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Abstract. We study the coexistence of multiple periodic solutions for an analogue of the integrate-
and-fire neuron model of two-neuron recurrent inhibitory loops with delayed feedback, which
incorporates the firing process and absolute refractory period. Upon receiving an excitatory signal
from the excitatory neuron, the inhibitory neuron emits a spike with a pattern-related delay, in
addition to the synaptic delay. We present a theoretical framework to view the inhibitory signal
from the inhibitory neuron as a self-feedback of the excitatory neuron with this additional delay.
Our analysis shows that the inhibitory feedbacks with firing and the absolute refractory period can
generate four basic types of oscillations, and the complicated interaction among these basic oscilla-
tions leads to a large class of periodic patterns and the occurrence of multistability in the recurrent
inhibitory loop. We also introduce the average time of convergence to a periodic pattern to deter-
mine which periodic patterns have the potential to be used for neural information transmission and
cognition processing in the nervous system.
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1. Introduction

In a living nervous system, recurrent loops involving two or more neurons are ubiquitous and are
particularly prevalent in cortical regions for memory such as the hippocampal-mesial temporal lobe
complex [26]. The recurrent neural loops include the multiple pathways involved in the control of
movement [2], reciprocal thalamocortical loops involved in epileptic seizures [11] and regulation of
states of arousal [6], the limbic nervous system loops related to memory [1] and epileptic seizures
[24], and the cortical-basal ganglia-thalamus-brain stem-cortical loops, which participate in the
control of movement and act as gate keepers for the propagation of epileptic seizures [23].

In this paper, we consider a simple recurrent inhibitory loop consisting of an excitatory neu-
ron £ and an inhibitory neuron /, where neuron £ gives off collateral branches and excites the
inhibitory neuron /, which in turns inhibits the firing of neuron E, in a delay time. Such two-
neuron recurrent inhibitory loops with delay display similar complex dynamic behaviors as larger
networks and many techniques developed to deal with two-neuron networks can carry over to net-
works of large size. Moreover, two-neuron networks are sometimes thought of as systems of two
modules, where each module represents the mean activity of a spatially localized neural population
[3, 25].

The focus of this paper is on the capacity of the recurrent inhibitory loop to generate multiple
coexisting periodic patterns (multistability). The coexistence of multiple stable patterns in neural
networks is the basis of the mechanism for (associative) content-addressable memory storage and
retrieval [8, 13, 14, 20, 22] where each stable equilibrium is identified with a static memory, while
stable periodic orbits are associated with temporally patterned spike trains [4, 8, 9]. Periodic pat-
terns exhibited in neural networks have been linked to a variety of rhythms, which are associated
with important behavioral and cognitive states in the nervous system, including attention, work-
ing memory, associative memory, object recognition, sensory motor integration and perception
processing [5, 7, 15].

Time delays, a powerful mechanism for multistability, are intrinsic properties of the nervous
systems and are unavoidable in electronic implementation due to axonal conduction times, dis-
tances of interneurons and the finite switching speeds of amplifiers. Multistability in a delayed
neural network has been extensively studied in the literature, in particular for delayed neural recur-
rent loops [8, 9], and experimentally in electrical circuits [9] and in recurrently clamped neurons
[10]. Foss et al. [8] studied neural recurrent inhibitory loops using the well-known Hodgkin-
Huxley model and found three coexisting attracting periodic solutions by computer simulation.
Ma and Wu [17, 18] showed that the phenomenological spiking neuron model incorporating the
firing process and the absolute refractory period can generate a large number of asymptotically sta-
ble periodic solutions with predictable patterns of oscillations. However, the aforementioned work
[8, 17, 18] on inhibitory loops/feedbacks is based on the consideration of the dynamical behaviors
of the single excitatory neuron in the two-neuron inhibitory loop by simplifying the effect of the
inhibitory neuron on the excitatory neuron as an inhibitory self-feedback in the recurrent loops.

In this paper, we study both the excitatory and inhibitory neurons and consider a system of
coupled delay differential equations. We develop a systematical approach to rigorously analyze
the mechanism for the coexistence of multiple periodic patterns in the recurrent inhibitory loop.
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In particular, the interaction among the excitatory and inhibitory neurons, time lag, firing process
and the absolute refractory period can generate some basic components of periodic patterns. This
allows us to link the solution semiflow defined by the model to symbolic dynamics in which these
basic components can be pinned together to form a large class of periodic patterns and the model
exhibits rich dynamics in the form of the coexisting periodic patterns. Moveover, an important
quantity, the average time of convergence to a periodic pattern, can help us to determine what kind
of patterns can be potentially used for neural information transmission, object recognition, sensory
and perception processing in the nervous system.

The rest of this paper is organized as follows: we first formulate the two-dimensional integrate-
and-fire neuron model for the recurrent inhibitory loop which incorporates the firing process and
the absolute refractory period in Section 2. In Section 3, we show that the interaction of time lag,
inhibitory feedback, firing and absolute refractory period can generate four types of basic oscilla-
tions (V, W,,, W, and W,) for the excitatory neuron, and we describe in details the corresponding
basic types of the oscillations for the inhibitory neuron. Section 4 is devoted to developing a the-
oretical framework to view the inhibitory feedback from the inhibitory neuron as a self-feedback
of the excitatory neuron: we note that the inhibitory neuron, upon receiving an excitatory signal
from the excitatory neuron, emits a spike with a delay. This delay is in addition to the synaptic
delay. The size of this additional delay is associated with the specific type of oscillation of the
inhibitory neuron, and is determined fully by the period of the corresponding type of oscillation of
the excitatory neuron. In summary, we show that the inhibitory signal from the inhibitory neuron
can be regarded as a self-feedback of the excitatory neuron with this additional delay. In Section
5, we develop general principles that determine how these building blocks of oscillations interact
each other to generate multiple periodic patterns, and apply these general principles to an example
in Section 6 to illustrate the periodic patterns we theoretically derive. Section 7 provides some
numerical simulations to illustrate similar periodic patterns exhibited by the more realistic model
of the recurrent loop with an alpha synaptic function. Some remarks and discussions are presented
in the final section.

2. Model of Recurrent Inhibitory Loops and Simulation Re-
sults

We consider the following normalized integrate-and-fire model of a recurrent inhibitory loop:

VE(t) = =Vg(t) — Fi(t) + I,
{ Vi(t) = =Vi(t) + Fi(t,7), 2.1)

where [ is the external input (assumed to be a constant), Fix(¢, 7) describes the excitatory input
from the excitatory neuron £ to the inhibitory neuron / and Fj(¢) describes the inhibitory input
from neuron [ to neuron F. The dynamical behaviors of both excitatory and inhibitory neurons
are subject to a resetting mechanism. Namely, once these potentials reach the firing threshold o
at a firing time ¢, there is a spike followed by an absolute refractory period (t¢,t; + Trg) during
which both excitatory and inhibitory neurons are unresponsive to any input, and their potentials are
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reset to the after-potential V4. Here Ty is the sum of the firing process and the absolute refractory
period. The firing time ¢ is defined by the threshold condition:

Vi(ty) =9 and Vi(t; —e) <¥, wherei=(E,)

for sufficiently small € > 0.
Once neuron F fires, an excitatory postsynaptic potential (EPSP) is delivered to neuron / with
a time lag 7. The excitatory input is given by

b iftethy 4715+ 7+ Terl;

Fg(t,7) = { 0 otherwise, o

where T is the duration of the excitatory input and ¢} p, is the last firing time of neuron £ prior to
the time ¢ —7. More precisely, t} 5 = sup{s; s < t—7,Vg(s) = ¥ and V(s —¢) < ¥ for sufficiently
small € > 0}. We assume that the excitatory input Fg (¢, 7) will cause neuron [ to fire and trigger
only one spike. Hence, we take b > ¢. In order to simplify our analysis, we assume Tgp is set
appropriately so that once neuron [ emits a spike, there will be no further impact of the EPSP on
neuron [ (If Tz is greater than such a value, the computation is slightly more complicated, but it
does not change our final results).

In turn, neuron [ instantaneously delivers an inhibitory postsynaptic potential (IPSP) to inhibit
the firing of neuron E. The inhibitory input is given by

Fi(t) =

{ a ift € [tf,[,tf,[ +T1F]; (2 3)

0 otherwise,

where T is the duration of the inhibitory input and ¢;; is the firing time of neuron /. It is
reasonable to assume that Trr < Tir < T, where T' is the intrinsic period of neuron I, to be
defined in Subsection 3.1. We also assume that a > Iy — V4 so that the inhibitory input will cause
the potential of neuron £ to decline. However, if the inhibitory input is delivered during the firing
period or the absolute refractory period of neuron F, the input has no effect on the membrane
potential during these two periods.

Note that we assume that neuron [ delivers an IPSP to neuron F instantaneously (i.e. without
a synaptic delay). Such a synaptic delay can be easily incorporated into the recurrent loop model,
but we can also omit this synaptic delay by a simple change of variables.

2.1. Simulation Results

To illustrate basic oscillations and the formation of periodic patterns exhibited by neuron £ in
the recurrent inhibitory loop, we briefly present some simulation results. The firing process is
represented by a piecewise linear function (the membrane potential first increases from the firing
threshold ¥ to the amplitude ¢ of a spike, then decays to a reset potential V), and the followed
absolute refractory period is represented by an exponential function (the potential to increase V.
to the after-potential V/4). To obtain all possible periodic patterns, we have performed experiments
using a variety of initial conditions.
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Figure 1: Two coexisting attracting periodic solutions for 7 = 2.406ms when ¢ = 1mV: (a)
(W, Wy) and (b) (W,,,V). Other parameters are Iy = 1.45uA, a = 2.7TuA, b = 6pA, Tirp = 0.5ms,
Trr = 0.35ms, V, = —0.3mV, V; = —0.1187mV and amplitude of spikes is 3.5mV. The right-
hand side is the blow-up of solutions in a given period (not delay 7) to clearly illustrate the patterns
of solutions (the dotted line represents the after-potential V4.
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Figure 2: Four coexisting attracting periodic solutions when 7 = 3.917ms and other parameters
identical to those used in Figure 1: (a) (W,,), (b) (W, W3V), (¢) Wy 2V') and (d) (W, , W,V IW,).
The dotted line in the right side represents the after-potential V).

Figure 1 shows two coexisting attracting periodic solutions when 7 = 2.406ms, ¥ = 1mV,
Iy = 1.45puA, a = 2.TuA, b = 6pA, Trr = 0.5ms, Tpg = 0.35ms, V, = —0.3mV and
Vi = —0.1187mV. The right-hand side is the blow-up of solutions in a given period (not de-
lay 7) to clearly illustrate the corresponding patterns. Focusing on the downstream oscillatory
part of action potentials of these patterns, we note four types of basic oscillations: two types of
W-oscillations as shown in Figure 1 (a), denoted by IV, -oscillation and W -oscillation, a more
complicated oscillation, denoted by W,,,, and a simple oscillation, denoted by V -oscillation in Fig-
ure 1 (b). Intuitively, u stands for “up” indicating that the membrane potential increases before
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an inhibitory signal is delivered; d stands for “down” indicating that the membrane potential de-
creases due to the effect of an inhibitory signal; V' is a natural pattern where the action potential
is not affected by an inhibitory signal. These periodic patterns in Figure 1 can be expressed in the
order of these oscillations: (a) (W, W) and (b) (W, V). Figure 2 shows four coexisting periodic
patterns when 7 = 3.917ms and other parameters are identical to those used in Figure 1: (a) (W),
(b) (WuuW4V), (€) (Wyuu2V) and (d) (W,,,W,,VW,,). In the following sections, we shall define
these basic oscillations and derive general principles of how periodic pattern formations develop.

3. Basic Oscillations

In this section, we define basic oscillations of neuron £ observed in our simulation, discuss the
mechanisms for generating these oscillations and describe their implication for the oscillations
exhibited by neuron /.

3.1. The Excitatory Neuron

In the absence of recurrent inhibition (F; = 0), a strong enough stimulus [y (/o > 1) will cause
neuron F to emit a sequence of spikes, called a spike train. The period of such a spike train
subject to firing and the absolute refractory period is called the intrinsic spiking period of neuron
E, denoted by 7'. This period is the duration of two consecutive firing times and can be divided
into two parts, Trr and T4y,

(3.1

Iy -V
T =Trr + Ty, TA19:10g{ 0 A},

Iy —9

where T4y is the time that the membrane potential of neuron £ increases from the after-potential
V4 to the threshold 9.

Then we consider the impact of recurrent inhibitory input F7(¢) on the dynamical behavior of
neuron £. We note that each time neuron [ fires a spike, an inhibitory input instantaneously acts
on neuron £. Both the number of delivered inhibitory signals and the arrival time of these signals
in the cycle of an action potential (the duration between two consecutive firing times), play an
important role in formatting an oscillation. We distinguish the number of the inhibitory signals
delivered between two consecutive firing times in three cases: no inhibitory signal, only one signal
and multiple signals, which will generate a V'-oscillation, a W -oscillation or W, -oscillation, a W.-
oscillation, respectively. We use Figure 3 (a) to illustrate these basic oscillations (V, Wy, W,,, W..)
corresponding to three cases.

No Inhibitory Signal

If there is no inhibitory signal delivered between two consecutive firing times, neuron £ emits
a natural spike, called a V'-oscillation, illustrated by the graph from A to C in Figure 3 (a). The
period of a V-oscillation is equal to the intrinsic spiking period 7' of neuron £, where Trp is the
interval between A and B, Ty is the interval between B and C' in Figure 3 (a).

Only One Inhibitory Input
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Figure 3: (a) Basic types of oscillations of the excitatory neuron and (b) the corresponding funda-
mental oscillations of the inhibitory neuron. In Figure 3 (a), from A to C'is a V-oscillation; from
C' to F'is a W-oscillation; from F' to .J is a W, -oscillation; from .J to O is a Wy, -oscillation; from
O to U is a Wy,-oscillation. Each time the excitatory neuron F fires a spike, an excitatory signal
(EFB) is delivered to the inhibitory neuron [ in a time lag 7. In Figure 3 (b), the excitatory signals
delivered at Ay, Cs, Fy, Jo, Os and U, correspond to the spikes at A, C, F', J, O and U in (a),
respectively. In order to associate with each spike, we moved the position of V; backwards by an
amount of time delay 7. The top dotted line indicates the threshold ¢} and the bottom line indicates
the after-potential V.

If there is only one inhibitory input delivered between two firing times, and if this inhibitory
signal is delivered during the firing process or the absolute refractory period (between C' and D
in Figure 3 (a)), since T7r > Trpg, this inhibitory signal partially impacts on the membrane po-
tential: after the absolute refractory period, the membrane potential first decreases in the effective
inhibitory time (from D to F), denoted by t4,.,, (ms), and then increases until the neuron fires.
We call such an oscillation a WWy-oscillation, depicted from C' to F' in Figure 3 (a) (“d” stands for
“down”).

On the other hand, if this inhibitory signal is delivered after the absolute refractory period (at //
in Figure 3 (a)), this signal fully impacts on the membrane potential: after the absolute refractory
period, the membrane potential first increases in a certain amount of time before the signal arrives,
denoted by ¢,,, (ms) (from G to H), then decreases due to the effect of the inhibitory signal and
finally increases until the neuron fires. We call such an oscillation a W,,-oscillation, depicted from
F'to J in Figure 3 (a) (“u” stands for “up”).

The first quantity characterizing these two oscillations (W, and W,,) is the effective inhibitory
time, tgouwn, for a Wy-oscillation and the rising time, ¢, prior to arrival of the signal for a W,-
oscillation. The second quantity to describe the inhibition of the signal is a time shift to the original
cycle of the action potential. We denote by ¢ 49 the duration from the time when the inhibition of
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the signal wears off to the next firing time, depicted by the time from F to F for the W -oscillation
and from [ to J for the W, -oscillation in Figure 3 (a). The time shift is ¢ + t49 — T4y for a
Wy-oscillation and ., + T +t a9 — T'ag for a W,-oscillation. To simplify the notation, we denote
tay — Tay by Ay or At,, corresponding to a W, or W, oscillation. Then each W -oscillation can
be characterized by a pair of variables (tgoun, Atq) With Trp — Trr < taown < Trr and Aty > 0,
and its period is Ty = T + tgoun + Aty. Each W, -oscillation can be characterized by a triple of
variables (t.,, Tp, At,) with 0 < t,, < Tay, and its period is T, = T + t,,, + T7p + At,. The
sign of At, depends on the value t,,,: if the signal inhibition brings the membrane potential below
Va, At, > 0; otherwise, At < 0.

Multiple Inhibitory Signals

There can be multiple inhibitory signals delivered between two consecutive firing times, which
will generate more complicated oscillations, such as a Wy, -oscillation from J to O and a W,-
oscillation from O to U in Figure 3 (a). Similarly to W, and W,, notations, the arrival time of
the first signal determines either a d-stream characterized by ¢ = or a u-stream characterized by

down
(t5p Trr). The followed signals are all of u-streams characterized by (t;,,, Trr). In Figure 3 (a), the
W ,-oscillation results from two signals: the first signal delivered between J and K decreases the
potential in an effective inhibitory duration ¢j . (from K to L) and the second signal is delivered
at M characterized by (t,,, T1r), corresponding to the segments from L to M and from M to N.
The W,,-oscillation is the effect of two signals delivered at () and S, characterized by (tf;;, Trr)
and (tﬁﬁ, T;r), corresponding to each segment between P and 7. We call this type of oscillation a
W.-oscillation or W "-oscillation (“c” for “complicated oscillation”) with ¢ = du...u or ¢ = u...u,
where m is the total number of d and u’s in ¢ and it is the number of inhibitory signals. In

general, a W  -oscillation can be characterized by (t,,,,., f;}}, Trp, ...y tzg”‘l, Trr, At.), where

Tir—Trr < 5, < Trr, and its period is T+t +ZZ’;1(7§§’I§+T1F)+A2€C; aW" -oscillation

down )
can be characterized by (tf;; Tip, ..., to™ Trp, At,) and its period is T' + Z?;l(t% + Trr) + At,,

© Yup

where At, is defined in the same way as A; and A, described above.

3.2. The Inhibitory Neuron

Each time neuron F fires a spike, an excitatory signal is delivered to neuron / with a time lag
7. In contrast to neuron E, we define a cycle of the membrane potential of neuron / between
two consecutive excitatory signals as a fundamental oscillation of neuron /. The excitatory signal
delivered by a V-oscillation of neuron £ generates a fundamental oscillation of neuron /, denoted
by VZ-oscillation, which is the graph from A, to Cs in Figure 3 (b). Similarly, the spike of -
oscillation generates a fundamental Wdf -oscillation (from C5 to F5 in Figure 3 (b)); the spike of
W,-oscillation generates a fundamental WJ -oscillation (from F5 to J in Figure 3 (b)); the spike
of W_-oscillation generates a fundamental W/ -oscillation, such as a W/ -oscillation (from J, to
0,) and a Wju-oscillation (from Os to U,). It follows easily from the above discussion that the
period of each fundamental oscillation of neuron [ is equal to the period of its corresponding basic
oscillation of neuron E.
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4. Pattern Formation From Four Basic Oscillations

The interaction of inhibitory signals, the time lag, firing and the absolute refractory period can
generate four basic oscillations (V, W,, W,,, W.), which are the basic building blocks of periodic
patterns exhibited by neuron £. In this section, we discuss the general principles of how these
basic oscillations interact to generate a large class of periodic patterns of neuron E.

If neuron E fires a spike at ¢, neuron / receives an excitatory signal in a time lag 7 due to
such a spike, which excites neuron I to fire. Once neuron / emits a spike, an inhibitory signal is
immediately delivered to neuron E. Such an inhibitory signal can be considered as a self-feedback
(SFB) of neuron E due to the spike at .

For the inhibitory neuron, we denote the duration from the time that an excitatory signal arrives
until neuron [ fires by 74, which is the segment, A, By, or Cy Dy, or F5Go, or Jo Ky, or Oy Ps, or
U, V5 in Figure 3 (b). In contrast to the synaptic delay 7, we call 74 an additional delay. Hence,
corresponding to each spike of the excitatory neuron, there is always an inhibitory self-feedback
(SFB) to act on the excitatory neuron in a time delay 7 = 7 + 74. We shall show that 74 only
depends on the aforementioned basic types of oscillations of the excitatory neuron when a periodic
solution is generated. The advantage of introducing this additional delay is to help us to regard the
IPSP as a self-feedback of the excitatory neuron so that we can focus on analyzing the dynamics
of the excitatory neuron only.

For a given initial condition, the effect of such self-feedbacks eventually stabilizes the corre-
sponding trajectory of neuron £ to a periodic solution with a predicted pattern composed of the
aforementioned basic oscillations. Then a periodic pattern can be expressed by

o= (m,mg, ... TN_1,Tn) Where m € {V, Wy, W,, W_}. 4.1)

We denote by T; := T'(m;) the period of the basic oscillation 7; and by p := Zf\il T; the period of
such a pattern. We note that a pattern which is the permutation of these oscillations 7y, ..., Ty 18
equivalent to the above pattern, i.e., oy = (g, 73, ..., Ty, 71 ) is equivalent to o.

4.1. The Inhibitory Neuron

We denote the fundamental oscillations of the inhibitory neuron generated by spikes of 71, 7o, ..., T

by 7, 7l ... 7L, respectively. Additional delays corresponding to these fundamental oscillations

wl xl ... wL are denoted by 71, 7o, ..., Tn, respectively. In what follows, we show that 7, ..., T

can be determined by 77, ..., Ty via a single scalar function.

Theorem 1. For a given periodic pattern o = (71, T2, ..., Ty_1, 7n) With m; € {V, Wy, W, W.},
there exists a continuous function g such that m, = g(T1,T5,....,Tn), 2 = g(Ts, T3,...,T1), ...,
™ — g(TN; T17 ceey TNfl).

Proof: We first illustrate our argument by a simple case where ¢ = (7, 7). We denote the
membrane potential of the inhibitory neuron by V' at the time when the excitatory signal due to
the spike ; is delivered, and by V;/ at the time when the excitatory signal due to the spike 7y is
delivered.
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Now we discuss the time course of membrane potential of the fundamental oscillation 7. The
potential evolves in three steps: (i) increasing from V! to the threshold; (ii) the firing process and
the absolute refractory period; (iii) increasing from V, to V,f. We follow these steps to calculate
VI and V.

First Step: Starting from the time when the excitatory signal due to the spike 7 is delivered, it
takes 7, (ms) for the potential to increase from V! to the firing threshold 1. Integrating the second
equation in (2.1) yields

9=V0em +b(1l—-e). 4.2)

Second Step: After neuron I fires a spike and passes the absolute refractory period, the potential
reaches the after-potential V4.

Third Step: After firing and the absolute refractory period, it takes the duration of 77} — 7, — Trp
for the potential to increase from the after-potential V4 to V4!. System (2.1) gives rise to

Vi = Ve BimmTen), (4.3)

Similarly, we consider the fundamental oscillation 72 and obtain two equations analogous to equa-
tions (4.2) and (4.3). Combining these equations together, we obtain

P= Ve (-, Y = Ve (BT,
9 = ‘/216—7'2 + b(l o e—Tz)’ ‘/21 — VA€_(T1_TI_TFR).

We solve 71, 75 to obtain

b(b—9—Ve~T2tTFR)

T = IOg (b—9)2—V2e-T1-T2F2TFR |
4.4
b(b—9—Vae 1 HTFR) (4)
7, = log =0y Ve T To 7Trr |-
Therefore, the function g is given by
(21, 2) — log | 0=V = Vaer )
Clearly, T = g(Tl,T2> and To = g(Tg,Tl).
Applying the same argument to the periodic pattern o = (7, 2, 73), we obtain
( 1 Bl(b—0) (b——Vae T3HTFR)+Vie T2~ T3 +2TFR]
71 = log (b—0)3+V3e T1-T2-T5F3TFR )
b[(b—0)(b—0—Vae T1+TFR)4 V2~ T1—T3+2TFR
§ 7 = log ¢ e e o, (4.5)
b[(b—0) (b—I9—Vpe T2 +TFR)+V2e~T1-T2+2TFR]
73 = log (b_lg):;:_‘/geleszngJrSTpR

\
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The function g is given by

bl(b — ) (b — 9 — Vye =tTrr) 4 V22223 +2TrR

9(71, %3, 73) = log { ! : (b—19)3 + Vje_xl_m)'Z_x:s-igTFR | }
and T = g(Tl, TQ, Tg), Ty = g(TQ, T3, Tl) and T3 = g(Tg, Tl, TQ)

This argument can apply for the general periodic pattern o = (my, 72, ..., Txy_1,Tn). This
completes our proof. O

Therefore, there exists a single continuous function to describe the relationship of each 7; and
T1,...,Tn. The observed cyclic property can be interpreted as follows: if 7y is considered as the
function g with respect to the periodic pattern o = (71, 79, ..., ), then 7; is the function g with
respect to the equivalent periodic pattern o; = (m;, m;11, ..., m;—1). In other words, the additional
delay 7; can be expressed in terms of the function g with respect to the equivalent periodic pattern.

In what follows, we use notations of 7, 7, T4, 7. (such as 74,, T..) to denote the additional
delays corresponding to the V-oscillation, W, -oscillation, WW;-oscillation, W -oscillation (W,
W), respectively.

4.2. The Excitatory Neuron

After introducing the self-feedback (SFB) and establishing the relationship of 74, ..., 7xy and 17, ..., Ty,
we can now concentrate on the excitatory neuron to study periodic patterns. We present the general
principles to determine how the aforementioned basic oscillations are interacted to form a periodic
pattern.

For a given periodic pattern o = (my,ma,...,Tn_1,7n) Where m; € {V, Wy, W, W.}, we
consider an action potential 7; which delivers a self-feedback (SFB) to the action potential 7,
with 0 < R < N — 1. The action of the self-feedback (SFB) from 7; on 7;, ; yields

(S D 4 Tpp > 1+ 4+ Trpand iy = W, iffm g =V;
S T+ Teg + tdown = 7 + 7 + Tip itf 754 p = Wa;
ZZJrR 1Tk+TFR+tup:T+Ti iffﬂ'iJrR:Wu;
| Z”Z UTj 4 T + £ = 7+ 73+ Tir i d of mipp = W (4.6)
YT+ Trr + toun + i— (tis + Trp)
e Tie if the h-th u of 7,4 g = W
| it lTk+TFR+Z =T 4 iff the h-th w of w4 = W,

where T; is the additional delay corresponding to the basic oscillation 7;, given by 7; = ¢(T;, Tix1..., Ti—1).
Analogously, N — 1 other patterns equivalent to o give N — 1 relationships, which determine the
types of periodic patterns generated by the recurrent inhibitory loop for a given time delay. Fur-
thermore, these relationships determine the minimum and maximum values of 7 for the existence
of a given periodic pattern.

Now we consider the possible value of R to determine all possible periodic patterns exhibited
by the excitatory neuron. According to the value of R, we distinguish periodic patterns in four
cases, as shown in Figure 4:
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Figure 4: Schematic of three types of periodic patterns composed of a IV -oscillation (from B to
(). When the excitatory neuron fires a spike at B, an inhibitory self-feedback is delivered at a
time lag 7" = 7 + 74. If this feedback is delivered to the VW -oscillation itself (at E), it is called
a self-inhibitory pattern; if the feedback is delivered to its nearest neighbor of W.-oscillation (at
H), it is called a nearest-neighbor-inhibitory pattern; otherwise, a far-range-inhibitory pattern is
generated (for example, the feedback arrives at K).

e R = N — 1: the first item 7 always acts on the last item 7, within the pattern o and this
periodic pattern is composed of only W, and W oscillations;

e R = 0form; = W,: the spike of IV -oscillation delivers a self-feedback to itself and we call
it a self-inhibitory pattern;

e R = 1for m; = W, the spike of W -oscillation delivers a self-feedback to its nearest
neighbor and we call it a nearest-neighbor-inhibitory pattern;

e R > 1form = W,.: the spike of W -oscillation delivers a self-feedback to an oscillation far
away from its nearest neighbor and we call it a far-range-inhibitory pattern.

5. Periodic Patterns Exhibited by the Excitatory Neuron

In this section, we discuss four types of periodic patterns in details: periodic patterns composed
of only W,-oscillations and W;-oscillations, self-inhibitory periodic patterns, nearest-neighbor-
inhibitory periodic patterns and far-range-inhibitory patterns.
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5.1. Periodic Patterns Composed of 1V, -oscillations and 1V ;-oscillations

If R = N — 1 for all equivalent periodic patterns of 0 = (my, 72, ..., mx), then the first item
7, always acts on the last item 7y within the pattern o. It follows easily from the definition in
Subsection 3.1 that neither the V'-oscillation nor the IV -oscillation can appear in such a periodic
pattern.

Lemma 2. For a given periodic pattern 0 = (71,7, ..., mN) where each m; is one of the basic
oscillation, if R = N —1 for all equivalent periodic patterns of o, then m; is either a W, -oscillation
or a Wy-oscillation.

Examples of periodic patterns composed of only W,,-oscillation and W -oscillation are (IW,,W;)
in Figure 1 (a) and (1W,,) in Figure 2 (a).

Lemma 3. For a given periodic pattern ¢ = (my, 7, ...,my) where m; € {W,, Wy}, all W,-
oscillations must be the same in terms of (tp,, T1r, At,,) and all Wy-oscillations must be the same
in terms of (taown, Atq)-

Proof: We illustrate our argument by a simple case, where 0 = (7, 1) = (W,El), Wf)). m
is characterized by (t%), Trr, Atz(})) and T, is characterized by (t%), Trr, At,(f)). Condition (4.6)
gives rise to

TQ—FTFR—th(Llp):T—FTQ,
T1+TFR+tz(5g):T+T1.

The above system yields
T1—t782—71=T2—t1(L?—72.

Substituting 77, 75 into the above equation, we obtain that At&l) -7 = Atg) — To.

The potential of a W,-oscillation evolves in three steps after the firing and the absolute re-
fractory period: (i) increases from the after-potential V4 to V) in the duration of t,, (ms); (ii)
then decreases from V; to V5 in the duration of 77r (ms) due to an inhibitory feedback; (iii) af-
ter the feedback wears off, the potential increases from V5 to the threshold ¢ in the duration of
tag = Tay + At,. These three steps give rise to

Vi=1Iy— (Io = Va)e ™,

Vo=1Iy—a— Iy —a—Vy)e ",
Iy —Vs

=

TA19 + Atu = 10g [

Combining the above three equations and using equation (3.1) of 74y, we obtain

(Ig — Va)[ett — e~ Trr—tuw] = q(1 — e 117),
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For both the Wél)-oscillation and Wf)-oscillation, we have

(I = V) — e Tre=tl) = g(1 — e7TrF),

(I — Vi) [eA” — e~ Tir =] = g(1 — e~ TiF).
Combining the above two equations with At — T = At — Ty, We obtain
e (e Trr — 1) = e (e TFR — 7T2),
Substituting 71 = ¢g(74,T») and 75 = g(T», T1) of equation (4.4), we obtain

b(b — 9 — Vye TitTrn)
(b _ 19)2 _ VA26—T1—T2+2TFR

b(b— 0 — Vye TetTrr)
(b—0)2 — V2e Ti-Tet2Trr

x (e~ 1rr — e~ 12).

(e_TFR _ e_Tl)

It follows easily from the above equation that 7} = T5. Hence, t%) = t%) and At = AP,

The same argument with ; = ¢(7;, T;41, ..., T;_1) can apply to show that all WW,-oscillations
in a periodic pattern must be the same in terms of (¢,,, 777, At,) and all Wy-oscillations must be
the same in terms of (fgoun, Atg). O

Lemma 4. For a given periodic pattern o = (11, 7o, ..., my ) where m; € {W,,, Wy}, all additional
delays T; related to the W,-oscillations must be the same and all additional delays T; related to the
Wa-oscillations must be the same.

Lemma 5. For a given periodic pattern o = (my, T, ...,my) where m; € {W,, Wy}, if a W,-
oscillation and a Wy-oscillation coexist in this periodic pattern, then At, — 7, = Aty — 7y,
where T,, T4 are the additional delays corresponding to the W, -oscillation and the W -oscillation,
respectively.

Proof: Again, we illustrate our argument by a simple case where o = (7, m3) = (W,,, Wy). m is
characterized by (t,,, Trr, At,) and 7y is characterized by (f4ouwn, Atq). Condition (4.6) gives rise
to

T1+TFR+tdown:T+Tu+TIF7
T2+TFR+tup:T+Td.

The above system yields
T —tup — Tu = 15 — tiouwn + T — T4.
Substituting 77, 75 into the above equation, we obtain that At, — 7, = Aty — 74  O.
The relationship of t4,,,, and At, for a W -oscillation is given by

I(] - VA —Qa
(Ip — Vy)edta —a |’

tdown = log 5.1
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The relationship of ¢,,, and At, for a W,-oscillation is given by

Iy —Vy
(Ip — Vp)elirtatu — qelir +q |

When {404, = T7r for a Wy-oscillation and ¢, = 0 for a W,-oscillation, the WWg-oscillation
coincides with the WW,-oscillation (At, = At,, and correspondingly 7, = 7,;) and two action
potentials are the same. In such a case, At; and At, reach their maximum values, denoted by

a(efr +1)

Atpaz =1 1
o8 [ Lo,

For the Wg-oscillation, when t 4., = T — Trr, Aty reaches its minimum value Atg“’” given by

(5.4)

. Io— Vi — —(Trr—TFR)
At = log l( 0= Va—ae i a} > 0.

Iy —Va

Theorem 6. The periodic pattern (1W,,) for o = (kW,,) with k > 2 can be generated if and only
if

b (e DT Tt (k=) Tyt (k= 1) Aty
{ up : ) (5.5)

0< tup < TAﬂ,

where T, is the additional delay of the W, -oscillation. The minimum and maximum values of T for
the existence of such a periodic pattern are given by

{ Tmin = (k - 1)T + TFR + (k; - 1)<T[F + ATfmaac) - TU’Atwuzz?

| 56
Tz = (k — DT + T + (k — DTyp + kTag + (k — DA — 7, gpmin, (5.6)

where T,|at,,.. IS the value of T, subject to the condition where t,, = 0 and At, = At,q,, and

Tul Atmin 1S the value of T, subject to the condition where t,, = Ty and At, = AtZ”". Here

Iy — 9+ a(e™r —1)
Iy —Va

Atumm = log —Trr <O. (5.7)
Proof: We consider 0 = (71, ..., ) = (W, ..., W,,) with the WW,,-oscillation being characterized
by (tup, T1r, At,,). Condition (4.6) gives rise to

(k=0T 4+ (k—1)(tup + Trr + Aty) + Trr + tuy = 7 + Ty

Re-arranging the above formula yields equation (5.5) and ¢, must satisfy 0 < t,,, < Tsy.

When t,, = 0, At, reaches its maximum value At,,,, given by equation (5.3). The corre-
sponding additional delay 7, is denoted by 7,|a;,.,,. This situation gives rise to the minimum
value 7,,;, of equation (5.5).

On the other hand, as t,, approaches Ty, equation (5.2) yields the value At™" of equation
(5.7). The corresponding additional delay 7, is denoted by 7,|asmin. This situation yields the
maximum value 7,,,, of equation (5.5). O
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Now we apply the above theorem to the simple pattern o = (2W,,), as shown in Figure 2 (a).
The period of a IV,-oscillation, condition (4.6), the additional time delay (4.4), and equation (5.2)
yield

T, =T+t +Tir+ At,,
Tu+TFR+tup:T+TU7

b(b — 9 — VA@iTquTFR)
Tu = lOg 2,— ’
(b _ 19)2 _ VAe 2Tw+2TFR
tup, = lO fo— Va
up =08 (Ig — Va)eTirtdtu — qeTir + g |

For any given 7, the solution of variables T, t,,, At, and 7, uniquely determines the periodic
pattern. On the other hand, we can calculate the minimum value 7,,;, subject to the condition
where t,, = 0 and the maximum value 7,,,, subject to the condition where t,, = T4y. The
segment between A and B in Figure 5 represents the interval for the existence of the periodic
pattern (1W,,) with o = (2W,,).

The W -oscillation always transits to the W,,-oscillation at certain values of time delay 7. This
transition implies that any periodic pattern in the case where R = N — 1 contains at most one
W4-oscillation. We now discuss the periodic patterns (1Wy, hW,,) with A > 1. Condition (4.6)
immediately gives rise to

Theorem 7. (i) The periodic patterns (1Wy, hW,,) with h > 1 can be generated if and only if

{ T=hT + TFR + (h - 1)TIF + h(tup + Atu) + tdown = Tu; (5 8)

Atu — Ty = Atd — Td-
The minimum value of T for the existence of such a periodic pattern is given by

Tmin — NT + TFR + (h — 1>T[F + min [h(tup + Atu) + tdown — Tu],

At;nin SAtd SAt'maz

subject to the condition At, — 7, = Aty — 74. The maximum value of T for the existence of such a
periodic pattern is given by

Tmaz = T + TFR + h(TIF + Atmam) - Tu|Atm,wu

where T,|at,,.. is defined in Theorem 6.
(ii) If T reaches its minimum value at At = At .., such periodic patterns can not be generated.
(iii) If T reaches its minimum at At < At,, .., then a pattern transition occurs at T,z

Now we apply the above theorem to the periodic pattern o = (W,,, W), as shown in Figure 1
(a). The periods of the W, -oscillation and the W -oscillation, condition (4.6), the additional time
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Figure 5: Plot of p/T versus 7/T of six periodic patterns where p is the period of a pattern: (W)
with o = (2W,,) from A to B; (W, Wy) from C to D; (W4, V) from E to F; (W,, V) from F to
G; Wy W4V from H to I; and (W, W,;V') from J to K. The periodic pattern (W4, V) transits to
the periodic pattern (W, V') at F and the periodic pattern (W, W) transits to the periodic pattern
(W,) with o = (2WW,,) at the dotted line.

delay (4.4), equations (5.1) and (5.2) yield

Tu :T+tup+TIF+Atu7 Td :T+tdown+Atda

Td+TFR+tup:T+Tda Atu_Tu:Atd_Tda
oy [ blb =0 = Vae Tt Tem)

Tu =108 (b—1)% = VieTa-Tut2Trr |’
oy [ blb— 9 — Vae T Ten)

Ta =108 (b — 19)2 — VAZe_Td_Tu"FQTFR ’

P Iy —Va

up = 108 (In — Vp)elirtate — qeTir 4+ g

IO—VA—CL
Ip—Vy)edta —a |

) Ldown = IOg
| <

For any given 7, the solution of the above system uniquely determines the periodic pattern. On
the other hand, we can calculate the minimum value 7,,;, subject to tyoun = Tir — Trr and
the maximum value 7,,,, subject to t4oun = Trr. The segment between C' and D in Figure 5
represents the interval for the existence of the periodic pattern (W,, W,). The periodic pattern
(W, Wy) transits to the periodic pattern (W) with o = (2WW,,) at the dotted line in Figure 5.

5.2. Self-Inhibitory Periodic Patterns

Self-inhibitory periodic patterns are composed of a W ™-oscillation and (m — 1) V-oscillations,
so these periodic patterns can be expressed as (W} . (m — 1)V) or (W,,(m — 1)V). The

u..u)’

spike emitted by the W -oscillation along with spikes emitted by the V'-oscillations generate the
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W.-oscillation. Examples of self-inhibitory periodic patterns are (W, V') in Figure 1 (b) and
(Wuuu2V) in Figure 2 (c).

Lemma 8. For the self-inhibitory pattern (W, (m — 1)V'), the following holds:

(i) tgy = .. =to 2 =T = Typ, "' =T = Tip + 7, — 7 for a W, -oscillation, and the
period of W -oscillation is TéZ_L.)'u =mT + 15, + At + 7y — T,
(ii) t2 = .. =t =T = Typ, t57" = T — Tip + 1, — 7 for a W, -oscillation, and the

period of W' -oscillation is ™, = mT + o) + Ate + 7y — Te

Proof: We consider the pattern o = (1, 7o, ..., my,) = (W, (m — 1)V). For the W -oscillation,
the evolution of the potential is characterized by (t%, T r) between two consecutive self-feedbacks
due to 7; and 7; ;. Without the consideration of the additional delay, we have tup+T1r =T dueto
the oscillation m; = V. The effect of the additional delay leads to ¢;;) +17r + 711 — 7; = T'. In the
situation where m; = 7,11 = V/, we still have tf;;, + Tp = T since 7; = 7;+1. On the other hand, in
the situation where m; = V and m;.; = W, (it happens when i = m — 1 for the W  -oscillation
and ¢ = m for the W  -oscillation), we have tjj; +Trp + 7. — 7, = T'. This completes the proof.

|

We now consider the periodic pattern (W, V'). The Wy,-oscillation is characterized by (t5,,,,,, 7' —
Tir + Tau — o, T1r, At.) and the corresponding additional delay is denoted by 74,. Following the
evolution of the potential of the 1W,-oscillation (similarly to the calculation in Lemma 3), we
establish the relationship of 9~ and At..

down

1 . e_TIF + e_T_Tdu+7—U(1 _ e_téown)

At, = log |e T taownTautTo 4
& I —Va

When the self-feedback of the 1W/,,-oscillation is delivered, the potential is given by
Vo = Iy — [(Ig — Va)e faown + a(1 — e taown )] e~ HT1r—Tautmo, (5.9)

The period of Wy, -oscillation, condition (4.6) and additional delays (4.4) yield the following sys-
tem

Taw = 2T + t5 0 + Ate + T — Tau, (5.10)

TFR+t§own+T_TIF:T+Tdu7 (511)
b(b— 0 — Vye THTen)

Tdu = lOg |:(b — 19)2 _ VAQQ_T_Td1L+2TFR ) (512)
b(b — 0 — Vye TautTrn)

Ty — lOg |:(b _ 19>2 _ Vje—T_Tdu+2TFR ) (513)

. 1 — e TtF —T—=Taut7v (1 — e~ taown
Atc = log e_T_tdown_Tdu+Tv +a € +e ( e ) (514)
Io—Vy
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Lemma 9. For the self-inhibitory periodic pattern (Wy,, V'), the minimum value of T for the exis-
tence of such a periodic pattern is T, = T +Trr—Trr+ (t5pwn — Tdu)min, Where (85, — Tau)min
is the minimum value of t,,,,, — Tau of system (5.10 — 5.14) subject to t3,,,,, = T1r — Trr and the
condition where Vy = ¥ of equation (5.9); the maximum value is Tz = T+ Trr — (Tau) |t30wn
where (Tdu)‘téowﬁTl IS the solution of T4, of system (5.10 — 5.14) subject to t§,,,,, = Trr. On the
other hand, for any given value T € (Tiin, Tmaz ), the solution of system (5.10 — 5.14) uniquely de-
termines the periodic pattern. Furthermore, the periodic pattern (Wy,, V') transits to the periodic
pattern (W, V') at Tz

=Trr

We then consider the periodic pattern (1,,,V'). The W,,-oscillation is characterized by (¢}, T, T—

Trr + Tuw — To, Trr, At.) and the corresponding additional delay is denoted by 7. Following the
evolution of the potential of the W,,-oscillation, we establish the relationship of tf;; and Af,.
obtain
a(l _ e_TIF>(1 + e_T_Tuu+Tv)

In —Vy

When the self-feedback of the 1W/,,-oscillation is delivered, the potential is given by

c,l
Atc — log e_T_TIF_tup Tuu+Tov +

Vo = Io — [(Ig — Va)e ™ + a(eTrr — 1))~ 7wt (5.15)

The period of W,,-oscillation, condition (4.6), additional time delays (4.4) yield the following
system

Tuu = 2T + ) + Tip + At + Ty — Tyu, (5.16)

Trr+t5, +T =7 + Tuu, (5.17)
~T+T

Tuu = log { G li(l;); f}ng_TuuiZ;FR] , (5.18)
—Tyu+T]

7, = log [(bb(_bﬁ—>219_— ng— T_TWET)FR} | (5.19)

Atc — log |:6—T—T1F—tf;’pl—7'uu+'rv + CL(l _ e_TH;)(l ;e_T_Tu1L+Tv) (520)

0— VA

Lemma 10. For the self-inhibitory periodic pattern (W, V'), the minimum value of T for the
existence of such a periodic pattern is Ty = T + Trr — (Tuu) &) =0 where (Ty,) 15120 is the

solution of Ty, of system (5.16) — (5.20) subject to tfj; = 0, the maximum value of T is Typer =
T+ Trr + (t5) — Tuu)|ver where (t5) — Tuu) v, is the value of 5 — Ty, of system (5.16) — (5.20)
subject to Vo = 1 in equation (5.15). On the other hand, for any given value T € (Tyin, Tmaz ), the
solution of system (5.16 — 5.20) uniquely determines the periodic pattern.

The segment between £ and F' in Figure 5 represents the interval for the existence of the
periodic pattern (IWg,, V). The segment between F' and G in Figure 5 represents the interval
for the existence of the periodic pattern (1V,,,V'). The periodic pattern (Wy,, V') transits to the
periodic pattern (W,,, V') at F. Some other self-inhibitory periodic patterns such as (W, 2V)
and (W, 2V') will be presented in our case study.
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5.3. Nearest-Neighbor-Inhibitory Periodic Patterns

The simple nearest-neighbor-inhibitory periodic patterns are (W™, Wy, (m — 1)V) with m > 2
such as (W4, W3 V') and (W,,,,W4V'). For the periodic pattern (W, Wy, (m — 1)V'), the inhibitory
self-feedback due to the W "-oscillation generates the W -oscillation that in turn, along with the
V-oscillations, generates the W ™-oscillation. Examples of nearest-neighbor-inhibitory periodic
patterns are (W, W;V') and (W,,,W,VW,,) in Figure 2.

We first consider the periodic pattern (W, W;V'). The Wj-oscillation is characterized by
(tdown, Atq) and the Wy, -oscillation is characterized by (i tol Trr, At.). For the Wy,-oscillation,

down’ “up
when the self-feedback due to the V-oscillation arrives, the potential is given by

tc,l

Vo = Iy — (Io — Va)e b ~iown — q(1 — e Liown )15 (5.21)

The W 4,-oscillation yields

Tiw =T + tGoun + ton + Tip + Ate, (5.22)
. .. 1 — e Ttr 1 — e tiown —ti’pl ~Trr
At, = log | e Trr—timun—tit 1 o171 F ; eV: Je } (5.23)
0 —
The W -oscillation leads to
Td =T+ tdown + Atda (524)
Ig - VA —a
tdown = log Ty — Vy)elia = a} . (5.25)
Condition (4.6) gives rise to
2T+tdown+Atd+TFR+tf10wn :T+Td+T[F, (526)
to) =T + taoun + Ata — Trp — Tq + 70, (5.27)
Atc + tdown — Tdu + Ty — 0. (528)
Additional delays are given by
o b[(b—9)(b— 0 — Ve TFTrR) 4 V2~ Ta=TH21TrR) (5.29)
du — g (b . 19)3 + VjG_Td“_Td_T+3TFR ) .
o b[(b—9)(b— 0 — Ve TautTrr) 4 V2 Tau—T+21rr| (5.30)
s (b— )3 4+ Vie Tau—Ta—T+3Trr ’ '
o b[(b — ) (b — 9 — Vae TatTrr) 4 V2e~Tau—Tat2Trr] (5.31)
v — 10g (b— V) + Vje*Tdu*Td*T%TFR ) )

Lemma 11. For the nearest-neighbor-inhibitory periodic pattern (W, W4V'), the minimum value
of T for the existence of such a periodic pattern is Ty, = 2T+ Trr —Trr + (tdown + 150, + Ata—

Td)maz> Where (taown + t5own + Atd — Ta)maz i the maximum value of taown + 5oy, + Ata — Ty
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of system (5.22) — (5.31) subject to t5,,,,, = Tir — Tpr or tS,,, = Trr or Vo = 0 of equation
(5.21); the maximum value of T is Tmaz = T + Trr — (taown + tSpwn + Ata — Ta)|min, Where
(tdown + tSn + Aty — T4)|min is the minimum value of taown + tS,,, + Aty — T4 of system

Sown = L1F O taown = T1r — Trr. On the other hand, for any given

down down
(5.22) — (5.31) subject to t

value T € (Tmin, Tmaz), the solution of system (5.22) — (5.31) uniquely determines the periodic
pattern.

We then consider the periodic pattern (W,,W;V'). The Wj-oscillation is characterized by
(tdown, Atq) and the W,,-oscillation is characterized by (t5), Trp, 57, Typ, At.). For the W,-
oscillation, when the self-feedback due to the V' -oscillation arrives, the potential is given by

c,1 c,2 c,2

Vo = Iy — (Ig — V)e teor—tun =11 _ q(1 — e~ T1F)etur (5.32)

The W, -oscillation yields

Tuwu =T +t5, + 57 + 2T7p + At (5.33)
el e 1 — e T1r\(1 —t5y—Tip
At, = log |2t 4 LT e )| (5.34)
Io—Vy
The W -oscillation leads to
Ty =T + tgown + Atg, (5.35)
[0 — VA —a
Ldown = 1 . 5.36
¢ °8 [(Io — Vy)eAts — a} (5.36)
Condition (4.6) gives rise to
2T + taown + At + Trg + 50 = 7 + T4, (5.37)
tyn =T 4 taown + Atg — Tip — Ta + T, (5.38)
Atc + tdown — Tuu + T = 0. (539)
Additional delays are given by
b b _ 19 b _ ,19 _ V —T4+Trr VQ —Tyg—T+2TrR
o — log { 0= ) A7 ) + Vie I (5.40)
(b — 0)3 + V3e Tuu—Ta=T+3Trr
b b — 19 b _ ,19 — V —Tuu+Trr V2 —Tuuw—T+2TFR
o — log § AL =9 A )+ Vie I (5.41)
(b _ 19)3 + VjefTuude7T+3TFR
bl(b — (b — 1 — Vye TatTrr V2 Tuu=Tat+2Trr
7y — log 4 L= A° ) £ Vie I (5.42)
(b — )3 + Ve Tuu=Ta=T+3Trn

Lemma 12. For the the nearest-neighbor-inhibitory periodic pattern (W,,W,V'), the minimum
value of T for the existence of such a periodic pattern is T,in, = 2T+ Trr + (taown + Ata— Ta)|maz
where (tgown + Atq — Ta) |max s the maximum value of t o, + Atq — 74 of system (5.33) — (5.42)
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subject to tf;}} = 0o0rtS,,, = Tir — Trr; the maximum value of T is Tmaz = 27 + Trr + (Laown +

tﬁ’; + At g —T4)min, where (tiown +t§’; + Aty —Ta)min IS the minimum value of t goun +th’; + Aty —T14
of system (5.33) — (5.42) subject to tS,,,,, = Trr or Vo = 0 of equation (5.32). On the other hand,
for any given value T € (Tpin, Tmaz ), the solution of system (5.33) — (5.42) uniquely determines
the periodic pattern.

The segment between H and [ in Figure 5 represents the interval for the existence of the
periodic pattern (W4, W,V') and the segment between J and K represents the interval for the
existence of the periodic pattern (W, W;V).

Other possible nearest-neighbor-inhibitory periodic patterns are (W, W,,, (m — 1)V, W) and
(W Wy, (m — 1)V, W,) with m > 2. For example, for the periodic pattern (W™, W,, (m —
1)V, W,), the inhibitory self-feedback delivered by the W -oscillation generates the 1//,,-oscillation,
then the feedback from the W, -oscillation generates the ¥/ -oscillation, and the feedbacks from
the V-oscillations and the 1/ -oscillation generate the 11/"-oscillation. At a certain critical value
of the delay, the periodic pattern (W™, W,, (m — 1)V, Wy) will transit to the periodic pattern
(W Wy, (m — 1)V, W,,). The calculation similar to the periodic pattern (W, W,V") can apply to
periodic patterns (W.", W,,, (m — 1)V, Wy) and (W2*, W,,, (m — 1)V, W,,), but it is quite compli-
cated. Hence, we only present some numerical results in our case study (Section 6).

5.4. Far-Range-Inhibitory Periodic Patterns

If the inhibitory feedback delivered by the ¥ -oscillation affects an action potential which is far
away from its nearest neighbor, the configuration of the patterns becomes more complicated. For
example, multiple 1/ -oscillations may coexist in one periodic pattern. However, because of the
complicated interaction within such a periodic pattern, it may take very long time to converge to
such a pattern from an initial condition. This long recognition time prevents these patterns from
potential applications in neural information transmission or object recognition. Hence, we shall
not conduct a detailed discussion, though we shall list some patterns in our case study in the next
section.

6. A Case Study

We now apply the general results obtained in the previous section to a special case to illustrate
the detailed periodic patterns and the occurrence of coexisting multiple patterns. The parameter
values are identical to those used in Subsection 2.1, i.e., ¥ = 1mV, Iy = 1.45uA, a = 2.TuA,
b= 6upA, Tip = 0.5ms, Tpr = 0.35ms, ¢ = 3.5mV and V; = —0.1187TmV, Ty = 1.2488ms,
T = 1.5988ms.

Corresponding to each spike of the excitatory neuron, there is always an inhibitory self-feedback
(SFB) to act on the excitatory neuron in a time delay 7/ = 7 + 74, where 74 only depends on the
basic oscillations of the excitatory neuron. However, in what follows, we take 7/ = 7 + 0.2 to dis-
cuss the periodic patterns exhibited by the excitatory neuron in the interval 7/ € [nT, nT +T') with
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a positive integer n. Value 0.2 is only an empirical constant but periodic patterns do not depend on
this value.

We now introduce an important quantity, the average time of convergence to a pattern, as a
measurement of recognition of this pattern. The numerical calculation of this average convergence
time is implemented in the following way. We consider a periodic pattern o = (74, ..., 7) with
7 € (V, Wy, W,,, W..), which has the period p and consists of & action potentials. For any solution
of neuron E in the model (2.1), we denote the firing times by 71, 1, ... for £ > 0, the corresponding
action potentials by {7, T, ...}. For each firing time r,, (n=1,2,...), we calculate the duration of
k consecutive action potentials {7, ..., Tpix—1} as p, = Zn+k71(7ﬂi+1 — 1), and calculate the

1=n
relative error @. Then we define the convergence time of this periodic pattern by r,, for the first

n whose relative error is less than a given tolerate (10~° in our study) and express it with respect
to the period p of the pattern, i.e, b = r,/p. The domain of attraction corresponding to the given
periodic pattern should yield the convergent time in a range, denoted by (b,inp ~ bmazp). Since
the given periodic pattern actually exists in an interval 7 € (Tynin, Tmaz), We denote py,;, by the
period p corresponding to 7,,,;, and p,,q. by the period p corresponding to 7,,,.,. Then we define
the average convergence time as bmi";bm‘” X pmi”;p’"” with respect to the intrinsic spiking period
T'. Note that these quantities, b,,in, bmaz, Pmin @nd P, are based on numerical calculation.

p/T p/T
(@ (b) C
4 ) /
6l i
A /_2_______——/
5 i
3f _— 1 _ -
al
2r 3t
/
2,
1t
1t
(0] (0]

2T 2T 3T

Time Delay (1) Time Delay (1)

Figure 6: Plot of p/T versus 7/ when 7' € [T,2T) (a) and 7" € [2T,3T) (b), where p is the
minimum period of a given pattern in the specific interval and 7" is the intrinsic spiking period
of the excitatory neuron. (a) From the bottom to the top, periodic patterns are (W,) with 0 =
(2W..), W, Wy), (W4, V) and (W, V). The periodic pattern (W, V) transits to the periodic pattern
(W..V) at A and the periodic pattern (W, W,) transits to the periodic pattern (W,) with ¢ =
(2WW,) at the dotted line. (b) From the bottom to the top, periodic patterns are (W) with o =
(QWU)’ (WdquV)a (Wuquv)’ (WduUQV)’ (WuuuQV)’ (WuuWuVWd) and (WuuWuVWu) The
periodic pattern (1, 2V) transits to the periodic pattern (W,,,,2V") at B and the periodic pattern
(W W, VW,) transits to the periodic pattern (W, W, VIV,) at C.
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Convergence | Average Conver-
Pattern Type Interval of 7/ Time gence Time
(W) Wy, (1.695T, 2T 20p ~ 40p 51.33T
(W W) | W,and W, | [1.605T,1.695T] | 30p ~ 80p 156.58T
(Wa,V') | self-inhibitory | [1.0157,1.107") < 1.8p 3.14T
(WuV) | self-inhibitory | (1.107,1.9557] < 1.8p 3.14T

Table 1: Periodic patterns in the interval 7' € [T, 2T"), where p is the period of a pattern for any
given 7’ in the specific interval.

6.1. Periodic Patterns on the Interval 7' € [T, 27")

On the interval 7/ € [T, 27), there exist four periodic patterns, shown in Table 1 and Figure 6
(a): (W,) with o = (2W,,), (W,W,,), the self-inhibitory periodic patterns (W, V') and (W, V).
Figure 1 shows the periodic patterns (WW,;W,,) and (W, V). The periodic pattern (1, V') transits
to the periodic pattern (17,,,V') at A and the periodic pattern (W, W) transits to the periodic pattern
(W,) with o = (2WW,,) at the dotted line in Figure 6 (a). Periodic patterns (1, V') and (W W)
coexist on the interval 7/ € [1.6057,1.6957"] and periodic patterns (W,,, V') and (W,,) coexist on
the interval 7/ € (1.6957", 1.955T"]. It follows easily from Table 1 that the self-inhibitory periodic
patterns (W, V') and (W, V') have faster speed to be recognized than the periodic patterns (W,,)
and (W, Wy).

6.2. Periodic Patterns on the Interval 7' € [27', 3T)

On the interval 7" € [2T,3T), there exist seven periodic patterns, shown in Table 2 and Figure
6 (b): (W,) with o = (2W,), WaWaV), WuuWaV), Wiui2V), Wouuni2V'), (W W, VIWy)
and (W, W, VW,). In particular, self-inhibitory patterns (WW,,,2V") and (W,,,2V") have faster
recognition time than nearest-neighbor-inhibitory patterns (W, W, V), (W, W3V) (W, W, VW)
and (W,,,W,VW,,). The periodic pattern (W,,2V') transits to the periodic pattern (W,,,,2V) at
B and the periodic pattern (W, W,V W,) transits to the periodic pattern (W,,, W, VW, ) at C' in
Figure 6 (b). The overlapping intervals present the coexistence of multiple periodic patterns, for
example, Figure 2 shows the coexistence of periodic patterns (W,,) with o = (2WW,,), (W, W3V),
(Wuu2V') and (W,,,,W,,VW,,) on the interval 7" € [2.2057", 2.225T.

6.3. Periodic Patterns on the Interval 7’ € [37,47)

Figure 7 and Table 3 show periodic patterns on the interval 7' € [37,4T): (W,) with 0 =
(Weaea W2VW,), (W Wal VW, VW4, W, VWGV and (W, Wy, VW,V Wa, Wt VIVGV). Pe-
riodic pattern (W ,,W42V') transits to the periodic pattern (W, W;2V) at E in Figure 7; the
periodic pattern (W, 3V') transits to the periodic pattern (W, 3V') at F'; the periodic pat-
tern (W W2V W,) transits to the periodic pattern (W, W,,2VW,,) at G; the periodic pattern
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Convergence | Average Conver-
Pattern Type Interval of 7/ Time gence Time

(W) W, [2T,2.91T] 20p ~ 40p 51.33T
(WauW4V') | nearest-neighbor | [2.2057",2.247] 6p ~ 10p 34.97T
(WuuW4V') | nearest-neighbor | [2.517",2.587] 3p ~ 6p 21.12T
(Wauu2V) self-inhibitory | [2.0157,2.2257] <l1p 2.56T
(Wauu2V) self-inhibitory | (2.2257",2.8157 <lp 2.76T
(WuuW, VW,) | nearest-neighbor | [2.565T,2.8157] | 21p — 27p 104.5T
(WuuW,VW,) | nearest-neighbor | (2.8157,37) 8p — 10p 104.5T

Table 2: Periodic patterns in the interval 7" € [2T, 3T'), where p is the period of a periodic pattern.

p/T T T
"

e
15 1
12+ 1
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3T Time Delay (t') 4T

Figure 7: Plot of p/T versus 7' for 7 € [37,4T), where p is the minimum pe-
riod of a given pattern in the specific interval. = From the bottom to the top, peri-
odic patterns are (W,) with ¢ = (3W,), WauWa2V), Wy Wa2V), (W W, VW,),
(Wduuu?)v)’ (Wuuuugv)’ (WuuuWuQVWd)’ (WuuuWu2VWU)’ (WuquuVWuVWduWuuVde>
and (W W VW, VW43, W, VIW4V). The periodic pattern (Wy,,,W;2V) transits to the peri-
odic pattern (W,,,W,2V) at F; the periodic pattern (Wy,,,,3V) transits to the periodic pat-
tern (W 3V) at F; the periodic pattern (W, W,2VW,) transits to the periodic pattern
(Weuu W 2VW,) at G} the periodic pattern (W, Wa, VW, VW4, W, VW,V transits to the peri-
odic patterns (W, W, VW, VW4, W, VW,V') at H.

(W Wal VW,V Wy W, VIV, V) transits to the periodic pattern (W, W, VW, VW4 W, , VW, V)
at [{. The overlapping subintervals in Figure 7 presents the coexistence of multiple periodic pat-
terns, for example, periodic patterns (W, W,,VW,,) and (W4,.,3V) coexist on the interval 7/ €
[3.0657",3.225T]. According to the average convergence time of periodic patterns listed in Table
3, the self-inhibitory patterns have the fastest speed to be recognized; next is the nearest-neighbor-
inhibitory patterns and the patterns composed of only basic IW,-oscillations and W -oscillation;
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Convergence | Average Conver-
Pattern Type Interval of 7/ Time gence Time
(W) W [3.225T,3.97T] | 42 ~ 70p 80T
(WauuWa2V) nearest-neighbor | [3.287",3.397 2~ 5p 23T
(WuuuWa2V') | nearest-neighbor | (3.397,3.497] 1 ~4p 16T
(WouuW,VW,) | nearest-neighbor (3T, 3.905T] 10 ~ 18p 102T
(Wanea3V) self-inhibitory | [3.0657) 3.2257] <1p 4T
(Wana3V) self-inhibitory | (3.225T, 3.3857] <1p AT
(Weoua W 2VW,) | nearest-neighbor | [3.547, 3.847] 24 — 40p 252T
(W Wu2VW,,) | nearest-neighbor (3.84T,4T) 8 —10p 77T
* far-range [3.5757",3.675T] | 14 —54p 549T

Table 3: Periodic patterns in the interval 7/ € [37,47), where p is the period of a pat-
tern for any given 7’ in the specific interval, * represents (W, Wa, VW, VW43, W,,VW,V) and
(Waa W VIV VW Wl VIVV).

the slowest is the far-range-inhibitory patterns due to the complicated interaction among the ba-
sic oscillations. We conclude that the more complicated interaction within a periodic pattern, the
longer the convergence time is.

We summarize our results about periodic patterns of the recurrent inhibitory loop. The case
study illustrates the periodic patterns we theoretically derived in the previous section. Different
types of periodic patterns (only W, and W,, self-inhibitory, nearest-neighbor, far-range) may co-
exist in a subinterval of delay, leading to multistability in the recurrent inhibitory loop. The pattern
transition serves as a crucial instrument to generate a large class of periodic patterns. The average
time of convergence to a periodic pattern plays an important role in determining potential applica-
tions of these periodic patterns in neural information transmission and cognition processing.

7. Comparison with the Model with Alpha Synaptic Function
The integrate-and-fire model of recurrent inhibitory loops with an alpha synaptic function is given

Vit) = =Vi(t) + Lege (7.1)

A strong enough stimulus [ causes the excitatory neuron £ to emit a sequence of spikes at
tg), tg), .... The firing of the neuron E excites the inhibitory neuron [ to fire at tgl), t?), .... The
excitatory postsynaptic current /... in (7.1) is initiated by the presynaptic spikes of the excitatory
neuron with a time lag 7 and has the form I.,. = gg Y, S(t — 7 — t(;)), where g is synap-
tic strength from the excitatory neuron to the inhibitory neuron. In turn, the inhibitory neuron [
instantaneously delivers inhibitory postsynaptic potentials (IPSP) to inhibit the firing of the excita-
tory neuron E. The inhibitory synaptic current has the form /;,, = g; >, S(t — tgk)), where g7 is
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synaptic strength from the inhibitory neuron to the excitatory neuron. In this section, we consider
the synaptic update function S(¢) as an alpha function, given by

a’te=et ift > 0;
S(t) = { 0 otherwise. (7.2)

We assume that the excitatory postsynaptic current gg.S(t) contributed by one spike of the excita-
tory neuron will cause the inhibitory neuron [ to fire and trigger only one spike. We also assume
that the inhibitory postsynaptic current g;S(t) contributed by one spike of the inhibitory neuron
will cause the potential of the excitatory neuron £ to decline.

We take parameter values as 9 = 1mV, Iy = 1.5uA, a = 6.0, gg = 1.8, g1 = 1.2, Tpr =
0.35ms,V4 = —0.1187mV. Then

Iy —Vy
Iy — 19

T4y = log [ ] = 1.1748ms, T = Trr + Ty = 1.5248ms.

In what follows, we take 7/ = 7 + 0.3776 to discuss the periodic patterns exhibited by the
excitatory neuron in the interval 7/ € [nT, nT + T') with a positive integer n. Value 0.3776 is only
an empirical constant but periodic patterns do not depend on this value.
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Figure 8: Plot of p/T versus 7/ when 7" € [T, 2T) (a) and 7’ € [2T,3T') (b). (a) From the bottom to
the top, periodic patterns are (W,) with o = (2W,,), W, W), W4, V) and (W,,,V'). The periodic
pattern (W, V) transits to the periodic pattern (W, V') at A and the periodic pattern (W, W)
transits to the periodic pattern (W,) with o = (2W,,) at the dotted line. (b) From the bottom to the
top, periodic patterns are (W,) with o = (2W,,), WaWaV), Weuu WaV'), Wau2V'), (Weu2V),
(Wl WaV W), (W W, VW) and (W, W, VW,). The periodic pattern (W4, W,V transits to
the periodic pattern (W,,,W,;V') at C’; the periodic pattern (1Wy,,,2V") transits to the periodic pattern
(Wuuu2V') at B; the periodic pattern (W, W3V W,) transits to the periodic pattern (W, W, VW)
at D and continues to transit to the periodic pattern (W, W, VW,,) at E.
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Convergence | Average Conver-
Pattern Type Interval of 7/ Time gence Time
(W) W, (1.66T, 2T 20p ~ 60p 60T
(WaW,) | W, and Wy [1.54T,1.667 18p ~ 42p 85T
(W4, V') | self-inhibitory (T,1.237] Ip ~ 2.5p 6T
(WuwV') | self-inhibitory | (1.237,1.977)* | 1p ~ 2.5p 6T

Table 4: Periodic patterns on the interval 7/ € [T, 2T") of the model with the alpha synaptic func-
tion. The interval marked by ’*’ has two subintervals.

7.1. Periodic Patterns on the Interval 7’ € [T, 27")

Comparing Figure 8 (a) with Figure 6 (a), the model of the recurrent inhibitory loop with the al-
pha synaptic function exhibits the similar periodic patterns as the model with the step feedback
function on the interval 7" € [T,2T"). On the interval 7" € [T, 2T"), there exist four periodic pat-
terns, shown in Table 4 and Figure 8 (a): (W,) with o = (2WW,,), (W;W,,), the self-inhibitory
periodic patterns (W4, V') and (W, V). The periodic pattern (1, V') transits to the periodic pat-
tern (W,,V) at A and the periodic pattern (W, W) transits to the periodic pattern (W,) with
o = (2W,) at the dotted line in Figure 8 (a). Periodic patterns (W,, V') and (W W,,) coexist
on the interval 7" € [1.547',1.667") and periodic patterns (W,,,V') and (V) coexist on the interval
7' € [1.66T,1.92T] U [1.945T,1.97T'). The periodic pattern (W, V') exists in two subintervals
(1.237,1.927 and [1.9457,1.97T"). Compared with their average time of convergence, the self-
inhibitory periodic patterns (W, V') and (W, V') are faster to be recognized than the periodic
patterns (W,,) and (W, W,).

7.2. Periodic Patterns on the Interval 7’ € 27, 37)

Comparing Figure 8 (b) with Figure 6 (b), the model of recurrent inhibitory loops with the al-
pha synaptic function exhibits the similar periodic patterns as the model with the step feedback
function on the interval 7 € [27,3T): (W,) with 0 = (2IV,,), the self-inhibitory periodic pat-
terns (W4, 2V') and (W, 2V'), and the nearest-neighbor-inhibitory periodic patterns (W, W;V),
(W WaV'), (W WV W), (W W, VW) and (W, W, VW,,). The periodic pattern (W, WyV')
transits to the periodic pattern (W,,,W,V') at C; the periodic pattern (W,,,,2V') transits to the pe-
riodic pattern (W,,,2V") at B; the periodic pattern (W, W,V W,) transits to the periodic pattern
(W W, VW,) at D and continues to transit to the periodic pattern (W, W, VWW,,) at E in Figure
8 (b). However, the periodic patterns (W, W,V'), (W,,W4V) and (W,,,,,2V) are separated into
several segments in their intervals. Compared with their average time of convergence in Table 5,
the self-inhibitory periodic patterns (Wy,,,2V") and (W,,,,2V) are faster to be recognized than the
nearest-neighbor-inhibitory periodic patterns, and also faster than the periodic patterns composed
of only W,-oscillations.
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Convergence | Average Conver-
Pattern Type Interval of 7/ Time gence Time

(W) W, 27,2.07T] | 20p ~ 60p 60T
(WauW4V') | nearest-neighbor | [2.317,2.44T7* 2p ~ 8p 23T
(WuuW4V') | nearest-neighbor | (2.447,2.52T]* 2p ~ 8p 23T
(Wauu2V) self-inhibitory (2T, 2.22T 0.5p ~ 1.5p 5T
(Wuun2V) self-inhibitory | (2.227,2.95T* | 0.5p ~ 1.5p 5T

(WuuWaVWy) | nearest-neighbor | [2.517,2.53T] | 14p ~ 36p 150T
(WuuW, VW) | nearest-neighbor | (2.537,2.827] 8p ~ 20p 87T
(WuuW, VW,) | nearest-neighbor |  (2.827", 3T Tp ~ 16p 75T

Table 5: Periodic patterns on the interval 7" € [27T,3T'), where p is the period of a pattern for
any given 7’ in the specific interval. The intervals marked by ’*’ consist of several separated
subintervals.

7.3. Periodic Patterns on the Interval 7’ € [3T,47)

p/T
16

14+ B

12 1

10 - 1

. . .
3T Time Delay (1) aT

Figure 9: Plot of p/T versus 7' for 7/ € [37,47]. From the bottom to the
top, the periodic patterns are (1W,) with ¢ = (3W,), (WauuWa2V), (WyuuuWa2V),
(WuuWuV‘Mt)’ (Wduuugv)’ (Wuuuugv)’ (VVuuqu2VWd)a (WuuumL2VWd)’ (VVuuuWu2VWu)’
and (W ,Wa, VW, VW W, VIWGV). The periodic pattern (W, W;2V') transits to the pattern
(WeuuuWa2V'); the pattern (W, 3V') transits to the pattern (W,..,3V); the periodic pattern
(WuuaWa2VWy) transits to the pattern (W, W,,2VW;) and continues to transit to the pattern

Figure 9 shows periodic pattern on the interval 7/ € [37,47'): from the bottom to the top,
(W Wa2VW3), (W Wu2VWy), (Wou Wo 2VW,) and (W W VIV, V Wy Wo, VW, V'). The
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Convergence | Average Conver-
Pattern Type Interval of 7/ Time gence Time
(W) W, [3.267,4T]F | 40p ~ 76p 93T
(WauuaWa2V) nearest-neighbor | [3.307", 3.437* 2p ~ 4p 20T
(W Wa2V) nearest-neighbor | [3.487,3.507)* | 0.5p ~ 3p 11T
(W W, VW,) | nearest-neighbor | [37,3.937* 9p ~ 16p 91T
(Wanaa3V) self-inhibitory | (37,3.22T]F | 0.5p ~ Ip 5T
(Wawa3V) self-inhibitory | (3.277,3.74T]* | 0.5p ~ 1p 5T
(Weuua Wa2VW4)* | nearest-neighbor | [3.477, 3.48T 16p ~ 22p 151T
(WeueaWW2VW,) | nearest-neighbor | (3.487,3.85T1* | 12p ~ 32p 180T
(WeuaWW2VW,,) | nearest-neighbor | (3.857,471* 8p ~ 12p 85T
# far-rang [3.507", 3.64T 10p ~ 18p 225T

Table 6: Periodic patterns in the interval 7/ € [37,47"), where p is the period of a pattern for any
given 7’ in the specific interval. # represents (W, Wy, VW, VW4, W, VW,V'). The intervals
marked by **’ consist of several separated subintervals.

periodic pattern (W, W42V') transits to the pattern (W,,,,,,W;2V); the pattern (W, 3V) transits

to the pattern (W, 3V); the periodic pattern (W, W42V W,) transits to the pattern (W, W2V W)
and continues to transit to the pattern (W, W, 2V W,,). These periodic patterns may be separated
into several segments in their corresponding intervals. Compared with their average time of con-
vergence in Table 6, the self-inhibitory periodic patterns (Wg,.,,2V) and (W, 2V) are faster to

be recognized than the nearest-neighbor-inhibitory periodic patterns, and also faster than the peri-
odic patterns composed of only W,-oscillations. The slowest is the far-range-inhibitory periodic
pattern (W, Wy, VW, VW4, W, VWV).

8. Discussion

In this paper, we have studied the recurrent inhibitory loop modelled by a system of coupled delay
differential equations. Our focus is on the capability of such a recurrent loop to generate multiple
periodic patterns of the excitatory neuron. Four factors mainly contribute to the coexistence of
multiple periodic patterns for a given set of parameters: the extended delay, rich building blocks
(four types basic oscillations), a large class of periodic patterns and pattern transition.

Our study shows that the key to generate a large number of coexisting periodic patterns is the
interaction of the excitatory and inhibitory neurons, the inhibitory feedback, the incorporation of
firing and absolute refractory period in the model of the recurrent loop. First of all, two biological
features of individual neurons, the firing and absolute refractory period, make possible three types
of basic oscillations of the excitatory neuron: (V', W, and 1W;). Secondly, the inhibitory neuron
not only inhibits the firing of the excitatory neuron but also extends the neuron’s relaxation time,
in turn, the prolonged firing duration allows more signals to be delivered, and as a result, multi-
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ple signals create more complicated oscillations (1¥,) of the excitatory neuron. Furthermore, in
addition to the synaptic delay, the inhibitory neuron, upon receiving an excitatory signal from the
excitatory neuron, delivers an inhibitory feedback to the excitatory neuron with an extra delay.

Since the size of the additional delay associated with the specific type of oscillation of the in-
hibitory neuron is fully determined by the period of the corresponding type of oscillation of the ex-
citatory neuron, the inhibitory signal from the inhibitory neuron can be regarded as a self-feedback
of the excitatory neuron with the additional delay. In terms of self-feedbacks, the interaction of
these basic oscillations determines the type of periodic patterns: periodic patterns composed of
only W,-oscillation and W -oscillation, self-inhibitory patterns, nearest-neighbor-inhibitory pat-
terns and far-range-inhibitory patterns. Furthermore, the complicated inhibitory interaction of
these basic oscillations plays an important role in eventually stabilizing a trajectory into a peri-
odic solution with one of these predictable periodic patterns. This allows us to link the solution
semiflow to symbolic dynamics in which these basic oscillations can be pinned together to form a
large class of periodic patterns and make the model exhibit rich dynamics, such as the coexistence
of multiple patterns and pattern transition. Different types of periodic patterns may coexist in a
subinterval of delay, leading to the occurrence of multistability in the recurrent inhibitory loop.
The pattern transition plays a similar role to the standard bifurcation theory in terns of the birth
and continuation of multiple periodic patterns.

Although our theoretical analysis is based on the integrate-and-fire model with a step synaptic
update function, the same four types of periodic patterns we theoretically derived have been exhib-
ited by our simulation in the more neural model of the recurrent loop with an alpha synaptic update
function. The coexistence of multiple periodic patterns and pattern transitions also occur over a
wide range of the ratio 7//T in this realistic model. We defined and numerically calculated the
average time of convergence to a periodic pattern to measure the recognizing time of the pattern.
Among these periodic patterns, the first three periodic patterns have faster speed to be recognized,
hence, they have the potential to be used for neural information transmission and cognition pro-
cessing in the nervous system. The long recognizing time of far-range-inhibitory patterns prevents
them from potential applications in neural signal processing. The more realistic neural model of
the recurrent inhibitory loop with the alpha synaptic function presented the same periodic patterns
we derived analytically.
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