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Abstract. We present in this work a numerical study of a problem governed by Navier-Stokes
equations and heat equation. The mathematical problem under consideration is obtained by modelling the natural convection of an incompressible fluid, in laminar flow between two horizontal
concentric coaxial cylinders, the temperature of the inner cylinder is supposed to be greater than
the outer one. The numerical simulation of the flow is carried out by collocation-Legendre method.
The influence of Prandtl and Rayleigh numbers is investigated.
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1. Introduction
Let us consider the following dimensionless vorticity-stream function formulation of the NavierStokes equations and heat equation, under the Boussinesq approximation [4, 8]:
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where Ψ is the stream function, ω is the vorticity and T is the temperature, Ra is the dimensionless
Rayleigh number and P r is the dimensionless Prandtl number. The problem under consideration
is two-dimensional laminar convection in an incompressible fluid confined between two horizontal
concentric coaxial cylinders, with inner and outer radii ri and re , respectively [3, 5, 6, 9]. The inner
cylinder is considered to be held at a uniform temperature Ti , and the outer cylinder at a uniform
temperature Te , with Ti > Te .
A Fourier series expansion in the azimuthal direction is adopted and collocation-Legendre
method is applied in the radial direction. We obtain a system of coupled Helmholtz equations. The
Crank-Nicholson semi-implicit temporal scheme is used. The collocation-Legendre method proposed in this paper is restricted to those simplified geometries that can accommodate the special
grid requirements. It may be particularly relevant to wall-bounded flows such as the present one,
because more grid points are located in the region of strongest gradients near the walls. Detailed
investigation of various aspects of spectral methods can be found in [1, 2, 7, 10, 11, 12].

2. Results and discussion
The numerical code is written in C ++ . Numerical solutions are obtained for cylinders with a
radius ratio 1.2 ≤ R ≤ 3 and Rayleigh number up to Ra = 105 . The results of the present study
were found qualitatively and quantitatively valid when compared with experimental and numerical
investigations carried out earlier.

2.1. Influence of the Prandtl number
We varied the Prandtl number (P r) between 0.7 and ∞. The Rayleigh number was fixed at a value
of Ra = 104 large enough to ensure strong convective flow behavior. Our main focus lied on the
question how the Prandtl number affects the spatial structure of the flow. We also investigated
the functional dependence of the Nusselt number (N u, the rate of convective heat transport) on
the value of the Prandtl number. For low Prandtl numbers, P r < 10, convective heat transport
is mainly due to a large scale convection cell. The effective heat transport rate N u increases
significantly with P r. In the high Prandtl number case, P r > 10, Nu is nearly constant, see Figure
1. It will be noted that we find for P r = ∞ exactly the same results as in [3].

2.2. Influence of the Rayleigh number
Figures 2 and 3 show typical results obtained for Rayleigh numbers Ra = 103 and Ra = 104 ,
with a radial ratio R = 1.6 and R = 2 respectively, and for different values of the collocation
points number M and the Fourier-series representation order N . The zero initial conditions induce
a unicellular flow in a half annulus. The distortion of isotherms in Figure 3(b) reveals a strong
convective motion inside the cavity. It is also noticed that the maximum heat transfer, indicated by
closely spaced isotherms, is located at the top of the cavity for the outer cylinder and at the bottom
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Figure 1: Variation of N u in function of P r, for Ra = 104 , R = 1.6 M = 40 and N = 20.
for the inner one. Figures 4 and 5 show the variation with Ra, of N u and the maximal value of
stream function Ψmax .

Figure 2: Isotherms and streamlines for R = 1.6, (a) Ra = 5 × 103 , M = 45, N = 45, (b)
Ra = 104 , M = 50, N = 50.

3. Conclusion
In this paper, the influence of the Prandtl and Rayleigh numbers on heat transfer in a problem
modelled by Navier-Stokes equations coupled with heat equation in an annular cylindrical cavity
is investigated. A Fourier series expansion in the azimuthal direction is adopted and collocationLegendre method is applied in the radial direction. The Crank-Nicholson semi-implicit temporal
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Figure 3: Isotherms and streamlines for R = 2, (a) Ra = 103 , M = 30, N = 30, (b) Ra =
104 , M = 50, N = 50.

Figure 4: Profile N u(Ra) for R = 1.6, P r = 0.7 and M = N = 30.
scheme is used. The results are in good agreement with available experimental data and other
solutions in the literature.

References
[1] C. Bernardi, Y. Maday. Approximations spectrales de problèmes aux limites elliptiques.
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