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Abstract. A general theorem on the GBDT version of the Bicklund-Darboux transformation for
systems depending rationally on the spectral parameter is treated and its applications to nonlinear
equations are given. Explicit solutions of direct and inverse problems for Dirac-type systems,
including systems with singularities, and for the system auxiliary to the N-wave equation are
reviewed. New results on explicit construction of the wave functions for radial Dirac equation are
obtained.
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1. Introduction

Bicklund-Darboux transformations (BDTs) are well-known as a versatile tool in spectral theory as
well as for integrable nonlinear equations (see, for instance, [3, 7,9, 13, 14, 15, 19, 25, 34, 42, 43,
44, 47,49, 51, 85] and references therein). BDT transforms initial equation or system into another
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one from the same class and transforms also solutions of the initial equation into solutions of the
transformed one.

In this paper we review results on the generalized Bicklund-Darboux transformation (GBDT),
where n X n matrices are used as generalized eigenvalues (see explanations regarding matrix func-
tions I1;(z) further in the introduction as well as Remark 2.4 and formulas (3.3) and (3.4) for
details). The GBDT version of the Bicklund-Darboux transformation works for the matrix and
scalar cases, gives explicit expression for the iterated Darboux matrix in terms of a transfer matrix
function, minimizes the order of the matrix that has to be inverted in the BDT approach. Thus,
GBDT is a convenient tool to construct wave functions and explicit solutions of the nonlinear
wave equations as well as to solve various direct and inverse problems. GBDT and its applications
were treated or included as important examples in the papers [22, 23, 48, 55, 56, 57, 58, 59, 61,
63, 64, 66, 67, 68, 70, 71, 72, 73, 75] (see also [28, 29, 30, 31, 32, 33, 37]). Here we consider
self-adjoint and skew-self-adjoint Dirac-type systems including the singular case corresponding to
soliton-positon interaction and solve direct and inverse problems. We solve also direct and inverse
problems for the system auxiliary to the N-wave equation, construct explicit solutions of the V-
wave equation and obtain evolution of the corresponding Weyl function. The results on the radial
Dirac equation are new and we treat them in some detail. We consider also in a detailed way a
general Theorem 3.1 on the GBDT for systems depending rationally on the spectral parameter and
its applications. (This result was earlier published in [57].)

First, let us illustrate BDT by the oldest and most popular example, that is, by the Sturm-

Liouville equation
d?
. Assume that z(z) = Z(x) satisfies (1.1), when A = c, that is,

where v(z) = v(z), A =
= dd—z) Then one can rewrite (1.1) in the form

—Zpw + V2 = 2 (Zgg -

<A*A+ c])y(x,)\) = \y(x, \), (1.2)
where A and A* are first order differential expressions:
d . d 2
Ar=(g=2)r ar=-(G+3)r
Transformed equation is given by the formula
(A4 + el )y, A) = My, ). (1.3)

It easy to see that (1.3) is again Sturm-Liouville equation, but potential v is transformed into

v=v—2 <Z—w> . Notice further that (AA* + (¢ — A)[)A = A(A*A + (¢ — )\)I>. Hence, it
Z/x

follows that if y(z, \) satisfies (1.2), then y := Ay satisfies (1.3). Fundamental solutions of the

transformed equations can be constructed in this way. Under rather weak conditions the spectra

of operators L*L and LL* may differ only at zero, and so under certain condltlons the spectra of
Sturm-Liouville operators £ and £ associated with differential expressions — d L 4vand —%5 40
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may differ only at c¢. The Béacklund-Darboux (and related commutation) methods of inserting and
removing eigenvalues of Sturm-Liouville operators historically go back to Bicklund, Darboux,
and Jacobi [7, 19, 35] with decisive later contributions by Crum, Deift, and Gesztesy [18, 20, 24].
(See also [26, 27] and a detailed account in Appendix G in [25].)

One can apply BDT again to the already transformed equation (1.3) and so on (iterated BDT).
There is also somewhat more complicated binary BDT (see [1, 47]). It proves that, if v satisfies
nonlinear integrable equation, then v often satisfies it too, and so BDT is used to construct solu-
tions of the nonlinear equations. BDT proves especially useful for the construction of the explicit
solutions, starting from the trivial initial system (for instance, v = 0 in (1.1)).

Elementary Bécklund-Darboux transformations for Dirac type and more general AKNS sys-
tems one can find, for instance, in [13, 41]. Given first order initial and transformed systems
u; = G(x, \)u and u, = G(z, \)u, their solutions are connected via so called Darboux matrix w
such that w, = Gw — w(. Here G, G and w are m X m matrix functions (m > 0). Clearly, if u
satisfies some initial system u, = Gu, then wu satisfies the transformed one u, = Gu. Darboux
matrix or gauge transformation is of great interest in this theory (see [15, 41, 43, 47, 52, 79, 81]
and references therein).

We assume that (if it is not stated otherwise) the fundamental solutions u of the considered
systems are normalized by the condition

w(0,\) = I, (1.4)

where [, is the m x m identity matrix. Then the fundamental solution u of the transformed system
(normalized by u(0, \) = I,,,) is given by the formula u(z, \) = w(z, \)u(z, \)w(0, \) !, where
u is the fundamental solution of the initial system.

We shall consider the GBDT version of the Biacklund-Darboux transformation, where the Dar-
boux matrix is represented in the form of the transfer matrix function w(x, \) = wa(x, \). Transfer
matrix function corresponding to the S-node (transfer matrix function in the L. Sakhnovich form)
is given by the equality

wa(N) = I, — ;871 (A; — A,) M, (1.5)

where the matrices Ay, Ay, S, 11, and II; form an S-node, that is, satisfy the matrix (operator)
identity
A1S — SA, = TILII. (1.6)

Here S and Ay (k = 1, 2) are n x n matrices and II; (k = 1, 2) are n X m matrices for some integer
n > 0. Sometimes we use notations A; = A and II; = II. The term "transfer matrix function”
can be explained via system theory [38] (see Introductions in [76, 77]). Namely, w 4 is the transfer
matrix function of the system

d
i Az + 1, y=I1S"'2+pu, (1.7)

where u(t) € C™ (¢ > 0) is the so called control. That is, for the Laplace transformations y;,
and piy, of y and p, respectively, we have y,(A\) = wa(A)pr(A). Indeed, if z and u satisfy some
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standard for Laplace transformations requirements and conditions

lim e *2(t) = 2(0) = 0

t—o00

are fulfilled, we can apply Laplace transformations to both sides of equations in (1.7) and get
Nep = Avzep g, oy =108 ey 4+ pp, 21 = / e Mz(t)dt. (1.8)
0

Now, the equality y,(A\) = wa(\)ur(N) is immediate from (1.5) and (1.8). As mentioned before,
in this review we treat systems of the form u, = G/(z, A)u and system (1.7) is used only to explain
the term “transfer matrix function”. At the same time it is interesting that w4 is a generalization of
the LivSic-Brodskii characteristic matrix function.

Note that we consider transfer matrix functions w4 (z, ), which depend also on the variable
x. More precisely II; and S in (1.5) depend on z. Matrix functions II;(z) are introduced in terms
of the generalized eigenfunction (with the generalized matrix eigenvalue) of the initial and dual
to initial systems (see Remark 2.4 and formulas (3.3) and (3.4)). Recall that eigenfunctions are
essential for the classical Bécklund-Darboux transformation. Matrix function S(z) is expressed
directly via II(x), and in many cases one can use for this purpose the identity (1.6). Another type
of matrix identities have been successfully used for the construction of the explicit solutions of
nonlinear equations in [45]. Further developments of the Marchenko scheme are given in [11, 12,
78]. For application of the matrix identities to the construction of solitons see also [39].

Our approach grants additionally explicit expression for the Darboux matrix, allows to avoid
the stages of the construction of the high order matrix solutions of the nonlinear equation and
their reduction to the required order, and minimizes the order of the matrix that has to be inverted
(matrix S in our case).

GBDT for self-adjoint and skew-self-adjoint Dirac-type systems, for the system auxiliary to the
N-wave equation, GBDT for the N-wave equation itself and for nonlinear Schrodinger equation
are studied in the next Section ’Preliminaries”. A much more general Theorem 3.1 on GBDT and
some applications are given in Section 3. Radial Dirac equation is treated in Section 4. Various
direct and inverse problems are solved in Section 5.

By 7 and Z;, we denote intervals on the real axis, by diag{d;, d, . . .} we denote diagonal matrix
with the entries dj, on the diagonal, by [D, {] we denote the commutator D¢ — £D, and col means
column. By the neighbourhood of zero we mean the neighbourhood of the form (0, €) or [0, €). As
usual we denote by Z the integers, by R the real axis, by C the complex plain, by R, the positive
semi-axis, and by C, (C, ) the open (closed) upper semi-plane. By arg(a) we denote the argument
of a € C. We always assume that Z;:k d; = 0 when k£ > r. The notation 7 | means that 7 is
a nondecreasing function. The spectrum of an operator A is denoted by o(A). Matrices j and .J

have the form
. | I, O {0 I,
=[5 5] =] 1)
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2. Preliminaries

In this section we apply GBDT to the self-adjoint and skew-self-adjoint Dirac-type systems and
to the system auxiliary to the /N-wave equation. We treat these systems on some interval Z that
contains 0. Applications to the /N-wave and nonlinear Schrodinger equations are obtained. In this
way we can show how GBDT works before the formulation of more general results.

2.1. Gauge transformation of the Dirac-type system
A self-adjoint Dirac-type system has the form

Ly ) = i+ V@)l ), @

where y(x,\) € C™, m = 2p,

. I 0 0 v
58] v-loe)

and the potential v is a p x p matrix function. A skew-self-adjoint Dirac-type system has the form

d N
oY@ A) = (A + 5V (@) y(x, A). (2.3)
Dirac-type systems are also called Dirac, Zakharov-Shabat or AKNS systems.

As mentioned already in the introduction, the m x m fundamental solutions of first order
systems we usually denote by u (or u) and normalize by (1.4). Sometimes we write down the

systems considered in this review in terms of u or u at once. System (2.1) can be rewritten as:
d iy iy
Eu(m, N+ (A + qo(@))u(z,N) =0, ¢ =—ij, qlz)=—ijV(z). (2.4)

GBDT for system (2.4) is generated by an integer n > 0 and three matrices, that is, by n x n
matrices A and S(0) = S(0)* and by n x m matrix I1(0). It is required that these matrices satisfy
the matrix identity

AS(0) — S(0)A* =4I1(0)411(0)*. (2.5)

Fix n and parameter matrices A, S(0), and I1(0). Then we define an n x m matrix function II(x)
by its value I1(0) at z = 0 and by the linear differential equation

II,(z) = All(x)q1 + I(x)qo (). (2.6)

Matrix function S(x) is easily recovered from its value S(0) and from the expression for its deriva-
tive:
S, = IIII*. (2.7)

Moreover, as S(0) = S(0)* and S, = S we have S(z) = S(z)*.
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Recall that we consider systems and functions on the interval Z:
rxe€l and 0€Z.

We choose point 0, where II(x) and S(x) are fixed, for convenience. (It could be any other point
from Z.) In (2.7) and in some of the following formulas we omit the variables in the notations.
From (2.6) and (2.7) we get

(AS — SA*), = AIIIT* — IIIT* A*,
(iTI5IT%), = (ill,4I1%) — (ill,jI1%)* = ATIIT* — IIIT* A" i.e.,

(AS — SA™), = (I IT7),. (2.8)
Formulas (2.5) and (2.8) imply identity
AS(z) — S(x) A" = ill(x) 11(z)". (2.9)

That is, matrices A, S(z), and I1(x) satisfy identity (1.6), where
A=A =A, I, =11, II}=qjIT", (2.10)

and we say that A, S(x), and II(x) form an S-node. Using (2.10) rewrite formula (1.5) for the
transfer matrix function

wa(w, ) = I, —ijl(x)*S(z) (A - AL,) 'T(z). (2.11)

Thus constructed matrix function w4 is a gauge transformation of the Dirac type system. To show
this we shall differentiate w4 using (2.6), (2.7), and (2.9). First calculate the derivative of IT*S~!:

(H*S*)x — I A*S~! VIS~ — TS IS L, 2.12)
Taking into account that (2.9) yields A*S~! = St A — {STHII*S~!, we rewrite (2.12) as
(H*S*l)x — TS A + (z’Vj 4TSI — H*S*H) s, (2.13)
Using (2.6), (2.11), and (2.13) one gets
d%wA _ —z'j((iVj + IS~ — IS~ ) IS} (A — AL) I

TS~ (A — AL, + AL)(A — )\In)*lﬂ) (2.14)
IS (A — AIn)‘l( — (A = A, + AL — z’HjV).

From (2.11) and (2.14) it follows that

d
—wy = (ifV + IS = IS L)) (wa — 1) + 1I1*S7HI

dz
+iXj(wy — 1) — IS — (wa — L) (iNj +ijV)
= (iAj + iV + IS — JITFS T ) wa — wa(idj + ifV).
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Finally, rewrite relation above as

d

%wA(g;, A) = i(Nj + 3V (@) wa(z, A) — qwalz, ) (N + §V (2)), (2.15)
where N
V= { ;?* 8 } =V +(II*S7 I — jI1*S~I), (2.16)
v =v—2i[l, OJII*S™'II { ? } : (2.17)
p

Thus the following proposition is proved.

Proposition 2.1. Let Dirac system (2.1) and parameter matrices A, 11(0), and S(0) = S(0)* be
given, and let equality (2.5) hold. Then the matrix function w 5 defined by (2.11), where 11(x) and
S(x) are obtained via formulas (2.6) and (2.7), is a gauge transformation (Darboux matrix) of the

Dirac system and satisfies equation (2.15). The fundamental solution of the transformed system
f IS

U =i(Aj + jV)u is given by the formula
ﬁ<$7A) = wA($7A)u($aA)wA(Oa )‘>_17 (218)
where u is the fundamental solution of the initial system (2.1).

Recall that we normalize fundamental solutions u by the condition (1.4).
The skew-self-adjoint Dirac-type system can be written as the first relation in (2.4), where
G = —iJ, qo(x) = —jV(x), and we put

A=A =A, I, =1, II} =, (2.19)

where only the last equality differs from the last equality in (2.10). After substitution of our new
qo we define I1 via (2.6):

() = All(x)g: + T1(z)qo () = —iATI(x)j — T(x)jV (). (2.20)

We define S by the equality

Under these conditions and under the matrix identity condition at z = 0
AS(0) — S(0)A™ = II(0)II(0)", (2.22)

the identity
AS(xz) — S(x)A* = ill(x)II(x)* (2.23)

follows. Similar to the previous Proposition 2.1 our next proposition can be proved.
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Proposition 2.2. Let skew-self-adjoint Dirac-type system (2.3) be given, and let (2.22) hold. Then
the matrix function

wa(x, \) = I, — ill(x)*S(x) " (A — \I,) (), (2.24)
where 11 and S are defined by (2.20) and (2.21), is a gauge transformation of (2.3) and satisfies

equation

d

wa(z,A) = (iAj iV (@) walz, A) —wa(z, \) (iAj + V(). (2.25)
Here we have _
V= { @9 g ] =V 4+ TSI — jIT*S 115 (2.26)

Proposition 2.2 admits generalization for the case of the system auxiliary to nonlinear optics

equation ;
%y(x, A) = (MD — [D,é(x)])y(x,)\), & = B¢B, (2.27)

where y(z,\) € C™ and
D = diag {dy,ds, ...,dy} = D*; B =diag{by,bs,...,bn}, by = 1. (2.28)

To present (2.27) as the first equality in (2.4) we should put ¢; = —iD and ¢o(x) = [D,{(2)].
Substitute these expressions for ¢; and g into (2.6) to define II, and define S by the equality
S, = IIDBII* for the derivative of S. The matrix identity AS(z) — S(z)A* = ll(z)BII(z)*
easily follows after we assume AS(0) — S(0)A* = I1(0)BIL(0)*.

Proposition 2.3. Let system (2.27) be given. Then the matrix function
wa(x,\) = I, —iBU(z)*S(z) (A — \L,) 'I(z) (2.29)

is a gauge transformation of (2.27) and satisfies equation

%wA(x, A) = (iAD — [D,g(:v)])wA(as, A) —wa(z, \) (iAD — [D, &(z)]). (2.30)

Here we have _ _ _
£=¢—BIFSTUI, ¢ = BEB. (2.31)

Propositions 2.1-2.3 are particular subcases of a general version of Béacklund-Darboux trans-
formation for systems depending rationally on the spectral parameter A (see Section 3.).

Remark 2.4. When A is a scalar (i.e., n = 1), then by (2.6) A is an eigenvalue and 11 is an
eigenfunction of the system i, = (\q1 + qo)y, which is dual to system y, + (Aq1 + qo)y = O that
we consider in this subsection. In a more general situation n > 1, we call A a generalized matrix
eigenvalue and we call 11 a generalized eigenfunction.
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2.2. N-wave equation and gauge transformation

Consider N-wave (nonlinear optics) equation

~ ~ 0
D.&(x.0)] = [D. &) = [[D.€@.0) D@0 (6=5¢) @32
on the product Z; x Z, of intervals Z; and Z,, where
¢ =BEB, (0,0)€TI; xTp, D =diag{d,...,dn,}= D" (2.33)

and D and B are given by (2.28). Nonlinear integrable equation (2.32) is the compatibility condi-
tion of two auxiliary linear systems [21, 83] (see also [2] for the case N > 3):

uz(z,t,\) = (iAD — [D, &(z,t)])u(z, T, \), (2.34)
wi(z,t,\) = (iAD — [D, &(x, 1)) )u(z, t, \). (2.35)
Indeed, in view of (2.34) and (2.35) we have

and
e = —[D, &Ju+ (iAD — [D, €]) (iAD — [D, €])u.

Thus one can easily see that the compatibility condition u,; = uy, is equivalent to (2.32).
To construct gauge transformation we fix n > 0 and three parameter matrices, that is, two n xn
matrices A and S(0,0) = S(0,0)*, and an n x m matrix 11(0, 0) such that

AS(0,0) — S(0,0)A* = 4I1(0, 0) BII(0, 0)". (2.36)
Now, introduce matrix functions II(z, t) and S(x,t) by the equations
I, = —AIID + 1I[D,¢], 11, = —iAIID + 1I[D, ], (2.37)

S, =IIDBII*, S, =TI1DBII". (2.38)
Quite similar to u,; = uy, one can show that according to (2.32) equations (2.37) are compatible,

i.e., [I,; = II;,. By (2.37) and (2.38) it is immediate that S,; = S;,. Proposition 2.3 implies

Proposition 2.5. Let m X m continuously differentiable matrix function £ (§* = B&B) satisfy
N-wave equation (2.32) and let matrix functions 11 and S = S* satisfy (2.36)-(2.38). Then in the
points of invertibility of S the matrix function

E(z,t) := &z, t) — BI(2,t)*S(z, ) I(x, t). (2.39)

satisfies equation (2.32) and an additional condition E* = Bg B.
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Proof. Equality E = Bg B is immediate. Now, let u be the fundamental solution of (2.34) and
(2.35), i.e., let u satisfy equations (2.34) and (2.35), and equality «(0,0,\) = I,,. (As & satisfies
(2.32), the compatibility condition for systems (2.34) and (2.35) is fulfilled, and such a matrix
function u exists. See, for instance, formula (1.6) on p.168 in [77].) Put

wa(z,t,\) = I, —iBI(x,t)*S(z,t) " (A — \I,) 'I(x, 1), (2.40)

and calculate derivatives of w4 with respect to x and ¢ using Proposition 2.3 in both cases. Then,
for u(x,t, \) = wa(x,t, \)u(x,t, \) we have

Uz (x, t,N) = Gz, t, Nu(z, t, N),  w(z, t,\) = F(x,t, \u(x, t,\), (2.41)

where

G =i\D —[D,§], F=i\D—[D,E. (2.42)

From the continuous differentiability of £ follows the continuous differentiability of . 5 in the points
of invertibility of S. Hence, in view of (2.41) we get u,; = Uy, or equivalently G, — F,+[G, F] =0
(see also the proof of Theorem 3.7). As we have already discussed here, the last equality is in its
turn equivalent to the N-wave equation [D, & — [D, &,] = [[D, g, D, E]} : O

In the case of the trivial initial solution £ = 0 we obtain explicit solutions of the N-wave
equation. Namely, putting I1(0,0) = [f1 f2 ... fn] and using (2.37) we recover I1:

(z,t) = [exp (—i(diz + c?lt)A)fl exp ( — i(dow + gi;t)A)fQ . ] (2.43)
Next we recover S, and explicit formulas for solutions of the N-wave equation are immediate from

(2.39).

2.3. Nonlinear Schrodinger equation:
n-modulation solutions

Auxiliary systems (2.34) and (2.35) are a particular case of the linear differential first order systems
ug(x, t,N) = Gz, t, Nu(z, t, X)),  ulz, t,\) = F(x,t, Nu(z, t,\). (2.44)

The compatibility condition for systems (2.44) is given by the equation
Gi—F,+|G,F]=0. (2.45)

When the first and second system in (2.44) takes the form (2.34) and (2.35), correspondingly, the
compatibility condition (2.45) is equivalent to N-wave equation (2.32).

In this subsection we consider another example, namely, the well-known integrable [86] focus-
ing nonlinear Schrodinger equation (fNLS)

204 + i (vgy + 200" 0) = 0. (2.46)
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Here v(x,t) is a p x p matrix function. Equation (2.46) is the compatibility condition of the
auxiliary systems (2.44), where

G=1i\j+jV, F=i(Nj—iNjV — (Vo +jV?)/2), (2.47)

and j and V' (z,t) are defined in (2.2). Consider again domain Z; x Z,, where (0,0) € Z; x Zs.
Our next proposition is a particular case of the results of Section 3. that can be proved similar to
Propositions 2.1, 2.5.

Proposition 2.6. Let p X p matrix function v(x,t) satisfy equation (2.46) and be continuously
differentiable together with v,. Let n x m matrix function 11 and n x n matrix function S = S*
satisfy equations

AS(0,0) — S(0,0)A* = 4I1(0, 0)IL(0, 0)*, (2.48)
M, = —iAIlj — T1jV, TI, = —iA2Tlj — AL}V + %H(Vx V), (2.49)
S, = [T, S, = ATIGIT* + TIjIT* A* — il VT, (2.50)

where A is an n X n parameter matrix. Then the identity
AS(x,t) — S(x, t)A* = ill(x, t)[I(z,t)" (2.51)

holds in the domain I, x I, and the matrix function

I

p

v=v+2[l, 0]II*S'I { 0 } : (2.52)

satisfies (2.46) in the points of invertibility of S. Moreover, the transfer matrix function w4 given
by (2.24) satisfies equations (w4), = Gwa — wAG, (wa); = Fwy — waF, where G and F are

0

obtained by substitution of V= o8 v } instead of V' into the right-hand sides of the first and

0
second, respectively, relations in (2.47).

In the previous subsection we constructed explicit solutions of the /N-wave equation, using
trivial initial solution { = 0. In the same way the N-soliton solutions of the fNLS can also be
constructed [29, 55], putting v = 0 in (2.49), (2.50), and (2.52). Now, we shall study a slightly
more complicated situation, that is, the case of the nontrivial background .

Example 2.7. Let p = 1, and v = e~ ™. One easily checks that
u(z,t,\) = (exp(—itj/2))Co(N) exp ((z + At)C1(N)), (2.53)
where

Co()) = iz(m“) i(m_s LGN = (VIR .54
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satisfies (2.44), (2.47) for the case v = e~". Here, u is not normalized (i.e., u(0,0,\) # I).
Choose for simplicity

A:diag{a17a27-"7an}7 Qg 7éa’_l <k7l S n)7 (255)
and put
U(e,t) = (ule,tan) fr)", freC® fr#0. (2.56)
It follows from (2.44), (2.47), and (2.56) that
(YR)e = iGejVi + Vs, (Vi) = iax jiby + aj Vg, — 5]‘/2%;- (2.57)
Taking into account that v, = 0 (i.e., V, = 0), by (2.55) and (2.57) we see that the matrix function
1
m=1 ... (2.58)
Vn
satisfies (2.49). Thus 11 is obtained from (2.56) and (2.58), and then relations
S ={skitri=1, Sk = i} /(ax — @) (2.59)

follow from the matrix identity (2.51). In this way, using (2.52) matrix function v is constructed
explicitly.

Fix now integers {rix}, {rar} such that v%, —r3, =13 (1 < k < n), where l;, are integer;, and
put ay, = ir1y/Tok. Then, by (2.53) and (2.56) the dependence of 1) on t can be expressed in terms
of functions exp(+it/2) and exp(=Lilyrit/r3, ). Therefore, taking into account (2.52), (2.58), and
(2.59) we see that v is a periodical in t solution.

Under somewhat more restrictive than (2.55) conditions

A = diag{a,as,...,a,}, o(A)€eCy, ar#a(k#I), (2.60)

the matrix function S(x,t) is always invertible, and moreover we have S(z,t) > 0. To show this
we rewrite identity (2.51) in the form

S(A* = ML) ' — (A= \L,) 'S = i(A — \L,) "I (A* — \IL,) (2.61)

Aso(A) € Cy, by the theorem on residues one represents S as integrals of the right-hand side of
(2.61) on contours in C., and in the limit we get

1 o

:% N

S (A — ML) ' (A* — AL,) " Yd), (2.62)

that is, S > 0. To derive the strict inequality suppose Sg = 0, g = {g; }?:1 = 0. Hence we have
g (AS — SA*)g = 0, and so by (2.51) the equality g*I111*g = 0 holds, i.e., II*g = 0. Using again
(2.51) one gets SA*g = 0. Now, by induction equalities S(A*)kg =0, IT* (A*)kg =0(k>0)
easily follow. As by our assumption g # 0, there is its entry g, # 0. In view of the third relation
in (2.60) we obtain e(r) := {6,;}}_, € span UZ;&(A*)kg, where 6,; is the Kronecker-symbol.
Therefore from 11* (A*)kg = 0 (k > 0) it follows IT*e(r) = 0, that is, 1, = 0. The last equality
contradicts (2.56), and so inequality S > 0 is proved. Taking into account S > 0 we see that the
fNLS solutions given by (2.52) are well-defined.
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3. GBDT for system depending rationally on spectral
parameter and explicit solutions of nonlinear equations

3.1. GBDT for system depending rationally on \

In this section we consider GBDT for a general case of first order system depending rationally on
the spectral parameter \:

u, = Gu, G(x,A)z—(ZAqu +ZZ — ) Mgl )) (3.1)
k=0

s=1 k=1

x € T, where 7 is an interval such that 0 € Z, and the coefficients gi(z) and ¢y (z) are m x m
locally integrable matrix functions.

As before we fix an integer n > 0. Next, we fix five matrices, namely, n X n matrices Ay
(k =1,2) and S(0), and n x m matrices I1;(0) (k = 1, 2). It is required that these matrices form
an S-node, that is, the identity

A15(0) = S(0)Az = T1,(0)I15(0)" (3.2)

holds. Matrix functions Il (z) are introduced via the coefficients from G:

Z ATl + Z Z (A1 — coln) g, (3.3)

s=1 k=1
(quH*AMZqukn eoL)” ) (3.4)
s=1 k=1

Compare (3.1) with (3.4) to see that II5 can be viewed as a generalized eigenfunction of the system
u, = Gu.
Matrix function S(z) is introduced via %S by the equality

Ts k
ZZA Mg I3 A% ZZZ (A — ¢ 1,7+t (3.5)

k=1 j=1 s=1 k=1 j=1
XHIQSkHE(A2 - Cs[n)ij-

Equality (3.5) is chosen so that the identity <A15 — SAQ) = <H1H§> holds. Hence, taking into

account (3.2) we have
A1S(x) — S(x)Ay = I (2)ly(z)", =z €. (3.6)
By Theorem 3.1 below, the Darboux matrix for system (3.1) has the form (1.5) :

wa(w, \) = I, — a(z)*S(z) (A — ML) ' (). (3.7)
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In other words, w4 satisfies the equation

s, A) = Gla, Nwale, ) — walr, NGz, A), 38)

where G has the same structure as G-

Ts

Gl ) = = (D Nile) + D D = ) Gule)). (3.9)

s=1 k=1

The transformed coefficients g, and g, are given by the formulas

r J
Qe = Qi — Z (%’Y;ékfl — X _k-1q; + Z Xjfin}/;fk72>7 (3.10)
k1 =2
Ts J
Qsk = Qsk + Z (quYs,k—j—l — X h—j—1qsj — Z Xs,z‘—j—lquys,k—i—1>, (3.11)
=k i—k

where X (), Yi(x), X (x), and Yy (x) are expressed in terms of the matrices Ay and matrix
functions S(z) and II;(x):

X, =ISTTART, Y = I3 ASS T, (3.12)
Xg =S YAy — ¢, L)FIy, Y, = II5(Ay — ¢, 1,)F S, (3.13)

Theorem 3.1. [57] Let first order system (3.1) and five matrices S(0), Ay, and 11 (k = 1,2)
be given. Assume that the identity (3.2) holds and that {cs} N o(Ax) = 0 (k = 1,2). Then, in
the points of invertibility of S, the transfer matrix function wa given by (3.7), where S and 11,
are determined by (3.3)—(3.5), satisfies equation (3.8), where G is determined by the formulas
(3.9)—(3.13).

The proof of Theorem 3.1 for the case of one pole, that is, for G(z,\) = > ,_ Neqpe is
contained in [61]. The case of several poles c; can be treated precisely in the same way. The
following formula is essential for the proof and is also of independent interest:

T l Ts
(H;S*l)x _ ( ]; GIES Ak 4 ; ; IS (A — cs[n)*k) (3.14)

Formula (3.14) means that multiplying IT; by S~! from the right we transform a generalized eigen-

function of system (3.1) into a generalized eigenfunction of the transformed system u, = Gu.
(Compare formula (3.14) with formula (3.4).)

Remark 3.2. It is immediate from (3.10) and (3.12), respectively, that q, = q, and X, = Y.
Remark 3.3. If 0(A;) N o(A2) = 0 the matrix function S(x) is uniquely defined by the matrix
identity (3.6).
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Remark 3.4. In the points of the invertibility of S and for X ¢ (0(A;) U o(As)) the matrix
function w4 (x, \) is well-defined and invertible. Indeed, from the realization (3.7) and formula
(A4) it follows that

wa(z, )t = L, +(z)*S(x) H(A* — AL,) L (2),
where A = A; — ILIT3S™Y In view of (3.6) it is immediate that A* = SA,S™'. Hence, we get
wa(z,\) 7" = L, + Ia(2)* (A — ML) 1S (z) T (). (3.15)

3.2. Explicit solutions of nonlinear equations

One can apply Theorem 3.1 to construct solutions of nonlinear integrable equations and corre-
sponding wave functions similar to the way, in which it was done in subsections 2.2. and 2.3. For
this purpose we use auxiliary linear systems for integrable nonlinear equation:

= Gu, = Fu; (3.16)
!
G(z,t, \) Z/\qu (z,t) ZZ — ¢o) Fqa(a,t), (3.17)
s=1 k=1
L R,
F(x,t,)) ka 1,t) =) > (A= C) " Quila, ), (3.18)
s=1 k=1

and zero curvature (compatibility COIldlthIl) representation (2.45) of the integrable nonlinear equa-
tion itself. We consider nonlinear equations in the domain (z,t) € Z; x Z, and assume (0,0) €
Il X ZQ.

Remark 3.5. If G and F' are continuously differentiable and (2.45) holds, then according to for-
mula (1.6) on p.168 in [77] there is the m X m solution u of (3.16) normalized by the condition
(0,0, \) = Ipp,.

Remark 3.6. Usually we shall asume that G and F are continuously differentiable and that
u(z,t, \) is the solution of (3.16) normalized as in Remark 3.5.

When we deal with two auxiliary linear systems, the n X n matrix functions S and the n X m
matrix functions II; depend on two variables x and ¢, and the matrix identity (3.2) for parameter
matrices Ay, I15(0), and S(0) is substituted by the identity

A15(0,0) — S(0,0)As = 11, (0, 0)I12(0, 0)* (3.19)

for parameter matrices Ay, I1(0,0), and S(0,0). Equations (3.3)—(3.5) should be completed by
the similar equations with respect to derivatives in ¢:

L R,

ZA L@ + Z Z Ay = Cily) kHlek7 (3.20)
n s=1 k:Ll .

_<ZQ’“H§A§ ) Qullz(As — Csln)"“>, (3.21)
k=0 s=1 k=1
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R &k L Re k
Spo= YD ATIIMQUTLALT > Y N (A - Gy ! (3.22)
k=1 j=1 s=1 k=1 j=1
XHlekH;(A2 - Cs[n)ij-
We require
{es}nNo(Ag) =0, {Csino(Ar) =0 (k=1,2). (3.23)
Then Theorem 3.1 provides expessions for derivatives (w4(z,t,\)) and (wa(z,t,A)),, where
wa@, £, A) = Iy = (2, £)"S(, ) (A1 = Ay) "' (2, ). (3.24)
Hence, equations
U, =Gu, U =Fu, ulz,t,\):=waz,t,\Nu(z,t,\) (3.25)

hold. Finally in a way which is similar to the proof of (3.6), one can show that
A1S(x,t) — S(x,t) A = Iy (x, ) y(x, t)",  (x,t) € Iy X Is. (3.26)
It follows from (3.25) that
U = (G + GF)u, Uy, = (F, + FG). (3.27)

If G and F' are continuously differentiable, then G and F are continuously differentiable too.
Hence, uy, = u,; and formula (3.27) implies

(G, — F, +[G, F)u=0. (3.28)

By Remark 3.4 and identity (3.26) the matrix function w4 (z, t, A) is invertible, and by Remark 3.5
u is invertible. Thus, u is invertible. Therefore, it is immediate from (3.28) that

G,—F,+ |G, F]=0. (3.29)

For the particular case of the N-wave equation formula (3.29) was obtained in the proof of Propo-
sition 2.5 and was used there to show that £ satisfies the N-wave equation. Now, we proved the
following general theorem.

Theorem 3.7. Let G and F be continuously differentiable and satisfy (2.45). Let the identity (3.19)
and relation (3.23) hold, and let the matrix functions 11, and S be given by the equations (3.3)—
(3.5) and (3.20)—«(3.22). Then in the points of the invertibility of S the zero curvature equation
(3.29), where G and F' are given by (3.9)—(3.13), holds.

Example 3.8. The main chiral field equation for m x m invertible matrix function z has the form

2251(x,t) = 2p(w, 1) 2(2, 1) L2y, t) + 2w, t)2(2, 1) L2, 1), (3.30)
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and is equivalent [50, 84] to the compatibility condition (2.45) of the auxiliary systems (3.16),
where

G(z,t,\) = —(A— 1)_1q11(x,t), qu1 = 252 L (3.31)
F(z,t,\) = - A+ 1D)'Qui(x,t), Qu=—zz" (3.32)

Let z satisfy (3.30). In view of (3.31) and (3.32) equations (3.3)—(3.5) take the form

(L), = (A — L) Mhzz!, (I5), = —z2 'TI5(Ay — 1), (3.33)
Sy = —(Ay — L) M2,z I Ay — 1) 7Y, (3.34)
and equations (3.20)—(3.22) take the form
(M), = —(Ay+ L) "Mz, (105), = 22 ' T5(Ay+ 1) 7, (3.35)
Sy = (A + 1) "Ml z2 ' (Ag + 1) 7 (3.36)

Now, let matrices Ay, S(0,0), and 11, (0, 0) be fixed. Assume that (3.19) holds and that +1 & o(Ay,)
(k = 1,2). Let matrix functions S and 11}, satisfy (3.33)—(3.36). Taking into account (3.9) and first
equalities in (3.31) and (3.32) we have

Gz, t,\) = —(A = 1) "G (z,t), Flz,t,)\) =—A+1"'Qu(z,1). (3.37)
By Theorem 3.1 we get
(U’A)x = Guwa — waG, (U)A)t = Fwy — wyF. (3.38)

Assume additionally that det Ay, # 0 (k = 1,2). Then, by (3.15) and (3.24) the matrix functions
wa(x,t,0) and wa(x,t,0)"" are well-defined in the points of invertibility of S.
It follows from (3.37) and (3.38) that

0 _

a—wa(x,t, 0) = qu(z,t)wa(x,t,0) —wa(x,t,0)q(z, 1), (3.39)
0 ~

awA(x,t, 0) = —Q11(z,)wa(z,t,0) + walz,t,0)Q11(z, ). (3.40)

Rewrite second relations in (3.31) and (3.32):

2y = quz, %= —Quz. (3.41)

Put
Z(x,t) == wa(x,t,0)z(z,t). (3.42)

From formulas (3.39)—(3.42) we derive Z, = ¢11z and Z; = —@112 Aswa(x,t,0) and z(z,t) are
invertible, so Z is invertible, and we get

G1=2%2" Qu=-zz"\ (3.43)
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Recall that if formulas (3.31) and (3.32) hold, then (2.45) is equivalent to (3.30). The only differ-
ence between equalities in (3.31), (3.32) and equalities in (3.37), (3.43) is "tilde” in the notations.
Hence, in view of (3.37) and (3.43) formula (3.29) implies that z satisfies main chiral field equa-
tion, that is,

2Zu (1, 1) = Zp(2, ) 2(2, 1) 12 (2, t) + Zi(, ) Z(w, 1) 120 (2, ).

Corollary 3.9. Assume that parameter matrices satisfy identity (3.19) and that

Let an invertible matrix function z satisfy main chiral field equation (3.30) and be two times con-
tinuously differentiable. Then the matrix function z given by (3.42) in the points of invertibility of
S also satifies main chiral field equation.

Our next examples deal with the construction of new (local) solutions of integrable elliptic
sine-Gordon and sinh-Gordon equations from the initial solutions. See, for instance, [10, 36] and
references therein for some related literature and auxiliary systems .

Example 3.10. Elliptic sine-Gordon equation
Uy + Vg =sin v (v =7) (3.44)

is equivalent to the compatibility condition (2.45) of the auxiliary systems (3.16), where

G = i(MC + ) — %JCJ)a ¢= [ ei?/? e_g’/? ] ) (3.45)
F =300 +vej + 1.70)), (3.46)

and matrices j and J are defined in (1.9) after putting p = 1. We put also
A=A, A=-(A""" IL =1, I(0,0)=A'I(0,0)J. (3.47)

Thus, we have three parameter matrices, that is, n x n matrices A and S(0,0) and an n x m matrix
I1(0,0). We assume that v satisfies (3.44), that det A # 0 and S(0,0) = S(0,0)*, and that there is
a matrix U such that equalities

A=UA"U, T(0,0) = UTI(0,0), S(0,0)=UAS(0,0)A*U* (3.48)

hold. Here A is the matrix with the entries, which are complex conjugate to the corresponding
entries of A. By (3.47) the identity (3.19), which should be satisfied by the parameter matrices,
takes the form

AS(0,0)A* + S(0,0) = 11(0, 0) JTI(0, 0)*. (3.49)

Compare (3.17) and (3.18) with (3.45) and (3.46), respectively, to see that
r=1, q = <_i/4)C7 qo = (—Ut/4)j; l=r=1 =0, qu= (i/4)JCJ;
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R=1, Q1= (1/4)¢, Qo= (v./4)j; L=Ri =1, C; =0, Qu = (1/4)J(J.
Thus, in view of (3.47) equations (3.3) and (3.20) take the form

1
I, = = ( — (Al — v IIj + iAT'ILICT), I, =

1 (AIIC + v, ITj + AT'ILJCT).  (3.50)

| =

As (= JCJ and ﬁ:_UA_lU_l, one can see that both 11 and » = U1l satisfy (3.50). According
to (3.48) 11(0,0) = UII(0,0)), and so we derive

I(x,t) = Ull(x,t). (3.51)

Equations (3.4) and (3.21), which define 113, take the form
T, e . oA
(I13), = Z—L(zgnzAg + vyl — i JCJIS ALY, (3.52)
1

(113), = 5 (= CTI3A> — w105 — JCJTZAZY). (3.53)

As ¢ = (* and Ay = —(A*)7L, it follows from (3.50) that
z(w,t) = A (z, 1)

satisfies equations (3.52) and (3.53) for I1y. Moreover, we have I15(0,0) = A7'T1(0,0).J = 2(0,0).
In other words we have
y(z,t) = A (2, t)J, (3.54)

and identity (3.26) takes the form
AS(x, t)A* + S(x,t) = (z,t)JI(z,t)".

By (3.5), (3.22), (3.54), and by the second equality in (3.47) the relations

i

Sy = — (AT'ILJCIT — HCJITH(A") ), S =

1 (AT'LJCIT + TICJIT* (A%) ) (3.55)

1 =

hold. Formulas (3.48), (3.51), and (3.55) imply S, = UAS,A*U*, S; = UAS,A*U* and finally
S =UASA*U™. (3.56)
It follows from (3.12), (3.51), (3.54), and (3.56) that
X 4 = JIF(A*) 'S AT = JIFUH(UASA*U*) U = J (TS 11). (3.57)
According to (3.12), (3.15), and (3.24) we have

Z(z,t) = wa(z,t,0) = — Xy, Z(x,t) ' =waz,t,0)7 = L+ Y 4. (3.58)
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Moreover, in view of (3.12), (3.54), and equality TT* ST = (ITI*S™I)* we get
Y., = —JI*S ', —II*S™ ' = [ % Z } ., a=a, d=d. (3.59)

Using (3.57)—(3.59) we derive

ZZ‘I:[ll_b 115“1“’ 1&)}:12. (3.60)
If 1+ b +# 0, formula (3.60) implies
a=d=0, |1+b=1 Z=diag{l+0b,1+b}. (3.61)
Put
b=v+2arg(l+b), a=2zu G=ua"', F=uu", (3.62)

where u(z,t, \) = wa(x,t, \)u(x,t, \). Inaway, which is similar to the proof of (3.29) in Theorem
3.7, we derive from (3.62) that R R L
G, —F,+[G, F]=0. (3.63)

Moreover, one can see that G and F have the form (3.45) and (3.46), respectively, after one
substitutes U instead of v into the right-hand sides of (3.45) and (3.46). Therefore, formula (3.63)
implies that v satisfies (3.44).

Corollary 3.11. Let an integer n > 0 and matrices A (det A # 0), 11(0, 0), and S(0,0) = S(0,0)*
be fixed and satisfy conditions (3.48) and (3.49). Let v satisfy elliptic sine-Gordon equation and
be two times continuously differentiable. Then in the points, where det S # 0 and 1 + b # 0, the
function v given by (3.62) satisfies elliptic sine-Gordon equation too.

Ifo(A)N a((—A*)‘l) = (), then the last equality in (3.48) follows from (3.49) and from the
first two equalities in (3.48).

Remark 3.12. Using considerations from (3.58) one easily shows that a general equality (I, —
X 1)Uy +Yq) = 1, is true.

Elliptic sinh-Gordon equation
Uy + Vg = sinh v (v =7) (3.64)

is equivalent to the compatibility condition (2.45) of the auxiliary systems (3.16), where

1 T 0 e v/?
G:—Z(Ag—wtj+xg“ ), (= {e“/Q 0 } , (3.65)
. .
F= —Z(—i)\('—kivijr%C*). (3.66)
Put
A=A, Ay=—(A")"' I, =1, TI(0,0) = A 'I(0,0). (3.67)

359



A. Sakhnovich On the GBDT version of the Bicklund-Darboux transformation

Here we assume that
det A#0, S(0,0)=5(0,0), (3.68)

and that there is a matrix U such that
A=UA"U', T1(0,0) = UTL(0,0).J, S(0,0) = UAS(0,0)A*U*. (3.69)
Now, the identity (3.19) takes the form
AS(0,0)A* + 5(0,0) = I1(0, 0)I1(0, 0)*. (3.70)

Taking into account (3.65) and (3.66) introduce II by the equations

I, = = (AII{ — v Ilj + A'ICY), I, = ;l( — P ATIC + v, ITj + i ATICH). (3.71)

S

It is easy to see that [T, = A~'II, and so formulas (3.5) and (3.22) take the form

—_

S, (TICIT(A") ™ + AT'ICHT), S, = i(A*Hg*H* — ¢ (A") 7). (3.72)

T 1
The matrix Z = [, — X_; is again a diagonal matrix, and we have

Z =1L, — (A 'S AL = diag{Z11, Z;1'}, Zun = Zi1. (3.73)

The proof of formula (3.73) is similar to the proof of (3.61) and the following corollary is proved
in a quite similar way to Corollary 3.11.

Corollary 3.13. Let an integer n > 0 and matrices A, 11(0,0), and S(0,0) be fixed and satisfy
conditions (3.68)—(3.70). Let v satisfy elliptic sinh-Gordon equation and be two times continuously
differentiable. Then in the points, where det S # 0 and Z1; # 0, the function

T=v+2In|Zy (3.74)

satisfies elliptic sinh-Gordon equation too. Here Z, is given by (3.71)—(3.73).

4. GBDT for radial Dirac equation

Radial Dirac equation has the form

. d K
<—Z02%+501+V($))y—)\y (x > 0), 4.1)
or equivalently
d
(o + A+ a0(@) )y, ) =0 (@ >0), 4.2)
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where  is an integer, o; are Pauli matrices,

1 —1 1
e I e e 43

V(ZL‘) = ,Ue(x)IQ + Ua($>01 + U5<x)037 (44)

Ve, Vg, and vy are real-valued functions, which are locally integrable on intervals [0,[) (here and
further [ € R,),

G=—J, Ji=(—ioy) ' = { _01 é } , (4.5)
G0(z) = v.(2)05 + J (ve(2) I + va(2)03),  v.(x) = g + (). (4.6)

Note that v., v,, and v, represent the electrostatic potential, the anomalous magnetic moment, and
the sum of the mass and of the scalar potential, respectively.

If we put p = 11in (1.9) we have 0, = J and 03 = j. Recall that Dirac-type system of the form
(2.1), (2.2) was treated in Subsection 2.1. The radial Dirac equation differs from the Dirac-type
system. Its structure (as well as the structure of V' in this section) is somewhat different and it
usually has singularity at x = 0, which is of interest from the physical point of view. We consider
equation (4.1) independently from the results in the Subsection 2.1.

The double commutation method was applied to (4.1) in an interesting paper by G. Teschl [80].
By this method S. Albeverio, R. Hryniv, and Ya. Mykytyuk [4] proved that 1 is added to s, when
an eigenvalue is removed and that 1 is subtracted from sz, when an eigenvalue is inserted. (In
this section we actively use some of the results from [4].) We apply GBDT to the radial Dirac
equation (4.1). In particular, we construct explicitly potentials and fundamental solutions for the
equation (4.1) with > > 0 starting from the trivial equation (i.e., from gy = 0). The case formally
corresponds to the removal of the eigenvalues, the iterated double commutation formulas for the
insertion of the eigenvalues are given in [80].

Fundamental solution  in this section is a non-degenerate 2 x 2 solution of (4.1), we do not
require © and u to be normalized at © = 0.

4.1. Main result

The following procedure to construct explicit solutions of the radial Dirac equation is an immediate
corollary of Theorem 4.9 from Subsection 4.2.

Theorem 4.1. To construct a class of explicit solutions of equation (4.1) with some fixed integer k,
fix an integer m > 0 and m x m matrices Ay and S; > 0. Fix also a » X » lower triangular matrix
Ay and an (m + ) x 2 matrix I1(0) = col[¥1(0) W4(0)], where 3 = |k|, col means column and
Uy (Wy) is an m x 2 upper (3¢ x 2 lower) block of 11. It is required that

A8y — S1 AT =Ty (0)JT1(0)",  Ty(0)JT4(0)* = 0. (4.7)
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Moreover, forh :=[1 0 0 ... 0]V, we assume that h(0) = c[0 1], when & is positive and odd
or negative and even, and we assume that h(0) = c[1 0], when & is positive and even or negative
and odd (¢ # 0).

Introduce matrix A

A= {ﬁl AS } . R=050)J%,(0)"S;, (4.8)
and vectors 0, 05 € C™*
6, 6] :=TI(0)K, K:= % { 1_2 1@ } : (4.9)
Now, put
(z) == [™40, e @40,) K™, (4.10)
S(x) = [gl 8} - /0 ' (amele);e—im* +e—itA02@;e“A*>dt. (4.11)
Then, if S(z) > 0 for x > 0, the potential
Go(z) == JX(2)J" = X(2), X ={Xy}},_ =I"S"'II (4.12)
admits representation
Q(x) = 03 + Y(2) = Zo3 + Tu(w)os — Ty (w)or, 4.13)

where Y, v,, and vy are bounded in the neighborhood of zero, and
- K
va(x) = XQQ([IZ’) — Xll(f]?) — E’ US<.’L') = Xu(l‘) -+ Xgl(f]?). (414)

The fundamental solution u(x, \) of system

d - -
(5 + 2+ @(@)) iz, ) =0 (2> 0), 4.15)
dx
is given by the formula y
u(z, ) = wa(z, \) K exp(—iAzos), (4.16)
where y
wa(X) = I — JIFS™H(A — AL,) 1L 4.17)

By the neighbourhood of zero we mean the neighbourhood of the form (0, ¢) or [0, €). Note
that if S(x) > 0 for all z € (0, ), then S(z) > 0 for all x € R, the formulas in Theorem 4.1 are
well-defined on R, and qq is infinitely differentiable on R, . The integer m denotes in this section
the order of the blocks .4; and S; of A and S, respectively.
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4.2. Superposition of Darboux transformations

In this subsection we apply GBDT to the radial Dirac equation. We factorize also the Darboux
matrix, so that GBDT can be considered as a superposition of two other GBDTs. Finally, we
formulate a general Theorem 4.9.

In view of (4.2), (4.5), and (4.6) we get

V]

r=1, q=-J; ¢=—JgJ ' k=01 J'=J=—-J (4.18)

Here we fix n > 0 and parameter matrices A; = A, II(xg), and S(xy) = S(x¢)*. Formula (3.3)
for II; = II takes the form

Putting y
Ay = A", 115 = JIT (4.20)

and taking into account equation (4.19) and the third equalities in (4.18), we see that equation (3.4)
for 113 is satisfied. By (4.18)—(4.20) formula (3.5) takes the form

S, = IIIT*. (4.21)
Thus, we have S(z) = S(x)*. It is required that
AS (o) — (o) A" = () JT ()" (4.22)
for some 0 < xy < [. The identity
AS(x) — S(x)A* = T(z)JI(x)* (4.23)
follows from (4.19), (4.21), and (4.22).

Remark 4.2. If T can be continuously extended to 11(0), then S can also be continuously extended
t0 S(0). So, in that case we consider 11 and S defined on [0, 1), and for (4.23) to be true it suffices
that (4.22) holds for oy = 0.

The next Corollary of Theorem 3.1 and of formula (3.14) is immediate

Corollary 4.3. Let relations (4.19), (4.21), and (4.22) hold. Then, in the points of the invertibility
of S(x) (x > 0), we have

(S(m)_lﬂ(x)>m(x) = A*S(2) " MI(x)q + S(z) " I(2)do(2), (4.24)

where o y
o =q+JXJ - X, X:=J'X,=1I"S'IL (4.25)

Moreover, the matrix function w4 given by (4.17) satisfies the equation

%wA(x, A) = Gz, Nwa(z, \) — walz, NGz, N), (4.26)
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G(z,\) = = g1 — qo(x), G(x,\) =—=Ag1 — qo(z). (4.27)
In other words, we have
dia(x, A) = G(z, Ni(z, N), (4.28)
x
where
u(z, A) = wa(z, Nu(x, \). (4.29)

Recall that by Remark 3.2 g; = ¢;. This explains why we have the coefficient —¢; in the
expression for G in (4.27). Equation (4.28) follows from (4.2) and (4.26). This equation is a
GBDT transformation of the equation (4.2) and has the same structure. Namely, to get ¢, instead
of ¢y one substitutes into (4.6) v, and v, instead of v, and v, respectively. That is, by (4.6) and
(4.25) we have y

Go(z) = Ve(x)J + vi(x)0o3 — Vs() 01, (4.30)

where v, () = ve(x),
Uu(1) = v(x) + Xoo(2) — X11(2), Us() = vs(x) + Xio(x) + Xo1(2), 4.31)
and X,; are the entries of X.

Remark 4.4. When n = 1 and A € R our transformation coincides with the double commutation
transformation for Dirac equations treated in [4, 80]. When A ¢ R our transformation somewhat
differs from the transformation in [4], because the transformation in [4] uses the equivalent (for
n = 1) of Il and of the transposition of 11, whereas we use here 11 and 11*, so that v, and v, are
real valued.

We will be interested in the transformation of the equation (4.2) with x = 0 into equation with
integer nonzero K.

Example 4.5. Letn =1, ¢qo =0, S(0) = 0. Notice that we have
Y ) 9 O S K*=K™! (4.32)
QI - =1 0-3 I T \/5 _7/ Z ) - ) .

and put (IIK)(0) = [1 o). Taking into account qo = 0 and (4.32), we rewrite (4.19) and (4.21)
in the form 5 y y 5
(1K), = iAllKoy, S, = (IIK)(IIK)* (4.33)

It is immediate from (4.33) that
(z)K = [¢*4  ae™™4]. (4.34)

Recall that S(0) = 0. Thus, when A # A, we require additionally |a| = 1 so that (4.22) holds for
xo = 0. Hence, formula (4.23) is true for all x > 0 (see Remark 4.2). Using (4.23), (4.33), and
(4.34) we get

S(x) =i(A— A)7! (eix(Z_A) - em(A_A)) for A#A,
S(z) = (1+|af*)xr for AcR. (4.35)
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By (4.31), (4.34), and (4.35) we have for A # A the equality
T.(z) = i(A — A) (ae—ix(A+Z) n aeix(AJrZ)) (eix(Z—A) _ ez’x(A—Z)) 71. (4.36)
In a similar way we have
Uy(x) = — <ae_2m’4 + 662”’4) <(1 + |a|2)x> B for AeR. (4.37)

From (4.36) and (4.37) we derive that

~ R~ - a+a
Ui(x) = 7 +0(z), K= TTH [P

(4.38)

where v, is continuous on [0, c0). When o = +1, we obtain k = F1, that is, k is an integer.

To study GBDT we will need, in particular, to split it into a superposition of several trans-
formations, and our next result is dedicated to this procedure. Let A be a block lower triangular

matrix: p
0 Sy S
A — 11 S = 11 ~12 4.39
{ Ay Agy ] ’ { Sor Saa | ( )

where A; and S;; are n; X n; matrices, Ayy and Syy are ny X no matrices, n = n; + ny. In our
further considerations we fix some value of x and omit temporarily the variable z in the notations.
Assume det S # 0 and det S;; # 0, and denote by Th, the ny x n, right lower block of 7' = S~1.
The invertibility of 755 follows from the invertibility of S;; and S. One can check directly that

_ Si' 4 5111812 Tag 81 S5y =55 S12The

T -
—T53551 55" T

} . Toyt = Say — 80157 Sho. (4.40)

As A is a block lower triangular matrix and det S # 0, det S1; # 0, so w4 admits factorisation
[76, 77]

wa(A) = wa(A)wi (), (4.41)
wi(\) = I — JIT Py St (A — AL, ' P (4.42)
wo(N) = I — JI*S Py (Agg — ALL,) T, PSS, (4.43)
where
Pi=[1I, 0], P=[0 I,]. (4.44)

One can easily see that by (4.39) we have Py A = A1 P, and APy = P As,. Hence, the identity
AHSH — SHAE = 7T1j7TT, T = P1H (445)

follows from (4.23). Now, compare (4.17) and (4.42) to see that w; = wy4,,. That is, we get w;
after substitution of A;; instead of A, of Sy, instead of .S and of 7y instead of Il into (4.17). Identity
(4.45) 1s the equivalent of (4.23) written for the new transfer matrix function wy,;, .
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Moreover, frovm (4.23) it follows that TA — A*T = TTLJIIT. Therefore, we derive Thy Ayy —
A5, Th = BTIIJIIT Py or, equivalently

Ap Tyt — Togt ALy = modms,  my = Ty P,STHL (4.46)

Compare (4.17) and (4.43) to see that wy = w,,,, where T," is substituted into (4.17) instead of
S and 74 is substituted instead of II.

Remark 4.6. Corollary 4.3 defines by formulae (4.25) and (4.29) GBDT transformation of the
coefficient qy and solutions u of the radial Dirac equation (4.2). The next proposition shows that the
GBDT generated by the parameter matrices A, S(xo) and I1(zy) can be treated as a superposition
of two transformations, i.e., GBDTs generated by A1y, S11(xo), m1 (o) and Az, Tos (1), ma(10),
respectively. In particular, our next proposition shows that m, and S1, satisfy analogs of (4.19) and
(4.21). The same is true for Ty, and 7. According to Corollary 4.3 it means that wi(z, \) and
wy(x, ) are Darboux matrices.

Proposition 4.7. Let relations (4.19), (4.21), and (4.22) be valid and let A be a block lower trian-
gular matrix. Then, in the points of the invertibility of S(z) and Sy1(x) (z > 0), we have

(Sll)x =mny, (M) = Aumiq + Tigo. (4.47)

(Tz’l) =mamy,  (M2)e = AnaTaqi + T2, (4.48)
where m, and o are given by (4.45) and (4.46), respectively, and
Go=q+ JXJ - X, X=mS'm. (4.49)

Proof. Multiply from the left both sides of (4.19) by P, and use P/ A = A, P to get the second
relation in (4.47). Multiply by P; from the left and by P;* from the right both sides of (4.21) to get
the first relation in (4.47). In view of (4.21) and of the definition of w5 in (4.46), we have also the
first relation in (4.48):

d 7 d _ _ d e
%Tml = _T221 <%T22>T221 = _T221P2 <%T> P2 T221
= Ty P SIS~ Py Ty, = moms. (4.50)

Now, use (4.24), (4.50), and equality P,A* = A%, P; to differentiate m:
(7T2)ac = WQ?T;PQS_IH + T2_21P2 (A*S_lﬂql + S_lﬂao)
= momy PaSTH + Ty PyS™ Gy + Tyt Ay Po.S™ . 4.51)

Taking into account both relations in (4.46), both relations in (4.25), and ¢; = J *, rewrite (4.51) in
the form

(71'2)55 = WQW;PQS_IH + WQ% + AQQTQ_QIPQS_IHQ1
—ngﬂ';PQSilqu = Agomaqr + 7r2(q0 + jH*Silﬂj*
—II* S + 73 P, STHI — Jmy P STUILTY). (4.52)
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Finally, note that according to the definition of 73 and formula (4.40) we get

—1
I — w3 Py = II* (In + [ 51_1[512 ] P2> = 1rS S Sl (4.53)
no
It follows that

(IT* — w3 ) S™'I = 7} Sy . (4.54)

Substitute (4.54) into (4.52) to derive
(m2)e = Asamaqy + 2 (o + Jri Syl m T — TrShim). (4.55)
Formulas (4.49) and (4.55) imply the second relation in (4.48). ]

Proposition 4.7 deals with the S-nodes, which appear in the process of factorization (4.41) of
the transfer matrix function w,4. An inverse in a certain sense result is given in the next proposition.

Proposition 4.8. Let w4, (j = 1,2) be transfer matrix functions of the form (4.17) corresponding
to the S-nodes A;, S; and V;, where A, and Sy are m x m matrices, Ay and Sy are »x X
matrices, V1 is an m x 2 matrix, Vq is a » X 2 matrix. Then we have w 4,(N\)w 4, (A\) = wa(N),
where w 4 is the transfer matrix function corresponding to the S-node of the form

A0 (& 0 R 70
A—[R AJ, S_{O 82}, H_l%], R =0, JUiS . (4.56)

Proof. From A;S; —S; A} = \IIJJV\I/j (p = 1, 2) and representation (4.56), where R = \IIQj\IJ’{Sl_l,
it follows that AS — SA* = ILJII*. Now, from (4.41), (4.42), and (4.56) we have wa(\) =
wa(N)wa, (N). By (4.40), (4.43), (4.46), and (4.56) we obtain T,,' = S,, m, = ¥, and, finally,
Wa = WH,- Il

Using Corollary 4.3 and Proposition 4.7 we prove in the next section the following theorem.

Theorem 4.9. Let the initial system (4.2), where the coefficient qo(x) is bounded in the neighbour-
hood of zero, be given. Let the parameter matrices A, S(0), and I1(0) have the block form

A:[“gl Aﬂ, S(O):[gl 8] H(O):{&Eg”, (4.57)

where Ay and S, are m x m matrices, A and S(0) are (m + ) X (m + ) matrices (> > 0),
W (0) is an m x 2 matrix, W5(0) is a > X 2 matrix, Ay is a lower triangular >c X » matrix, and
R = Uy(0)JU,(0)*S; ", Let the relations

A8 — SIAT =T, (0)JT,(0),  Ty(0)JT,(0) =0, S >0 (4.58)

hold. Introduce 11(z) and S(x) by (4.19) and (4.21), respectively, and assume S(z) > 0 for z > 0.
Puth:=[1 0 O0...0]V;and suppose

h(0) =c[1 0] or h(0)=cl0 1] (c#0).
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Then the transformed system

d ~ ~
<% + A1 + qo(as)>u(x, A) =0, (4.59)
where qqy is given by (4.25), has the fundamental solution u = wau. Moreover, the coefficient qq
admits representation

do(z) = gag + (), (4.60)

where [ is bounded in the neighbourhood of zero. Here, k = , if » is odd and h(0) = c[0 1] or
if > is even and h(0) = c[1 0]. We have k = — 5, if s is even and h(0) = c[0 1] or if s is odd
and h(0) = c[1 0]

4.3. Proof of Theorem 4.9

When II(x) is squarely integrable in the neighbourhood of 0, using (4.21) we get S(z) = S(0) +
Jo TL()IL(t)*dt. When S(0) = 0, we have

S(z) = / II(t)II(¢)"dt. (4.61)
0
Lemma 4.10. Letn = 1, A € C, S(0) = 0, and TI(0) = ay[l w]K*, where oy # 0 and
ooy = F1. Assume that the potential qq of the initial system (4.2) is
(i) bounded on (0, €) for some £ > 0
or
(ii) has a bounded limit, when x tends to 0.
Then for the GBDT tranformation of qq defined by (4.25) we have

N 1
Go(z) = YTu(x) F 3, (4.62)

where Y (x) and Y _(x) are bounded in the neighbourhood of zero, if (i) is fulfilled, and have a
bounded limit, when x tends to 40, if (ii) is true.

Proof. Note that under conditions of the lemma we have AS(0) — S(0)A* = 0. According to
(4.32) we have K*.JK = —ios, and so I1(0)JII(0)* = 0. Then the identity (4.23) holds for z = 0,
and therefore it is satisfied for all z > 0. Hence, the matrix function gy given by (4.25) is the
GBDT transformation of qy.

By the definition of K in (4.32) we get

II(0) = ¢[1 0] for ap =1, II(0) =¢[0 1] for ay =—1 (c#0). (4.63)
By (4.19) one can see that

I(z) — I1(0) = = f(x), (4.64)
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where f is bounded on [0, ¢), if ¢o is bounded, and f has a bounded limit for z — +0, if ¢y has a
bounded limit. From (4.61), (4.63), and (4.64) it follows that

S(z) = |c]*z + 2 f1(x), (4.65)

where f; is also bounded on [0, ¢), if ¢y is bounded, and f; has a bounded limit for z — +0, if o
has a bounded limit. Taking into account (4.25) and (4.63)-(4.65) we obtain the statement of the
lemma. u

Recall the notations from Proposition 4.7 and consider the case n > 1,n; = 1, ny =n — 1, so
that 7 is the first block (i.e. the first row) of 11, and 75 is given by (4.46).

Lemma 4.11. Let the initial system (4.2) be given and let the potential qy be bounded in the
neighbourhood of zero. Suppose that A is a lower triangular n X n (n > 1) matrix, that relations
(4.19) and (4.21) hold and that

S(0) =0, TI(0)JII(0)* =0, S(z)>0 for z>0. (4.66)
Then, we have
- 1
do(x) =T (z) — 03 for m(0)=¢[1 0] (4.67)
Qolz) =T_(z) + éag for m(0)=¢c[0 1], (4.68)

where ¢ € C\{0}, qo is given by (4.49) and Y . is bounded in the neighbourhood of zero. Moreover,
the matrix function 7o () is continuous at zero and the relations

Jim (T ) (2) =0, (T')(z) >0 for >0, m(0)Jm(0) =0 (4.69)

hold for both cases (4.67) and (4.68). The matrix functions T2_21 and my satisfy (4.48).

Proof. First, compare Proposition 4.7 and Lemma 4.10 to see that ¢ from (4.49) coincides with
qo from (4.62). Thus, (4.67) and (4.68) are immedate from Lemma 4.10.

As S(z) > 0, so we get T'(z) > 0, Ths(z) > 0 and, finally, (7%,')(z) > 0 (i.e., the second
relation in (4.69) holds). Similar to the case treated in Lemma 4.10 we have AS(0) — S(0)A* =0
and I1(0).JII(0)* = 0, that is, (4.23) holds at 2 = 0. Hence, the conditions of Proposition 4.7 hold.
By Proposition 4.7, Ty, and , satisfy (4.48).

Recall that S(0) = 0. Therefore, using formulae (4.61) and (4.65) we derive

522(0) = O, :BILIEO Sgl(x)Su(x)_lSu(as) =0. (470)

The second equality in (4.40) and formula (4.70) imply the first relation in (4.69). From the defi-
nition of 7y in (4.46) and from the first relation in (4.40) it follows that

Ty = [=Sa157  L,i]IL 4.71)

Now, use again (4.61) and (4.65) to see that 75 has a limit, when x tends to +0. Therefore, the last
relation in (4.69) is immediate from the first relations in (4.46) and (4.69). L]
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Next, consider the case of the initial system with x # 0, where V' € L ,(0,¢), that is, the
entries of V' belong to L? in the neighbourhood of zero.

Lemma 4.12. Let the initial Dirac system (4.2) be given, where
. K , K
Qo(x) = io2 (V(l") + 50'1) =0V (z) + PUETIG # 0, (4.72)

and V € L5 ,(0,¢). Suppose that A is a lower triangular n x n (n > 1) matrix, that relations
(4.19) and (4.21) hold, that S and 11 are continuous at zero and that (4.66) is true. Then, putting
ny = 1, we get

~ 1 - . 1— =
qo(z) = — —;Kag + Y, (z) fork >0, qo(x)= " ﬁo3 + Y _(z) fork <0, (4.73)

where qq is given by (4.49) and fi € LY., in the neighbourhood of zero. Moreover, the matrix
function my(x) is continuous at zero and the relations (4.69) hold. The matrix functions T,," and

o satisfy (4.48).
To prove this lemma we shall need Lemma Al from [4]:

Lemma 4.13. Let q be given by (4.72). Assume € Z\0, A € C,and V € L5 , (1 < p < 0)
in the neighbourhood of zero. Then, there are two types of nontrivial solutions y = colly;  yo] of
(4.2). Namely, as x — +0, either the limit lim,_, .oz "y(x, \) # 0 exists and v~ 1y, (z, \) € LP
in the neighbourhood of zero or the limit lim,_, 1o 2"y(z, \) # 0 exists and 2" ys(x,\) € LP in
the neighbourhood of zero.

A similar result is true for the bounded V.

Lemma 4.14. Assume that k € Z\0, A\ € C, and V' € L35, that is, V is bounded in the neigh-
bourhood of zero. Then, the entries of the bounded in the neighbourhood of zero solution y of (4.2)
have the property:

If Kk > 0, then x7" 'y (z,\) € L™ in the neighbourhood of zero, and if k < 0, then
2" Lyy(z, \) € L™ in the neighbourhood of zero.

Proof. Lemma 4.14 easily follows from the proof of Lemma A1 [4]. Consider, for instance, the
case £ > 0. When V' = 0, equation (4.2) has a solution ¢y = col[¢? ¢3], such that the functions
" 12, \) and 27"¢9(x, \) are bounded in the neighbourhood of zero, and (4.2) has another
solution ¥y = col[¢)) 9], such that there is a limit lim,_ o 2"1y(z, \) # 0. By the consider-
ations of [4], the bounded solution y of the Dirac equation (4.2) with a bounded V' satisfies the
integral equation

(I-L)y=7 L=z, /O m[cﬁ?(t, A) oot NV() - dt, (4.74)

Y(z, A) == oz, A) (1 — /Ox[ng(t, )Yy NV ()y(t, A)dt), 0<z<e. (4.75)
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It follows from the properties of ¢y, Lemma 4.13, and definition (4.75) that
"y (2, A) € L, a7y (z,\) € L® (y=collyn 1), 0 <z <é). (4.76)

Using (4.74) and (4.76), by induction we get for some C' > 0 and £(C') > 0 that

I <£j'y> ()| < CT TR 5 >0, 0<a<e, (4.77)
where || - || is the usual vector norm. As y = Z;’;O L7, it follows from (4.76) and (4.77) that
"y (z,\) € L™. For the case x < 0 the proof is similar. [l

Notice that from S(x) = [ TI(¢)II(t)*dt > 0 one easily gets m(x) # 0 in any neighbourhood

of zero. By (4.19) and by the third equality in (4.18) we see that j*ﬁ satisfies (4.2), where
A = Aj,. Therefore, the next corollary immediately follows from Lemmas 4.13 and 4.14.

Corollary 4.15. Let the conditions of Lemma 4.12 be fulfilled, where 1 < p < oo. Then for the
entries hy and hy of m11 = [hy  hs, for some € > 0 and for some ¢ € C\0 we have

hrﬁoafﬁhl(x) =c#0, 7" 'hy(x) € LP(0,e) if k>0, (4.78)
hn+10x“h2(x) =c#0, 2" 'h(x) € L”(0,¢), if k<O. (4.79)

Proof of Lemma 4.12. In a similar to the proof of Lemma 4.11 way one shows that the condi-
tions of Proposition 4.7 are fulfilled and so (4.48) is true.

From S(z) > 0 it follows that (75,') (z) > 0 for z > 0, that is, the second relation in (4.69) is
valid. Taking into account the equality S(0) = 0, formula (4.47) and Corollary 4.15 we see that

Si(r) = / () m (8) dt = (2|k| + 1) e 2P 4 o(mQ‘k‘H), x — +0. (4.80)
0
Moreover, in view of (4.61) and Corollary 4.15 we obtain
So1(x) = / PII(t)my (t)*dt = (Jk| 4+ 1)~ 2L P II(0) 7, (0)* + 0(x|k|+1). (4.81)
0

Using the second relation in (4.40) and formulae (4.80) and (4.81), we get the first relation in
(4.69). From the definition of 7 in (4.45) and formula (4.71) it follows:

Ty = —52151_117T1 + PQH (482)

By (4.78)-(4.82) the matrix function 75 is continuous at zero. Hence, the third relation in (4.69)
follows from the first relations in (4.46) and (4.69).

It remains to prove (4.73). For this purpose we shall follow a nice scheme from [4]. According
to (4.78) and (4.80) we have

hlﬁl 7T17T>1k
o3+ 7T =—
Sll Sll

7 _xo—1 T * o—1

o3+ Yy for k >0, (4.83)
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where Ty, Yo € L}, ,. (In the proof of this lemma functions T; (1 < j < 8) are considered in the
neighbourhood of zero.) According to (4.79) and (4.80) we have

hgﬁg 71'171'1<
o3+ Y3 =
Su 07 Su

7_xo—1 T * o—1

o3+ 7Y, for k<O, (4.84)

where Y; € L5, (j = 3,4). In view of (4.47), rewrite 7;7}S;;" in the form

m@me) _d oo 28+ gl g
511 (2) d:l:l Su(z) - + o(z) g(x) : Shi(x). (4.85)

From (4.49), (4.72) and (4.83)—(4.85) it follows that

(1) = e 8D e ) for k>0, (4.86)
x g9(x)
R 1—k gz()
qo(x) = o3+ o3+ Yg(z) for k<O, (4.87)
x 9(x)

where T; € L}, (j = 5,6). Put
f(x) = 2 My (@) (@) = 27 *my (@) Ty (2)*. (4.88)

Recall that J7* satisfies Dirac equation (4.2) with ¢ of the form (4.72), where the entries of V'
belong LP. Hence, differentiating (4.88) and taking into account Corollary 4.15 we get

d 2 Y 2 Y
—f(x) := —%m (z)my(z)* 4 22kl (J:)J( — 503) Jrmy(x)" + T (2), (4.89)

where T7 € LP. Apply again Corollary 4.15 to the right-hand side of (4.89) to obtain

d 2 2
L) = —%m (2)m (2)* + sz’Lm(I)agm(m)* + To(z) = Ts(x), (4.90)

where Tg € LP. Next, use (4.80), (4.88) and (4.90) to rewrite Sq; in the form

S (:z:):/xﬁ'”'f(t)dt: il f(z) — ! /xt2|”|“ﬁ(t)dt (4.91)
" 0 2k| + 1 21k +1 Jo e '

Taking into account (4.85) and (4.91), we have

_ 1 —2|k|—1 ¢ 2|k ldf
o) = g (o) a7 [ ar),

which implies

ig(:zc) = (Kf.)(z), K=z k2 /1’ AR gt (4.92)
dx 0
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As K is a bounded in LP(0,¢) (1 < p < oo) Hardy operator, formulae (4.90) and (4.92) imply

dg
%(x) € L*(0,¢). (4.93)

From (4.86), (4.87), and (4.93) follow relations (4.73), which completes the proof.

Proof of Theorem 4.9. Using (4.57) and (4.58) one can see that (4.22) holds at xy = 0. As qo
is bounded, the condition of Remark 4.2 is satisfied and identity (4.22) at zo = 0 implies (4.23).
Hence, the conditions of Proposition 4.7 are fulfilled. Therefore, the GBDT generated by the
parameter matrices A, S(0), and I1(0) is a superposition of two GBDTs, where the first GBDT is
generated by Ay, S1, and ¥4 (0) (in addition to Proposition 4.7 see also (4.41)—(4.43) and Remark
4.6). As &1 > 0 and ¢ is bounded in the neighborhood of zero, so the transformation of ¢y, which
is generated by A;, S1, ¥1(0), is bounded too. Denote this transformation by q(()l).

The second GBDT in the superposition is determined by the ¢ X > matrix .45 and by the matrix
functions Ty, (), and 75(z). As S51(0) = 0 and S; > 0 formula (4.71) implies lim,_ o 73 (z) =
W, (0). According to the second relation in (4.40) we have lim,_, 1o 75, () = 0, that is, we may
put 75, (0) = 0. Thus, the second GBDT is generated by the parameter matrices Ay, T5,' (0) = 0,
and m,(0) = W5(0), which satisfy the identity AyT5;' (0) — Ty, (0).A5 = U5(0)JT5(0)*.

If 5 = 1, then the potential ¢ and the S-node Ay, T5;'(0) = 0, and 72(0) = W,(0) satisfy
the conditions of Lemma 4.10 and the statement of the theorem is true.

If 5 > 1, then A, Ti,' (0) = 0 and 7(0) satisfy the conditions of Lemma 4.11, and the second
GBDT is itself a superposition of GBDTs. Taking into account the block representation

AW 0
* ,AgQ)

ey

A2=[ } AD e mz[ ) } ! e C? (4.94)

we derive that the transformation of qél) generated by As, 0, and m5(0) is a superposition of the

transformation generated by A", 0, and 7(Y(0), and of the transformation generated by A§2),

0, and 752)(0), respectively, where 7r§2) is constructed analogously to the construction of 7y in

Proposition 4.7. (The transformation of q(()l) generated by A1, 0, and 7(V(0) is denoted by q((]2).)

Moreover, for s« > 2 the potential qéQ) and the S-node A§2), 0, and 7r§2) (0) satisfy the conditions of
Lemma 4.12, and according to Lemma 4.12 this holds for further »r — 3 steps too. At each step we
obtain a new coefficient q(()s). The absolute value of x(*) in the representation (4.72) of q(()s) (s>1)
equals s — 1, and the sign of x changes at each step till we come to the final transformation.

If 5« > 1, the final transformation is generated by
A = (A2 €C, 0, m(0) = (0,0).

Though we do not apply Lemma 4.12 at this last step directly, the proof of the representation of ¢

from Lemma 4.12 remains valid for ¢y = q(()%ﬂ), which completes the proof.
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5. Direct and inverse problems

In this section we consider transformed systems constructed in Section 2. assuming that the initial
systems are trivial, that is, either v = 0 or £ = 0. We use the notion of a minimal relization and
some other notions from system theory, which are defined in Appendix A.

5.1. Dirac systems
5.1.1. Self-adjoint Dirac system

First, consider the self-adjoint Dirac system constructed in Proposition 2.1

d_ L N ~
%u(a:, A) =i(Aj+iV(@)u(z,\) 0<z<o0), V= { QN?* 8 1 : (5.1)

u(0, A) = I,,,. We assume that
S(0) =1, >0, A—A*=(0)jII(0)*, wv(zx)=0, (5.2)

where v is the potential of the initial Dirac system (2.1). Partition II into two n x p blocks. Using
(2.20), where V = 0, we derive

(z) = [®y(z) Py(x)] = [e” ™D (0) €e™4Dy(0)]. (5.3)
It follows from (2.7), (2.26), and (5.2) that
o(x) = —2i®,(0)* e S(z) e APy (0), (5.4)
S(z) =1, +/ II(¢)I1(¢)*dt > 0. (5.5)
0
As S(0) = I, is fixed, parameter matrices in (5.3)—(5.5) are A and I1(0) or, equivalently, A, ®;(0),
and ®,(0).

Definition 5.1. [28] The potentials v of the form (5.4) are called pseudo-exponential and the class
of such potentials is denoted by PE.

If v is locally summable on [0, 0o) (not necessarily v € PE), there is a unique Weyl function of
system (5.1) which is defined in the following way.

Definition 5.2. A holomorphic p x p matrix function @ such that

o R N
/o [ 1, ip(N)* | Ku(z,\)u(z, \)K { —Wp()\) } dr < o0, (5.6)
. B 1[I, -, }
AeCy, 0N =1, K= % { A (5.7)

is called a Weyl function of Dirac-type system (5.1) on [0, c0).
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Moreover, the function , which satisfies (5.6), is unique even without the analyticity require-
ment (see, for instance, [62]).

Now, we shall again consider the case v € PE. As V' = 0, we have u(x,\) = exp(iz\j) in
(2.18), and so formula (2.18) takes the form

u(z,\) = wa(z, \)e™Mw, (0, \) . (5.8)

By Proposition 6.2 [33] for every A € C, excluding a finite set of points, there is a limit

lim wa(x,\) = fa(N). 5.9
If the equality
1 I
K~ { —igop()\) } =wa(0,\) [ (1)0 ] c(N) (5.10)

holds for some p x p matrices ¢(\) and () (A € C,), then formulas (5.8) and (5.9), and exponen-
tial decay of ¢** imply inequality (5.6). As K* = K !, it is easy to see that (5.10) is everywhere,
excluding a finite set, equivalent to the relation

e=i(o pireon]§]) (1 omeon[F]) e

Taking into account definitions (2.11) and (5.7) of w4 and K, respectively, and formula (A4), one
gets the following result (see [28] and Theorem 5.1 in [33]).

Theorem 5.3. Let v € PE. Then the Weyl function of the Dirac system (5.1) admits realization
P(\) = L, + 205(0)* (AL, — A)7'01(0), A:=A—i®(0)(®:(0) + o(0))".  (5.12)

Note that the Weyl function ¢ is a Herglotz function and admits representation

@(A):I/—l-/_oo (t—l)\_l—ifﬁ)dT(t)’ (v=v"17). (5.13)
Here 7 is the spectral function of system (5.1). See Theorem 4.3 [28], where this fact is proved
and an explicit expression for 7 in terms of the parameter matrices is given. The inverse problem
to recover v € PE from 7 is solved explicitly in Theorem 4.5 [28]. (The corresponding bound
states are constructed in [32].) The inverse problem to recover v from the spectral density for the
particular case 0(A) C C, was treated earlier in [5].

The left reflection coefficient for system (5.1), where v € PE, is expressed via the Weyl function
by the formula (see p. 33 in [33]):

1

Rr(N) = —(I, +ip(N) (I, —ip(N) . (5.14)
Recall that ¢ has properties
Sp(A) >0 (AeCy), Alim ©(A) = il,. (5.15)
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It follows from (5.14) and (5.15) that

IRV <1 (AeCy), lim Rr(A) = 0. (5.16)

To recover system (5.1) from its Weyl function we should recover parameter matrices A and
®,(0) (k = 1, 2). First, we recover R, via formula (5.14). By the second relation in (5.16) R is a
strictly proper matrix function and admits a minimal realization

Rr(\) =C(\I, — A)'B, (5.17)

where C is a p X n matrix and B is an n X p matrix. According to the first relation in (5.16), R,
admitting the minimal realization (5.17) is also contractive. Hence, by Theorems 21.1.1 and 21.1.3
in [LR] the Riccati equation

XC'CX — i(AX — XA*) + BB* =0 (5.18)
has a positive solution X > (. Put
A=X"TAXT +iXBBX 2, 0(0) =X 18, ®y(0) = —iX2C*. (5.19)

The matrix identity given by the second relation in (5.2) is immediate from (5.18) and (5.19),
that is, A and ®;(0) (k = 1, 2) satisfy the requirement on parameter matrices and we can apply
Theorem 5.3. It easily follows (see Section 9 in [33]) that ¢ given by (5.12) and (5.19) coincides
with the ¢ from which R was recovered.

Theorem 5.4. [33] Let p be a rational p X p matrix function, which satisfies (5.15). Then ¢ is the
Weyl function of some system (5.1), where v € PE. To recover v we take a minimal realization
(5.17) of Ry, given by (5.14) and define parameter matrices by (5.19), where X > 0 is a solution
of the Riccati equation (5.18). After that we apply formulas (5.3)—(5.5).

By Theorem 5.4 [33] all the potentials v € PE admit representation (5.4), where parameter
matrices have additional properties

n—1 n—1
o(A) c C,, span U Im A*®,(0) = C", span U Im A*®,(0) = C", (5.20)
k=0 k=0

and Im means image. Hence, without loss of generality we can assume (5.20).

5.1.2. Potentials with singularities

Now, consider a more general case of Dirac systems, including systems with singularities. Namely,
let

j:{[m O ] S(0) = So,  ASy — SpA* = iTI(0)TI(0)", (5.21)
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where py, po > 0, p1 + po = m. Formula (5.5) takes the form
S(z) = Sy —I—/ II(¢)II(¢)*dt. (5.22)
0

As before, II, wy, and v are defined via formulas (5.3), (2.11), and (5.4), respectively, and we
assume that (5.20) holds. Here ®, ®,, and v are n X pi, n X po, and p; X p, matrix functions,
respectively.

Definition 5.5. [22] The potentials v of the form (5.4), where (5.20) and (5.21) hold, and S is given
by (5.22), are called generalized pseudo-exponential and the class of such potentials is denoted by
GPE.

Dirac system with v € GPE was treated on the whole axis in [63], and results on supertrans-
parent potentials and soliton-positon interactions were obtained. In particular, it was shown in the
proof of Theorem 2.1 from [63] that there are values xy € R such that

S(z) >0 forall z> x. (5.23)

If Sy # 0, then det S(zx) = 0 in some point (or points) on R, U {0}, which means that the GPE
class includes potentials with singularities. Nevertheless, as S(x) admits continuation meromor-
phic in z, the determinant det .S(z) turns into zero only in a finite number of points on R, U {0}.
The proof that the matrix function

u(z,\) = wa(z, \)e™ (5.24)

satisfies (5.1) and is nondegenerate (excluding a finite number of values of A and zeros of det S(x))
remains true for Dirac system with j given by (5.21). Moreover, u as well as S is meromorphic
in z. Therefore, we call u a fundamental solution of (5.1), which agrees with the standard [46]
requirement for the fundamental and special solutions in the case of singularities to be defined by
the same formula on the whole domain.

The asymptotics of w4 in (5.24) under condition (5.20) is given in the next proposition (see
Proposition 3.1 in [22] or Theorem 3.1 in [63]).

Proposition 5.6. Let A, S(0), and ©4(0) (k = 1, 2) satisfy (5.20) and (5.21). Then there is a limit

A L
w= lim (e‘”AS(J:)e”A ) >0, (5.25)
and we have
, L, 0 o I
lim wy(x, ) = 0 () |’ X(A) := I, +iPy(0) " w(A — \,,) " P2(0). (5.26)
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Transmission and reflection coefficients for system (5.1) are defined [22, 33, 82] in terms of
special solutions of (5.1), that is, m X p; and m X p, solutions Y and Z, respectively, which we
determine by the relations

V(z,\) =™ { [gl } +0(1) (z—o00), Z(0,\) = { 122 } , AER. (5.27)
Put
TL(A) := Y1(0,0) 7", Rp(XA) == (0, X) 1 (0,0) 7, (5.28)
Rp()) = ( Tim e 2 (z, A)) ( Tim ¢ 2y, )\)>_1, (5.29)
Ta()) = ( Tim ei“zz(:c,A)>_1. (5.30)

Here the p; x p; matrix ); and the p; X p, matrix ) are upper and lower blocks of ), respectively.
Analogously, the p; X p, matrix Z; and the py X p, matrix Z, are upper and lower blocks of Z,
respectively. The functions 77, and Tk are called the left and the right transmission coefficients and
Ry and Ry are called the left and the right reflection coefficients, respectively.

Using (5.24) and (5.26) we get the result

Theorem 5.7. [22] Let v € GPE. Then the transmission and reflection coefficients are given by
the formulas

Tr(N) = 1, +id, (0)*501(9 AL,) "t (0), (5.31)
Ri(\) = z<1>2<> 510 = AL,) 7' 0,(0), (5.32)
Tr(\) = +Z(I>2(O)* YO — AL) (I, — Sow)®2(0), (5.33)
Rr(\) = 2@1(0) Sy 10 — AL,) "M (I, — Sow) P4 (0)

+i®1 (0)*(A* — AL,,) " wd4(0), (5.34)

where 0 := A — i®,(0)®,(0)*S, .
The inverse problem to recover v from Ry, is solved in Theorem 4.1 [22].

Theorem 5.8. Let R be a strictly proper rational py, X p; matrix function. Then R is the left
reflection coefficient of a system (5.1) with v € GPE if and only if R is contractive on R. If R
satisfies this condition, then v can be uniquely recovered from R in two steps, that is, steps (i) and
(ii) below.

(i) First, take a minimal realization

R(A\) =C(\, — A)'B. (5.35)
Then there is a unique solution X of the Riccati equation

i(XA— A X) =C*C+ XBB'X (5.36)
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such that _
oc(A+iBB*X)CcC., X=2x&" (5.37)

Moreover, det X # 0.
(ii) Next, recover parameter matrices by the equalities

A=A+iBBX, Sy=&"1 ®,(0)=B, ®(0)=—iSC", (5.38)
and recover v via (5.3), (5.4), and (5.22).

5.1.3. Skew-self-adjoint Dirac system

In this subsubsection we consider system

%ﬂ(a@,)\) = (N +jV(2))u(z,\) (0<z<o0), V= [ g* g } : (5.39)
o(x) = 20,(0)* ™ S(z) ™Dy (0), S(x) =1, + / ' TI(t)5II(t)*dt, (5.40)

where j has the form (1.9), IT is given by (5.3), and the identity A — A* = 4I1(0)I1(0)* is fulfilled.
That is, we consider GBDT of the trivial initial system, where v = 0. According to (2.23) and to the
second relation in (5.40) the inequalities <= (¢ =45 (z)e™4") > 0 and (e~*4S(x)e~4")| _ >
0 hold, and so S(z) > 0. Thus, the right-hand side of the first equality in (5.40) is well-defined.
The class of potentials v of the form (5.40) is denoted by PE,. By Proposition 1.4 in [29] for each
v € PE, there is some M > 0 such that

sup [[¥(a)] < M. (5.41)

z€[0, 00)

It follows from Proposition 2.2 that the fundamental solution @(z, A) of system (5.39) (normal-
ized by u(0, \) = 1,,,) is given by formula (5.8), where wy4 has the form (2.24).

Analogously to Definition 5.2 one can define Weyl functions of the skew-self-adjoint Dirac
system [16, 29, 53, 69].

Definition 5.9. Let system (5.39), where ||v(x)|| is bounded on all the finite intervals [0, [], be
given. Then, a holomorphic p X p matrix function @ such that

I

p

/OOO [N I, ]z, \)a(z, A) { #(A) } dr < 00, S\ < —M, (5.42)

is called a Weyl function of (5.39).

There is a unique Weyl function of system (5.39) with a bounded on [0, co) potential [53, 69].
If (5.41) holds, we can put in (5.42) M; = M. For a generalization of the Definition 5.9 see
[16, 23, 54].

Direct and inverse problems for v € PE; are solved explicitly in Theorems 2.1 and 2.3 from
[29]. It is done in a similar to the self-adjoint case way.
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Theorem 5.10. [29] Let v € PE,. Then system (5.39) has a unique Weyl function @, which satisfies
(5.42) on the lower semi-plane C_, a finite number of poles excluded, and this function is given by

the formula
©(A) = i@ (0) (AL, — A) 7' Dy(0), A := A —iDy(0)Dy(0)". (5.43)

Theorem 5.11. [29] Let ¢ be a strictly proper rational p X p matrix function. Then @ is the Weyl
function of the skew-self-adjoint Dirac system (5.42), where v € PE,. To recover v take a minimal
realization

e(\) =C(AI, — A)'B. (5.44)
There is a positive solution X > 0 of the Riccati equation
XCCX +i(AX — XA") — BB* =0. (5.45)
After putting
D,(0) = iX2C*, Dy(0) = X 2B, A=X"1AXT +iX 1BBX "z, (5.46)

the potential U is recovered by formula (5.40).

5.2. N-wave equation

Here we consider GBDT of the auxiliary system for the /V-wave equation

%ﬂ(w, A) = (iAD — [D,&(x))a(z, \) (0<z<o0), & =E¢ (5.47)

We consider the subcase of (2.27), where B = I,,,, and assume that
D =diag {di,ds, ..., dn}, di>do>...>dp > 0. (5.48)

Starting from system (2.27) with £ = 0 and taking into account B = [,,,, rewrite (2.31) as:

£ =1I"S I, (5.49)
where
AS(0) — S(0)A* =4I1(0)I1(0)*, II, = —AIlD, S, =IIDII". (5.50)
We require
u(0,\) = 1,, S(0)>0. (5.51)

As we have u(x,\) = exp(izAD) for the fundamental solution of the initial system, formula
(2.18) takes the form A
ﬂ(xa >‘) = U]A(IE, )‘)eZIADwA(Ov A)_la (552)

where wy has the form (2.24) and AS — SA* = JIIIT*. It follows from (2.24) and AS — SA* =
IIIT* that

wa(x, N wa(z,\) = L, —i(A — M (2)* (A" — ML) 1S (2) M (A = ML) '(x).  (5.53)
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By the last relations in (5.50) and (5.51) we get S(z) > 0 for x > 0, that is, w4 (z, A) is well-
defined for all z > 0 and all A &€ o(A). If A € C_, the inequality S(x) > 0 and formula (5.53)

imply

wa(z, \) wa(x,\) < Ly, (5.54)
i(N = M (2)* (A" — ML) 1S (2) (A = ML) 'H(2) < I, (5.55)

Proposition 5.12. Let parameter matrices A, S(0), and 11(0) satisfy conditions AS(0)—S(0)A* =
iI1(0)II(0)* and S(0) > 0. Then & determined by (5.49) and (5.50) is bounded on [0, o).

Proof. Tt follows from (5.50) that IT has the form
(x) = [exp ( — idle) fi ... exp ( — idma:A) fm} , (5.56)
freC™ (1<k<m).

One can easily see that span, (A — A\I,,)"! fx 2 f for any open domain O. Hence, by (5.55)
and (5.56) we have

sup [|S(2) 2e Ay <00 (1< k <m). (5.57)
zeRy
Now, the boundedness of £ of the form (5.49) is immediate. O

The class of potentials E of the form (5.49), which are generated by parameter matrices satis-
fying conditions of Proposition 5.12, is denoted by PEs.

Definition 5.13. /60, 74] A Weyl function of system (5.47) is an m X m matrix function @, such
that for some M > 0 it is analytic in a lower semi-plane S\ < —M, and the inequalities

sup (2, \)p(N) exp (—izAD)|| < oo (5.58)

e<l, SA<-M
hold for all | < .

In our case E is bounded, and so (see [60]) the system (5.47) has a unique Weyl function ¢
normalized by the condition

Ops(A) =1 for k=35, ¢.,(A\) =0 for k> s. (5.59)

This Weyl function satisfies for some £ > 0 the inequality

(e 9]

/(exp (ixXD))Cé()\)*iZ(x, AN u(z, A)p(A) exp <x(—i)\D — dm)) dx < 0. (5.60)

0

Here, we do not require (5.59). Our next theorem is immediate from (5.52) and (5.54).
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Theorem 5.14. A Weyl function of system (5.47), where E € PEs, is given by the formula
©(\) = wa(0,\) = I, — il1(0)*S(0) "' (A — \I,,)'T1(0). (5.61)

Notice that in view of (5.53) and (5.54) the matrix function () given by (5.61) has following
properties:

eNeN)* =L, ©N)*e(\) <L, (A€Co), lim o(A) = I, (5.62)

A—00

In particular, this matrix function admits a minimal realization
©(\) = I, + C(\I,, — A)'B. (5.63)

It follows from the second relation in (5.62) that o(.4) € C.. Hence, there is a unique and positive
solution Sy > 0 of the identity
ASy — Sp A" = iBB*. (5.64)

Matrix functions admitting realization (5.62) satisfy conditions of Theorem 1.2 from [60] and
there is at most one solution of the corresponding inverse problem. This solution is given in
Theorem 5.6 from [74].

Theorem 5.15. [74] Let a p X p rational matrix functlon o satisfy conditions (5.62). Then p is a

Weyl function of the unique system (5.47), where 5 € PE3. To recover§ take a minimal realization
(5.63) of ¢, recover Sy from (5.64), and put

A=A, S(0)=5S, II(0)=B. (5.65)
Then € is generated by the parameter matrices A, S(0), and 11(0) via formulas (5.49) and (5.50).

Finally, let parameter matrices A, S(0,0) > 0, and II(0, 0) satisty (2.36), where B = I,,,, and
generate via (5.49) the solution £ of the N-wave equation (2.32). The corresponding evolution of
the Weyl function is given by the formula

(t,\) = wa(0,t,\) = I, —il1(0,)*S(0,) " (A — \L,)'T1(0, t). (5.66)
Here I, = —iAIID, S, = IIDII*, and formula (5.66) holds on the interval ¢ € [0,¢), where
S(0,t) > 0.
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A Mathematical system theory

We present here some basic results and notions from mathematical system theory of rational matrix
functions that are used in our review. This material has its roots in Kalman theory [38], and can be
found in various books (see, for instance, [8, 17]). See also interesting historical remarks in [40].

The rational matrix functions appearing in the article are proper, that is, analytic at infinity.
Such an my X m matrix function W can be represented in the form

W(\) =D+ C(\, — A)'B, (Al)

where A is a square matrix of some order n, the matrices B and C are of sizes n X m; and my X n,
respectively, and D = W (co). The representation (Al) is called a realization of W, and the
number ord(.A) (order of the matrix .A) is called the state space dimension of the realization.

The realization (A1) is said to be minimal if its state space dimension n is minimal among all
possible realizations of . This minimal 7 is called the McMillan degree of W . The realization
(A1) of W is minimal if and only if

n—1 n—1
span U Im A*B=C", span U Im (A")fC* =C", n =ord(A), (A2)
k=0 k=0

where Im is image. If for a pair of matrices A, B the first equality in (A2) holds, then the pair A,
B is called controllable or a full range. If the second equality in (A2) is fulfilled, then C, A is said
to be observable. If a pair A, B is full range, and X is an m; X n matrix, then the pair A — BIC, B
is also full range.

Minimal realizations are unique up to a basis transformation, that is, if (Al) is a minimal
realization of W and if W(\) = D + C(A\[,, — A) B is a second minimal realization of W, then
there exists an invertible matrix S such that

A=8AS™', B=8SB, C=CS" (A3)

In this case, (A3) is called a similarity transformation.
Finally, if TV is a square matrix and D = I,,,, (m; = my), then W ~! admits representation

W\t =1, —C\,—-A)'B, A*=A-DBC. (A4)
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