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Abstract. Plant growth depends essentially on nutrients coming from the roots and metabolites
produced by the plant. Appearance of new branches is determined by concentrations of certain
plant hormones. The most important of them are Auxin and Cytokinin. Auxin is produced in the
growing, Cytokinin in either roots or in growing parts. Many dynamical models of this phenomena
have been studied in [1]. In [5], the authors deal with one branch model. In this work, we focus our
interest on a multiple branch model. We deal with the transport equation in domains of different
sizes. A variational reduction type method [3] based on asymptotic partial decomposition intro-
duced in [2] (see also [4]) is used. In this work we consider the transport equation in decomposed
domain with a general right hand side.
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1. Introduction

The growing part of the plant contains a narrow exterior part, considered as a surface, where cells
proliferate. The displacement of this surface corresponds to the plant growth. The appearance
of new cells implies that old cells exit the external layer after some time and become a part of

the internal plant tissue. They cannot divide any more, and they serve to conduct nutrients to the
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meristem. The cell proliferation rate is determined by concentration of nutrients coming from
the roots and metabolites produced by the plant and distributed through it. Shoots appear if the
concentrations of the hormones, Auxin and Cytokinin are in a certain proportion. We consider in
this paper the one-dimensional case justified if the length (or height) L of the plant is essentially
greater than the diameter of its trunk. Hence we consider the intervat < L(t) with the length
depending on time. The left endpoint= 0 corresponds to the root. The right endpoint: L()
corresponds to the apex. Its width is much less than that of the plant. It is considered in the model
as a mathematical point. The interak x < L(t) corresponds to differentiated cells that conduct
nutrients from the root to the apex. We suppose that they are in liquid solution. The evolution of
the concentrations of nutrients and hormones is described by a diffusion-advection equation [1].

2. Presentation

Our interest in this work is on a multiple branch model. We deal with the transport equation
in domains of different sizes (see figure 1). A variational reduction type method [3] based on
asymptotic partial decomposition is used. We consider the transport equation in heterogeneous
domain with a general right hand side. A weak formulation is given on each part of this composed
domain. After that we introduce the decomposed problem on the whole domain where a weak
formulation is improved for the matching conditions on the interface. Introducing a variational
reduction type method, we show that the decomposed problem can be reduceédte a D
problem.

2.1. Governing Equations

Let us consider the transport equation in the domain Q
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Figure 1. Decomposed domain Q
1 1 1 1
Q = (071) X (0,5)U(§—E,§+E) X (579)U(§_77»§+77) X (971)7
= Q1UQ2UQs.
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Let f € C°(Q,R) anda € C*(Q;R) be given, we define the functigh = ( a(tl 7) > and we

assumae: to be bounded from below by a positive number. Defindgy. = {(¢,z), (3/n) < 0},
we look for

u€ H(B,Q) = {p € L*(Q),div(Bp) € L*(Q), p\OQ- € L*(0Q-, |(8/n)|do)},

ot ox’

{ B/ =2 4ot 0) 2 we HB.Q),
u =0, 0Q_,

u represents the concentration of nutrients or of the hormones #r@dconvective speed. The vari-
ational reduction method consists in introducing the following finite dimensional spa¢Es =
span({g:}i=¢") and M(T,) = span({p;};= ™) and a product spac# (5, Q;) x M(T'.) &

HY(5,0) x M(T')) o H'(6,1) whereT" :(%— 611 x {5),T, —(%—n,%Jrn)x{H}and

H(6,0) is a Sobolev space qi, ). We consider the unbounded operagpr D($) c L*(T.U
I,) — L*(T.uT,) such thatl(y, v) = (Le/¢)r.or, forally € L3 (T UT,) andD( d ) denotes

1
the domain of definition. We can choose for examplg) = 1 and ¢;(t) = sin(jw(

2+ 1))

1
2 1 1)) for

n

all 1 < j < m'. We prove that the functions; are orthogonal with respect to both thé(T.)

scalar product and the*(T, a(e, §)dt) and the functiong; are orthogonal with respect to both

the L*(T",)) scalar product and?(T",, a(e, #)dt). Besides we have

forall 1 < j < m and in the same way,(t) = 1 and p;(t) = sin(jn(

] o 1te
/ 5 O)pi(t)dt =0 5 0<il<m and/ 5 ae(®)a;(t)dt =0 5 0 <k, j<m.
37N 3¢
Then we look for a solutiom = (uy, uanr, usar) = (u1, Y q;(t)ug;(x), > pj(t)us;(x)) satisfy-
=0 =0

ing the weak formulation:

e INQ\ (Q1UQ2) we look forugy, € M(T',) ® H'(#,1) such as

/ / o 0“3M o)dtdz — / / +nu3Mp alt, ;) ) g1
_ / | wap(t)a,0)p(0) = / / Yo () didz

Vo e HY(0,1) , ¢(1)=0. (%)
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e INQ\ (Q1 UQ3) we look forusy, € M(T'.) ®y H'(4,60) such as

e
/ / a“W x)dtdz — / / usneq(t alt ;7) ) gt

- / " walt)alt, ()i = / 7 fwatt)eta)naa

Yo € H'(5,0) , ©(0)=0. (%)

The decomposed problem reads: fing, u2y, usys) verifying (*), (**) and

(B/Vui)2 = f, in Q,
by(uy — ugpr, q) = /{ _5}(u1(t7 0) — uanr(t,9))q(t)a(t,d)dt =0, Vg € M(T,),
ba(uapnr — Uspr, p) = /{ _9}(u2M(t, 0) —usn(t,0))p(t)a(t,0)dt =0, Vpe M(T,).

The matching conditions on the interface are imposed with a weak formulation. ¥iseime
independent, the decomposed problem becomes

( 1
d(U,go({E)) 1 21
CL(I') dr 2774 f(t,x)dtdx, p.p on Q37
1 .
usp(0) = 2—/ uap(t,0)dt, on the interface betweey; and @,
nJi,
(z)We@) _ i/éJrGf(t \dtd on Q
xz dr % %_6 y L xz, b.p 2
1 [zt .
ugp(0) = 2—/ uy(t,9)dt, on the interface betweery), and @1,
€
\ 27¢

and the classical zero order homogenized problem is obtained adnah) go to zero. Whem is
time dependent the decomposed problem becomes

[ / 2+na(t,x)p0(t)po(t)dt} W _ / T o). o<z <1,
;—F_nn ;F:in
[ CL(t, Q)UQM(t, 9)p0(t)dt = Ugo(g) [ a(t, 9)p0(t)dt,

([é+€a(t,x)CI0(t)QO(t)dt)W _ ﬁ+ef(t, )qo(t)dt, V6 <z <0,

5—€

[2“ a(t, d)uy(t, §)d(UQ—O(I))%(t)dt = u(9) KQ_% alt 5““*;1’)))%@)&,

dx
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and the classical zero order homogenized problem is

a@,l:c)Wpo(%) — ). W<a<l,
u20<§70) = uzo(0),

1 d(UQO(.CL’)) 1 B
a(§ix)TQO(§) = f(5.2), Vi<z<4,
u1(§,5) = Ugg(é).

\

Conclusion and discussion

To conclude, the 2D initial problem for two branching case has been transformed into a 1D problem
as in [5] for the one branching case . We observe also that the classical zero order approximation
corresponds to the weak formulatiofis and (x+) whenn ande equal zero. This justifies the
method of asymptotic partial domain decomposition MAPDD applied to study the evolution of the
nutrients and hormones concentrations. Our perspectives are to show using numerical simulations
that this approach is better than the classical finite differences method to describe this phenomena.
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