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Abstract. In this paper, we review some of our recent results in the study of the dynamics of
interacting Bose gases in the Gross-Pitaevskii (GP) limit. Our investigations focus on the well-
posedness of the associated Cauchy problem for the infinite particle system described by the GP
hierarchy.
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1. Introduction
The mathematical analysis of interacting Bose gases has experienced enormous progress in recent
years. One of the motivating and most fundamental questions in this field addresses the rigorous
proof of Bose-Einstein condensation; for some recent landmark results in this area, we refer to
the works of Lieb, Seiringer, Yngvason, and their collaborators which have initiated much of the
current interest in the field, see [2, 23, 24, 25] and the references therein.

Another main direction of research focuses on the effective mean field dynamics of interacting
Bose gases. Due to the extremely large number of degrees of freedom, the dynamics of such sys-
tems is exceedingly complicated, and difficult to access mathematically. However, it is possible to
extract very important information about its dynamics on the average, by determining appropriate
mean field limits. Those are typically described by solutions of the nonlinear Schrödinger (NLS)
or nonlinear Hartree (NLH) equation. In recent years, there has been remarkable progress in the
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mathematically rigorous derivation of mean field limits of interacting Bose gases. For some fun-
damental results in this field, we refer to the works of Erdös, Schlein and Yau in [12, 13, 14] which
have initiated much of the current interest in this area. See also [21, 22, 26] and the references
therein; see also [1, 3, 11, 15, 16, 17, 18, 19, 20, 28].

The strategy of [12, 13, 14] for derivation of cubic NLS involves the following main steps,
which are presented in more detail in Section 2.:

(i) Based on the Schrödinger evolution of the given N -body system of bosons, one derives the
associated BBGKY hierarchy of marginal density matrices.

(ii) Then one takes the limit N → ∞, whereupon the BBGKY hierarchy tends to an infinite
hierarchy of marginal density matrices referred to as the Gross-Pitaevskii (GP) hierarchy.

(iii) Finally, one proves the uniqueness of solutions for the GP hierarchy, which implies that for
factorized initial data, the solutions of the GP hierarchy are factorized with individual factors
satisfying the NLS.

Inspired by the fascinating progress that has been achieved on the derivation of the cubic NLS,
we got interested in the topic and started to explore certain aspects of it. In this paper we give a
short summary of our recent results.

In particular, we start by giving a review of the derivation of the cubic NLS which is presented
in Section 2.. In that context, in Section 3., we present a review of our recent derivation of the
quintic NLS. In Section 4. we revisit the GP hierarchy and describe the new way to look at the
hierarchy which is based on introducing a topology that allows one to apply a fixed point argument
and establish local existence and uniqueness of solutions. Furthermore, in Section 4. we give a
brief summary of our recent results addressing finite time blow-up of solutions to the GP hierarchy
as well as global well-posedness.

2. Derivation of the cubic NLS
We outline below the main steps along which the defocusing cubic NLS is derived as the mean
field limit for a gas of bosons with repelling pair interactions, following [12, 13, 14]. It is currently
not known how to obtain analogous results for the case of attractive interactions.

2.1. From N -body Schrödinger to BBGKY
Let ψN ∈ L2(RdN) denote the wave function describing N bosons in Rd. To comply with Bose-
Einstein statistics, ψN is invariant with respect to permutations π ∈ SN , which act by interchanging
the particle variables,

ψN(xπ(1), xπ(2), ..., xπ(N)) = ψN(x1, x2, ..., xN) . (2.1)

We denote L2
s(RdN) := {ψN ∈ L2(RdN)|ψN satisfies (2.1)}.
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The dynamics of the system is determined by the Schrödinger equation

i∂tψN = HNψN , (2.2)

where the Hamiltonian HN is assumed to be a self-adjoint operator acting on the Hilbert space
L2

s(RdN), of the form

HN =
N∑

j=1

(−∆xj
) +

1

N

∑
1≤i<j≤N

VN(xi − xj), (2.3)

with VN(x) = NdβV (Nβx) and V ∈ W r,s(Rd) spherically symmetric, for some suitable r, s, and
for β ∈ (0, 1) sufficiently small.

The solution of the Schrödinger equation

i∂tΨN,t = HN ΨN,t (2.4)

with initial condition ΨN ∈ L2
s(RdN), determines the N -particle density matrix

γN(t; xN ; x′N) = ΨN,t(xN)ΨN,t(x
′
N) (2.5)

and its associated k-particle marginal density matrices

γ
(k)
N,t(t; xk; x

′
k) =

∫
dxN−kγN(t; xk, xN−k; x

′
k, xN−k) , (2.6)

for k = 1, . . . , N , where xk = (x1, . . . , xk), xN−k = (xk+1, . . . , xN).
The time evolution of the density matrix γN is determined by the Heisenberg equation

i∂tγN(t) = [HN , γN(t)] , (2.7)

which is equivalent to

i∂tγN(t, xN , x′N) = −(∆xN
−∆x′N )γN(t, xN , x′N) (2.8)

+
1

N

∑
1≤i<j≤N

[VN(xi − xj)− VN(x′i − x′j)]γN(t, xN , x′N) ,

expressed in terms of the associated integral kernel. Accordingly, the k-particle marginals satisfy
the BBGKY hierarchy

i∂tγ
(k)(t, xk; x

′
k) = −(∆xk

−∆x′k)γ
(k)(t, xk, x

′
k)

+
1

N

∑

1≤i<j≤k

[VN(xi − xj)− VN(x′i − x′j)]γ
(k)(t, xk; x

′
k) (2.9)

+
N − k

N

k∑
i=1

∫
dxk+1[VN(xi − xk+1)− VN(x′i − xk+1)] (2.10)

γ(k+1)(t, xk, xk+1; xk, x
′
k+1)

where ∆xk
:=

∑k
j=1 ∆xj

, and similarly for ∆x′k . We note that the size of the sum weighted by
combinatorial factor in (2.9) is≈ k2

N
→ 0, and in (2.10) is k(N−k)

N
→ k as N →∞. Accordingly, it

can be shown that, for fixed k, (2.9) disappears in the limit N →∞ described below, while (2.10)
survives.
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2.2. From BBGKY to GP
It is proven in [12, 13, 14] that, for a suitable topology on the space of marginal density matrices,
and as N →∞, one can extract convergent subsequences γ

(k)
N → γ(k) for k ∈ N, which satisfy the

infinite limiting hierarchy

i∂tγ
(k)(t, xk; x

′
k) = − (∆xk

−∆x′k)γ
(k)(t, xk; x

′
k) (2.11)

+ b0

k∑
j=1

Bj,k+1γ
k+1(t, xk; x

′
k) ,

which is referred to as the Gross-Pitaevskii (GP) hierarchy. Here,

(Bj,k+1γ
k+1)(t, xk; x

′
k)

:=

∫
dxk+1dx′k+1[δ(xj − xk+1)δ(xj − x′k+1)− δ(x′j − xk+1)δ(x

′
j − x′k+1)]

γ(k+1)(t, xk, xk+1; x
′
k, x

′
k+1) ,

and b0 =
∫

V (x)dx. The interaction term here is obtained from the limit of (2.10) as N → ∞,
using that VN(x) → b0δ(x) weakly. We will set b0 = 1 in the sequel.

2.3. NLS and factorized solutions of GP
The link between the original bosonic N -body system and solutions of the NLS is established as
follows. Given factorized k−particle marginals

γ
(k)
0 (xk; x

′
k) =

∣∣ φ0

〉〈
φ0

∣∣⊗k
:=

k∏
j=1

φ0(xj)φ0(x′j)

at initial time t = 0, with φ0 ∈ H1(Rd), one can easily verify that the solution of the GP hierarchy
remains factorized for all t ∈ I ⊆ R,

γ(k)(t, xk; x
′
k) =

k∏
j=1

φ(t, xj)φ(t, x′j) ,

if φ(t) ∈ H1(Rd) solves the defocusing cubic NLS,

i∂tφ = −∆xφ + |φ|2φ , (2.12)

for t ∈ I , and φ(0) = φ0 ∈ H1(Rd).
Solutions of the GP hierarchy are studied in spaces of k-particle marginals with norms ‖γ(k)‖]

H1
k

:=

Tr(S(k)γ(k)) < ∞ or ‖γ(k)‖H1
k

:= (Tr(S(k)γ(k))2)1/2 < ∞ where S(k) :=
∏k

j=1〈∇xj
〉〈∇x′j〉, and
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Hα
k ≡ Hα(Rdk × Rdk) for brevity. While the existence of factorized solutions can be easily ob-

tained, as outlined above, the question remains whether solutions of the GP hierarchy are also
unique.

The proof of uniqueness of solutions of the GP hierarchy is the most difficult part in the pro-
gram outlined above, and it was originally accomplished by Erdös, Schlein and Yau in [12, 13, 14]
by use of sophisticated Feynman graph expansion methods. In [21] Klainerman and Machedon
proposed an alternative method, inspired by [12, 13, 14], for proving uniqueness in d = 3, based
on use of space-time bounds on the density matrices and introduction of an elegant “board game”
argument whose purpose is to organize the relevant combinatorics related to expressing solutions
of the GP hierarchy using iterated Duhamel formulas. For the approach developed in [21], the
authors make the assumption of a particular a priori spacetime bound on the density matrices. In
the work [22] of Kirkpatrick, Schlein, and Staffilani, the corresponding problem in d = 2 is solved,
and the assumption made in [21] is replaced by a spatial a priori bound which is proven in [22].

3. Derivation of the quintic NLS
Motivated by the work on the derivation of the cubic NLS described above, we derive the quintic
NLS as the mean field limit of the manybody quantum dynamics of interacting Boson gases in [6].

More precisely, we consider a system of N bosons whose dynamics is generated by the Hamil-
tonian

HN :=
N∑

j=1

(−∆xj
) +

1

N2

∑

1≤i<j<k≤N

N2dβV (Nβ(xi − xj), N
β(xi − xk)) ,

on the Hilbert space L2
s(RdN). We assume that the translation-invariant three-body potential V has

the properties

V ≥ 0 , V (x, y) = V (y, x) , V ∈ W 3,p(R2d)

for 2d < p ≤ ∞.
We note that since

U(x1 − x2, x2 − x3, x1 − x3) = U(x1 − x2,−(x1 − x2) + (x1 − x3), x1 − x3)

≡ V (x1 − x2, x1 − x3) , (3.1)

every translation invariant three-body interaction potential U can be written as (3.1).
As in the case described in Section 2., the solution of the Schrödinger equation

i∂tΨN,t = HN ΨN,t

with initial condition ΨN ∈ L2
s(RdN) determines the N -particle density matrix

γN(t; xN ; x′N) = ΨN,t(xN)ΨN,t(x
′
N),
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and its associated k-particle marginals

γ
(k)
N,t(t; xk; x

′
k) =

∫
dxN−kγN(t; xk, xN−k; x

′
k, xN−k) ,

for k = 1, . . . , N . Then, the corresponding BBGKY hierarchy is given by

i∂tγ
(k)
N,t =

k∑
j=1

[−∆xj
, γ

(k)
N,t] +

1

N2

∑

1≤i<j<`≤k

[VN(xi − xj, xi − x`), γ
(k)
N,t]

+
(N − k)

N2

∑

1≤i<j≤k

Trk+1[VN(xi − xj, xi − xk+1), γ
(k+1)
N,t ] (3.2)

+
(N − k)(N − k − 1)

N2

k∑
j=1

Trk+1Trk+2[VN(xj − xk+1, xj − xk+2), γ
(k+2)
N,t ]

where VN(x, y) := N2dβV (Nβx,Nβy) .
In the limit N → ∞, the sums weighted by combinatorial factors have the following size. In

the first interaction term on the rhs of (3.2), k3

N2 → 0 for every fixed k and sufficiently small β. For
the second term (N−k)k2

N2 → 0. For the third interaction term, (N−k)(N−k−1)
N2 → 1 for every fixed

k. Accordingly, a rigorous argument shows that in the limit N → ∞, one obtains the infinite GP
hierarchy

i∂tγ
(k)
∞,t =

k∑
j=1

[−∆xj
, γ

(k)
∞,t] + b0

k∑
j=1

Bj;k+1,k+2γ
(k+2)
∞,t , (3.3)

for the coupling constant b0 =
∫

dx1 dx2 V (x1, x2). The “contraction operator” is given by

Bj;k+1,k+2γ
(k+2)
∞,t (x1, . . . , xk; x

′
1, . . . , x

′
k) (3.4)

:=

∫
dxk+1dx′k+1dxk+2dx′k+2

[
δ(xj − xk+1)δ(xj − x′k+1)δ(xj − xk+2)δ(xj − x′k+2)

−δ(x′j − xk+1)δ(x
′
j − x′k+1)δ(x

′
j − xk+2)δ(x

′
j − x′k+2)

]

γ
(k+2)
∞,t (x1, . . . , xk, xk+1, xk+2; x

′
1, . . . , x

′
k, x

′
k+1, x

′
k+2) .

It is easy to see that a factorized state

γ
(k)
∞,t =

∣∣φt

〉〈
φt

∣∣⊗k

is a solution of (3.3) if and only if φt satisfies the quintic NLS

i∂tφt + ∆xφt − b0 |φt|4 φt = 0
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with φ0 ∈ L2(Rd).
In [6] we prove the convergence of the BBGKY hierarchy to the GP hierarchy by adapting

the arguments from the work of Erdös-Schlein-Yau [12, 13, 14]. In order to prove the uniqueness
of the limiting hierarchy, we expand the approach introduced by Klainerman-Machedon [21] and
subsequently used by Kirkpatrick-Schlein-Staffilani [22]. Thereby, we obtain a mathematically
rigorous derivation of the quintic NLS.

We remark that three-body interactions can for instance emerge in situations where the Bose gas
interacts with a background field of radiation (photons) or lattice excitations (phonons). Averaging
over the latter will typically lead to a linear combination of effective n-particle interactions, n =
2, 3, . . . . For n-particle interactions with n = 2, 3, where the microscopic Hamiltonian would have
the form

HN :=
N∑

j=1

(−∆xj
) +

1

N

∑
1≤i<j≤N

NdβV2(N
β(xi − xj)) (3.5)

+
1

N2

∑

1≤i<j<k≤N

N2dβV3(N
β(xi − xj), N

β(xi − xk)) ,

a combination of the previous analysis with the one that is presented in [6] will straightforwardly
produce a mean field limit described by the defocusing NLS

i∂tφt + ∆φt − λ2|φt|2φt − λ3|φt|4φt = 0 (3.6)

in d = 1, 2, where λ2 =
∫

dxV2(x) ≥ 0 and λ3 =
∫

dxdx′V3(x, x′) ≥ 0 account for the mean-field
strength of the 2- and 3-body interactions.

4. Another look at the GP hierarchy
Proving the uniqueness of solutions to the GP hieararchy (both cubic and quintic) is the most
involved part of the analysis described in Sections 2. and 3.. In order to establish uniqueness,
Erdös, Schlein and Yau in [12, 13, 14] have developed very sophisticated techniques based on
Feynman graph expansions. As noted in Section 2., Klainerman and Machedon have recently
introduced a different method to prove the uniqueness of solutions to the GP hierarchy leading
to the cubic NLS in the d = 3 case. Their approach is based on the use of spacetime bounds
on the density matrices in the GP hierarchy. However, the method introduced in [21] makes the
assumption that the a priori space-time bound

‖Bj;k+1γ
(k+1)‖L1

t Ḣ1
k

< Ck, (4.1)

holds, with C independent of k. The authors of [22] proved that the latter is indeed satisfied for the
cubic case in d = 2, where energy conservation in the N -particle system is shown to imply that
‖Bj;k+1γ

(k+1)‖Ḣ1
k

< Ck, even without invoking the norm in the time variable. In [6] we proved the
analogous bound for the quintic case in d = 1, 2. However, it is still an open problem to prove that
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solutions to the GP hierarchy which are obtained via the limit of the BBGKY hierarchy satisfy the
space-time bound in d = 3.

Motivated by this open question, we proposed an alternative approach in [7], for proving
uniqueness of solutions to both cubic and quintic GP hierarchies. The main idea of our approach is
based on introducing a suitable topology on the space of sequences Γ = (γ(k)) of marginal density
matrices using certain space-time norms. Subsequently, we establish the existence of solutions
Γ(t) to the GP hierarchy locally in time, using a fixed point argument. The uniqueness of solutions
of the GP hierarchy then follows immediately. We describe this approach in more details below.
Subsequently, we have continued to refine this approach in the recent papers [10], [8] and [9].

It is important to emphasize that our starting point and main focus in the papers [7, 10, 8, 9] is
the GP hierarchy itself. In contrast, the starting point, for instance, of the works [12, 13, 14, 22, 6],
is the N -particle boson gas and the corresponding BBGKY hierarchy. The goal pursued in those
works typically is the extraction of the NLS as a mean field limit as N → ∞, while the GP
hierarchy tends to be viewed as an intermediate object to reach this goal.

On the other hand, our main interest focuses on the dynamics of the GP hierarchy in general,
and not specifically on factorized solutions. We note that the GP hierarchy describes the dynamics
of a gas of infinitely many interacting bosons. While in general, the latter is exceedingly compli-
cated, the Gross-Pitaevskii limit introduces some simplifying mean field features that render many
aspects of it more accessible. One of our main motivations to investigate its dynamics is the ques-
tion whether, and in which sense, predictions based on the mean field equations (NLS) capture the
typical behavior of the manybody quantum field theory.

4.1. The spaces
In [7] we introduced the space

G :=
∞⊕

k=1

L2(Rdk × Rdk)

of sequences of density matrices

Γ := ( γ(k) )k∈N

where γ(k) ≥ 0, Trγ(k) = 1, and where every γ(k)(xk, x
′
k) is symmetric in all components of xk,

and in all components of x′k, respectively, i.e.

γ(k)(xπ(1), ..., xπ(k); x
′
π′(1), ..., x

′
π′(k)) = γ(k)(x1, ..., xk; x

′
1, ..., x

′
k) (4.2)

holds for all π, π′ ∈ Sk.
The k-particle marginals are assumed to be hermitean,

γ(k)(xk; x
′
k) = γ(k)(x′k; xk). (4.3)
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T. Chen and N. Pavlović Cauchy problem for Gross-Pitaevskii hierarchies

We call Γ = (γ(k))k∈N admissible if γ(k) = Trk+1,...,k+ p
2
γ(k+ p

2
), that is,

γ(k)(xk; x
′
k) (4.4)

=

∫
dxk+1 · · · dxk+ p

2
γ(k+ p

2
)(xk, xk+1, . . . , xk+ p

2
; x′k, xk+1, . . . , xk+ p

2
)

for all k ∈ N.
Let 0 < ξ < 1. Following the notation from our work [7], we define

Hα
ξ :=

{
Γ ∈ G

∣∣∣ ‖Γ‖Hα
ξ

< ∞
}

(4.5)

where

‖Γ‖Hα
ξ

=
∞∑

k=1

ξk‖ γ(k) ‖Hα
k (Rdk×Rdk) ,

with

‖γ(k)‖Hα
k

:=
(
Tr( |S(k,α)γ(k)|2 )

) 1
2 (4.6)

where S(k,α) :=
∏k

j=1

〈∇xj

〉α〈∇x′j

〉α.
The parameter ξ > 0 is chosen in such a way that Hα

ξ accommodates the initial data. Ac-
cordingly, ξ sets the energy scale of a given Cauchy problem. If Γ ∈ Hα

ξ , then ξ−1 is the typical
Hα-energy per particle.

The parameter α determines the regularity of the solution, and our results hold for α ∈ A(d, p)
where

A(d, p) :=





(1
2
,∞) if d = 1

(d
2
− 1

2(p−1)
,∞) if d ≥ 2 and (d, p) 6= (3, 2)[

1,∞) if (d, p) = (3, 2) ,

(4.7)

in dimensions d ≥ 1, and where p = 2 for the cubic, and p = 4 for the quintic GP hierarchy. The
parameter ξ > 0 determines the energy scale of the problem.

Remark 1. We remark that spaces similar toHα
ξ are used in the isospectral renormalization group

analysis of spectral problems in quantum field theory, [4].

Remark 2. We note that the norm

‖γ(k)‖]
Hα

k
:= Tr(|S(k,α)γ(k)|) (4.8)

is used in [12, 13]. We also employ it in [9] in connection with a priori energy bounds, together
with

‖Γ‖]
Hα

ξ
=

∞∑

k=1

ξk‖ γ(k) ‖]
Hα

k
, (4.9)

We note that

‖γ(k)‖Hα
k
≤ C ‖γ(k)‖]

Hα
k

(4.10)

as is proven in [7].
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4.2. The GP hierarchy
In [7] we introduced cubic, quintic, focusing, and defocusing GP hierarchies as follows.

Let p ∈ {2, 4}. The p-GP (Gross-Pitaevskii) hierarchy is given by

i∂tγ
(k) =

k∑
j=1

[−∆xj
, γ(k)] + µBk+ p

2
γ(k+ p

2
) (4.11)

in d dimensions, for k ∈ N. Here,

Bk+ p
2
γ(k+ p

2
) = B+

k+ p
2
γ(k+ p

2
) −B−

k+ p
2
γ(k+ p

2
) , (4.12)

where

B+
k+ p

2
γ(k+ p

2
) =

k∑
j=1

B+
j;k+1,...,k+ p

2
γ(k+ p

2
),

and

B−
k+ p

2
γ(k+ p

2
) =

k∑
j=1

B−
j;k+1,...,k+ p

2
γ(k+ p

2
),

with
(
B+

j;k+1,...,k+ p
2
γ(k+ p

2
)
)

(t, x1, . . . , xk; x
′
1, . . . , x

′
k)

=

∫
dxk+1 · · · dxk+ p

2
dx′k+1 · · · dx′k+ p

2

k+ p
2∏

`=k+1

δ(xj − x`)δ(xj − x′`)γ
(k+ p

2
)(t, x1, . . . , xk+ p

2
; x′1, . . . , x

′
k+ p

2
),

and
(
B−

j;k+1,...,k+ p
2
γ(k+ p

2
)
)

(t, x1, . . . , xk; x
′
1, . . . , x

′
k)

=

∫
dxk+1 · · · dxk+ p

2
dx′k+1 · · · dx′k+ p

2

k+ p
2∏

`=k+1

δ(x′j − x`)δ(x
′
j − x′`)γ

(k+ p
2
)(t, x1, . . . , xk+ p

2
; x′1, . . . , x

′
k+ p

2
).

The operator Bk+ p
2
γ(k+ p

2
) accounts for p

2
+ 1-body interactions between the Bose particles. We

remark that for factorized solutions

γ(k)(t, x1, . . . , xk; x
′
1, . . . , x

′
k) =

k∏
j=1

φ(t, xj) φ̄(t, x′j),
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the corresponding 1-particle wave function satisfies the p-NLS

i∂tφ = −∆φ + µ|φ|pφ
which is focusing if µ = −1, and defocusing if µ = +1.

We refer to (4.11) as the cubic GP hierarchy if p = 2, and as the quintic GP hierarchy if
p = 4. For µ = 1 or µ = −1 we refer to the corresponding GP hierarchies as being defocusing or
focusing, respectively.

The p-GP hierarchy can be rewritten in the following compact manner:

i∂tΓ + ∆̂±Γ = µB̂Γ

Γ(0) = Γ0 , (4.13)

where

∆̂±Γ := ( ∆
(k)
± γ(k) )k∈N , with ∆

(k)
± =

k∑
j=1

(
∆xj

−∆x′j

)
,

and

B̂Γ := ( Bk+ p
2
γ(k+ p

2
) )k∈N . (4.14)

Also we use the notation

B̂+Γ := ( B+
k+ p

2
γ(k+ p

2
) )k∈N,

B̂−Γ := ( B−
k+ p

2
γ(k+ p

2
) )k∈N .

4.3. Local solutions to the GP hierarchy
In our work [7] we prove local existence and uniqueness of solutions for the cubic and quintic
GP hierarchy with focusing or defocusing interactions, in Hα

ξ , for α ∈ A(d, p), which satisfy a
spacetime bound ‖B̂Γ‖L1

t∈IHα
ξ

< ∞ for some ξ > 0. This spacetime bound of Strichartz type has
been conjectured by Klainerman and Machedon in [21]. We prove local existence and uniqueness
of solutions which satisfy this bound via a Picard fixed point argument.

More precisely, we note that the p-GP hierarchy (4.13) can be formally written as a system of
integral equations

Γ(t) = eitb∆±Γ0 − iµ

∫ t

0

ds ei(t−s)b∆±B̂Γ(s) (4.15)

B̂Γ(t) = B̂ eitb∆±Γ0 − iµ

∫ t

0

ds B̂ ei(t−s)b∆±B̂Γ(s) , , (4.16)

where (4.16) is obtained by applying the operator B̂ on the linear non-homogeneous equation
(4.15). We observe that the second line is formally a self-consistent fixed point equation for B̂Γ,
which inspired us to introduce the following product space for I := [0, T ]:

Vα
ξ (I) := L∞t∈IHα

ξ × L1
t∈IHα

ξ , (4.17)
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which we endow with the norm

‖ (Γ, Ξ) ‖Vα
ξ (I) := ‖Γ ‖L∞t∈IHα

ξ
+ ‖Ξ ‖L1

t∈IHα
ξ
. (4.18)

Clearly, (Vα
ξ (I), ‖ · ‖Vα

ξ (I)) is a Banach space.
Then, we introduce the system

Γ(t) = eitb∆±Γ0 − iµ

∫ t

0

ds ei(t−s)b∆±Ξ(s) (4.19)

Ξ(t) = B̂ eitb∆±Γ0 − iµ

∫ t

0

ds B̂ ei(t−s)b∆±Ξ(s) , (4.20)

which is formally equivalent to the system (4.15), (4.16).
The main local in time well-posedness result of [7] follows from the existence and uniqueness

theorem that can be stated as:

Theorem 3. Assume that α ∈ A(d, p) where d ≥ 1 and p ∈ {2, 4}. Then, the following holds. For
every Γ0 ∈ Hα

ξ1
, there exist constants T > 0 and 0 < ξ2 ≤ ξ1 such that for t ∈ I = [0, T ], there

exists a unique solution (Γ(t), Ξ(t)) of the system (4.19), (4.20), in the space Vα
ξ2

(I). Moreover,
the relation

Ξ(t) = B̂Γ(t) ∈ L1
t∈IHα

ξ2
, (4.21)

holds for the solution, and the component Γ(t) satisfies the p-GP hierarchy

i∂tΓ + ∆̂±Γ − µ B̂Γ = 0 , (4.22)

with initial condition Γ(0) = Γ0 ∈ Hα
ξ1

.
Moreover, there exists a constant C(T, d, p, ξ1, ξ2) such that

‖ B̂Γ ‖L1
t∈IHα

ξ2
≤ C(T, d, p, ξ1, ξ2) ‖Γ0 ‖Hα

ξ1
(4.23)

holds.

We remark that our local existence and uniqueness result differs than the one proven in [12, 13]
in that performing the contraction principle on the space Vα

ξ2
(I) presumes finiteness of ‖ B̂Γ ‖L1

t∈IHα
ξ2

.
However, † it is a priori conceivable that there exist solutions of the p-GP hierarchy Γ(t) ∈ Hα

ξ2
for

which ‖ B̂Γ ‖L1
t∈IHα

ξ2
is not finite. In our current work in progress, we are investigating this issue

further. In particular, we apply our space-time norm approach to study the limit of the BBGKY to
the p-GP hierarchy, and to prove that all solutions to the p-GP hierarchy that are obtained from the
BBGKY indeed satisfy this space-time bound.

The proof of Theorem 3 is based on a fixed point argument, that can be carried out thanks to:

†We thank B. Schlein for calling our attention to this fact.

65
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(i) A Strichartz-type estimate for the homogeneous GP hierarchy (proved for the cubic GP when
d = 3 by Klainerman and Machedon in [21] and for the quintic GP when d = 1, 2 in our
work [6]).

(ii) A combinatorial ”board game argument ” of [21].

Recently, in [8], we have obtained a new proof of local well-posedness for focusing and defo-
cusing p-GP hierarchies, and hence of the uniqueness of solutions, based on the use of a T − T ∗

type argument.

4.4. Energy conservation and blow-up
For defocusing cubic GP hierarchies in d = 1, 2, 3, and defocusing quintic GP hierarchies in
d = 1, 2, which are obtained as limits of BBGKY hierarchies as outlined in Sections 2. and 3., it is
possible to derive a priori bounds on ‖γ(k)(t)‖L∞t H1

k
based on energy conservation in the N -particle

Schrödinger system, see [12, 13, 14], and also [6, 22]. However, on the level of the GP hierarchy,
no conserved energy functional has been known. In [10], together with Tzirakis, we identify an
observable corresponding to the average energy per particle, and we prove that it is conserved.
More precisely, the following theorem has been proved in [10]:

Theorem 4. Let 0 < ξ < 1. Assume that Γ(t) ∈ Hα
ξ , with α ≥ 1, is a solution of the focusing

(µ = −1) or defocusing (µ = 1) p-GP hierarchy with initial condition Γ0 ∈ Hα
ξ . Then, the

following hold. Let

Ek( Γ(t) ) :=
1

2
Tr(

k∑
j=1

(−∆xj
)γ(k)(t) ) (4.24)

+
µ

p + 2
Tr( B+

k+ p
2
γ(k+ p

2
)(t) ).

Then, the quantity

Eξ( Γ(t) ) :=
∑

k≥1

ξk Ek( Γ(t) ) (4.25)

is conserved, and in particular,

Eξ( Γ(t) ) =
( ∑

k≥1

kξk
)
E1( Γ(t) ) (4.26)

holds, where
∑

k≥1 kξk < ∞ for any 0 < ξ < 1.

Here, we note that Tr(A) refers to the integration of the kernel A(x, x′) against the measure∫
dxdx′δ(x− x′). Moreover, we remark that for factorized states Γ(t) = (|φ(t)〉〈φ(t)|⊗k)k∈N, one

finds

E1( Γ(t) ) =
1

2
‖∇φ(t)‖2

L2 +
µ

p + 2
‖φ(t)‖p+2

Lp+2 , (4.27)
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T. Chen and N. Pavlović Cauchy problem for Gross-Pitaevskii hierarchies

which is the usual expression for the conserved energy for solutions of the NLS i∂tφ + ∆φ +
µ|φ|pφ = 0.

Furthermore, we prove the virial identity on the level of the GP hierarchy that enables us
to obtain an analogue of Glassey’s argument from the analysis of focusing NLS equations. As
a consequence, we prove that all solutions to the focusing GP hierarchy at the L2-critical or L2-
supercritical level blow up in finite time if the energy per particle in the initial condition is negative.

To this end, we introduce the following observable to detect blowup of a solution of the GP
hierarchy, [7].

Definition 5. We call

AvHα(Γ) :=
[

sup
{

ξ > 0
∣∣ ‖Γ ‖Hα

ξ
< ∞} ]−1

.

the average Hα-energy per particle.

Clearly, AvHα(Γ) is the reciprocal of the convergence radius of ‖Γ‖Hα
ξ
, seen as a power series

in ξ. Accordingly, the following notion of blowup of solutions is natural.

Definition 6. We say that Γ(t) blows up in finite time with respect to Hα if there exists 0 < T < ∞
such that AvHα(Γ(t)) →∞ as t ↗ T .

This implies that in the limit t ↗ T , the solution Γ(t) cannot be accommodated in any of the
spaces Hα

ξ , for any choice of ξ > 0. Accordingly, we establish the following negative energy
blowup result.

Theorem 7. Let p ≥ pL2 = 4
d

(L2-critical and supercritical GP hierarchy). Assume that Γ(t) =
( γ(k)(t) )k∈N solves the focusing (that is, µ = −1) p-GP hierarchy, with Γ(0) ∈ H1

ξ for some
0 < ξ < 1, and Tr( x2γ(1)(0) ) < ∞.

Then, it follows that if E1( Γ(0) ) < 0, there exists 0 < T < ∞ such that AvH1(Γ(t)) →∞ as
t ↗ T .

For blowup solutions, we prove the following lower bounds on the blow-up rate, in [7].

Proposition 8. Assume that 4
d
≤ p < 4

d−2α
(H1 subcritical).

If Γ(t) blows up with respect to Hα as t ↗ T , then

( AvHα(Γ(t)) )
1
2 >

C

|T − t|(2α−d+ 4
p
)/4

.

The exponent in the denominator is the same as for blowup solutions of L2-critical and super-
critical focusing NLS in the associated cases.
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4.5. Global well-posedness for the GP hierarchy
Recently, in [9], we have established the global well-posedness of solutions to defocusing p-GP
hierarchies with Γ0 ∈ H1

ξ for arbitrary ξ > 0. This result can be understood as an improvement
of the global existence and uniqueness of solutions in H1

ξ which was obtained in [7] under the
assumption that an a priori bound ‖Γ(t)‖H1

ξ
< c holds for ξ > 0 sufficiently small. In [9], we

actually prove a related a-priori bound by identifying a countably infinite family of conserved,
higher order energy functionals, generalizing those found in [10], see Theorem 4. Moreover,
another important tool, used in the proof of global well-posedness for defocusing p-GP hierarchies
with Γ0 ∈ H1

ξ , is the following generalization of the Sobolev inequalities that we apply on the level
of marginal density matrices.

We note that while the additive conserved energy functionals Eξ( Γ(t) ) allow us to control the
blowup of certain solutions, they are not sufficient to allow us to control the H1

ξ-norm, which is
multiplicative with respect to the derivatives in the particle coordinates. To this end, we introduce
the following family of conserved energy functionals. We define the ”block operators”, for ` ∈ N,

K` :=
1

2
(1 − ∆x`

) Tr`+1,...,`+ p
2

+
µ

p + 2
B+

`;`+ p
2

K` affects only block of kp := 1 + p
2

variables, starting at index `, in the density matrix

γ(j)(x1, . . . , x`, . . . , x`+ p
2︸ ︷︷ ︸

kp

, . . . , xj ; x′1, . . . , x
′
`, . . . , x

′
`+ p

2︸ ︷︷ ︸
kp

, . . . , x′j)

for j ≥ ` + kp.
The operator K` is related to the one-particle energy E1(Γ) in the following way, owing to

admissibility.

Tr1,...,`,`+kp,··· ,j
[
K`γ

(j)
]

=
1

2
+ E1(Γ)

Next, we assemble m successive blocks into the operator

K(m) := K1Kkp+1 · · ·K(m−1)kp+1 .

We then prove the following conservation law for the GP hierarchy.

Theorem 9. Assume that Γ = (γ(j)) is an admissible solution of the p-GP hierarchy, for focusing
or defocusing interactions, µ = ±1. Then,

〈K(m)
〉

Γ(t)
:= Tr1,kp+1,2kp+1,...,(m−1)kp+1

[
K(m) γ(mkp)(t)

]

is conserved. Likewise, the higher order conserved ξ-energy

Kξ(Γ(t)) :=
∞∑

k=1

(2ξ)k
〈K(m)

〉
Γ(t)

= Kξ(Γ(0))

is conserved.
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Using the conservation of this higher order energy, we prove well-posedness of solutions of
energy subcritical, defocusing p-GP hierarchies.

Theorem 10. Assume p < 4
d−2

and 1 ∈ A(d, p), and ‖Γ0‖]

H1
ξ′

< ∞ for 0 < ξ′ < 1. Let CSob be

the constant for the generalized Sobolev inequality in Proposition (11) below, and

ξ ≤ (1 +
2

p + 2
CSob)

− 1
kp ξ′ .

Let R = ∪jIj with Ij := [jT, (j + 1)T ], where T < T0(d, p, ξ) denotes the local well-posedness
time from Theorem 3. Then, there exists a unique global solution Γ ∈ ∪j∈ZW1

ξ (Ij), where

Wα
ξ (I) =

{
Γ ∈ L∞t∈IHα

ξ

∣∣∣ B̂Γ ∈ L2
t∈IHα

ξ

}
,

of the defocusing p-GP hierarchy with

‖Γ(t)‖H1
ξ
≤ ‖Γ(t)‖]

H1
ξ
≤

∑

m∈N
(2ξ)m

〈K(m)
〉
Γ0
≤ ‖Γ0‖]

H1
ξ′

∀t ∈ R . (4.28)

The first inequality in (4.28) is always true. The second inequality follows from the positivity
of the interaction energy per particle in the defocusing case. The last inequality is obtained from
bounding the interaction energy of each particle with the mean field by the following generalized
Sobolev inequality.

Proposition 11. (Generalized Sobolev inequality.) Assume that f ∈ Hα(Rqd). Then, there exists
a constant 0 < CSob < ∞ such that

( ∫
dx|f(x, . . . , x︸ ︷︷ ︸

q

)|2
) 1

2

≤ CSob

( ∫
dx1 · · · dxq |

〈∇x1

〉α · · · 〈∇xq

〉α
f(x1, . . . , xq)|2

) 1
2

= CSob ‖ f ‖Hα
x1,...,xq

for α > (q−1)d
2q

and xi ∈ Rd.

The left hand side,

f(x, . . . , x) =

∫
dξ1 · · · dξqf̂(ξ1, . . . , ξq) eix(ξ1+···+ξq) ,

is defined via the L2-Fourier transform of f ∈ Hα(Rqd).
Moreover, we prove the global well-posedness of solutions for focusing and defocusing p-GP

hierarchies on the L2-subcritical level, p < 4
d
, [8].
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Theorem 12. Assume p < pL2 = 4
d

(L2-subcritical level). Moreover, let Γ0 ∈ H1 ]
ξ′ for some

0 < ξ′ < 1, and 1 ∈ A(d, p). Then, for 0 < ξ < 1 sufficiently small (depending on ξ′), the
following holds:

There exists a unique global solution Γ ∈ ∪j∈ZW1
ξ (Ij) of the focusing or defocusing p-GP

hierarchy such that, ∀t ∈ R,

‖Γ(t)‖H1
ξ
≤ ‖Γ(t)‖]

H1
ξ
≤ 2

∑

m∈N
(2ξ)m

〈K(m)
〉

Γ0
≤ C(d, p, ξ/ξ′)‖Γ0‖]

H1
ξ′

This result again relies on the the existence of the higher order conserved energy functionals,
Theorem 9. The last inequality in (4.29) is proven by recursively applying the following gen-
eralized Gagliardo-Nirenberg inequalities, which we use to dominate the interaction term by the
kinetic term, for both focusing and defocusing GP hierarchies.

Proposition 13. (Generalized Gagliardo-Nirenberg inequality.) Assume that f ∈ H1(Rqd) and
1 ≥ α > (q−1)d

2q
. Then, there exists a constant 0 < CGN < ∞ such that

( ∫
dx | f(x, . . . , x︸ ︷︷ ︸

q

) |2
) 1

2 ≤ CGN ‖ f ‖α
H1

x1,...,xq
‖ f ‖1−α

L2
x1,...,xq

where xi ∈ Rd.

This result is a corollary of Proposition 11.
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[6] T. Chen, N. Pavlović. The quintic NLS as the mean field limit of a Boson gas
with three-body interactions. J. Functional Analysis, conditionally accepted. Preprint
http://arxiv.org/abs/0812.2740.
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