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Abstract. This work concerns an enlarged analysis of the problem of asymptotic compensation for
a class of discrete linear distributed systems. We study the possibility of asymptotic compensation
of a disturbance by bringing asymptotically the observation in a given toleranceCzodeder
convenient hypothesis, we show the existence and the unicity of the optimal control ensuring this
compensation and we give its characterization.
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1. Problem statement
We consider a class of linear distributed systems [4-8] described by the following discrete equation:

Zpt1 = ¢z + Bug + fr; k>0,
(Sa) (1.1)
zp € X,

wherep € L(X), B € L(U, X), z, fr € X anduy, € U are respectively the state, the disturbance,
the control at step. X andU are supposed to be Hilbert spaces. The system (1.1) is completed
by the output equation
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(Eq) yp =Cz; k>0, (1.2)

whereC' € L(X,Y). Y is the observation space, a Hilbert space.

In the case wher¢ = 0 andu = 0, the observation at stely is given byyy = C¢" 2, but
N-1

if £ # 0, generallyyy = Co™z + ZCQSN‘l‘ij} £ C¢™ 2. Then we show how to find a

=0
convenient input operatd® ensuring asymptotically the reduction of the effect of any disturbance
by bringing the observation in a given tolerance z6niee. such that for any = (f1.)i>0 € [*(X),
there exists a contral = (u)>o € 1*(U) satisfying:

> C¢*Bu,+> CéFfrec, (1.3)

k>0 k>0
whereC is a convex, closed and nonempty subset of his leads to the following definition.

Definition 1. A disturbancef € ?(X) is said to beC-remediable asymtotically if there exists a
controlu € [*(U) such that
K&u+ Ra,f €C,

where K 2>, and Rg?; are respectively the operators defined by
KZu=Y C¢*Bu, and RF.f=Y Co'f
k>0 k>0

If the system is exponentially stable, ije¢" ||[< Me ™ ; k>0, M > 0 andw > 0, thenkg,
and kg7, are well defined, but this condition is not necessary [3].

2. Enlarged asymptotic remediability with minimum energy

We consider the following probleriP;) of enlarged asymptotic compensation with minimum
energy

min J(u)  with J(u) = [u|%
p . PU) > 2.1
(Fa) { subject toK &, u + R, f € C. 2

We suppose that the disturbantés C-remediable asymptotically, the problerf;) is then well
defined and admits a unique solutiohin the set of admissible controls defined by

Uws = {u € ZQ(U)/Kgf’du+ R&.f € C}.

The considered problem will be resolved using an extension of the Hilbert Uniqueness Method
(HUM) and a penalization method. Indeed, foe Y’ =Y, let

1
2 2
(dt .
U/

0]l - = (Z | B (@) o
k>0

140



L. Afifi et al. Enlarged asymptotic compensation in discrete distributed systems

]|.||Fé,o is a semi-norm orY. If Ker((RE,)*) = {0}, then||.\|F§o is a norm onY if and only if
(Sq) + (E,) is weakly remediable asymptotically [1, 2, 3]. Practically, this may be interpreted as
a weak remediability at a sufficiently large st&p We consider

Fe = ?”'HF;C'
F3* is a Hilbert space with the inner product
(0,0) e = > (B (6"} C0.B" (6} C"0) 1 ¥6, o € Fy,
k>0

and the operatak’; defined ony” by

AF,0=>> C¢"BB* (¢")" C*0 = K&, (K&,)"0.

k>0

admits a unique extension as an isomorphism figinto (F5°)’ such that
(AZ40,0), = (0,0)pe ; V0.0 € F° and ||Ag<jd0H(Ff), = [0l ppe 3 VO € Fu.

The following main result shows how to find the optimal control ensuring the enlarged asymp-
totic compensation of a disturbange

Theorem 2. If C is a closed convex subsetYofwith nonempty interior and if

(o}

CN(RELf + (F2)) #0,
then

i) There exists a uniqu; in F2° such that

AZ40r + R4S €C, (2.2)
and satisfying
O,y — AZabf — RE4f) = 0; Yy € CN(RELS + (FF)). (2.3)
ii) The controhs,, defined by
o, = (K&a)" 0y, (2.4)

is the unique solution of the problef¥;). Moreover,uy, is optimal with

H“GszQE(U) - ||9f||fvgo-
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Proof.

Unicity: It can be easily proved by the Hilbert Uniqueness Method.

Existence: Its proof is based on a combination of HUM and a penalization method. The initial
problem(P,) is firstly approximated by a finite time problef®y ), then for N sufficiently large,

we consider a convenient criterion depending on another parametef). We establish inter-
mediary and convergence results respectively when— 0 and N — +oco, which lead to the
solution of the problentP,). First, let us remark that the condition

[¢]

CN(RELf + (FF)) #0,

implies that there existd/, large enough such that the conwexs reached at any steg > N,.
For N > Ny, we consider the following minimization problem

min [|ul|*,
(Pn) (2.5)
subjecttoy’, = K& u+ R ,f €C,
N-1 N-1
whereKYu= > C¢*'Bu, and RY,f=> C¢*fi. FordeY' =Y. Let
k=0 k=0

2
Oé
o + 5 el

o1, = Z |B (7)o

where||-||,  is a norm for anyV > 1 and any« > 0. Let us note that forV large enough and
sufﬁuently small, we have faf € Y

1615 Z |6 o

where|.| .,  isanormunderthe usual condition of weak asymptotic remediability at a sufficiently
large stepN We consider the space

2
o =1z,

A
FN,a =Y FNa,

Fx o is a Hilbert space with the inner product

=

(0,0)5,, = D (B (67 C°0,B" (6 o)+

2
. U N <9’U>Y ’

B
Il

and the operataf&gvd defined onY” by
N-1 9

AN 9= ST 0@ BB (67) 0 + 20,
Cab = 3 OO BB (9" ¥
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admits a unique extension as an isomorphism, — Iy , satisfying
<Agd9,0>y =(0,0)p, . s V0,0€ Fya.
For N > Ny, we consider the following criterion
1 N 2 2
JN,a(yav) = a Hyv,f - yH + ||U|| )

withy € Y, v € UY anda > 0. We consider the following minimization problem
Y

min JN,a<y7U>
(Pyo) { y € Candv e UV. (2.6)

The problem( Py, ) admits a solutiortyx ., vy ) characterized by

<bN,ony - yN,a> Z 0 ; Vy S Ca (27)
UNa = B (") Cy o k=0,--- N -1 (2.8)
whereby ,, is given by
1
bN.o = a(yN,a - yzj;\j\fqa,f)' (2.9)

The sequencé€yn.q, Un.a, bn.a)aso iS bounded inY” x UY x Fyo. Then we can extract a
convergent subsequence, its lirfyt;, vy, by ) is characterized by

1-yn = yqjj\liv,f-
2- v}, is a solution of( Py) given by (2.5).
3-The controly, = (vig, - Vi n_1) € UV is given by
Ve = B (¢ C*by s k= 0,.,N -1, (2.10)
4- The elemenb,y is characterized by

(byoy =y ;) = 03y € CO(RY,f + Fig). (2.12)

Now, concerning the convergence wh¥n— +oo, the sequencéyy,, vy, bx ) is bounded
inY x (*(U) x Fy,0. Then we can extract a convergent subsequence, its(limit*, b) is char-
acterized by

1- The control* = (v})x>o € 1>(U) is given by

vi = B*(¢")*C*b; k> 0, (2.12)

2-v* is a solution of( P,),
3- y* = y’l??hf'
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4- The element is characterized by
<bay_y1o;f,f> >0;Vyelx (Roccjdf"‘(F:i)o)/)- (2.13)
The result derive immediately withy = b anduy, = v*.

Let us note finally, that the system (1.1) augmented by the output (1.2) can be considered as
a discrete version of a continuous system. Hence, for example in the case of a one dimension
diffusion system with a Dirichlet boundary condition, all the operators and the considered problem
are well defined. Consequently, the obtained results may be applied. But in the case of a Neumann
boundary condition, generalli® and R° are not well defined. However, with a convenient
choice of the input and output operators, the considered approach remain true. The results are
similar in a higher space dimension (for examplfiis a rectangle or a parallepiped).
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