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On the Optimal Control of a Class of Time-Delay System
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Abstract. In this work we study the optimal control problem for a class of nonlinear time-delay
systems via paratingent equation with delayed argument. We use an equivalence theorem between
solutions of differential inclusions with time-delay and solutions of paratingent equations with
delayed argument. We study the problem of optimal control which minimizes a certain cost function. To show the existence of optimal control, we use the main topological properties of the set
solutions of paratingent equation with delayed argument.
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1.

Introduction

In the time-delay systems (called also hereditary or systems with aftereffects) the evolution of current states depends on the past values of states and/or controls. Their evolution is described by
differential equations which include information on the past history. The present state of a timedelay system is determined in some way by its past history. The reaction of real world systems
to exogenous signals is never instantaneously and it needs some delay. In general, a time-delay
system arises as a result of inherent delays in the transmission of information between different
parts of the system and/or as a deliberate introduction of time delay into the system for control
purposes. Such systems exist in various fields of application, such as in physics, engineering, biology, medicine, and economics. The delay effects on control of dynamical systems are problems of
recurring interest since the delay presence may induce complex behaviors (oscillations, instability). In recent years considerable interest has been shown in time-delay control systems: control,
stability, etc... see Kuang [5] and references therein. The optimal control problem for nonlinear
∗
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time-delay systems has been receiving constant attention, see S. Dadebo and R. Luus [3] and references therein. In the mathematical framework, such systems can be described by differential
inclusions. A more extended survey on differential inclusions can be found in Aubin and Cellina
[1] and Kisielewicz [4].
In [2] we have established the existence of solutions to a class of paratingent equation with
delayed argument under weak assumptions. In this work we study the optimal control problem for
nonlinear time-delay systems under the same weak assumptions as in [2]. To show the existence
of optimal control, we use an equivalent theorem between solutions of paratingent equation with
delayed argument and solutions of differential inclusions with time-delay.

1.1.

Preliminaries and notations

Let E be a vector space. By CompEwe denotes the set of all the nonempty and compact subsets
of E and ConvE denotes the set of all the convex elements of CompE. Let C be the space of all
continuous functions x : R → Rn with the topology defined by an almost uniform convergence,
β < 0 a fixed real number and I = [0, ∞[⊂ R. If x ∈ C, the symbol [x]t will be denote the
restriction of x on the interval [β, t] where t ∈ I and ||x||t = max{|x(s)|, β ≤ s ≤ t} with
|x| = max {|x1 |, |x2 |, ..., |xn |} for x = (x1 , x2 , ..., xn ) ∈ Rn . G denotes the metric space whose
elements are functions [x]t , [y]u ,... , where t ∈ I, u ∈ I, the distance between two functions [x]t ,
[y]u , being understood as a distance of their graphs in R × Rn in the Hausdorff sense.
i)
Having a function x ∈ C and t ∈ I , the set of limit points: lim x(uui )−x(s
= α, where ui ∈ I,
i −si
si ∈ I, ui 6= si (i = 1, 2, . . . ), and lim ui = lim si = t, is called the paratingent of x at the point t
and denoted by (P tx)(t).
Let a set-valued map F : G → CompRn , a relation of the form:
(P t x)(t) ⊂ F ([x]t ),

(1.1)

is called paratingent equation with delayed argument where t ∈ I and x ∈ C. Every function
x ∈ C satisfying (1) will be called the solution of these equation. The generalized Cauchy problem
for the equation (1) consists in the search for a solution of the equation (1) which will be satisfy
the initial condition:
x(t) = ξ(t)
for
t ∈ [β, 0],
(1.2)
where the function ξ ∈ C , called the initial function is given in advance.
Assume the following hypothesis: (H1) the set-valued map F : G → ConvRn is upper semicontinuous and satisfies the condition: F ([x]t ) ⊂ B(0, w(t, ||x||t )) for t ≥ 0, where B(0, r) will
denote the closed ball of center 0 of Rn and radius r, w(t, y) is a continuous function from I × I
to I, increasing in y and such that the ordinary differential equation: y 0 = w(t, y), with the initial
condition y(0) = A (A an arbitrary real positive number) has a maximal solution, denoted M (t),
on all intervals I and for all A.
Let D be a compact subset of C and Φ the class of all functions x ∈ C satisfying the inequality
|x(t)| ≤ M (T ) for t ∈ [0, T ], T be an arbitrarily fixed real positive number.
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Definition 1. A function x is called a trajectory of F ([y]t ), if (P t x)(t) ⊂ F ([x]t ) for t ≥ 0.
We call emission of the function ζ, the set of all trajectories x of F ([y]t ) such that x ∈ Φ and
x(t) = ζ(t) for all t ∈ [β, 0]
In [2] we have established the following theorem.
Theorem 2. Under the hypothesis (H1), in class Φ and for any ξ ∈ D, there exist at least one
solution of the problem (1.1)-(1.2).

2. Time delay control system
In this section we will state and prove the main result. First, we will state the equivalence theorem.
Let β < 0 be a fixed real number, T an arbitrarily fixed positive real number, U a closed set of Rm ,
F a set-valued map: G × U → CompRn , Q a set-valued map: G → CompRm and ζ a definite
and continuous function on [β, 0].
Definition 3. We call time-delay control system, and we note S(F, Q), a pair of set-valued map:
F ([x]t , u) and Q([x]t ). We call trajectory or solution of the time-delay control system S(F, Q)
any function x(t) defined and continuous on [β, T ] absolutely continuous on [0, T ] and such that:
x0 (t) ∈ F ([x]t , u) a.e on [0, T ] and x(t) = ζ(t) for t ∈ [β, 0], where u(t) is a measurable function
on [0, T ] verifying: u(t) ∈ Q([x]t ) a.e on [0, T ]. The relation (P tx)(t) ⊂ R([x]t ) for t ∈ [0, T ]
and x(t) = ζ(t) for t ∈ [β, 0] is called paratingent equation with delayed argument associate to
the control system S(F, Q) where R([x]t ) = F ([x]t , Q([x]t )) = {F ([x]t , u) / u ∈ Q([x]t )}.
Theorem 4. Let ζ be a defined and continuous function on [β, 0], T an arbitrarily fixed positive
real number and R : G → ConvRn a set valued map verifying the assumptions of Theorem 1,
then the following statements are equivalent: (P1) A function x ∈ C is a solution of the paratingent
equation with delayed argument: (P tx)(t) ⊂ R([x]t ) for t ∈ [0, T ], x(t) = ζ(t) for t ∈ [β, 0].
(P2) A function x ∈ C, absolutely continuous on [0, T ] is a solution of the differential inclusion
with time-delay: x0 (t) ∈ R([x]t ) a.e on [0, T ], x(t) = ζ(t) for t ∈ [β, 0].
Proof. i) It i easy to show that (P1) ⇒ (P2) from proof of Theorem 1, (see[2]).
ii) We will show that (P2) ⇒ (P1). Let x ∈ C a function verifying the proposition (P2). Let
us fix t in [0, T ]. The map R being upper semi-continuous on [0, T ], then there exists an interval
[a, b] ⊂ I containing T and such that we have: ∀s ∈ [a, b], R([x]t ) ⊂ B(R([x]s ), ²), (see [1]).
Since x0 (s) ∈ R[x]s a.e on [a, b], from Lemma 2 of [6] we have: x(ττ)−x(σ)
∈ B(R([x]s ), ²) for
−σ
τ, σ ∈ [a, b]. Passing to the limit when τ → t and σ → t we obtains: (P tx)(t) ⊂ B(R([x]s ), ²).
Finally ² being arbitrary we obtain: (P tx)(t) ⊂ R([x]t ).

2.1. Optimal control problem for time-delay systems: the main result
Now we state the main result on existence of optimal control for time-delay system.
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Theorem 5. Let S(F, Q) be a time-delay control system. Assume the following hypothesis: (H2)
The set valued map F : G × U → CompRn is continuous. (H3) The set valued map Q : G →
CompRm is upper semi-continuous. (H4) The set valued map R : G → CompRn is convex values
and verifying the relation: R([x]t ) ⊂ B(0, w(t, ||x||t )), for t ∈ [0, T ] where w(t, y) verifies the
hypothesis (H1). If a function x ∈ C is a solution of S(F, Q), then x is a solution of the paratingent
equation with delayed argument associate to S(F, Q). And reciprocally, if the function x ∈ C is a
solution of the paratingent equation with delayed argument associate to S(F, Q), then there exist a
measurable function u : [0, T ] → Rm , such that x is a solution of the S(F, Q) and u(t) the control
corresponding to x.
Proof. i) Follow directly Theorem 2.
ii) Reciprocally, we have the following relations: (P tx)(t) ⊂ R([x]t ) for t ∈ [0, T ] and x(t) =
ζ(t) for t ∈ [β, 0]. From Theorem 2 we obtained that x is absolutely continuous on [0, T ] and
x0 (t) ∈ R([x]t ) = F ([x]t , Q([x]t ) a.e on [0, T ]. Moreover, since x is continuous on [0, T ] and the
map R is upper semi-continuous on G then R is upper semi-continuous on [0, T ] and, according
to the theorem of selector (see[4]), there exist a measurable function u : [0, T ] → U such that
u(t) ∈ Q([x]t ) for t ∈ [0, T ]. Otherwise there exist a control u(t) corresponding to the solution
x(t) of x0 (t) ∈ F ([x]t , u) for t ∈ [0, T ] and x(t) = ζ(t) for t ∈ [β, 0].
Definition 6. Let S(F, Q) be a time-delay control system, M a compact subset of C and K an
upper semi-continuous set valued map: [0, T ] → CompRn . We say that the control u(t) defined
for t ∈ [0, t1 ], where t1 ∈ [0, T ], transfer M to K(t), if one of solutions x(t) of the system S(F, Q)
corresponding to the control u(t) verifies the following relations: x ∈ M and x(t1 ) ∈ K(t1 ).
Let f ([x]t ) be a real valued function defined on G such that |f ([x]t )| is majorated by a summable
function for all [x]t ∈ G. We consider the problem to find an optimal control
u(t) which transfers
Rt
M to K(t) and which minimizes the following cost function: J(x) = 0 f ([x]s )ds, where x(t) is
a solution of the time-delay system S(F, Q) corresponding to control u(t) and t represents the first
value such that x(t) ∈ K(t).
Theorem 7. Let S(F, Q) be a time-delay control system, verifying the hypothesis (H2), (H3) and
(H4) of Theorem 3, M a compact subset of G, and K an upper semi-continuous set valued map:
[0, T ] → CompRn . If there exists at least one control which transfers M to K(t), then there
exists an optimal control u∗ (t) (i.e. a measurable function u∗ (t)) corresponding to the solution
x∗ (t) and which verifies the following relations: x∗ ∈ M , x∗ (t) ∈ K(t∗ ) for some t∗ ∈ [0, T ],
R t∗
Inf J(x) = J(x∗ ) = 0 f ([x]s )ds and u∗ (t) ∈ Q[x∗ ]t a.e on [0, t∗ ].
Proof. Consider the set E0 (M, F ) = {x ∈ E(M, F ) such that x(t1 ) ∈ K(t1 ) where t1 ∈ [0, T ]}
and where E(M, F ) is the emission of the set M . We proof that E0 (M, F ) is compact in E(M, F ).
Since J(x) is a continuous function on the set E0 (M, F ) which is compact, then there exists a
trajectory x∗ (t) for which J(x) reaches its minimum on E0 (M, F ). According to Theorem 3, there
exists a measurable function u∗ (t) such that: x∗ (t) ∈ F [x∗ ]t a.e in [t0 , t∗ ] and u∗ (t) ∈ Q[x∗ ]t a.e
in [t0 , t∗ ].
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3. Conclusion
We have established the existence of the optimal control for a class of time-delay control systems
by using an existence result of solution of paratingent equations with delayed argument and an
equivalence theorem between the solutions of the paratingent equation with delayed argument and
the time-delay control systems. Thus we have extended the class of the time-delay control systems
which admit an optimal control.
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