¢ such that w;(t) > 0 for all ¢ > ¢,.
Suppose the statement of Part (3) is false. Then, without loss of generality (otherwise by re-
ordering the components of w if necessary), we can suppose that there are ¢t* > 0 and a positive
integer k£ < n such that

wi(t) >0, t>t =12, k, (3.7)
wj(t) =0, telR, j=k+1,--- n. (3.8)
It is clear that the matrix
0

al + A(co) + B(oo)/ du(0)I = ol + Ay + —1—32/ du(0)I

-r -r

0

is positive and irreducible with diagonal entries strictly positive. So is for the matrix a.f + A(t) +
B(t) ffr du(6)1 for all sufficiently large ¢ by the continuity. It therefore follows from (3.7) and
Lemma 2.1 that there is a sufficiently large ¢, > ¢* such that the vector

(ol + A(to))w(ty) + Blto) / : dp(thyw(to + c)

-

has at least k£ 4 1 positive components. That is, there is a 7 with £ + 1 < 7 < n such that

{(OJ + Alte))wlte) + Blty) /0

-r

dp(0)w(to + C@):| > 0.

J
If d; > 0, then (3.4) implies that
w](t) >0, telR.

If d; = 0, then

a 0

(1) + Zwy(t) = % {(m + A(t)w(t) + B(t) /

T

du(0)w(t + c@)} |

J
implies that

w;(t) = e t-t) (wj(to) + % /tt e [(a[ + A(s))w(s) + B(s) /0 du(@)w(s + 09)] ds) >0

- J
for all £ > ty. In either case we have a contradiction to (3.8).

For the proof of Part (4), recall that there is at least one d; # 0. Hence, by the assumption, we
have w;(t) > 0 for all ¢ € IR. Arguing in the same way as for the proof of Part (3), one is able to
see that w(t) > 0 forall ¢ € IR.

Finally, it is obvious that Part (5) is a direct consequence of (3) and (4). L]

56



W. Huang et al Uniqueness of traveling wave

Now fory = (y1,- -+ ,yn) € IR" we define

lyll = > luil-
i=1

Lemma 3..2. Let A(t) be an ENN-matrix function and B(t) be a bounded, nonnegative matrix
function. Suppose that w : IR — IR" is a strictly positive and bounded function satisfying the
equation

0
cw(t) = du(t) + A(t)w(t) + B(t)/ du(@)w(t +cb), telR, (3.9)
where
A(—OO) = Ab B(-OO) == Bl) A(OO) = AQ, B(OO) = BQ. (310)
Let
s = inf{s: limy_ |Jw(t)]e " = 0},
v =sup{v: lim_ |Jw(t)|e” = 0}
and let

= [ e w(T+t)dt, TelR, s> s,
ﬁ)(T, 1/) = fi)oo e Vw(T+t)dt, TelR, v<v*

Then there are sequences T,, — o0, S, — S, 1), — —00, and v,, — v* as n — oo such that

w(T5) w(T})
lim =0, lim W) (3.11)
n—oo [[W(T5, sn)|| n—oo [[W(13, vy) ||
Proof. By (1) of Lemma 3.1, for d; > 0,
w;(t) > w(0)e ™, >0,
! (3.12)

Hence both s, and v* are well defined real numbers. Since the proof of Lemma 3.2 for the functions
w(T, s) and w(T,v) are same, we shall only prove the lemma for the function (7, s). First,
the positive of w(t) implies that either [ e~**w(t)dt converges or || [ e~ **w(t)dt|| = oo. If
| J3° e = w(t)dt|] = oo, then || [~ e~ **w(T+t)dt|| = oo forany T' > 0. Hence by the continuity
there exist sequences 7;,, — oo and s, < S, — S, as n — oo such that

[0 (T, )| = H/ e "'w(T, +t)dt]| — oo, n — oo
0

Note that w(T,,) is bounded, it immediately follows that
w(T,)
, S

a1

lim
n—oo ||w(T,
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Next suppose

Hémesﬁuwﬁu<al
Let
£@t) = [lw(@)]-

Since w(t) is positive, we have

Ts|—H/ T+ﬂﬁH_A oS E(T + 1) dt

and [ e *'¢(T + t)dt < oo for all T > 0. To complete the proof of Lemma 3.2, it is sufficient
to show that

lim inf—= £(7) = (3.13)
Tooo [T e (T + t)dt
Suppose (3.13) does not hold. Then there exist positive number ¢ and 7 such that
() > 0’/ e (T + t)dt = oes*T/ e 0¢(6)db, T>T1" (3.14)
0 T

Without loss of generality we suppose 7™ = 0. Then (3.14) yields that
et > o / e *%¢(0)dh, t>0.
t

If follows from the above inequality that

d ® e B
dtln(/t e *’¢(0)do) = ff’e—sﬁg(e)des o. (3.15)

Integrating (3.15) from 0 to ¢ we obtain
73*9 0
(ft 95 > < —ot,
Jo e7+0¢(6)do

/ e *0¢(0)d) < Ke ', t>0 (3.16)
t

or equivalently,

with K = [;* e™*¢(0)df. Let ¢ = o/2. By exchanging the order of integration and with the use
of (3.16), we deduce that

o et —eme(0)ds = [T e 0e(0) ¢ (e — 1)db
:fo —5*95 fo €t dt

— et 73*0

N fo [‘[t &0 d@} dt (3.17)
<K [[Cetetdt

<K fooo e~ dt

< Q0.
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Recall that [ e™*'¢(t)dt < co. (3.17) immediately implies that

/eﬂﬂWKm. (3.18)
0
Therefore, there must be a sequence ¢,, — oo as n — oo such that such that

lim e~ (==9g(t,) = 0. (3.19)

By Part (1) of Lemma 3.1, for d; > 0, we have
[y ()] < bl (1)) < bllw(®)], te R (3.20)
Moreover, Parts (1) and (2) of Lemma 3.1 imply that for £ = max{b, §},
w(t +ch) < e w(t), € [-r0], tclR. (3.21)
It follows that, for d; = 0,

|wi(t)]

IN

HIA®)w(t) + B(t) [° du(@)w(t + 0)||
%(IIA<)H+HB WIS, dp(® IHe’“””) Jw(@)]-

Since A(t) and B(t) are bounded, (3.20) and (3.22) yield that there is a constant A/ > 0 such that

(3.22)

IN

[ < Mlw®)|| = ME(t).

Therefore -
| [ e it < [ et reir
0
So that fo ~(=974j)(7)d7 converges. Integrating e~(*~74i)(7) from ¢ to ¢, we obtain
tn —(sx—€)T,: ( )d — o= (sx—€)tn (t ) _ o (sx—e)t (t)
e T e w(ty,) —e w
J . (3.23)
€) ;" e Iw(T)dr.
Letting n — oo in (3.23) and noticing that e~ (*=tna(t,)|| = e~ (=) g(t,) — 0 as n — oo,
we arrive at
e~y (t) = (s, — 6)/ e~ 9y (r)dr — / e~ 9 (r)dr (3.24)
t t
From (3.24) we immediately conclude that
e~y (t) — 0, as t— oo,
which contradicts the definition of s,. [
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Lemma 3..3. Let A(t) be an ENN-matrix function, B(t) be bounded, nonnegative matrix function,
and w(t) be a strictly positive and bounded function satisfying

cw(t) = du(t) + At)w(t) + B(t) /0 du(@)w(t +cb), telR.

-Tr

(a) Suppose that A(t) — As, B(t) — Bs, and w(t) — 0 ast — oo. Then there is an v > 0 such
that
w(t) = yne™t +o(e™t) as t — oo.

where A\, < 0 and n € IR" is a strictly positive vector satisfying

0
[As + Bg/ dp(0)e™T 4+ N2d]n = ch,.

—-r

[By Assumptions [Al], [A2], and Lemma 2.2, \, < 0 and the strictly positive vector n (up
to a scalar multiplication) are uniquely determined. |

(b) Suppose that A(t) — Ay, B(t) — By, and w(t) — 0 ast — —oc. Then there areav > 0, a
strictly positive vector £ € IR", and an integer k > 0 such that

w(t) = (=DFtFee” + o(the’?) as t — —oo.
Proof. First consider the case (a). Let
s, = inf{s: tll)rglo lw(t)|e™ = 0}.
We write w(t) as a solution of the equation

ci(t) = di(t) + Asw(t) + By [° du(f)w(t + ch)

(3.25)
FA() — AgJw(t) + [B(t) — Ba] [° du(@)w(t + cd), teIR.

Now for 7' > 0 and s > s,, the Laplace transform of w (7 + -),
w(T,s) = / w(T +t)e *dt,
0

is well defined. Applying the Laplace transform to (3.25) with s > s, yields

—cw(T) + esw(T,s) = —dui(T) — sdw(T) + [s*°d + Ay + By [° du(8)e*]ir(T, 5)

+K(T, s),
(3.26)
where
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) = [JTTA(T +t) — AoJw(T + t)e*dt
+ [X [(B(T +1) — By) f“ dp(0)w(T +t + cf)]e~*dt
B2 [ dp(8)[e* [ e (T + )dr).

By Lemma 3.2, there are sequences {7},} and {s,,} such that

T, — 00, S, >S4 S,—8 as n — o0

and (T
w
—— % __ 50 as n — oo, (3.27)
[@(T5, 5n)
Moreover, from (3.27) and Part (1) of Lemma 3.1 it follows that for d; # 0,
w;(T5)
—— 2 — (0 as n — oo. (3.28)
[0(T,, 50)

From Parts (1) and (2) of Lemma 3.1 it follows that there is a positive number £ > 0 such that
w(T, +t+c7) < w(T), + t)ek, T € [-r0].

The assumption
|A(t) — As]] = 0, [|B(t) — Bs]| =0 as t— oo

yields that

M, = sup{||A(T,, +t) — As||, ||B(T,, +t) — Ba|| : t >0} -0 as n — oc. (3.29)

Since

| JSTTA(T, + t) — AsJw (T, + t)estdt]| < M, [ |w(T, + t)]|e~*dt

= M,|| [° w(T, + t)e~tdt| (3.30)
= My||w (T, )],
| [IB(Ty 4 ) — Ba] [° du(@)w(T, +t + cf)edt
< M, [~ f dpe” ||w(T, + t)|le”sdt

(3.31)

= My || [° dpO) ||| f57 w(Ty + e dt|

= M| [, du(0)I[[||d(T, )]
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0 0 0
B2 [ du@e( [ el nar)| < Bl [ du@)e | T (32

—r c

from (3.27), (3.29) - (3.32) it follows that, as n — o0,

HK(Tnvsn)H k 0
T S My (14| 2 du(0) ]
e < I )
I Balll JZ, dp(0)e HCQHW (3.33)
— 0.
Moreover, (3.27) and (3.28) yield that
—du(Tn) — sedwltn) o0 o (3.34)

Hw(TmSnm

It is obvious that {w(T,, s,)/||w(T,, s,)||} has a convergent subsequence. Without loss of
generality suppose
I w(T,, sn) .
im ————— =1
n=oo [[@(Ty, sn) |

Then it is clear that 7 > 0. Now dividing (3.26) by ||w(T,,, s,,)|| and letting n — oo, with the use
of (3.26), (3.27), (3.32) and (3.33), we immediately obtain

(3.35)

0
s = [s2d+ Ay + BQ/ du(&)es*ca}ﬁ.
It therefore follows from Part (ii) of Lemma 2.2 that we must have

Sy =A< 0 and 7=1nm

for some v > 0. The conclusion of Part (a) follows. The proof of Part (b) is essentially the same
as above. Let
v =sup{r: tlim lw(t)|e”™ = 0}.

Then 0 < v < oo.ForT < 0and 7 < v, let

w(T, 1) = /0 w(T +t)e”™dt.

—0o0

Then, by Lemma 3.2, there are sequences {7, } and {r,,} such that

T, — —00, T, <V, T,—V as n— oo
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and T
[0(To, )
(3.36)
(T, ) £>0
—_— - as n — o0.
[0(Tr, 70)

Then argue in the same way for the function w(7T', s) we deduce that

0
wé = [VPd+ A + Bl/ du(0)e" ).

-

Thus ¢ must be strictly positive. Moreover, it is obvious that v > 0 because the equilibrium FE is
unstable with respect to the system (1.2). For this case, since ¥ may not be a simple eigenvalue,

we can express w(t) in the form given in Part (b).
]

4. Proof of Theorem 1.1

Proof. For a fixed ¢ > 0, suppose u(z,t) = Uy(v - x + ct) and v(z,t) = Us(v - o + ct) are
two monotone traveling wave solutions connecting the equilibria £; and E5. Then U; satisfies the
equation

To show the uniqueness it suffices to show that U is a translation of U,. That is, there is a constant
a* such that
Ul(t) :Uz(t+a*), t € IR.

For this purpose let us first establish the

Claim There are positive numbers vy;, v; and strictly positive vectors &; € IR", and integers k; > 0,
such that fori =1, 2,

Ui(t) = Ey— viettn + o(e)‘*t), as t — 00, 4.1)

Ui(t) = B+ (=DFithienite, 4 o(thie”?), as t — —oo, 4.2)

where A\, < 0 and the vector n are defined in Lemma 2.4 (a).

Proof of Claim For i = 1,2, let V;(t) = Fy — U;(t) fort € IR. Then V;(t) — Oast — oco. A
straightforward computation shows that V;(t) satisfies the equation

ci(t) = di(t) + A'(t)o(t) + Bi(t) / dp(O)v(t + ch),

bt
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where
0

w0 = [ D (B = (1= 1V, [ aulO)(Ea— (1= 1)Vt + o),

i

0

B = [ or(E- -, [

-

du(0)(Es — (1 — T)Vi(t + ce))df.

Thus, by Assumption [A1], A*(¢) is an ENN-matrix that converges to A, and B(t) is nonnegative
converging to By as t — oo. Noting that V;(—oc0) = Es — E; > 0, Lemma 3.1 (1) implies that
Vi(t) is strictly positive. It follows from Lemma 3.3 that
By — Ui(t) = Vi(t) = e + o(e™), as 1 — oo
for some ~y; > 0. This proves (4.1).
To prove (4.2), let W;(t) = U;(t) — E1, i = 1,2. Then
0
(1) = AW (1) + HI(OWilt) + K(1) / dp(O)Wi(t + cb)
with

Hi(t) = /0 1 D.F (B +1Wi(t), / " Ap(O)[ By + Wit + ct)])dr,

-Tr

0

Ki(t) = /O 1 DUF(El W), / dp(0)[Ey + TWilt + CQ)])dT.

T

It is clear that WW;(t) is nonnegative. Moreover

implies that there is a t* € IR such that W;(¢) > 0 for all t > ¢*. It is obvious that H*(—o00) = 4,
and K‘(—oo) = B;. Consequently we have W;(t) > 0 for all ¢ € IR by Lemma 3.1 (4). (4.2)
therefore follows from Lemma 3.3 (b) .

Now we consider two cases.
Case 1 141 7£ V9, O V1 = Uy and ]{?1 7é k’g.

Without loss of generality, we suppose v, < vy, or ko > ky if v; = v,. We define
a* =inf{a € R: Uy(t +a) > Uy(t), t € IR}.
Let us show that a* is a real number. First we have
Uy(—o0) = By < Uy (0).
Hence, by continuity, there is an aq such that Uy (ag) < U;(0). This implies that the set

Q={aecR: Uyt+a)>Ult),teR}
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is bounded below. Next, by the assumption and (3.2), we see that there is a 7} < 0 such that

Uy(t) > Uy(t) for all t <Tj. 4.3)
Noticing that A, < 0, we can pick a number a; > 0 such that 724 < 7. Then by (3.1) we have
Us(t +ay) — Ui(t) = [y1 — pee™@]eMn +o(eM!) as t — oo.

It follows that there is a 75 > 0 such that

U2<t + CL1) > Ul(t), t Z TQ. (44)

Let a; = T5 — T} + a;. Then, the above inequality and the monotonicity of U; and U, yield that
for all t € [T}, T3], we have

Uz(t + CLQ) 2 Ug(Tl + CLQ) = UQ(TQ + Cll) > U1<T2) 2 Ul(t) (45)
Since as > aq, from (3.3) and (3.4), it follows that

Ug(t + (12) > Ul(t), t e (—OO,Tl] U [TQ, OO) (4.6)

Thus ay € €2 by (3.5) and (3.6). Hence (2 is nonempty and bounded below. This implies a* is a
real number. By the definition of a* and the continuity of U;(¢) for i = 1, 2, we conclude that

Us(t +a*) > Uy(t), teTR.

We claim that Us(t + a*) = Uy (¢). If this is not the case, let w(t) = Us(t + a*) — Uy(t). Then
w(t) > 0 and w # 0. In addition, we have

cin(t) = (1) + A(t)yw(t) + B(?) / du(O)W (t + cb),

-

where Ay =) DuF<<I>(t, ), (t, T))df,

B(t) = [ DUF(CI)(t,T),\II(t,T)>dT,

with
t O(t,7) = Ui(t) + 7[Us(t + a*) — Ui (t)],

U(t,r) = [° du(®)(Ui(t + cb) + 7[Uz(t + a* + cf) — Uy(t + cf)]).
It is apparent that A(¢) is an ENN-matrix function, B(t) is nonnegative, and

A(—OO) = Al, B(—OO) = Bl, A(OO) = AQ, B(OO) = BQ.
By Lemma 3.1 (5) and Lemma 3.3 we have w(t) > 0 and

w(t) = yse™n + o(eM?) ase t — oo.
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That is,
Ug(t+a*) > Ul(t), t € IR,
4.7)
Us(t +a*) = Ey — ye™ern+o(eM!) as t— oo

with
T = ’726’\*& =73 > 0.

Thus, by using (3.7) and the same discussion as above, we easily see that there is a sufficiently
small € > 0 such that
Us(t+a" —¢) > U(t), telR.

This contradicts the definition of a*, and hence we must have Us(t 4+ a*) = U;(t). Thatis, U; is a
translation of Us.

Case 2 Vi =Vy =V and ]{71 = kg.
In this case we must have &, = 0&; for some constant 6 > 0. Without loss of generality, we can
suppose o = 1, for otherwise we can consider the translation

Us(t) = Us(t +a) = (—1)FtFe’ [e"&,] + o(tFe’’) as t — —oo,

and choose a such that e*9 = 1. It is obvious that ﬁg(t) is a monotone traveling wave connecting
E, and E,. Now suppose U, # U;. Then, there is a t; and an integer j such that U, ;(t) # Us ;(to),
where U; ;(t) is the jth component of U;(t). For clarity let

Uyj(to) > Usj(to). (4.8)
Let a* be defined as above. Then, in this case, we must have a* > 0 by (3.8). Also we have
Ug(t+a*) ZUl(t), t € IR.

Note that a* > 0 implies that
Ug(t + CL*) > U1<t>

for all sufficiently negative ¢. It therefore follows that
Uy(t+a*) > Uy (t), telR.
By using the same argument as above, we deduce that for some sufficiently small € > 0, we have
Uyt +a" —¢) > U (t), telR.

This again leads to a contradiction. O
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