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Abstract. We study discrete spectrum in spectral gaps of an elliptic periodic second order
differential operator in Ly(R?) perturbed by a decaying potential. It is assumed that a
perturbation is nonnegative and has a power-like behavior at infinity. We find asymptotics
in the large coupling constant limit for the number of eigenvalues of the perturbed operator
that have crossed a given point inside the gap or the edge of the gap. The corresponding
asymptotics is power-like and depends on the observation point.
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1. Introduction. Main result

1.1. Main goal of the paper. Notation

Let A be an elliptic periodic second order differential operator in Ly(R%), d > 1, and let V
be the operator of multiplication by a nonnegative function V'(z) decaying as |x| — 400 (in
appropriate sense). We study discrete spectrum of the perturbed operator B(t) := A 4tV
t > 0, in the spectral gaps of A. The sign of a perturbation is essential both for the kind
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of results and the choice of technical tools. The case of nonpositive perturbations is studied
much more completely than the case of nonnegative perturbations (see the survey [1] and
references therein). The present paper is devoted to the case of nonnegative perturbations.

Let (a, 3) be an internal gap in the spectrum of A, and let A € [a, (] be a fixed number
called an observation point. The spectrum of the operator B(t) in the gap («, ) is discrete.
As t grows, the eigenvalues of the operator B(t) in the gap (a, ) move from the left to
the right; they ”are born” at the left edge and they "disappear” at the right edge of the
gap. By N(A,7,V) we denote the number of eigenvalues of the operator B(t) that have
crossed the point A as t grows from 0 to 7. In the survey [1], the asymptotics for N(\, 7, V)
as T — +oo was described (without proof) in the case where the perturbation V' (z) has a
power like asymptotics at infinity (see Theorem 1.2). The main goal of the paper is to prove
this asymptotics for the case of "slowly” decaying perturbations (see Theorem 1.3).

The paper consists of three sections. Section 1 contains necessary notions and notation,
formulation of the main result and discussion of the results known before. In Section 2, the
main result (Theorem 1.3) is deduced from Proposition 2.3 about asymptotics of singular
numbers of some integral operators. In Section 3, the required results on asymptotics of the
singular numbers of integral operators are collected and Proposition 2.3 is proved.

Now we introduce some notation. The symbol 1 stands for the identity (d x d)-matrix;
(,+) denotes the standard inner product in C?. By Z? we denote the lattice of integer vectors
in R%. Next, H'(Q) denotes the standard Sobolev class in a domain Q C R and H. ()
is the class of functions u(z), r € Q, such that up € H'(Q) for any ¢ € C°(Q). By A
we denote the Laplacian in R?. If A is a closed densely defined operator in the Hilbert
space 9, then o(A) stands for its spectrum, and A* stands for the adjoint operator. If A is
selfadjoint, then F4(-) denotes the spectral measure of A. For a Borel set § C R, we put
m4(9) :=rankF 4 (). Next, we introduce the counting functions for the positive and negative
spectrum of A by ni(s, A) := ma(s,+00), s > 0. By B($) we denote the class of bounded
linear operators in 9; the symbol &.,($)) stands for the class of compact linear operators in

9.

1.2. The unperturbed operator

Let g be a (dx d)-matrix-valued function with real entries, and let p be a real-valued potential
such that

0,9 € Loo(RY), g(x) = col, c¢o >0, (1.1)
gz +n) = g(x), p(r+n)=px), nel (1.2)

Consider the operator
A = —divg(x)grad + p(z) = V*g(x)V + p(x), (1.3)

acting in the Hilbert space $ = Ly(R?), d > 1. Precisely, A is a selfadjoint operator in §
generated by the closed semibounded quadratic form

alu,u] = /Rd ((g(z)Vu, Vu) + p(z)|ul?) dz, u e H'(RY). (1.4)
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In order to describe the spectrum of A, we introduce standard objects related to the spectral
decomposition of a periodic elliptic operator (see, e. g., [2], [3]). Let  :=[0,1)? be the cell
of the lattice Z%, and let € := [, 7)? be the cell of the dual lattice (27Z)". In L(Q), we
consider a family of selfadjoint operators A(k), k € Q. The operator A(k) is defined in terms
of the quadratic form

a(k)[u,u] := /Q ((9(z)Vu, Vu) + p(x)|u|?) dz, u € doma(k), k € (.

The domain doma(k), k € (2, consists of all functions u € H'() such that the periodic
extension of e~**y(x) belongs to H{ (R?). The spectrum of A(k) is discrete. Let

loc

Ei(k) < Ea(k) < ... < En(k) <. (1.5)

denote the consecutive eigenvalues of A(k). The mappings FE : Q — R are called band func-
tions. They extend periodically (with respect to the lattice (27Z)%) to continuous functions

in R%. Let {¢s(k,-)}2,, k € Q, be the eigenfunctions of A(k) which are orthonormal in

s=1»

Ly(€2) and correspond to the eigenvalues (1.5). We extend functions v (k, z) for all z € R?

so that the functions e=*2y),(k, ) are Z%-periodic in x € R? for all k € ), s € N. Note that
(see, e. g., [4]) N
Ps(+,+) € Lo (2 x RY).

Now we introduce the operators ®,:

(Du)(k) = 2m)~ 2 [ y(k, z)u(z)dz, ue SR?Y), seN. (1.6)

Rd

The operator A is partially diagonalized with the help of operators ®,. Here S(R?) is the
Schwartz class. The operators (1.6) are partially isometric mappings of Lo(R?) onto Lo (€2).
The operators ®*®, =: P,, s € N, are mutually orthogonal projections in Ly(R%), and

> P, = 1. The operator A admits the Floquet decomposition:
seN

A=Y (BB, (L.7)

seN

Here and in what follows the symbol [m(k)] stands for the operator of multiplication by

the function m(k) in Ly(€2). The spectrum of A is the union of the spectral bands that are
the images of the continuous functions Ej:

o(A) = G ImFE;.
s=1

The spectrum o(A) may contain gaps. Assume that (a, 3) is a gap in 0(A). Then for some
[ > 2 we have

a =max F;_i(k) < f = min E;(k). (1.8)
ke ke
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1.3. Perturbation

The operator (1.3) is perturbed by a real-valued potential V(x). Assume that V(z) satisfies
the following conditions:
V(r) =0, V€ LR, (1.9)

V() = w(@/|z]) [2]7¢ + o(|x[7¢), |z| = 400, ¢>0. (1.10)

Under conditions (1.9), (1.10), the function w is nonnegative and bounded on S¢~!. Since
the domain of the quadratic form (1.4) coincides with H'(R?), we have

(=A+DY2(A-CI)V2eB(9H), ¢ <info(A).
Besides, under conditions (1.9), (1.10) the operator vV (—=A + I)~'/2 is compact (e. g., this
follows from the results of [5]). Hence, we have
VV(A=CID)™V? € 6,(9), ¢ <info(A). (1.11)

The perturbed operator is defined by B(t) := A+ tV, ¢t > 0. By (1.9) and (1.11), the
perturbation is nonnegative and relatively compact:

B(t) = A, t>0;
(B(t) —il) ™' — (A—il) ™t € G (9), t>0.
Hence, the spectrum of the operator B(t), ¢t > 0, in the gap («, ) is discrete and does not
accumulate to the right edge of the gap. We consider the counting function
N\, T1,V) Z dimKer (B(t) = X), 7>0, X€ (a,f). (1.12)
te(0,7)

By definition, the right-hand side of (1.12) is equal to infinity if there exist infinitely many
points ¢ € (0,7) such that dimKer (B(t) — AI) > 0. The next statement (the Birman-
Schwinger principle) follows from variational arguments (see, e. g., [6]).

Proposition 1.1. Suppose that conditions (1.1), (1.9), and (1.10) are satisfied. Assume
also that o(A) N (e, ) = @. Then we have

ZOA) =VV M - AWV €6,(9), Ae(a,f),
NMNTV)=n (7 2Z(\), 7>0, A€ (o, ). (1.13)

From Proposition 1.1 it follows that N (A, 7, V) is finite for all 7 > 0 and A € (a, 3), and
is a nonincreasing function of A (for a fixed 7 > 0). Now we define the counting function at
the left edge of the gap:

N(a,7,V):= lim N7, V), 7>0.

A—a+0

The limit in the right-hand side can be finite or infinite. Naturally, N(«,7,V) can be
interpreted as the number of eigenvalues of B(t) that ”were born” at the left edge of the gap
as t grows from 0 to 7.

35



M. Birman, V. Sloushch Discrete spectrum of the Schrodinger operator

1.4. Main result

Now we describe the asymptotics of the function N(A, 7,V) as 7 — +00. We put

L,(\) = (27r)‘dd‘li/ﬁ()\—Es(k))_d/gdk/g w¥2(0)dS(0), X € [a, 5]

d—1

If X € (o, ), then T'y(\) is a fortiori finite. Next, I',(«) is finite under the following condi-
tions:

(@ —Ey() ™ € Laf(), s=1,...,1—1. (1.14)
In the survey [1], the following theorem was formulated (without proof) in the case d > 2.

Theorem 1.2. Suppose that conditions (1.1), (1.2), (1.8), (1.9), and (1.10) are satisfied.
Then for all A € (a, 5) we have

lim 7 ¥eN(\, 7, V) =T,(\). (1.15)

T—+400

Under the additional condition (1.14) asymptotics (1.15) is valid also in the point A = «.

Our goal is to give the proof of Theorem 1.2 under the condition ¢ € (0,d), d > 1,
A € [a, 3). In the case where A € (o, 3) and g(x) = 1, Theorem 1.2 was proved in the pioneer
paper [7]. In [7], the potential p was not assumed to be periodic; it was only assumed that
there exists the so called integrated density of states for the operator A = —A + p. The case
where g(z) = 1, p(z) is periodic and A = o was considered in [8].

In the present paper we establish the following result.

Theorem 1.3. Suppose that conditions (1.1), (1.2), (1.8), (1.9), and (1.10) are satisfied.
Let o € (0,d), d > 1. Then for all X\ € («,3) asymptotics (1.15) is valid. If, in addition,
condition (1.14) is satisfied, then asymptotics (1.15) is true also for A = a.

In Section 2, the proof of Theorem 1.3 will be reduced to the study of asymptotics for
singular numbers of some integral operators (which will be studied in Section 3). The order
of asymptotics (1.15) differs from the ”standard” order 7%2. The asymptotic coefficient
depends on the observation point A. However, it becomes clear that this asymptotics is of
the "Weyl” nature, if the roles of coordinates and (quasi)momentums change.

We say that the left edge of the gap (o, 3) is reqular if maxy By o(k) < o, k € Q, the
equality Ej_1(k) = a is reached in a finite number of points k; € ﬁ, 7 =1,...., M, and each
k; is a point of nondegenerate mazimum for Ey_y, i. e.,

a — Elfl(k) = qj(k — k]) + O(|l€ — kj‘g), k — kj, j = 1, ...,M,

where q; 1s a positive definite quadratic form.
If the left edge of the gap is regular, then

(a—E,() € LyQ), s=1,...1—1, Vqg<d/2.
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Thus, Theorem 1.3 implies the following statement.

Corollary 1.4. Let d > 3. Suppose that conditions (1.1), (1.2), (1.8), (1.9), and (1.10)
are satisfied. Assume also that o € (2,d), and the left edge of the gap is reqular. Then
asymptotics (1.15) is valid for A = a.

2. Reduction of Theorem 1.3 to the study of singular
numbers of some integral operators

2.1. Preliminary facts about compact operators

Let $; and 9, be separable Hilbert spaces. The symbol G, (91, H2) stands for the class of
compact linear operators acting from $); to o (if H; = Ho = 9, we use the notation S..($),
as above). For any T € 6,($1,92), by s,(T), n € N, we denote the singular numbers of
the operator T (i. e., the consecutive eigenvalues of the operator (7*T)'/?). The counting
function of singular numbers is defined as follows:

n(s,T):=#{n eN:s,(T) > s}, s>0, T € S(H1,92).
Obviously, we have
n(s,T)=n(s,T)+n_(s,T), s>0, T =T,

n(s,T) =ny(s,T), s>0, T >0,
n(s, T°T) = n(y/s,T) =n(v/s,T*) =n(s, TT*), s> 0. (2.1)

We shall need the following ”variational” property of the counting function n(s,T) for a
selfadjoint compact operator 7" in the Hilbert space $) (see, e. g., [9], Ch. 10, Sec. 2, Subsec.
2):

ny(s,T) =sup{dimF, F C 9 : (Tu,u) > s||ul®>, Yu € F\ {0}}. (2.2)
Let £,($1,92), ¢ > 0, be the class of compact operators 7" such that the following functional

is finite:
|75, = supsn'/i(s,T), (2.3)
s>0

(see, e. g., [5], [10]). Functional (2.3) is a quasinorm; the space ¥, is complete with respect
to the quasinorm (2.3) and, in general, nonseparable. We define the following continuous
functionals on ¥, (see, e. g., [11]):

A, (T) = limsup s'n(s, T,
s—+40

0,(T) = liSrEJir%f sin(s,T).
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The following functionals are continuous on the class of selfadjoint operators in ¥;:

A;(T) := limsup s'ny (s, T),
s—+0

=+ N .
05 (T) = hﬂi%f sing (s, T).

Sometimes, we shall use the notation Dy(T) for any of functionals Ay(T), AF(T), 6,(T),
0X(T); in the case Dy(T) = AX(T),65(T) it is automatically subtended that T = T*. Let
22 denote the class of operators in ¥, such that A,(7") = 0. Then 22 is a separable subspace
of 34, and the class of finite rank operators is dense in X. We note that (see, e. g., [11])

D (T + K)=Dy(T), D=ANAN*66* Tex, Kexl (2.4)

We shall also need the following statement (see, e. g., [9], Ch. 11, Sec. 6, Subsec. 3).
Proposition 2.1. If Ty € 5, Ty € 8, then TYTy € 5, where ¢! = ¢;" + 5 ', and

I\ Tals, < Clay, @) Thlls, 1 T2, ¢ ' =a'+a'

If, additionally, T € 221 or'ly € 222, then TV1T5 € 22.
Finally, if T € 3, and A, B are bounded operators, then AT'B € 3, and

IATBlls, < [AIIBIIT s, (2:5)

2.2. The study of the bordered resolvent

By Proposition 1.1, in order to prove asymptotics (1.15) for A € (a, 3), it suffices to show
that
lim 5% (5, Z(\) = Ty(N), A€ (a,8), g0 = d. 2.6)

s—+0

We introduce some notation in order to represent the bordered resolvent Z(\), A € (a, (),
as a sum of two terms which correspond to different parts of the spectrum of A. We put

ma = infU(A)v El = EA([mA7a/])a E2 = EA([ﬁv +OO))a
f)j I:Ejf), Aj 2:A|§J]., Ij Z:I|yjj, j:1,27
Z;(\) = VVE;\; — A)'ENV, §=1,2, A€ (o, f). (2.7)

By (1.11), the operators Z;(\) are compact for j = 1,2 and A € (o, 3). Obviously, Z(\) =
Z1(A) + Zo(A), A € (o, B). Theorem 1.3 is a consequence of the following lemma.

Lemma 2.2. Suppose that conditions (1.1), (1.2), (1.8), (1.9), and (1.10) are satisfied. Let
0€(0,d), d>1, and qo = d. Then we have

Z1(A) € 54(9), A€ (a,B); (2.8)
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E\Zy(NE) € 30(9), A€ (a,B); (2.9)
0y (B Z1(NEr) = AJ(Z1(N) =T,(A), A€ (). (2.10)
Under the additional condition (1.14), we have
Zi(N\) < Zy(a), A€ (a,p), (2.11)
where Z1(«) is a compact operator such that
Zi(a) € %4(9), A7 (Zi()) =Ty(a). (2.12)

In the end of the present section, the proof of Lemma 2.2 will be reduced to Proposition
2.3 about asymptotics of singular numbers of some integral operators. Now we show how
Theorem 1.3 follows from Lemma 2.2.

2.3. Deduction of Theorem 1.3 from Lemma 2.2

In the sum Z(X\) = Z1(\) + Z2(A), A € («, §), the second term is negative, whence

ny(s, Z(N) < ni(s,Z1(N), A€ (a,03), s>0. (2.13)
From (2.10) and (2.13) we obtain the upper estimate:
limsup s'ni (s, Z(A)) < T,(A), A€ (a,05), qo=d. (2.14)
s—+0

The variational property (2.2) implies the lower estimate:
ny(s, Z(N) = ny(s, EsZ(N)E1), A€ (a,05), s>0. (2.15)

Since ENZ(AN)Ey = E1Z1 (AN Ey + EyZy(N)Eq, A € (o, (), from (2.8) and (2.9) it follows that
E\Z(NE, € ¥, A € (a, ), gqo = d. Taking (2.4), (2.9), and (2.10) into account, we obtain

0y (E\Z(AN)EL) =Ty(A), A€ (a,0), qo=d. (2.16)
From (2.15) and (2.16) it follows that
hmi%f s'ni(s,Z(N) =2 T,(\), e (o,8), qo=d. (2.17)

Inequalities (2.14) and (2.17) imply asymptotics (2.6) and asymptotics (1.15) for \ € («, 3)
with it. It remains to note that, under condition (1.14), relations (1.13), (2.11)—(2.13) imply
that N(«,7,V) is finite for all 7 > 0, and

limsup 7~ ¥¢N (o, 7, V) < T,(). (2.18)

T—400

From the other side, by monotonicity of N (A, 7, V), we have
liminf 7~ Y¢N(a, 7, V) = T,(\), X € (a,f). (2.19)

T—400

Passing to the limit in (2.19) as A — a+0 and comparing the result with (2.18), we see that,
under the additional condition (1.14), asymptotics (1.15) is valid also in the point A = .. O
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2.4. Asymptotics of singular numbers for integral operators of
special form

Here we formulate the result about integral operators which is required for the proof of
Lemma 2.2. Suppose that U(x) is a measurable function in R satisfying the following
condition

U e Lo(RY), U(z) =v(z/|z|)|z|™ + o(|z]™), |z| — 0o, v >0. (2.20)

Note that under these assumptions v is bounded on S%~1. Assume that functions f(k), h(k),
k € €, satisty the following condition:

fih € Lo, (Q), sv=d. (2.21)
Let ®, be the operators (1.6). Consider the operators
Xy = [F) U@ [R(K)], 5.t € N. (2.22)

In Section 3, we shall prove the following statement.

Proposition 2.3. Suppose that conditions (1.1), (1.2), (2.20), and (2.21) are satisfied. Let
v € (0,d) and v =d. Then Xq4 € 3, and

0o Xst) = D Xat) :d1(27T>dést/ﬁ|f<k)h<k)|%dk/ [0(0)7dS(0), st €N (2.23)

gd—1

A similar statement was discussed before (without proof) in [8].
Now, we assume that condition (2.20) is satisfied with some v € (0,d). Assume also that

fsshs € Lo, (Q), sev=d, s=1,...,1—1. (2.24)
By Proposition 2.3, we have

Y = 3 0 () U ()] [ ()], € 5 (2.25)

s,t=1

By (2.23), the terms ®}[f;(k)|®:[U (z)]®*[hs(k)]P, with t # s belong to the class X%. Hence,
taking (2.4) into account, we have

(5%(Y) = 5%(%)7 A%<Y) = A%(YO)a (2'26)

where

Vo= 3 @A R0V ()]0 (b0, (2.27)
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Each operator ®*[f(k)|Ps[U(x)]P%[hs(k)]Ps acts nontrivially only in the subspace s =
O*d,.H. The subspaces 9, are mutually orthogonal. Hence, we have

-1

DoYo) = 3 Dol @£ ()], [U ()]0 s ()],

s=1

o), D=A,0. (2.28)

The operator ®*[fs(k)]Ps[U(x)]P%[hs(k)]Ps |4, is unitarily equivalent to the operator

[fs(R)]®s[U ()]0 [hs (k)] L2(2) — La(62).

S

Relations (2.23), (2.26)—(2.28) imply that

0Y) = 8,) = a2 S [Innla [ e@pase). 229

Thus, we arrive at the next statement.

Corollary 2.4. Suppose that conditions (1.1), (1.2), (2.20), and (2.24) are satisfied. Let
v € (0,d) and v = d. Then relations (2.25) and (2.29) are true.

2.5. Deduction of Lemma 2.2 from Proposition 2.3 and Corollary
2.4

First, let us check that inclusion (2.8) and relation A7 (Z1(\)) = T',()), A € (o, B), qo = d,
are valid under the assumptions of Lemma 2.2. By (2.1) and (2.7), it suffices to prove that

F(A) == Ex(M1 — A)TPE\VE(ML — A)TVPE €5, AE(a,B), qo=d,  (2.30)
A(FO) =To(N), A€ (a,8), qo=d. (231)
By (1.7), the operator F'(\), A € (a, 3), can be represented as

FA) = i Py = (k)20 [V (@) @A = Eu(k)) ™). (2.32)

s,t=1

Relations (2.30) and (2.31) follow from Corollary 2.4 (with f,(k) = hs(k) = (A — E (k)12
ke, U(z) = V(z), » € RY v = g, 2 = q). Moreover, according to Corollary 2.4, under
the additional condition (1.14) the right-hand side of (2.32) with A = « defines an operator
F(a) € ¥, such that Ay (F(a)) =T'p(a), go = d. Consequently, the operator

Zy(a) = i VVO (o — Ey(k) @,V V (2.33)

satisfies (2.12) with go = d. Moreover, inequality (2.11) is obvious.
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By (2.1) and (2.7), in order to check that 6} (E1Z1(A)Er) =T,(N), A € (o, 8), qo = d, it
suffices to prove that

G(/\) = El()\ll - Al)_1/2E1\/VE1 € Z2q7 AE (Oé,ﬁ), qo =d, (234)
02g(G(N) =To(A), A€ (a,f), qo=d. (2.35)
By (1.7), the operator G(\) is represented as

GO = 3 B[\ — E(k) )0 [ T@))008,, A€ (a,5)

s,t=1

Then relations (2.34) and (2.35) follow from Corollary 2.4 (with fs(k) = (A — E,(k))~Y2,
he(k) =1,k € Q, U(z) = /V(z), r € R, v = p/2, ¢ = 2q).
Now we check (2.9) with go = d. From Proposition 2.3 (with f(k) = h(k) =1 ke,

U(x) = V(z), z € R v = g, 5 = q) it follows that ®,[V(z)]®* € ¥, qo = d, whence (see
1), (25) -
VVE =) VYV, € %y, qo=d. (2.36)
s=1

Next, the subspaces §; = 19,9, s € N, are mutually orthogonal, and

max |(A — Ey(k))™'| — 0, s — +oo0.
ke

Hence, the series
+oo
SB[ — Bu(k) |0, = Ea(My — As) By, A€ (a.5), (2.37)
is convergent in the norm of 9B($)). Combining this with (2.36), we conclude that the series
+oo
> ENVVOI(N— Ei(k)ONVVE = Ei1Zy(A\E), X€ (o), (2.38)
s=l

= d (see Proposition 2.1 and (2.5)). From the other side,
)=1,keQ Ux)=+V(z), z € RY, v =0/2, 5= 2q)

is convergent in the class 3, qo
h(k

Proposition 2.3 (with f(k) =
implies that
O,/ V(2)]PF € Ty, t# 5.

Consequently, by Proposition 2.1, each term of the series (2.38) belongs to 22, qo = d. This
proves (2.9). O
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3. Estimates and asymptotics of singular numbers of
some integral operators

The present section is devoted to estimates and asymptotics of singular numbers of the
integral operators of the form (2.22).

3.1. Preliminaries. Weak L, -classes

Let (Z,dv) be a separable measurable space with o-finite measure. For a v-measurable
function f: Z — C, we put

Of(s) ={z € Z:|f(2)] > s}, vi(s) =rv(0s(s)).

Let L, o(Z,dv), g > 0, be the class of functions f such that the following functional is finite:
I fllLge = sulg sy}/q(s). (3.1)
s>

Functional (3.1) is a quasinorm. The space L, is complete with respect to the quasinorm
(3.1). In general, the class L, is nonseparable. We consider the following subspace of L, :

L9 (Z.dv) = {f € Lyoo : v4(5) = o(s™7), 5 — +0}.

Remark 3.1. 1) Suppose that a function f € Lo (R?) has the following asymptotics
f(x) = wla/le))|z|~ + o(|z|~9), |2 — 00, ¢>0.

Then f € Lyoo(RY).
2) Let f(z) := w(x/|z|)|z|~¥, z € RY, ¢ > 0, where w € L,(S* ). Then

f S L(LOO(Rd)’ ”fHLq,oo = d_l/quHLq'

3) If f € Lyo(RY) and f(z) = o(|z|~¥7) as |z| — o0, ¢ > 0, then f € L3 (RY).

,0
,00

3.2. The generalized Cwikel estimate

Let (X,dp) and (), dr) be two separable spaces with o-finite measures. Let t(z,y), x € X,
y € ), be the kernel of a bounded integral operator T" acting from Ly (), d7) to La(X, do). Let
w:X — Cand h: Y — C be measurable functions. We consider an integral operator wTh :
Lo(Y,dr) — Lo(X,do) with the kernel w(x)t(z,y)h(y). We formulate the compactness
conditions and estimates of singular numbers for the operator wT'h in terms of the function
(wh)(z,y) := w(z)h(y) and the measure

dv(z,y) = |t(z,y)Pdo(x)dT(y), € X, ye.
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The next statement (the generalized Cwikel estimate) was obtained in [12].

Proposition 3.2. Suppose that wh € Loy oo(X x Y, dv) for some g > 1. Then wTh € ¥y,
and
[wThlls,, < C@ITIYwh]] Ly, . -

If wh € LY (X x Y,dv), ¢ > 1, then wTh € ¥j,.

Under the additional assumption that the kernel ¢(x,y) is bounded, Proposition 3.2
implies the following statement (see [12] and also [13]).

Proposition 3.3. Let t(-,-) € Loo(X X Y,dodr). Suppose that w € Lo oo(X,do) and
h € Lyy(Y,dr) for some g > 1. Then wTh € ¥y, and

1 _
lwThllsa, < C@IEC NI Y10 g 1] 22,

Ifwe LY

2q,00

(X,do) and h € Log(Y,dr), ¢ > 1, then wTh € ¥3,.

Obviously, in Proposition 3.3 assumptions on w and h can be interchanged.

3.3. Asymptotics of singular numbers for some pseudodifferential
operators of negative order

Let b(x) = (b*(z),b*(x),...,bM(x)) be a row-matrix and c(x) = (c*(z), 2(x),...,cM(x))! be

a column-matrix. Assume that b,c € Ly, (R?), ¢ > 1, and that the matrix-valued functions

b(z),c(x) are compactly supported. Let ¢ € C*°(R?) be such that ¢(£) > 0 for £ € RY,

&) =0for €] < 1, and ((§) = 1 for |{] > 2. Let v(#) be an (M x M)-matrix-valued

function on S?! such that v € C*(S*!). We define an (M x M )-matrix-valued function
a(¢&) by the relation

a(6) = v(¢/EDIE" V), €eRY > 1. (3.2)

Then the symbol G(z,£) = b(x)a(é)c(r) is a scalar-valued function in R? x R?. Consider
the following pseudodifferential operator in Ly(R%):

A = bdad*c, (3.3)

where @ is the Fourier operator. By Propositions 2.1, 3.3 and Remark 3.1, we have A € 3.
Next statement gives the asymptotics of singular numbers of the operator (3.3).

Proposition 3.4. Suppose that a, b, ¢ are matriz-valued functions described above. Suppose
that the function a is given by (3.2), and that the functions b,c € Lgy(R?), ¢ > 1, are
compactly supported. Then we have

Ay(A) = 6,(A) = d~}(2m) / /R | Ib@)v(O)e(o)dz dsio).

Proposition 3.4 is a particular case of the more general theorem proved in [14], [15].
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3.4. Integral operators of the Fourier-Bloch type

In order to prove Proposition 2.3, it is convenient to study integral operators of more general
type than (2.22). Assume that 1 : Q x R — C is a measurable function satisfying the
following conditions

Y(k,x +n) =e*™Y(k,z), neZ%

sup [ (k; )| o) < +00.
keh

Proposition 3.5. Under conditions (3.4) and (3.5) the function (2%)‘5/21p(k,x) is a kernel
of a bounded integral operator T[] : Lo(Q) — Lo(RY). For all u € Ly(S2) the integral

2 [ o a)u(b)dk = (7o) o) (36)
Q
is absolutely convergent for almost every x € RY. We have
T[]l < sup [[¢(k, )|l Lo()- (3.7)
ke

Proof. Let Q, = Q+n, n € Z%. By (3.4), (3.5), we have ¢ € Ly(Q x ), n € Z%. Hence,
for any u € Ly(€2) we obtain

1/2
(2m) /2 / ok, ) (k) dk < (2m) ( / wuc,x)\?dk) lull, @ & e = €RY,

which implies that the integral in the left-hand side of (3.6) is absolutely convergent for a. e.
r € RY. From (3.4) it follows that

(T[Y)u)(x +n) = /g2 (2m) =2 e* ) (k, 2 u(k)dk, = € RY. (3.8)

Since {(27)~%2¢*m} ;4 is an orthonormal basis in Ly(€), relation (3.8) implies that

> (T[u) (= + n))| /|1/ka]|u( )2dk, z e R

ncZzd

Integrating the last identity over the cell 2, we obtain

[ @ @Pds = [ ote. ) lulb Pk (3.9)

Relation (3.9) implies estimate (3.7). O
In what follows, the operator T[] is called the operator of the Fourier-Bloch type.
Remark 3.6. The function e** satisfies conditions (3.4) and (3.5). We have
T[e™] = ®*1I, (3.10)
where @ : Ly(RY) — Ly(RY) is the Fourier operator and the operator 11 : Ly(Q) — Lg(@d)
acts as extension by zero, i. e., (u)(k) = u(k) for k € Q and (Hu)(k) =0 for k € R4\ Q.
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3.5. The Cwikel estimate for the bordered operator of the Fourier-
Bloch type

Now we give the compactness condition and estimate for singular numbers of the oper-
ator wT'[¢]h in terms of the function (wh)(z,k) := w(x)h(k) and measure dv(x,k) :=
(2m) o (k, z)|Pdx dk on RY x Q. The following statement is a consequence of Propositions
3.2 and 3.5.

Corollary 3.7. If wh € Ly, «(R? x Q, dv) for some q > 1, then wT[{]h € X9, and

1-1/q
||wT[77Z)]h||22q < O(q) <SUE) ”w(kv ')”LQ(Q)) ||wh||L2q,oo‘

keQ

If wh € LY’

2q,00

(R? x Q,dv), then wT[y]h € 59,

Now, assume that the bordering functions w(x), h(k) satisfy the conditions
jw(@)| < A7, z €R% he Ly(Q). (3.11)

Here we denote ||z]| = max{1, ||}, z € R%

Proposition 3.8. Assume thal conditions (3.4), (3.5), and (3.11) with some ¢ > 0 are
satisfied. Then wh € Loy oo (R x Q,dv) and

hllza, e < Clas AN 91 5 0 (3.12)

Proof. Obviously, we have
d . —2q/d O
Oun(s) C{x e R : |z < (s/A||h]|L.) }xQ, s>0.
Combining this with the inequalities ||| > 1, ||z]| > |z|, * € R?, we see that
Ouwn(s) = @, s = Allh]|L.., (3.13)

Ouwn(s) € Br(0) x Q, R = (s/A|h|lp.) 2%, se(0,Alh|L.), (3.14)
where Br(0) = {z € R?: |z| < R}. We denote

Zy:={n€Z': Q, N Br(0) # @}, QR):= ] Q.

neEZR

Since Bg(0) C Q(R), then (3.14) implies that

Own(5) C QR) x Q, R = (s/A|R]|)"2"9, s € (0, Alh]r). (3.15)
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For s € (0, A||h||...) it follows from (3.15) that

Vy (2m)~ // Y(k,x)|*dk dx = (2m)~ // Y(k,x)|*dk dx =
h QOxQ(R | Z QAxQp ‘
= (@m // ok, @)k de - #75, R = (s/Allhll.) " (3.16)
QOxQ

Using obvious relations #Zg = Vol Q(R) and Q(R) C By /4(0), we obtain

475 < C(d)(R + Vd). (3.17)

Combining (3.1), (3.13), (3.16), and (3.17), we arrive at (3.12). O
Corollary 3.7 and Proposition 3.8 imply the following statement.

Proposition 3.9. Suppose that conditions (3.4), (3.5), and (3.11) with some q > 1 are
satisfied. Then wT'[Y]h € ¥y, and

1-1/q
[wTflhls,, < Clg.d) (suxg ok, .>HL2<9>) P .

ke

3.6. Asymptotics of singular numbers of the product of two bor-
dered operators of the Fourier-Bloch type

Assume that functions 1; € Loo(ﬁ x RY), j = 1,2, satisfy conditions (3.4), (3.5). Let
U € Lo (R?) be such that

U(x) = v(a/la)|a|~ + o(ja| =), |a] = +o0, (3.18)

for some ¢ > 1. Note that under assumption (3.18) we have v € Lo,(S%™!). Finally, assume
that functions f,h : 2 — C satisfy the condition

F b € Lag(). (3.19)
Consider the following integral operator

X = [FRNT ) [U (@) T o] [ (K)]- (3.20)

We put

Gulfvhtn vn) = 2m) 0 [ (o(@)aS(0) [ hOR) £tk ), ("l
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Proposition 3.10. Assume that functions v¢; € Loo(fNZ x RY), j = 1,2, satisfy conditions

(3.4) and (3.5). Assume that U € Loo(R?) satisfies (3.18) for some ¢ > 1. Let f,h:Q — C
be subject to (3.19). Then for the operator (3.20) we have X € ¥, and

0g(X) = Ag(X) = Gy(f, v, b, 1, 1dn). (3.21)

The rest of Section 3 is devoted to the proof of Proposition 3.10. Obviously, Proposition
2.3 is a particular case of Proposition 3.10 (with ¢y = 1)y, 19 = ¥y, ®5 = (T[1hs])*, OF = T'[1ly],
»=gq,v=d/q).

3.7. Proof of Proposition 3.10

The proof of Proposition 3.10 consists of several steps.
Step 1. By Remark 3.1, we have U € L, +(R?), and the function

R(z) = U(x) — *(x)o(e/|z])|z|~" = of|z|~"%), |a| — oo,

belongs to the class L)% (R?). Here ((z) is the same function as above, i. e., { € C*(R?),
((z) 2 0 for z € R?, ((x) = 0 for |2] < 1, and ((z) = 1 for |z| > 2. Obviously, functions
R(z) and U(z) := (*(x)v(x/|z|)|z|~¥? can be represented as

R(z) = Ry (z)Ra(z), Ro(z) =+/|R(z)|, Ri(z)=e*2R@R,y(2), x € R%

U(x) = Wi(z)Wa(x), Walx) = ((2)y/o(x/[e])] o]~/
Wi(z) = et@sv@/leDyy,(2), = e RY

Then the operator (3.20) can be represented as a sum X = X1 4+ X where
xXW = ngl)(fﬂ% hy 1, 1b2) = [f(R)[(T[vr])* [Wa ()] [Wa ()] T[] [h(K)], (3.22)

X® = [f(R)](T[41])*[Ri(2)][Re(2)]T [1ba] [R(k)].
Obviously, W; € Ly (R, R; € Lo". (R%), j = 1,2. Then, by Propositions 2.1, 3.3, and

2q,00
3.5, we have XM ¢ JIP X@ e 22. We have proved the following statement.

Lemma 3.11. Suppose that the assumptions of Proposition 3.10 are satisfied. Let X and
XU be the operators defined by (3.20) and (3.22) respectively. Then

X, XM ex, D(X)=D,(X"), D=A0.
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Step 2. By Remark 3.1, we have
12 .
1WillLay o < Clds 02, =12 (3.23)

From Propositions 2.1, 3.3 and 3.5 and from (3.23) it follows that the operator X(1) =
X(gl)(f,v, h,1,19) (with ¢ > 1) defined by (3.22) belongs to X, for all {f,v, h} € qu(ﬁ) X
Ly(S*1) X Loy(Q). Herewith, the functionals A,(X®) and §,(X™®) depend on coefficients
{f,v, h} continuously in the space £ := Ly, (€2) X Ly (S™1) x LQq(ﬁ). Similarly, the right-hand
side of (3.21) is continuous with respect to {f,v,h} in L. Consequently, in order to prove
that

Dy(XO(f, 0, by 1, 12)) = Gyl fov, byt ), D = A6, (3.24)

for ag{f, v, h} € L, it suffices to check this relation for { f,v, h} € Ly := C°() x C=(S41) x
C§° (), since Ly is dense in L. Thus, we have proved the following statement.

Lemma 3.12. Suppose that functions i; € Loo(Q x RY), j = 1,2, satisfy conditions (3.4)

and (3.5). Let XM = Xél)<f,v,h,w1,w2> be the operator (3.22) with ¢ > 1. Suppose that
relation (3.24) is valid for all {f,v,h} € Ly. Then relation (3.24) is true for all { f,v,h} € L.

Step 3. Suppose that assumptions of Proposition 3.10 are satisfied. Suppose also that
f,h e C§°(£2). We put

ik, z) = e‘ikij(k,x), ke (NZ, reRY j=1,2.

By (3.4), the functions ¢;(k,-), j = 1,2, are Z%periodic. We decompose the functions
©i(k,-), j = 1,2, in the Fourier series with respect to the system {e*™"*} ;4 in Ly(Q) for a
fixed k € Q. Let {c}(k)},eze be the corresponding Fourier coefficients. Then we have

ik, x) = Z (k)e?™m k) = / oi(k,x)e ™y, ke, j=1,2 (3.25)
nezd @
Relations (3.25) can be rewritten as
Yk, x) = k" Z (ke (k) = / Y, (k, x)e” *re Mt dy k€ Q, j=1,2. (3.26)
nezd @

We denote

YN (k@) = e Y k)™ N (k,x) =t Y (k)™ ke Q, j=1,2.
Inl<N [nf>N

(3.27)
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It is easily seen that the functions 1Y (k, z) and ®¥(k,z), j = 1,2, satisty conditions (3.4),
(3.5), and

1/2
sup [[v (k, lzo) = sup | D (R ) < sup [0k, )l|a); (3.28)
k‘EQ k‘EQ |TL|<N keQ
1/2
sup || BN (k, )|l o) = sup | D [c} (k)] < sup |[¢ (K, )l 2@ (3.29)
keQ keQ [n|>N keQ
1912y = [ 32 0P =0, N = (3.0

[n|>N

The last relation follows by the Lebesgue theorem from (3.29) and from the convergence
D ln>N (k)] = 0 as N — oo for all k € Q. Under the assumptions of Proposition 3.10

the function v(), § € S¥1, is bounded, whence the pairs of functions Wy, f and W, h satisfy
condition (3.11) for ¢ > 1. Hence, from (3.29), (3.30), and Proposition 3.9 it follows that
f(T[(I)‘{V])*Wl c qu, WQT[(I)éV]h c qu, and

1Ry Wy — PR ) Wills,, — 0, N — oc;
IWoT ol — WoT 9 1hlls,, — 0, N — co.

Combining the last relations with Proposition 2.1, we see that

HXél)(f,’U, hﬂ/f{\]ﬂﬂé\[) - Xél)(f,’l}, h‘awlawZ)HEq - 07 N — oc.

Obviously, we have

Gq(fava h,w{\fﬂﬁé\[) - Gq(fvva h,¢1,¢2), N — oo.

We arrive at the following statement.

Lemma 3.13. Suppose that the assumptions of Proposition 3.10 are satisfied. Let f,h €
C2(Q). Suppose also that the following relations are true:

Dy(X (o0, b, ) = Go(fov by 4p)), D=A,6, NeN. (3.31)

Then relation (3.24) is valid.

Step 4. Now, suppose that the assumptions of Proposition 3.10 and also condition v €
C>=(S* 1) are satisfied. Comparing (3.10), (3.22), and (3.27), we can write the operator

X (f 0, b, 0N ) as

XO(foh o )y = Y [f (k) (k)| PO[e*™ MW () Wa ()| @ TI[A (k)3 (k).

Im|,In|<N
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Here P is the orthogonal projection of Ly(R?) onto L,(€) (the operator of restriction to €2)
and, as above, IT : Ly(Q) — Lo(R?) is the operator of extension by zero from €2 to the whole
R, Note that, by (3.19) and (3.28), the functions f (k) (k), h(k)c2(k), k € €, |m|,|n| < N,
belong to qu(ﬁ).

Next, we extend the functions c}(k), n € 7%, j =1,2, f(k),h(k), by zero from Q to the
whole R?. It is easy to check the following statement.

Remark 3.14. The nonzero singular numbers of the operator Xél)(f,v, h, YN ) are the

same as for the operator

Y= Y[R R ™ W, () Wa(2)|@* [h(k)cs (k)]
Im|,|n|<N
acting in Ly(RY).

We define the following shift operator in Ly(RY): (T,u)(z) = u(x —p), p € R By the
obvious identity 7,® = ®[e¢*], p € R?, the operator Yy can be written as

Yv= 3 Tonumlf(k+21(n—m))cy (k + 2m(n — m))|@[Wy (x)Wa ()| " [ (R)c5 (K)].
Iml,|n|<N
(3.32)
From Proposition 3.4 it follows that the terms in (3.32) with m # n belong to 22. Hence
(see (2.4)),
y(Yn) = 5q(Y19f)’ Ay(Yn) = Aq(Y197>’

Yy = Y [F(R)cE (R)@[WA (2) W ()] 0" [l (k) s (K)].

In|<N

The coefficients {c}(k)} are enumerated by the multidimensional index n € Z%. Now it is
convenient to renumber the set {c}(k)}jn <y somehow by one number [ = 1,..., M. Then

{2 (k) en = LV k), P (k). ..., " ()}, j = 1,2. We put

b(k) = (FR)R).... FED®)) . elh) = (RS (R, .. AR (k)
a(z) = Wi(x)Wy(x)E,

where E is the identity (M x M)-matrix. Then the operator Y3y takes the form (3.3). From
Proposition 3.4 it follows that

5q(Y]8) = AQ(Y]E}) - Gq(fv v, ha ¢{V7 ¢é\f)
Taking Remark 3.14 into account, we arrive at the following statement.

Lemma 3.15. Suppose that the assumptions of Proposition 3.10 and also condition v €
C>=(S1) are satisfied. Then relations (3.31) are valid.

Now, Proposition 3.10 follows from Lemmas 3.11, 3.12, 3.13, and 3.15. ([l
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