
Math. Model. Nat. Phenom.
Vol. 5, No. 7, 2010, pp. 16-22

DOI:10.1051/mmnp/20105703

Local Parameterization and the Asymptotic
Numerical Method

H. Mottaqui, B. Braikat ∗, N. Damil

Laboratory of Computing Science in Mechanic, Faculty of Science Ben M’Sik
University of Hassan II Mohammedia - Casablanca, B.P. 7955 Sidi Othmane, Casablanca, Morocco

Abstract. The Asymptotic Numerical Method (ANM) is a family of algorithms, based on com-
putation of truncated vectorial series, for path following problems [2]. In this paper, we present
and discuss some techniques to define local parameterization [4, 6, 7] in the ANM. We give some
numerical comparisons of pseudo arc-length parameterization and local parameterization on non-
linear elastic shells problems.
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1. Introduction

The Asymptotic Numerical Method (ANM) is a family of algorithms for path following problems
[2]. The principle is simply to expand the unknown in power series with respect to a path parameter.
The range of validity is deduced from the computation of the truncated vectorial series. So, the
step lengths are computed a posteriori. Using the evaluation of the series at the end of the interval
of validity, we obtain a new starting point and we define, in this way, the ANM continuation
procedure. This continuation method, based on ANM, has proved to be an efficient method to
compute solution of non-linear partial differential equations [2]. The step lengths depend on the
definition of the path parameter. In [2], we have used the pseudo arc-length parameterization.
Another choice, the so-called local parameterization [6, 7] has been examined by J. J. Gervais et
al [4] in the framework of the ANM. In this paper, we propose new strategies for the choice of the
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local parameterization which can lead to larger step lengths. In the second part, we remind the basis
of ANM and we introduce new methods to define the auxiliary equation corresponding to local
parameterization. In the third part, these new strategies, for the choice of local parameterization,
are applied on some examples from non-linear elastic shells.

2. Local parameterizations in the ANM

Let us consider the following class of non-linear quadratic problems:

R(U, λ) = L(U) + Q(U,U)− λF = 0, (2.1)

whereL(.) andQ(., .) are linear and quadratic operators,F is a given vector andR is the so-
called residual vector. In the case of thin elastic shell equilibrium equations, the unknowns are
U = (u,S) andλ; u is the displacement andS is the second Piola Kirchhoff stress tensor and
λ is the load parameter. In this paper, we limit ourselves to the quadratic framework (2.1), more
difficult problems can be found in [2]. The ANM has proved to be an efficient method to compute
solution path of (2.1). The principle is simply to expand the unknown(U, λ) with respect to a path
parametera.





U(a) = Uj + aU1 + a2U2 + ... + aNUN ,

λ(a) = λj + aλ1 + a2λ2 + ... + aNλN ,
(2.2)

where(Uj, λj) is a known and regular solution of (2.1) andN is the order of truncation of the
series. In this way, the equation (2.2) defines the solution branchj (one step of the ANM). The
definition of the path parameter leads to a well-defined problem. Various choices are possible, the
most used in the ANM algorithm, is the pseudo arc-length parameterization (PAL) [2]:

a =< T,V >, (2.3)

where< ., . >, is a scalar product,T =t (u1, λ1) is the tangent vector at the starting point(Uj, λj)
andV = (u − uj, λ − λj). Other choices are discussed in this paper. By introducing (2.2) and
(2.3) into (2.1) and equating like powers ofa, we obtain the following set of linear problems:

order p = 1 : Lt(U1) = λ1F, < u1,u1 > +λ1λ1 = 1,

order p ≥ 2 : Lt(Up) = λpF−
∑r=p−1

r=1 Q(Ur,Up−r), < u1,up > +λ1λp = 0,
(2.4)

whereLt(.) = L(.) + 2Q(Uj, .) is the tangent operator. The next step is the computation of
the terms(Ui, λi). The problems (2.4) are discretized by a classical finite element method. Let
us note that these problems have the same tangent stiffness matrix and hence the terms(Ui, λi)
(1 ≤ i ≤ N) of (2.2) are computed by inverting only onestiffnessmatrix. The last step is the
continuation technique [1, 2]. The end of the branchj is the starting point of the next branch
(j + 1). The step lengths(a ∈ [0, amaxs]) of the analytical representation (2.2) is approximated by
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amaxs(j, εpol, N) = (εpol
||u1||
||uN||)

1
N−1 ,

whereεpol is a given parameter of tolerance and||.|| indicates the standard norm associated with
the scalar product. The Padé representation allows to increase the range of validity of the series
representation (2.2) [2, 3]. This rational representation can be written in the form:





U(a) = Uj + a∆N−2(a)

∆N−1(a)
U1 + a2 ∆N−3(a)

∆N−1(a)
U2 + ... + aN−1 1

∆N−1(a)
UN−1,

λ(a) = λj + a∆N−2(a)

∆N−1(a)
λ1 + a2 ∆N−3(a)

∆N−1(a)
λ2 + ... + aN−1 1

∆N−1(a)
λN−1,

(2.5)
where∆i(a) are polynomials of degree(i) with real coefficients:∆i(a) = 1+ad1+a2d2+...+aidi.
In the continuation algorithm based on Padé representation, the estimated range of validity
((a ∈ [0, amaxp])) is defined by:

||uN−1(amaxp)− uN−2(amaxp)||
||uN−1(amaxp)− uj|| = εpad,

whereεpad is a given parameter of tolerance.
The step lengths (amaxs or amaxp) depend on the chosen parameterization. We examine, in this

paper, other choices the so-called local parameterization [4, 6, 7]:

a =< ei,V >, (2.6)

< ei,V > −a < ei,T
∗ >= 0. (2.7)

With local parameterization, the auxiliary equation (2.3) is replaced by (2.6) as in [7] or by (2.7)
as in [6] and in [4], whereei is the ith vector of the canonical basis of<ndl+1, ndl is the degree of
freedom of the discretized structure andT∗ is the tangent vector normalized at the point(uj, λj).
The vector of projectionei must verify the relation< ei,T

∗ >6= 0. It remains to specify the choice
of the indexi that will allow a large range of validity. The indexi (1 ≤ i ≤ ndl + 1) is locally
determined for each branchj.

Several algorithms are possible. In the first algorithm (Algo1), we choosei = i1 corresponding
to the first maximum component in modulus ofT∗ in the equation (2.6). In the second algorithm
(Algo2), as in [6], we use (2.7) and we determine the indicesi1 andi2 of the largest and second
largest components ofT∗ in modulus and we choose the indexi2 instead ofi1 if the three conditions
(A1), (A2) and (A3) are realized (see equation (2.8)).

(A1) : | < T j, ei1 > | > | < T j−1, ei1 > |,

(A2) : | < T j−1, ei2 > | > | < T j, ei2 > |,

(A3) :
|<T j ,ei2

>|
|<T j ,ei1

>| > µ.

(2.8)
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In (2.8), Tj−1 is the tangent vector at the previous branch(j − 1) andµ is a fixed real number
(0 < µ < 1). In our numerical tests, we takeµ = 0.1. In the third algorithm (Algo3), as in [4], we
use (2.7) and we choose the indexi2 instead ofi1 if the three conditions (B1), (B2) and (B3) are
realized (see equation (2.9)).

(B1) :
|<T j ,ei2

>|
|<T j−1,ei2

>| >
|<T j ,ei1

>|
|<T j−1,ei1

>| ,

(B2) :
|<T j ,ei2

>|
|<T j ,ei1

>| > µ,

(B3) : < T j, ei2 >< T j−1, ei2 > > 0.

(2.9)

In the fourth algorithm (Algo4), based on the work of [5], we use the auxiliary equation (2.7) and
we choose the indexi which corresponds to the maximum component in modulus of the sequent
vector defined by:

Vseq = (uj − uj−1, λj − λj−1), (2.10)

where(uj−1, λj−1) is the starting point of the branch(j − 1).

3. Numerical comparison and discussion

In this section, we consider two numerical examples to test the four algorithms using local param-
eterizations presented in Section 2. In this computation, the number of steps (number of branchj)
is the measure of the efficiency of the four algorithms. These algorithms will be compared to the
pseudo arc-length parameterization algorithm (PAL). We consider, as a first numerical example,
the bending of an elastic square plate. The plate is embedded at the four edges and subjected to a
force at its center (see figure 1-a). The structure is discretized in 32 finite elements of18 degrees of
freedom (Discrete Kirchhoff Triangle: DKT18). In order to evaluate the influence of the truncation
order, we examine three choices of the orderN = 10, 20, 30 for the two representations (2.2) and
(2.5). The load-deflexion curve is given in the figure 1-A-b. The table 1, gives the number of steps
(branch) to get this curve for different orders and algorithms in the case of series and Padé repre-
sentations. In this table, we remark, at the first hand, that the four algorithms (Algo1), (Algo2),
(Algo3) and (PAL) using series or Padé representations require the same number of ANM steps to
get a deflection aboutw = 4. On the other hand, the algorithm (Algo4) requires50% of steps less
than the others algorithms. For example, (Algo4) needs4 ANM steps to obtain the whole branch
solution (N = 20 andεpol = 10−6). The same remark is observed for the other orders. The use of
Pad́e representation reduces the number of steps as has been observed in [3].

As a second numerical example, we consider the buckling of a circular arch submitted to a
vertical forceF applied at the center and to a perturbation forceP = F/100 placed excentrally
(see figure 2-a). The structure is discretized in 200 DKT18 elements. In this test, the algorithm
based on pseudo-arclength parameterization require less steps than the three algorithms (Algo1),
(Algo2), (Algo3) based on local parameterization for the two representations. We can clearly see,
in the table 2, that the (Algo4) reduces the number of ANM steps. For example, with the algorithm
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Figure 1: a- Bending of a square plate, b- Load-deflection curve at the middle of the plate.
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Figure 2: a- Buckling of a circular arch, b -Load-deflection at the center of the arch.
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Series representation Padé representation
PAL Algo1 Algo2 Algo3 Algo4 PAL Algo1 Algo2 Algo3 Algo4

N = 10 16 16 16 16 6 8 9 9 9 4
N = 20 9 10 10 10 4 8 8 8 8 4
N = 30 8 9 9 9 4 7 8 8 8 3

Table 1: Bending of a square plate, Number of steps to get the curve for different parameterizations
at ordersN = 10, 20, 30, εpol = 10−6 andεpad = 10−4.

(PAL), using the power series (respectively Padé representation), the whole branch solution has
been obtained in109 ANM steps (respectively36 ANM steps). If we use the algorithm (Algo4)
based on power series (respectively on Padé representation), the number of ANM steps is reduced
to 83 (respectively to30) for N = 20, εpol = 10−14 andεpad = 10−9. This remark is valid for
the three tested orders. One can also see, that for this example, the Padé representation reduces
considerably the number of ANM steps.

Series representation Padé representation
PAL Algo1 Algo2 Algo3 Algo4 PAL Algo1 Algo2 Algo3 Algo4

N = 10 618 1231 903 929 435 233 322 305 298 217
N = 20 109 196 136 162 83 36 45 38 43 30
N = 30 94 106 76 89 50 26 39 31 34 24

Table 2: Buckling of a circular arch, Number of steps to get the curve for different parameteriza-
tions at ordersN = 10, 20, 30, εpol = 10−14 andεpad = 10−9.

4. Conclusion

In this paper, we have introduced local parameterizations in the ANM algorithm. This concept is
based on local parameterization; any component of the unknown can be used as a parameter. Four
algorithms have been proposed and tested on two numerical examples. The efficient algorithm
seems to be the algorithm (Algo4) based on the auxiliary equation (2.7) where the indexi corre-
sponds to the maximum component in modulus ofVseq (2.10) instead of the tangent vectorT . The
local parameterization (Algo4) gives the best results for two numerical tests in comparison with
the other tested local parameterizations ((Algo1), (Algo2) and (Algo3)). This algorithm has been
tested on others numerical examples from thin elastic shells. The same conclusion holds.
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Lavoisier, Paris, 2007.

[3] A. Elhage-Hussein, M. Potier-Ferry, N. Damil.A numerical continuation method based on
Pad́e approximants.Int.J. Solids and Structures, 37 (2000), 6981–7001.

[4] J. J. Gervais, H. Sadiky.A new steplength control for continuation with the asymptotic nu-
merical method.IAM, J. Nomer. Anal., 22 (2000), No. 2, 207–229.

[5] H. Mottaqui, B. Braikat, N. Damil. Influence de la paraḿetrisation dans la ḿethode
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