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Abstract. This work concerns an enlarged analysis of the problem of asymptotic compensation for
a class of discrete linear distributed systems. We study the possibility of asymptotic compensation
of a disturbance by bringing asymptotically the observation in a given tolerance zoneC. Under
convenient hypothesis, we show the existence and the unicity of the optimal control ensuring this
compensation and we give its characterization.
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1. Problem statement

We consider a class of linear distributed systems [4-8] described by the following discrete equation:

(Sd)





zk+1 = φzk + Buk + fk ; k ≥ 0,

z0 ∈ X,
(1.1)

whereφ ∈ L(X), B ∈ L(U,X), zk, fk ∈ X anduk ∈ U are respectively the state, the disturbance,
the control at stepk. X andU are supposed to be Hilbert spaces. The system (1.1) is completed
by the output equation

∗Corresponding author. E-mail: larbi−afifi@yahoo.fr

139

Article published by EDP Sciences and available at http://www.mmnp-journal.org or http://dx.doi.org/10.1051/mmnp/20105723

http://www.edpsciences.org/
http://www.mmnp-journal.org
http://dx.doi.org/10.1051/mmnp/20105723


L. Afifi et al. Enlarged asymptotic compensation in discrete distributed systems

(Ed) yk = Czk ; k ≥ 0, (1.2)

whereC ∈ L(X,Y ). Y is the observation space, a Hilbert space.
In the case wheref = 0 andu = 0, the observation at stepN is given byyN = CφNz0, but

if f 6= 0, generallyyN = CφNz0 +
N−1∑
i=0

CφN−1−ifi 6= CφNz0. Then we show how to find a

convenient input operatorB ensuring asymptotically the reduction of the effect of any disturbance
by bringing the observation in a given tolerance zoneC, i.e. such that for anyf = (fk)k≥0 ∈ l2(X),
there exists a controlu = (uk)k≥0 ∈ l2(U) satisfying:

∑

k≥0

CφkBuk +
∑

k≥0

Cφkfk ∈ C, (1.3)

whereC is a convex, closed and nonempty subset ofY. This leads to the following definition.

Definition 1. A disturbancef ∈ l2(X) is said to beC-remediable asymtotically if there exists a
controlu ∈ l2(U) such that

K∞
C,du + R∞

C,df ∈ C,
whereK∞

C,d andR∞
C,d are respectively the operators defined by

K∞
C,du =

∑

k≥0

CφkBuk and R∞
C,df =

∑

k≥0

Cφkfk.

If the system is exponentially stable, i.e.‖ φk ‖≤ Me−kω ; k ≥ 0, M > 0 andω > 0, thenK∞
C,d

andR∞
C,d are well defined, but this condition is not necessary [3].

2. Enlarged asymptotic remediability with minimum energy

We consider the following problem(Pd) of enlarged asymptotic compensation with minimum
energy

(Pd)

{
min J(u) with J(u) = ‖u‖2

l2(U) ,

subject toK∞
C,du + R∞

C,df ∈ C.
(2.1)

We suppose that the disturbancef is C-remediable asymptotically, the problem(Pd) is then well
defined and admits a unique solutionv∗ in the set of admissible controls defined by

Uad =
{
u ∈ l2(U)/K∞

C,du + R∞
C,df ∈ C

}
.

The considered problem will be resolved using an extension of the Hilbert Uniqueness Method
(HUM) and a penalization method. Indeed, forθ ∈ Y ′ ≡ Y , let

‖θ‖F∞d
=

(∑

k≥0

∥∥∥B∗ (φ∗)k C∗θ
∥∥∥

2

U ′
dt

) 1
2

.
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‖.‖F∞d
is a semi-norm onY . If Ker((R∞

C,d)
∗) = {0}, then‖.‖F∞d

is a norm onY if and only if
(Sd) + (Ed) is weakly remediable asymptotically [1, 2, 3]. Practically, this may be interpreted as
a weak remediability at a sufficiently large stepN . We consider

F∞
d = Y

‖·‖F∞
d .

F∞
d is a Hilbert space with the inner product

〈θ, σ〉F∞d =
∑

k≥0

〈
B∗ (φ∗)k C∗θ,B∗ (φ∗)k C∗σ

〉
; ∀ θ, σ ∈ F∞

d ,

and the operatorΛ∞C,d defined onY by

Λ∞C,d θ =
∑

k≥0

CφkBB∗ (φ∗)k C∗θ = K∞
C,d(K

∞
C,d)

∗θ,

admits a unique extension as an isomorphism fromF∞
d to (F∞

d )′ such that

〈
Λ∞C,d θ, σ

〉
Y

= 〈θ, σ〉F∞d ; ∀ θ, σ ∈ F∞
d and

∥∥Λ∞C,dθ
∥∥
(F∞d )

′ = ‖θ‖F∞d
; ∀ θ ∈ F∞.

The following main result shows how to find the optimal control ensuring the enlarged asymp-
totic compensation of a disturbancef .

Theorem 2. If C is a closed convex subset ofY with nonempty interior and if

◦
C ∩ (R∞

C,df + (F∞
d )′) 6= ∅,

then

i) There exists a uniqueθf in F∞
d such that

Λ∞C,dθf + R∞
C,df ∈ C, (2.2)

and satisfying

〈
θf , y − Λ∞C,dθf −R∞

C,df
〉 ≥ 0 ; ∀y ∈ C ∩ (R∞

C,df + (F∞
d )′). (2.3)

ii) The controluθf
defined by

uθf
=

(
K∞

C,d

)∗
θf , (2.4)

is the unique solution of the problem(Pd). Moreover,uθf
is optimal with

∥∥uθf

∥∥2

l2(U)
= ‖θf‖2

F∞d
.
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Proof.
Unicity: It can be easily proved by the Hilbert Uniqueness Method.
Existence: Its proof is based on a combination of HUM and a penalization method. The initial
problem(Pd) is firstly approximated by a finite time problem(PN), then forN sufficiently large,
we consider a convenient criterion depending on another parameterα > 0. We establish inter-
mediary and convergence results respectively whenα −→ 0 andN −→ +∞, which lead to the
solution of the problem(Pd). First, let us remark that the condition

◦
C ∩ (R∞

C,df + (F∞
d )′) 6= ∅,

implies that there existsN0 large enough such that the convexC is reached at any stepN ≥ N0.
ForN ≥ N0, we consider the following minimization problem

(PN)





min ‖u‖2 ,

subject to yN
u,f = KN

C,du + RN
C,df ∈ C,

(2.5)

whereKN
C,du =

N−1∑

k=0

CφkBuk and RN
C,df =

N−1∑

k=0

Cφkfk. Forθ ∈ Y ′ ≡ Y . Let

‖θ‖2
FN,α

=
N−1∑

k=0

∥∥∥B∗ (φ∗)k C∗θ
∥∥∥

2

U
+

α2

N
‖θ‖2

Y ,

where‖·‖FN,α
is a norm for anyN ≥ 1 and anyα > 0. Let us note that forN large enough andα

sufficiently small, we have forθ ∈ Y

‖θ‖2
FN,α

'
N−1∑

k=0

∥∥∥B∗ (φ∗)k C∗θ
∥∥∥

2

U
= ‖θ‖2

FN,0
,

where‖.‖FN,0
is a norm under the usual condition of weak asymptotic remediability at a sufficiently

large stepN . We consider the space

FN,α = Y
‖·‖FN,α .

FN,α is a Hilbert space with the inner product

〈θ, σ〉FN,α
=

N−1∑

k=0

〈
B∗ (φ∗)k C∗θ, B∗ (φ∗)k C∗σ

〉
U

+
α2

N
〈θ, σ〉Y ,

and the operatorΛN
C,d defined onY by

ΛN
C,dθ =

N−1∑

k=0

CφkBB∗ (φ∗)k C∗θ +
α2

N
θ,
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admits a unique extension as an isomorphismFN,α −→ F ′
N,α satisfying

〈
ΛN

C,dθ, σ
〉

Y
= 〈θ, σ〉FN,α

; ∀ θ, σ ∈ FN,α.

ForN ≥ N0, we consider the following criterion

JN,α(y, v) =
1

α

∥∥yN
v,f − y

∥∥2
+ ‖v‖2 ,

with y ∈ Y , v ∈ UN andα > 0. We consider the following minimization problem

(PN,α)

{
min JN,α(y, v)

y ∈ C andv ∈ UN .
(2.6)

The problem(PN,α) admits a solution(yN,α, vN,α) characterized by

〈bN,α, y − yN,α〉 ≥ 0 ; ∀y ∈ C, (2.7)

vN,α = B∗(φ∗)kC∗bN,α ; k = 0, · · · , N − 1 (2.8)

wherebN,α is given by

bN,α =
1

α
(yN,α − yN

vN,α,f ). (2.9)

The sequence(yN,α, vN,α, bN,α)α>0 is bounded inY × UN × FN,0. Then we can extract a
convergent subsequence, its limit(y∗N , v∗N , bN) is characterized by

1- y∗N = yN
v∗N ,f .

2- v∗N is a solution of(PN) given by (2.5).
3- The controlv∗N =

(
v∗N,0, ..., v

∗
N,N−1

) ∈ UN is given by

v∗N,k = B∗(φ∗)kC∗bN ; k = 0, ..., N − 1, (2.10)

4- The elementbN is characterized by
〈
bN , y − yN

v∗N ,f

〉
≥ 0 ; ∀y ∈ C ∩ (RN

C,df + F ′
N,0). (2.11)

Now, concerning the convergence whenN −→ +∞, the sequence(y∗N , v∗N , bN)N is bounded
in Y × l2(U) × FN0,0. Then we can extract a convergent subsequence, its limit(y∗, v∗, b) is char-
acterized by

1- The controlv∗ = (v∗k)k≥0 ∈ l2(U) is given by

v∗k = B∗(φ∗)kC∗b ; k ≥ 0, (2.12)

2- v∗ is a solution of(Pd),
3- y∗ = y∞v∗,f .
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4- The elementb is characterized by
〈
b, y − y∞v∗,f

〉 ≥ 0 ; ∀y ∈ C × (R∞
C,df + (F∞

d )′). (2.13)

The result derive immediately withθf = b anduθf
= v∗.

Let us note finally, that the system (1.1) augmented by the output (1.2) can be considered as
a discrete version of a continuous system. Hence, for example in the case of a one dimension
diffusion system with a Dirichlet boundary condition, all the operators and the considered problem
are well defined. Consequently, the obtained results may be applied. But in the case of a Neumann
boundary condition, generallyK∞

d andR∞
d are not well defined. However, with a convenient

choice of the input and output operators, the considered approach remain true. The results are
similar in a higher space dimension (for example ifΩ is a rectangle or a parallepiped).
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