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Abstract. Experimental evidence points to a rich variety of physical scenarios that arise when
a laminar flame propagates through a pre-mixture of evaporating liquid fuel and a gaseous oxi-
dant. In this paper new results of time-dependent numerical simulations of rich off-stoichiometric
spray flame propagation in a two-dimensional channel are presented. A constant density model is
adopted, thereby eliminating the Darrieus-Landau instability. It is demonstrated that there exists
a narrow band of vaporization Damkohler numbers (the ratio of a characteristic flow time to a
characteristic evaporation time) for which the flame propagation is oscillatory. For values outside
this range steady state propagation is attained but with a curved (cellular) flame front. The critical
range for the non-steady propagation is also found to be a function of the Lewis number of the
deficient reactant.
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1. Introduction
It is remarkable that, despite the widespread utilization of liquid fuels supplied as a spray of
droplets in many practical combustion applications, there are certain basic physical phenomena as-
sociated with such two-phase liquid spray-gas systems that have not been thoroughly investigated.
Thus, there is experimental evidence [1-7] that the burning velocity of a flame propagating through
a mixture of air and mono-sized fuel droplets can exceed that of a flame propagating through an
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equivalent fuel vapor/air mixture. Furthermore, it is possible to identify an optimum droplet size
at which the flame speed achieves a maximum value. For off-stoichiometric fuel lean mixtures At-
zler [8] observed that premixed laminar spray flames propagate in a pulsating manner alternating
through periods of flame front acceleration and deceleration. These pulsations are accompanied by
synchronous flame front cellularization and smoothing, respectively. For off-stoichiometric fuel
rich mixtures laminar spray flames were found to exhibit cellular structures.

In the introduction to a previous study [9] a full, chronologically arranged, account of exper-
imental and theoretical studies on laminar premixed spray flames was given and the interested
reader is referred to this reference and the references therein. That study concentrated on fuel rich
laminar premixed spray flames and its purpose was to attempt to replicate some of their afore-
mentioned peculiar phenomena by numerical means. Whereas previous stability analysis [10-13],
aimed at predicting mathematically the aforedescribed cellularization and pulsating behavior, were
predicated on linearization, the numerical study of [9] dispensed with this restriction by retaining
the important non-linear terms and was indeed able, in a limited qualitative way, to predict what
had been previously observed independently in the laboratory.

The current work is a continuation of [9] in which it was found that the rich premixed laminar
spray flame propagates in a steady manner and, depending on the operating conditions, the reac-
tion fronts are eventually either plane or curved. Before a flame reaches its final steady state its
velocity was found to oscillate around a certain positive mean value. An important spray-related
parameter is the evaporation Damköhler number, being the ratio of a characteristic flow time to a
characteristic evaporation time. In [9] values of the evaporation Damköhler number, ∆, examined
were restricted to the range 2 ≤ ∆ ≤ 50. For this range there is little direct interaction between
the evaporation and the reaction front (see the bottom right hand figure in Fig. 1 in which the
concentration of fuel vapor and the reaction rate are plotted for one-dimensional premixed spray
flames as functions of distance). It is clear that for ∆ ≥ 2 the fuel completely evaporates ahead
of the reaction zone. In this situation, it is natural that the width of the evaporation zone does not
impact significantly on the combustion. In fact, laser Schlieren images in Atzler’s experimental
work [8] seem to indicate that this is precisely the situation that he examined.

In contrast, in the present research we extend our previous study and focus on fuel rich spray
pre-mixtures with a vaporization Damköhler number significantly smaller than 2. This range of
values corresponds to liquid fuels of low volatility for which droplets are actually traversed by the
reaction zone and continue to evaporate in the oxygen-free region behind it (see Fig. 1).

2. Mathematical Model
A conventional constant density reaction-diffusion model is adopted. The chemical kinetics is
described using a single-step irreversible exothermic reaction. For the off-stoichiometric fuel–rich
case this implies that a conservation equation need only be solved for the deficient reactant, the
oxidant. The spray of evaporating droplets is modeled using the sectional approach [14] and under
the assumption that the liquid fuel mass fraction is small (typically of the order of 10−2, at most).
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Figure 1: Liquid fuel mass fraction (solid line) and reaction rate (broken line) in rich laminar
premixed spray flames for different evaporation Damköhler numbers (Le = 0.85)
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For the sake of simplicity the mono-sectional case is considered here.
In appropriately chosen units the corresponding set of equations for the temperature, oxidant

mass fraction and fuel liquid mass fraction reads

Tt = 52T + (1− σ)Ω− βSvH(T − Tv) (2.1)

Ct = Le−1
F 52 C − Ω (2.2)

(Cd)t = −SvH(T − Tv) = −∆CdH(T − Tv) (2.3)

Ω =
1

2
(1− σ)2N2Le−1C exp

(
N

(
1− 1

T

))
(2.4)

In these equations T is the non-dimensional temperature in units of Tb = T0 + QC0/cp, the
adiabatic temperature of combustion products in the pure gaseous case, C and Cd are the scaled
concentrations of the oxidant mass fraction and fuel liquid mass fraction in units of C0 which is
the oxidizer concentration in the fresh mixture. In the fresh premixture: C = C0 , Cd = Cd0; x,
y are the non-dimensional spatial coordinates in units of lth = Dth/Ub, the thermal width of the
flame, Dth is the thermal diffusivity of the mixture, Ub is the burning velocity of a planar adiabatic
flame in the pure gaseous case, t is the non-dimensional time in units of lth/Ub; σ = T0/Tb, with T0

the fresh mixture temperature, N = Ta/Tb is the non-dimensional activation energy and Ta is the
activation temperature, Tv = TV /Tb where TV is the boiling temperature of the fuel, Le = Dth/D
is the Lewis number, D is the molecular diffusivity of the oxygen, cp is the specific heat, Q is the
heat of reaction, Ω(C, T ) is the appropriately normalized reaction rate to ensure that at large N
the non-dimensional speed of a steadily propagating planar adiabatic flame is close to unity in the
pure gaseous mixture, ∆ =

(
Dth

U2
b

)
Ĉ is the vaporization Damköhler number, Ĉ is the sectional

vaporization coefficient and, finally, β is the nondimensional latent heat of vaporization of the
droplets in the spray. All parameters employed are assumed to be temperature independent. In
addition, use is made of the Heaviside function,

H(t) =

{
0 t < 0
1 t ≥ 0

Heaviside function

to denote the onset of appreciable evaporation when the spray’s droplets attain the boiling point of
the liquid fuel.

Equations (2.1)-(2.3) are to be solved in the two-dimensional region,0 < x < L and −∞ <
y < ∞ subject to the boundary

Tx = Cx = 0 at x = 0, L (2.5)

The flame is assumed to propagate upward. Hence the boundary conditions at y = ±∞,

T = σ, C = C0, Cd = Cd0 at y → +∞ (2.6)

Ty = Cy = 0 at y → −∞ (2.7)
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Initial conditions contain a small temperature perturbation,

T = σ, C = C0, Cd = Cd0 at y > 0 (2.8)

T = 1 + 0.01(x− L/2), C = 0, Cd = 0 at y < 0 (2.9)

The problem (2.1)-(2.7) is solved for N = 10, Le = 0.8, 0.85, 0.9, σ = 0.11 − 0.2, L = 100,
∆ = 10, Tv = 0.169, β = 0.041. The computational strategy involves using finite differences and
the solution of the resulting difference equations via the alternating direction implicit method (see
[15]).

3. Results
In [9] the sensitivity of premixed spray flames to the Lewis number was demonstrated and com-
pared to that of purely gaseous flames. Some results are presented in Table 1. For Le = 0.85 it was
shown that the gas flame is stable whereas the equivalent spray flame is unstable. For this reason
the value of the Lewis number was first taken to be 0.85.
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Figure 2: Flame front amplitude δ as a function of time t for several values of the vaporization
Damköhler number ∆ = 0.1, 0.3, 0.5 with Le = 0.85

The main results obtained from the current numerical simulations are shown on Fig. 2 where
the flame front amplitude, δ(t) = max

0≤x≤L
(y(x, t))− min

0≤x≤L
(y(x, t)) where y(x) is the flame front, is

40



L.S. Kagan et al. Oscillatory propagation of a rich premixed spray flame

plotted as a function of time. One can see that there is a range of values of ∆ for which the spray
flame propagates in an oscillatory manner.

Cd0 = 0 Cd0 = 1
Le = 0.8 unstable unstable
Le = 0.85 stable unstable
Le = 0.9 stable stable

Table 1: Sensitivity of Gas Flame and Spray Flame to Lewis number (for vaporization Damköhler
number=10).

For ∆ = 0.2 (not shown here) and 0.3 oscillations occur. The simulations with vaporization
Damköhler numbers outside the interval, namely ∆ = 0.1, 0.4 and 0.5, lead to stable propagation
of a curved reaction front with results similar to those described in [9].

The impact of spray evaporation on rich flame propagation is via the heat consumed by the
liquid drops for evaporation. It is of utmost importance where this phenomenon takes place. For
a high enough Damköhler number ∆ = 0.5 evaporation and heat losses occur in front of the
reaction zone (see Fig. 1), whereas for small ∆ = 0.1 the evaporation takes place mainly after
the flame front (Fig. 1). Only for the narrow interval 0.2 ≤ ∆ ≤ 0.3 the heat losses compete and
interact directly with the exothermic chemical reaction heat production and the interplay produces
oscillations.

Figure 3 shows the flame front propagation during one period of oscillation. Here, for clar-
ity of presentation, we define the flame front position as an isoline of deficient reactant (oxygen
concentration) equal to 0.1 and, in addition, stretch the flame front with the help of the following
transformation

y′(x) = ȳ + 100(y(x)− ȳ) where ȳ =
1

L

∫ L

0

y(x, t)dx.

It is clearly seen that there is galloping propagation even for this rich spray flame, as was found
experimentally for lean spray flames. Moreover the unsteady propagation arises only in two-
dimensional modeling. The corresponding one-dimensional simulation ends up with steady prop-
agation of the reaction wave for all studied vaporization Damköhler numbers.

During the period of oscillation, (Fig. 3) the number of cells comprising the flame front
changes. At the beginning and end of the single cycle there are two cells, whereas in the mid-
dle there is a single cell. This periodic change of the number of the cells results in the continuing
oscillatory propagation (see Fig. 2).

Figure 4 shows a graph of the average velocity of the flame front for different values of the
evaporation Damköhler number. This coincides with the results of a one-dimensional simulation,
despite the absence of flame curvature and unstable propagation. An explanation of this phe-
nomenon is proffered in [9]. Fig. 4 clearly demonstrates that for small ∆ the flame velocity is
relatively large. In this case evaporation occurs far after the reaction zone, and the spray-induced
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Figure 3: Positions of the flame front (propagating from left to right) at several equidistant mo-
ments, for a single period of oscillations (∆ = 0.3, Le = 0.85)

∆

V

.

.
 0.66

 0.68

 0.7

 0.72

 0.74

 0.76

 0.78

 0.8

 0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5

Figure 4: Average velocity of rich spray flame propagation as a function of the vaporization
Damköhler number with Le = 0.85
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heat losses do not strongly challenge the exothermic reaction rate. However, if the evaporation
Damköhler number is high enough then the evaporation consumes heat ahead of the chemical re-
action. This results in a drastic reduction of the average flame velocity which becomes almost
independent of ∆.
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Figure 5: Flame front amplitude δ as a function of time t for several values of Damköhler number
∆ = 0.2(1), 0.1(2), 0.05(3), 0.02(4), 0.01(5) with Le = 0.8

Now suppose the Lewis number is 0.8. Referring to Table 1 it is seen that, for a vaporization
Damköhler number of 10 both the spray flame and its gaseous equivalent are unstable. In the
current study the results obtained are shown in Fig.5. In this instance, it is seen that oscillatory
flame propagation occurs for smaller values of ∆. Also, the unstable propagation is rather chaotic,
not regular. This result is in line with a previous study of cellular pure gaseous flames [16], which
may be considered as the limiting case of ∆ = 0 (see Eq.(2.3)).

4. Conclusions
In a new numerical study of laminar rich premixed spray flames it was shown that:

1. There is a narrow band of evaporation Damköhler numbers for which the endothermic heat
loss resulting from fuel spray droplets evaporation competes with the exothermic chemical reaction
in the gas phase resulting in oscillatory propagation of the spray flame, for Le = 0.85. For values
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outside this band the flame front admits a cellular structure and attains a constant propagation
speed.

2. For Le = 0.8 there is also a narrow range of (smaller) evaporation Damköhler numbers for
which unsteady propagation occurs. In this instance too if the evaporation Damköhler number is
sufficiently high the flame admits a curved shape but propagates steadily.

Finally, it is noted that the pulsating propagation of laminar premixed spray flames was so far
only observed experimentally for off-stoichiometric lean spray flames. The current work indicates
that the phenomenon is not restricted to such pre-mixtures, although it may be surmised that the
mechanism responsible for the oscillatory behavior may differ. An investigation of the propagation
of lean spray flames is currently under investigation and some preliminary results were recently
presented [17].
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