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Abstract. In topology optimization problems, we are often forced to deal with large-scale nu-
merical problems, so that the domain decomposition method occurs naturally. Consider a typical
topology optimization problem, the minimum compliance problem of a linear isotropic elastic con-
tinuum structure, in which the constraints are the partial differential equations of linear elasticity.
We subdivide the partial differential equations into two subproblems posed on non-overlapping
sub-domains. In this paper, we consider the resulting problem as multilevel one and show that it
can be written as one level problem.
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1. Introduction

The topology optimization has for objective to find an optimal shape without any a priori assump-
tion about its topology. Therefore, it is not yet largely widespread in the industry, the principal

reason is that the resulting problem is a large scale optimization problem. However, the paral-
lel computers knew a great evolution, in particular in computing power and storage capacity and
Domain decomposition method is a valuable approach when solving partial differential equation
problems on parallel computers. Applying this method to the minimum compliance problem, we
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have obtained the following optimization problem [1]:

min [ (uq, ug, g*),
P1,P2

mgin%(UhUQ,g),
Ap, (ur,v1) = (f,v1)a, + (9,v1)r, Vo1 € H%l(Ql)da
ap2<u27v2) = (f,v2)0, — (g,v2)r, Vv2 € H%Q(QZ)da

(1.1)

with the constraints on the variableg p-: Zle fQi pi(x)dQ; <V, 0 < prin < pi(z) < 1forall

x € Q,; for i = 1,2 which is an optimization problem that is constrained by another optimization
problem parameterized in the design variablesand p, corresponding to the sub-domaifis

and 2, respectively and’, is the interface between the two sub-domains. Such a problem is
considered as bilevel optimization problem [2]. In fact, on one hand, the funétiens:., ¢g) and
Js(u1,us,g) can’t be minimized simultaneously, so, bicriteria optimization is no more suitable,
and the hierarchical nature of the two levels is a natural justification for this choice.

One often tool used to reformulate the bilevel programming problem as one level problem
are the Karush-Kuhn-Tucker (KKT) conditions [3]. If the regularity condition is satisfied for the
lower level problem, then the KKT conditions are necessary optimality conditions. They are also
sufficient in the case when the lower level problem is convex, this is the approach used in this
paper.

2. Mathematical analysis of our bilevel problem

Consider the lower level problem:

Hl;ﬂjg(ul,lbg,g),

o (ur,v1) = (f,v1)q, + (g,01)r, Yor € HE ()4, (2.1)
aPQ(u27U2) = (f? /UQ)QQ - (g7U2)Fo vWU2 € H%Q(QQ)da

without inequality constraints in the lower level problem, the resulting single level problem after
the KKT transformation lacks complementarity conditions which introduce non-convexities even
if the original problem is linear. In our case, the convex nature of the inner problem (2.1) enable
us to apply the Karush-Kuhn-Tucker approach to transform the bilevel problem (1.1) into a single
one and derive the KKT optimality conditions. For the lower level problem (2.1), the following
Lagrangian is defined:

Liow(ur, 2,9, 1, A2) = Ts(u1,u2,9) — a, (u1, A1) + (f, M), + (9, A)rg
—ap, (U2, A2) + (f, A2)a, — (9, A2)ry,

Where(ul,ug,g, )\1,)\2) € H%«I(Ql>d X HIIQ(QQ)d X L2(F0)d X H%«I(Ql>d X HIle(QQ)d. Then,
a necessary and sufficient condition fgr to be an optimal solution to the inner level prob-

o 0Liow : o iy ,
lem is given that:a—l(u’{,ug,g*, A1, A3) = 0 gives the optimality condition. Foi = 1,2,
9
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a‘clow * ok ok o\ k| % : . - : aﬁlow %k ok \k |k
S (uy, u3, g*, A7, A3) = 0 gives the adjoint, or co-state equatIO-ng(ul,UQ,g LA, AS) =0

)

gives the state equation in each sub-domain that is respectively:

P = =M, Ve 2T
ap (&A1) = (4] — u3, &)y, V¢ € Hp (), (2.2)
py (§5A3) —(ui — 13, Ory, V¢ € Hy, ()7,
ap, (uy, 1) (f;v1)a, + (9%, 01)r,,  Yor € Hp ()7,
ap, (U5, 02) = (frv2)a, — (95 v2)ry, Vv € Hpy(2)".

The equations (2.2) are the Kuhn-Tucker necessary optimality conditions for the problem (2.1),
and under the convexity assumptions of the Lagrangian function, they are sufficient conditions for
(uf, us, g*) to be an optimal solution of the problem (2.1). It follows that a necessary conditions for
(p1, pa, U1, U2, A1, Mo, §) to be an optimal solution of the bilevel problem (1.0, ia, M1, A2, §)

must satisfy the above conditions at fixed, p2) = (p1, p2), thus the bilevel programming prob-

lem (1.1) is transformed into a single level problem of the form:

minl(ulv Uz, g)a
P1,P2

Qpy (ulv Ul) = (f7 vl)Ql + (ga Ul)Fo? Vo, € Hfl‘l(Ql)du
apy(u2,v2) = (f,v2)0, — (9. v2)r, Vo2 € Hp, (Q2)", 2.3)
Qpy (ga )‘l) = (ul - u275)F07 v€ € HI1‘0 (Ql)d> '
Qp, <§7 >‘2) = _<1u1 - u27£>F07 Vf € Hllo (Q2)d7

(g>T)F0 = _5()‘1 - )\27T)F07 Vr e Lz(FO)d7

with the constraints op; andp, cited bellow.

3. The optimality system

In this section, we derive an optimality system by applying a Lagrange multiplier rule. Define the
Lagrange function for the single level problem (2.3) as follows: (1, 2):
E(u“ Pus s Uy Ay A, T A, Aj_(‘%% )\Z(l’)) - l(ub (2 g) - (a‘Pl (ulvgl) - (f: ﬂ1)91 (97 ﬂ1)110) -
(apy(uz2, ) — (f, 7762)92 + (g, u2)ry) — (am()‘h/\l) - (Ul — Uz, A1)r,) — (apz()\2>)\2) (ur —
Uz,)\z)m) (<97 _) <)‘1_/\2>f)F0)+A = lfQ pb dQ V)+ZL 1fQ >‘+ (I>_

1)dS, + ZL 1 fQ, )(Pmin — pu(x))dS2,,
where,u, are the Lagrange multipliers for the equilibrium constraintsand are also Lagrange
multipliers corresponding to the co-state equations and optimality condition for the lower level
problem, the Lagrange multipliers A\ () and\; () are related to the constraintsgn ¢ = 1, 2.
The KKT optimality condition for the problem (2.3) can be formally interpreted as stationary
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points of (- - -)
oL

= 0=u, =1, (31)
ou,
oL ~ o A X 1 d
o 0= a,(A\,A\)=(-1) g(r,AL)po, VA, € Hp (Q,)7, (3.2)
oL - 2 d
a_g = 0= (290, w1 — u2)ry = (90, )1y, Vgo € L*(I'o)*, (3.3)
the two last equations yields )
A=A, (3.4)
then combining (3.1) and (3.4), we have the following optimality conditiorpfor
oL
9 =0= ppb(x)p_lE?jkl(sij(ub)skl(ub) +ei;(N)er(N) = A+ A=A, (3.5)

for intermediate densities, namely, bound constraints are not dgtiye < p, < 1), the corre-
sponding multiplierg\;, A) are equal to zero and the optimality condition (3.5) simplifies to:
pp ()P ED (25 (w)em(u,) + £5(A)em(A)) = A. Then we have the following update scheme
for the densityp; [4]:

max{(l - C)pL,k? pmm} If pL.,kBZ S max{(l - C)pb,ka pmm}>
Pukr1 =4 MIn{(1+C)p.x, 1} it min{(1+ Q)por. 1} < pi By, (3.6)
P B} otherwise

p., denotes the value of the density variable in the sub-doMaiat iteration steg:, and By, is

given by the expressiofy;, = A,;lppb(m)PflEfjkl(sij (o r)er (k) + €ij(Nr)e(Ar)) wherew,

and), ; are determined from known equatiomsis a tuning parameter anda move limit, their
values are chosen by numerical experiment. The Lagrange multiplier for the volume con4jraint,

is determined at each iteration using a bisection algorithm. We use the gradient method to solve
the finding system.

References

[1] A. Makrizi, B. Radi, A. EI Hami.Solution of the topology optimization problem based sub-
domains methodApplied Mathematical Sciences, 2 (2008), No. 41, 2029-2045.

[2] A. Makrizi, B. Radi and A. El Hami.Approche multiniveaux pour laésolution de
I'optimisation topologique @compogée.Proceedings du premier comgrde la soé&te maro-
caine de matbmatiques applicges, ENIM, Rabat, 06-08&vrier 2008.

[3] J.F. Bard. Practical bilevel optimization: algorithms and applications. Kluwer Academic Pub-
lishers, Dordrecht, 1998.

[4] M.P. Bendsge, O. Sigmund. Topology optimization, theory, methods and applications.
Springer Verlag, 2003.

131



