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Abstract. Since Rosenzweig showed the destabilisation of exploited ecosystems, the so called
Paradox of enrichment, several mechanisms have been proposed to resolve this paradox. In this
paper we will show that a feeding threshold in the functional response for predators feeding on a
prey population stabilizes the system and that there exists a minimum threshold value above which
the predator-prey system is unconditionally stable with respect to enrichment. Two models are
analysed, the first being the classical Rosenzweig-MacArthur (RM) model with an adapted Holling
type-II functional response to include a feeding threshold. This mathematical model can be studied
using analytical tools, which gives insight into the mathematical properties of the two dimensional
ODE system and reveals underlying stabilisation mechanisms. The second model is a mass-balance
(MB) model for a predator-prey-nutrient system with complete recycling of the nutrient in a closed
environment. In this model a feeding threshold is also taken into account for the predator-prey
trophic interaction. Numerical bifurcation analysis is performed on both models. Analysis results
are compared between models and are discussed in relation to the analytical analysis of the classical
RM model. Experimental data from the literature of a closed system with ciliates, algae and a
limiting nutrient are used to estimate parameters for the MB model. This microbial system forms
the bottom trophic levels of aquatic ecosystems and therefore a complete overview of its dynamics
is essential for understanding aquatic ecosystem dynamics.
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1. Introduction
In the classical Rosenzweig-MacArthur (RM) model a bifurcation occurs when the carrying capacity of the prey reaches high values [27]. Then the steady-state becomes unstable and a stable
periodic solution originates. This transition is the Hopf bifurcation point. For carrying capacity values above the Hopf bifurcation point, the amplitude of the oscillatory dynamics increases.
As a result the minimum value for the prey population becomes very low and extinction due to
stochastic fluctuations becomes likely. This phenomenon is called the “paradox of enrichment”.
Kirk (1998) suggested that the solution to the paradox of enrichment lies in the fact that many
biological models show a lack of biological detail. Indeed, many biological models that include
more detail than the RM model seem to resolve the paradox by preventing destabilisation under
nutrient enrichment. Among the underlying mechanisms are the division of the prey-population
into two subpopulations one accessible, vulnerable or edible and one inaccessible, invulnerable or
inedible [15, 2], self-limitation of the prey [12], predator-induced defence mechanisms in the prey
population [32], dormancy of the predators [16] and spatial heterogeneity [11, 29, 25]. Whether
these mechanisms do cause stability depends on model specifics, as for example, adaptive defence
of the prey can be both stabilizing [32] and destabilizing [1].
The stability of ecological systems is extremely sensitive to the exact form of the functional
response that models the trophic interactions [10]. In [31] it is shown that the paradox of enrichment can indeed be avoided by using the functional response proposed by Beddington (1975) and
DeAngelis et al. (1975) that takes intraspecific interference between predators into account.
In this paper we evaluate the effects of a feeding threshold on ecosystem stability and/or persistence. In light of the comments made in [9], we define stability in the mathematical sense as the
stability of steady states with respect to small perturbations. We use the definitions for stability as
provided in [31], where weak stability is defined as the delayed occurrence of a Hopf bifurcation
and strong stability as the disappearance of the Hopf bifurcation for all states of enrichment.
Here the Holling type-II functional response is adapted by the introduction of a fixed threshold
for the prey population below which all prey individuals are not at risk of predation. For example
because at low food densities the predator stops searching [22, 28] or the prey hides in spatial
separated areas called refuges. Different types and causes of refuges are discussed in [4]. This
type of functional response is used in aquatic ecosystem modelling: for instance in the AQUATOX
program that predicts the fate of various pollutants, such as nutrients and organic chemicals, and
their effects on the ecosystem, including fish, invertebrates, and aquatic plants [23, 24].
The main goal of this paper is to study how the inclusion of a feeding threshold in the Holling
type-II functional response for predator-prey interaction affects the behaviour of two different models which each simulate a nutrient-algae-ciliate microbial ecosystem in a spatial homogeneous and
closed environment. One model is based on a mass-balance (MB) formulation which is derived
from first principles and includes complete nutrient recycling [7, 14] and the Holling type-II functional responses are used for the nutrient-algae interaction and the algae-ciliate interaction, only
the latter includes a feeding threshold. The other model is the classical RM model [27] which only
implicitly includes a nutrient and does not include mass-balance.
Before starting the analysis of the effect of a feeding threshold on stability in our MB model, we
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first study the simpler RM model [27] as symbolic algebra programs allow for a complete analysis
of the model. Then we continue with a numerical bifurcation analysis of the MB model. For both
models we study the effect of the feeding threshold on the paradox of enrichment by bifurcating
both the threshold value and the nutrient load of system. Important is the minimal nutrient load of
the system at which the algae can invade the system, then a transcritical bifurcation (TC) occurs.
The second TC bifurcation occurs when the nutrient load is high enough to support a producer
population that is sufficiently dense enough to allow predator invasion. This last TC marks the
region where the prey and predator can coexist. At even higher nutrient loads a Hopf bifurcation
marks regions where the system shows oscillatory dynamics [13]. We will show that the long-term
dynamic behaviour of the RM and MB systems appear to be similar and are qualitatively even the
same.
To illustrate the existence of a feeding threshold, we apply the MB model on experimental data
consisting of dynamic growth curves of prey and predator from [33]. During batch experiments
the flagellated algal species Cryptomonas sp. was preyed upon by one of three ciliate species,
either Balanion planctonicum, Urotricha furcata or Urotricha farcta. All species are fresh water
micro-organisms.

2. Formulation of the model
We study a spatial homogeneous and closed system with a predator, Z and a prey population,
P , consuming a limiting nutrient, N . Other nutrients, including sunlight, are not limiting. The
mortality rate of each population is denoted by dP for the prey and dZ for the predator. Table 1
lists all used variables and parameters together with a short description and units.
The interactions between the trophic levels are modelled with a Holling type-II functional
response. Parameters for the prey-nutrient interaction are the searching rate vN and the nutrient
handling time hN and similar for the predator-prey interaction are the searching rate vP and the
prey handling time hP . We implement a numerical feeding threshold, τ , by using a maximumfunction denoted with (P − τ )+ = max(P − τ, 0), which either yields zero or a positive value
when P > τ .
The predator population digests its prey only partly. The conversion efficiency of prey biomass
into predator biomass is denoted by the yield factor yP Z . The unusable part of the food is ejected
into the environment as faeces. This excreted material together with dead material forms detritus
and is decomposed instantaneously and this gives complete recycling of the nutrient. The above
leads to the following ODE system
vP (P − τ )+
dN
vN N
= −P
+ (1 − yP Z )Z
+ dP P + dZ Z .
dt
1 + vN h N N
1 + vP hP (P − τ )+
vP (P − τ )+
vN N
dP
= P(
− dP ) − Z
,
dt
1 + vN hN N
1 + vP hP (P − τ )+
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vP (P − τ )+
dZ
= Z(yP Z
− dZ ) ,
dt
1 + vP hP (P − τ )+
IN P = 1/hN ; KN P = 1/(vN hN ) ; IP Z = 1/hP

(2.1c)
;

KP Z = 1/(vP hP ) .

The Michaelis-Menten parameters, being the maximum ingestion rates (IN P and IP Z ) and the
nutrient half-saturation concentrations (KN P and KP Z ), are compound parameters of the searching
rate v and the handling time h. The last three terms of Eq. (2.1a) are the terms for instantaneous
and complete degradation of faeces and dead organisms. In the Appendix we show how a system
of limiting nutrient, producer, predator, bacteria and detritus can be reduced to the system above
while obeying mass-conservation.
Because of this recycling and mass-conservation, we can reduce the three dimensional system
to an equivalent two dimensional system. Let NT denote the nutrient load or more precise the
total amount of limiting nutrient in the closed system formed by the biota P , Z and the abiotic
environment N defined as
NT = N (t) + P (t) + Z(t) .

(2.2)

Adding the three equations of Eq. (2.1) shows that
dNT
=0
dt

and

NT = N (0) + P (0) + Z(0) ,

that is, NT is a constant. The resulting two dimensional system becomes
dP
= P (f (N ) − dP ) − Zf (P ) ,
dt
dZ
= Z(yP Z f (P ) − dZ ) ,
dt
vN (NT − P − Z)
f (N ) =
;
1 + vN hN (NT − P − Z)

f (P ) = IP Z

(P − τ )+
.
KP Z + (P − τ )+

To have a mathematically well-posed problem we require for the initial value conditions that
N (0) = NT − P (0) − Z(0) > 0.
When taking hN = 0, f (N ) becomes a linear functional response, this yields:
µ
¶
dP
P + αZ
= rP 1 −
− Zf (P ) ,
(2.4a)
dt
K
µ
¶
dZ
= Z yP Z f (P ) − dZ ,
(2.4b)
dt
where
K = NT −

dP
vN

;

r = vN K = vN NT − dP

94

;

α ∈ {0, 1} .
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In absence of the predator the prey population grows logistically. Note that the intrinsic growth rate
r and carrying capacity K are both expressed as a function of NT using parameters from Eq. (2.1).
With α = 1 in Eq. (2.4a) we obtain a mass-balance model for both P and Z. Posteriorly the
nutrient density N (t) can be calculated using Eq. (2.2). The above ODE system with α = 0 is
identical to the RM model, which in its usual form has r and K as independent constants. Due to
our formulation, r ∝ K. As will be shown in the next section, for τ = 0 the paradox of enrichment
can still occur. When α = 0, then the term Z/K is removed from Eq. (2.4a), leading to an ODEsystem without mass-conservation. Consequently, Eq. (2.2) for NT no longer holds and the value
for variable N can not be calculated.
We briefly repeat the main differences between the RM and MB model: the first has a nutrient
handling time of zero and no mass-conservation, the latter has a non-zero nutrient handling time
and respects mass-conservation. By setting α = 0 and hN = 0 one obtains the RM model from the
MB model.

3. Analysis of the models
The two dimensional systems can be analysed with a stability analysis and by studying the zerogrowth isoclines. The stability properties of the resulting equilibria are derived using nonlinear
dynamic system theory. When J denotes the Jacobian matrix evaluated at the equilibrium, its
stability is directly determined by the sign of the eigenvalue of the real parts. For systems with
two variables, the transcritical bifurcation, τT C (NT ), and the Hopf bifurcation curve, τH (NT ), are
determined by det J = 0 and trace J = 0, respectively.

3.1. The Rosenzweig-MacArthur model
For the RM model Eqs. (2.4) and depending on the parameter values, there is one equilibrium
with no species, denoted by E0 , one with only the producer, E1 , and one with coexistence of the
producer and predator, E2 . Using symbolic calculation software, such as Maple [18], we obtain
algebraic expressions for the isoclines, the transcritical bifurcations and Hopf bifurcation codim-1
curves. These lengthy expression are not given here. However, the curves are shown in the left
panels of Figure 1.
These panels show the long-term dynamic behaviour of the two populations without and with a
feeding threshold, respectively τ = 0 and τ = 0.1. For low values of NT only the prey population
exists. For larger NT both populations coexist stably. The transition is at the transcritical bifurcation point. Increasing NT further, the steady-state becomes unstable and a stable periodic solution
originates. This transition is at the Hopf bifurcation point. For NT values above the Hopf bifurcation point, the amplitude of the oscillatory dynamics increases. As a result the minimum value for
the prey population becomes very low and extinction due to stochastic fluctuations becomes likely.
This phenomenon is called the “paradox of enrichment”.
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Table 1: List of Symbols
Symbol Description
α
Eq. (2.4) with α = 0 forms the RM model. With α = 1
a model with a correct mass-balance would be formed
C
ciliate (predator) density
dP
death rate prey
dZ
death rate predator
F
flagellate (prey) density
f (P )
Holling type-II functional response of Z on P
F0 (0)
initial flagellate density without ciliates present
FC (0) initial flagellate density with ciliates present
g(P )
prey zero-growth isocline for RM model
hN
nutrient handling time
h(P )
prey zero-growth isocline for MB model
hP
prey handling time
IF C
maximum specific ingestion rate of prey biomass
IP Z
maximum specific ingestion rate of prey biomass
IN P
maximum specific ingestion rate of limiting nutrient
K
prey’s carrying capacity
KN P
nutrient half-saturation concentration for P on N
KP Z
nutrient half-saturation concentration for Z on P
N
limiting nutrient concentration
nC
predator limiting nutrient content
nF
prey limiting nutrient content
NT
total amount of limiting nutrient in the system (nutrient load)
P
prey biomass density
r
prey percapita growth rate
τ
feeding threshold in units of prey biomass
τF
feeding threshold expressed in flagellate density
∗
τH
lower threshold limit where a Hopf bifurcation will never occur
VC
ciliate (predator) biovolume
VF
flagellate (prey) biovolume
vN
nutrient searching rate
vP
prey searching rate
yP Z
yield of predator biomass on prey biomass, with 0 ≤ yP Z ≤ 1
Z
predator biomass density

Units
-/#cells L−1
d−1
d−1
#cells L−1
d−1
#cells L−1
#cells L−1
mol N L−1
d
mol N L−1
d
prey predator−1 h−1
mol N mol N−1 d−1
mol N mol N−1 d−1
mol N L−1
mol N L−1
mol N L−1
mol N L−1
pmol N /cell
pmol N /cell
mol N L−1
mol N L−1
d−1
mol N L−1
#cells L−1
mol N L−1
µm3
µm3
mol N L−1 d−1
mol N L−1 d−1
mol N mol N−1
mol N L−1

The results in Figure 1 show that the Hopf bifurcation occurs at higher NT levels for higher
threshold levels τH . This suggests a stabilising effect of the feeding threshold. In order to study
this effect further we calculated the two-parameter diagram where besides NT also τ varies. In
the left panel of Figure 2 this diagram is shown. Note the logarithmic scale of the horizontal
axis, which was needed to illustrate the asymptotic approach of the Hopf-curve towards a single
threshold value at high nutrient loading. There appears to be an upper limit for the τH values when
lim NT → ∞. The simple expression for this limiting threshold with abundant enrichment, reads
µ
τH∗

= lim τH = KP Z
NT →∞
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Figure 1: The biomasses of P and Z depend on the total nutrient load and the model used. Before
the Hopf, the solid line denotes the equilibrium values, after the Hopf, the minima and maxima
are denoted by the solid line and the equilibrium values by the dotted line. For the RM model, in
the left hand panels, equilibrium densities were calculated with Eq. (2.4) with α set to zero. The
simulations in the top-left panel are not continued due to very low densities of P after NT = 13.7.
For the mass-balance model, in the right side panels, equilibrium densities were based on Eq. (2.1)
with a non-zero algal nutrient handling time. Note that the two models differ in scaling of the
Z-axis. For both models the following parameters values were used: dZ = 0.05, KP Z = 5.00,
IP Z = 0.50, yP Z = 0.50, dP = 0.10, vN = 0.50.
Observe that the value of τH∗ solely depend on predator parameters. From Eq. (3.1) it can be
observed that there is a lower threshold limit where a Hopf bifurcation will never occur for any
nutrient enrichment. Therefore, the feeding threshold has a strong stabilising effect on nutrient
enrichment, as defined in [31].
In order to get more insight into the disappearance of the Hopf bifurcation with feeding threshold values above τH∗ , we perform a phase-plane analysis of Z vs. P . We zoom in on the Hopf
bifurcation diagram of the RM model in Figure 2, this yields the left panel of Figure 3 in which
the two-parameter bifurcation diagram is partially repeated. Next to this panel for two points on
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Figure 2: For each model the bifurcation diagram of τ vs. NT is shown. Each diagram contains
the algal invasion threshold (P ), ciliate invasion threshold (Z) and a Hopf-curve. For both models
the following parameters values were used: dZ = 0.05, KP Z = 5.00, IP Z = 0.50, yP Z = 0.50,
dP = 0.10, vN = 0.50.
the Hopf-curve the prey and predator zero-growth isoclines are drawn in the Z vs. P phase-space.
Taking dP/dt = 0 in Eq. (2.4a) with α = 0 and solving Z and substituting Z = g(P ), we obtain
g(P ) as the function for the prey zero-growth isocline (P -isocline) given P > 0
¢
¡
P
rP 1 − K
Z = g(P ) =
.
(3.2)
f (P )
To study the stability of the equilibrium (E2 ) formed at the intersection of the prey and predator
isocline we derive the Jacobian and its trace and determinant. We obtain J11 = f (P )dg/dt and
J22 = 0, from which we derive the eigenvalues λ1,2
1
dg
Re λ1,2 = f (P )
.
2
dP
Hence for a Hopf bifurcation we require dg/dP evaluated at the equilibrium equals to zero.
Furthermore we have a stable equilibrium point when dg/dP < 0 and an unstable equilibrium
when dg/dP > 0.
With τ = 0, we have the classical RM model, then the P -isocline is a parabola and the
Z-isocline is a vertical line through the equilibrium value of prey population biomass. When
dg/dP = 0, then a Hopf-bifurcation occurs. This specific equilibrium is denoted by point I in
Figure 3. Decreasing NT shifts the g-graph to the left and we have a new, stable equilibrium as
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Figure 3: Different parameter values for nutrient load, NT , and feeding threshold, τ , affect the
shape and location of the isoclines of the RM model (Eq. (2.4), α = 0, hN = 0). The left
panel shows where in the bifurcation diagram the points I till IV are located on the Hopf-curve in
respect to the values of NT and τ . Point II and III are discussed in the text.Used parameter values:
KP Z = 5.00, IP Z = 0.50, yP Z = 0.50, dP = 0.10, vN = 0.50, dZ = 0.05. P -isoclines for P = 0
are omitted.
dg/dP < 0. An increase in NT shifts the g-graph to the right where dg/dP > 0 and the equilibrium becomes unstable. Observe that the place of the vertical Z-isocline does not depend on
NT .
For τ > 0 the shape of the P -isocline is not a parabola. Then g has an asymptote at P = τ
and crosses the P -axis at P = NT − dP /vN . For the range of τ < P < NT − dP /vN the slope
of g is (mostly) negative. For points II, III and IV on the Hopf bifurcation curve we have three
different positive τ -values and we also have dg/dP = 0. For low τ -values the equilibrium at the
Hopf bifurcation point is on a maximum of the P -isocline function (Point II), but when increasing
τ it becomes an inflection point (Point III) and then a minimum of the P -isocline function (Point
IV). When the τ -value approaches τH∗ (see Eq. (3.1)) the minimum of function g disappears via an
inflection point, then dg/dP is always negative. Thus for τ > τH∗ , the equilibrium formed by the
intersection of the vertical Z-isocline and the monotonously decreasing P -isocline is stable. This
explains the occurrence of strong stability.

3.2. The mass-balance model
We performed a numerical bifurcation analyses of the mass-balance model Eq. (2.1). The results
are shown in the right panels of Figure 1. Since the parameters have the same biological meaning
in both the RM and MB model, we can directly compare the results for both models.
Figure 1 shows how the size of the limit cycles around the Hopf depends on the total nutrient
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load, NT . In both models the feeding threshold delays the occurrence of the Hopf. Large amplitudes, occurring for τ = 0.1, mean potentially very low densities with an higher associated risk of
extinction.
In Figure 2 the bifurcation diagrams of τ vs NT can be seen for both models, which contain:
the invasion threshold of the algae, which is independent of τ ; the ciliate invasion threshold which
is linearly proportional to NT ; and the Hopf-curve. These two-parameter diagrams show that there
is an upper limit for the threshold for the occurrence of the Hopf bifurcation when NT is varied.
We found for the MB model the same expression for τH∗ as for the RM model, as given by Eq. (3.1).
In the previous section we defined g from Eq. (3.2) as being the P -isocline of the RM model,
here we define similarly h as the P -isocline of the MB model (for P > 0). For the following
reasons we conclude that the behaviour of h and g is very similar. For τ = 0, both functions first
increase and then decrease and cross the P -axis at the maximal attainable prey density in absence
of predator. For τ > 0, both functions have an asymptote at P = τ and cross the P -axis at the same
location as when τ = 0. As with the RM model, when τ > τH∗ the P -isocline is monotonously
decreasing, which combined with the vertical Z-isocline causes strong stability.

4. Applying the MB model on experimental data
To illustrate the existence of a feeding threshold, we apply the MB model on experimental data
consisting of dynamic growth curves of prey and predators from [33].

4.1. Experimental setup and data description
Prior to the feeding experiments, the predatory ciliate species Balanion planctonicum, Urotricha
furcata and Urotricha farcta were maintained on the prey species Cryptomonas sp, an flagellated
algae. All species are fresh water micro-organisms. The body-volumes of the predators are approximately 7 to 12 times larger than their prey. In each batch experiment the algal species is
preyed upon by one ciliate species. In these closed systems, there is only gas-exchange while the
medium is not refreshed.
The top panels of Figure 4, show the experimental data and the simulated growth curves (solid
lines).
The top-left panel shows B. planctonicum feeding on Cryptomonas sp. and the top center panel
shows U. furcata, also feeding on Cryptomonas sp. (vertical lines denote standard deviations, of
which some are hidden by data markers.) In the control experiments, the algae were allowed to
grow in 250 ml culture flask until they reach a steady-state density. Thereafter density measurements were performed over time. In duplicates of the controls a single predatory ciliate species
was added. This resulted directly in a decline of the algal population and in an increase of the
predator population. Consequently, in these experiments the algae were reduced in density or went
(nearly) extinct. A difference in feeding behaviour between B. planctonicum and U. furcata can be
seen. The first predator exploits its resource completely, then it dies. While the latter predator does
not totally consumes the prey population and settles for several months into a stable equilibrium
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Figure 4: The mass-balance model based on Eq. (2.1) was fitted to experimental data from [33].
Each top panel shows a different predatory ciliate species feeding on the algal prey. 4 denotes
cell densities of the prey species Cryptomonas sp. without predators present, 5 represents preyed
Cryptomonas sp., • denotes cell densities of each ciliate species. Parameter values from Table 2
were used to construct simulated trajectories (solid lines in all panels) and the P and Z-isoclines in
the phase-spaces of Z vs. P (lower panels). P -isoclines for P = 0 are omitted. Prey-predator datapoint combinations in the phase-space diagrams are represented by open circles with associated
standard deviations represented by the extending lines.
(data not shown) [33]. The top-right panel shows Urotricha farcta feeding on Cryptomonas sp. No
data is available for the control algal growth experiment. After 19 days the prey and predator seem
to reach a stable equilibrium density.
Weisse et al. [33] used additional separate feeding experiments (semi-continuous cultures) in
order to obtain the parameters for the Holling type-II functional response. Only for U. furcata the
maximum ingestion rate, nutrient half-saturation constant and feeding threshold could be determined significantly.
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4.2. Fitting method
A weighted least-sum-of-squares method with weights equal to the inverse of the variance in the
measurements was used. The sum of squares (SSQ) of prey and predator are summed into a
dimensionless total SSQ, which is allowed as each measurement is weighted by its reciprocal
standard deviation. A low sum-of-squares indicates a good fit. The data points values are assumed
to be normally distributed. This makes this method identical to a maximum-likelihood method
[20]. The SSQ is minimized with a Nelder-Mead’s simplex method. The mean and covariance
matrix (inverse of the Hessian matrix of the SSQ with respect to the parameters) of the estimated
parameters are evaluated at the minimum SSQ-point [26]. Model fitting was done simultaneously
on three data sets. Therefore, prey parameter values are identical for each data set.

4.3. Fitting results
The top panels of Figure 4, show the time evolution of the prey and predator populations. The
lower panels show the Z vs. P phase-space diagrams. In each panel experimental data is shown
with its associated standard deviations and the solid line represent the fitted trajectory. The lower
left panel shows that the equilibrium for B. planctionicum is unstable as the trajectory of prey
and predator converges to a periodic solution. The trajectory runs close to the Z and P -axis, this
indicates a risk of extinction for B. planctionicum. In the lower center and right panel for the two
Urotricha species there exist a stable equilibrium to which the long-term trajectory converges.
Table 2 presents for each modelled species the estimated parameter-values and their uncertainties. Parameters included are initial densities, half-saturation constants, maximum feeding rates,
feeding thresholds, yield factors and death rates.
We derived for U. furcata a feeding threshold value with τF = 10 500 ± 923 cells/ml. Furthermore, we found that the feeding threshold for U. farcta is a factor three lower compared to U.
furcata. B. planctionicum was not found to have a feeding threshold.

5. Discussion and conclusions
A model property of the RM model is logistic growth of the prey in absence of the predator. To
obtain the same property in the MB model we had to assume perfect and instantaneous nutrient
recycling. We think this is warranted as Weisse et al. maintained for several months U. furcata
cultures with Cryptomonas sp. even without exchanging the medium [33].
Aquatic ecosystem modelling with a feeding threshold for the trophic interactions is controversial. For instance in [30], the indiscriminate use of (constant) threshold values in models is
criticized. In [19] it is claimed that their results suggest that any such thresholds should vary with
prey quality. Nevertheless, in (some) ecotoxicological effect models feeding thresholds are taken
into account, including AQUATOX [23, 24].
As part of the EU MODELKEY-project for assessing impact of pollutants on ecosystems[6], we
designed a closed system with a single producer in order to measure the simultaneous effects of
toxicant exposure and nutrient stress. A description of the experimental setup and obtained data
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Table 2: Mass-balance model (Eq. 2.1) fitted to data from Weisse et al. [33].
Fitted parameter values
Prey species Cryptomonas sp.
Symbol Value
SD∗
IN P
4.38 ·10−1 ¶ 3.90 ·10−2
dP
1.00 ·10−1
0
KN P
1.00 ·10−6
0
constants and conversion factors
VF
280 £1
0
nF
7.50 ·10−1 £2 0
Figure
4A
Predator B. planctonicum
Ciliate model parameters
Symbol Value
SD
yP Z
2.18 ·10−1
1.40 ·10−2
IP Z
6.98 ·100 †
7.89 ·10−1
−1
dZ
5.12 ·10
2.94 ·10−2
7
KF C
1.16 ·10
4.30 ·106
τF
0
0
constants and conversion factors∗∗
VC
2015 £3
0
nC
5.40 ·100
0
Initial conditions
N (0)
0
0
F0 (0)
5.20 ·107
2.27 ·105
FC (0)
4.99 ·107
5.10 ·105
4
C(0)
3.95 ·10
6.78 ·103
Compound parameter values
µP Z = yP Z IP Z − dZ
µP Z
1.01 ·100
-

Units
day−1
day−1
mol N L−1
µm3
pmol N cell−1
4B
U. furcata

4C
U. farcta

Value
1.82 ·10−1
1.56 ·101 ‡
3.93 ·10−1
7.49 ·107
1.05 ·107

SD
1.51 ·10−2
4.78 ·100
2.53 ·10−2
3.76 ·107
9.23 ·105

Value
2.00 ·10−1
2.26 ·101 §
1.85 ·10−1
9.46 ·107
3.12 ·106

SD
0
1.05 ·101
4.74 ·10−3
5.47 ·107
2.29 ·105

3150 £3
8.44 ·100

0
0

3350 £3
1.37 ·100

0
µm3
1.01 ·10−1 pmol N cell−1

0
1.13 ·108
1.05 ·108
3.29 ·105

0
2.76 ·105
2.31 ·106
4.98 ·104

1.00 ·10−3
n.a.
3.19 ·107
2.13 ·105

0
n.a.
1.15 ·106
4.76 ·104

mol N L−1
#cells L−1
#cells L−1
#cells L−1

2.45 ·100

-

4.34 ·100

-

d−1

Units
mol N mol N−1 d−1
d−1
#cells L−1
#cells L−1

∗

: A standard deviation (SD) of 0 means the variable or constant has an assumed nominal value. A dash means the
value is based on the fitted parameter values. ∗∗ : For conversion from cells/L to biomass N/L take P (0) = nF F (0),
Z(0) = nC C(0), KP Z = nF KF C and τ = nF τF . We assumed nC = nF VC /VF , i.e. an identical amount of fmol
N µm−3 for both prey and predator. This relation was not used for U. farcta. ¶ : Corresponds to 13.4 fmol N per
cell per hour. £1 : Based on [34]. £2 : Based on [17]. £3 : Based on [33]. † : Corresponds to IF C = 2.09 · 100 ±
2.37 ·10−1 prey/ predator/ h. ‡ : Corresponds to IF C = 7.31 · 100 ± 2.24 ·100 prey/ predator/ h. § : Corresponds to
IF C = 1.72 · 100 ± 8.13 ·10−1 prey/ predator/ h (propagation of errors included).

can be found in [17]. We analysed these data successfully using a mass-balance model in [5]. The
same experimental setup was used to investigate chemical stress and nutrient stress on a community
with a producer and predator, respectively Cryptomonas sp. and U. furcata, with resulting data also
presented in [17]. To analysing these results, we used a model with a Holling type-II functional
response for predator-prey interaction. Without the inclusion of a feeding threshold the model
would not fit the data and the prey population will incorrectly be driven to extinction.
The aim of the research presented in this article was twofold. Firstly to find out whether a
feeding threshold for U. furcata (or a similar ciliate species) can be found in other data sets than
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[17] and secondly what its effect would be on the long term behaviour of these modelled systems.
The absence of a feeding threshold for both B. planctonicum and S. lacustris and the presence of
a threshold for Histiobalantium bodamicum was reported in [21]. Using batch experiment data and
the MB model, we found non-zero feeding thresholds for U. furcata and U. farcta but an absence
of a feeding threshold for B. planctonicum. More specifically for U. furcata, we found a maximum
ingestion rate of IF C = 7.3±2.2 cells/cell/h, a nutrient half-saturation constant of KF C = 74 900±
37 600 cells/ml and a feeding threshold of τF = 10 500 ± 923 cells/ml. Weisse et al. [33] obtained
from additional separate feeding experiments the Holling type-II functional response parameters
for U. furcata, namely a maximum ingestion rate of IF C = 5.3 ± 0.7 cells/cell/h, a nutrient halfsaturation constant of KF C = 28 200±8740 cells/ml and a feeding threshold of τF = 13 350±740
cells/ml.
In the top center and right panels of Figure 4, the maximum decrease of the measured prey
densities do not occur at the same moment in time moment as the maximum increase of the measured predator densities, i.e. for U. furcata and U. farcta, respectively. The MB model and the RM
model both effectively have two variables, P and Z, with dZ/dt and −dP/dt being mostly determined by the trophic interaction. Therefore, the simulated maximum decrease of the prey-curve
is at the same time moment as the simulated maximum increase of the predator-curve. Thus, both
models will never fit exactly on experimental data in which the maximum decline of the prey and
the maximum increase of the predator do not coincide in time. This explains why the MB model
does not capture the peaks of the ciliate densities at either the right moment or at the right density
perfectly. Nevertheless, the fit is reasonable and justifies the use a feeding threshold. We used the
MB model as it contains as few parameters and variables as possible while the biological meaning
of the used parameters is retained.
We analysed the effect of a feeding threshold and enrichment on the stability of the MB and
RM model. Both models are two dimensional systems in which the sole prey population suffers
from intraspecific competition and a fixed part of that prey population is invulnerable to predation.
The model properties of the RM model have been analysed earlier, mostly with the carrying capacity, K, as bifurcation parameter where increasing K means enrichment. Here we analysed how
stability depends on the two bifurcation parameters NT and τ . Continuing NT affects both r and
K indirectly, see Eq. (2.5), while normally r and K are treated as separate bifurcation parameters.
Previous studies of alternative models for the RM model implicate many potential mechanisms
that can give stabilisation. These include predator-induced defence mechanisms, spatial heterogeneity and dormancy of the predators. The first two stabilizing effects work via predation-free
prey populations who donate individuals to preyed populations which subsequently sustain the
predators, this is classified as “donor-controlled” dynamics [2]. Dormancy is an adaptive response
by the predator to a harsh environment, e.g. low prey density [16]. For copepods a feeding threshold was already known [22]. There the existence of a threshold was explained by assuming that
the energy gained from captured food is too little compared to the energy spend on searching and
capturing food. Therefore, not searching and not feeding is energetically more advantageous when
food is limited.
When plotting f (P ) vs. P , the threshold shifts the intersection of the predator-prey functional
response and the P -axis to the right of the origin. The lower center and right panels of Figure 4
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show how this shift in f (P ) cause the existence of an asymptote for the P -isocline in the phasespace of Z vs. P . The presence of an asymptote makes the P -isocline a (mostly) decreasing
function, with a decreasing function being an requirement for stability given a vertical Z-isocline.
This sets the circumstances in which strong stability can occur when the threshold value becomes
high enough.
Eq. (2.4b) always yields a vertical isocline for the predator for both the RM and MB model,
with and without a feeding threshold. For both models the prey-isocline is a function of P , g(P )
and h(P ) respectively, forming a curve in the positive quadrant of the P Z-phase-space where for
P > τ there is an unique Z. Therefore, the P -isocline will always intersect the Z-isocline only
once. Consequently, in our MB model and the RM model formulation, a stable equilibrium is the
global stable equilibrium.
We conclude that the bifurcation diagram for the RM and MB models with the same parameter
values, are qualitatively identical, even when the feeding threshold was included, but they differ
quantitatively. The feeding threshold has a strong stabilising effect in both model formulations.
The dynamics of low trophic levels will affect the dynamics of higher trophic levels and consequently a complete ecosystem. Therefore the inclusion (or exclusion) of feeding thresholds in
models for the lowest trophic levels should carefully be contemplated.
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Appendix
Assume a closed ecosystem contains one species of producers, P , which capture energy from light
but is effectively only limited in its growth by one type of nutrient, N , in the medium, e.g. phosphor
or nitrogen containing compounds. These producers are preyed upon by predators, Z, via Holling
type-II trophic interaction. The conversion of prey biomass into predator biomass is not 100%
efficient, thus feaces and organic waste are produced and form together a pool of detritus, M .
Biomass from deceased producers, predators and bacteria also add to this detritus. The bacteria,
B, grow on detritus via Holling type-II with handling time hM and search rate vM . Metabolic
activities of the bacteria convert detritus into new bacterial biomass and freely available nutrients
for the producers. This closes the nutrient loop. Detritus is converted with efficiency yM B . The
bacteria die with rate dB , remaining parameters are explained in the text near Eq. (2.1). The above
leads to the following ODE-system
dN
dt
dP
dt
dZ
dt
dB
dt
dM
dt

vN N
vM M
+ (1 − yBM )B
,
1 + vN h N N
1 + vM hM M
vN N
vP P
= P(
− dP ) − Z
,
1 + vN hN N
1 + vP h P P
vP P
= Z(yP Z
− dZ ) ,
1 + vP h P P
vM M
= B(yBM
− dB ) ,
1 + vM hM M
vP P
vM M
= (1 − yP Z )Z
+ dP P + dZ Z + dB B − B
.
1 + vP h P P
1 + vM h M M
= −P

Adding the masses of the degrading organisms and the dead organic material gives
dN
dt
dP
dt
dZ
dt
d(B + M )
dt

vN N
vM M
+ (1 − yBM )B
,
1 + vN hN N
1 + vM h M M
vN N
vP P
=P (
− dP ) − Z
,
1 + vN hN N
1 + vP h P P
vP P
=Z(yP Z
− dZ ) ,
1 + vP h P P
vP P
vM M
=(1 − yP Z )Z
+ dP P + dZ Z − (1 − yBM )B
.
1 + vP h P P
1 + vM h M M
=−P

The rate of change of d(B + M )/dt depends on the biological rates related to feeding and
death. Lets assume these rates are fast. This then allows for a quasi-steady state assumption with
d(B + M )/dt = 0, that yields Eq. (2.1).
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