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Abstract. This paper is devoted to the study of global existence of periodic solutions of a delayed
tumor-immune competition model. Also some numerical simulations are given to illustrate the
theoretical results.
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1. Introduction

The Hopf bifurcation theorem is a tool for establishing the existence of periodic solutions. How-
ever, these periodic solutions are generally local. Therefore, it is an important subject to investigate
if nonconstant periodic solutions exist globally. In this paper we use a method to prove the global
existence of periodic solutions given by Wu [4] to study the following delayed tumor-immune
competition model [2, 3]:





dE
dt

= σ + ωE(t− τ)T (t− τ)− δE(t),

dT
dt

= αT (t)(1− βT (t))− E(t)T (t),
(1.1)

with




E(θ) = φ1(θ) ≥ 0, E(θ) = φ2(θ) ≥ 0, θ ∈ [−τ, 0], φi ∈ C([−τ, 0],R), i = 1, 2,

E(0) > 0, T (0) > 0,
(1.2)
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whereE, T are respectively the local concentrations of the effector cells (ECs) and the tumor cells
(TCs),σ is the normal rate of the flow of adult ECs into the tumor site,ω is the immune response
to the appearance of the TCs,δ characterizes death or migration of ECs,α is the coefficient of
the maximal growth of tumor,β is the environment capacity andτ is the time needed for the
immune system to develop a chemical and cell mediated response to the presence of the tumor. All
coefficient exceptω are positive.

2. Local stability and local Hopf bifurcation

In this section, we discuss the local stability of the possible steady states and the existence of local
Hopf bifurcation of system (1.1)-(1.2) by analyzing the corresponding characteristic equation (see,
for example, [6]). It is easy to show that if the following condition holds:ω > 0, andαδ > σ, then

system (1.1)-(1.2) has two positive steady states(σ
δ
, 0) and(E∗, T ∗), whereE∗ = −α(βδ−ω)+

√
∆

2ω
,

T ∗ = α(βδ+ω)−√∆
2αβω

with

∆ := α2(βδ − ω)2 + 4αβσω > 0. (2.1)

Proposition 1. Under the hypotheses

(S1) ω > 0,

(S2) αδ > σ,

the steady state(σ
δ
, 0) is unstable for allτ ≥ 0.

Proof. The characteristic equation for the system (1.1)-(1.2) at(σ
δ
, 0) is given by

λ2 + (δ − α +
σ

δ
)λ + (−α +

σ

δ
) = 0. (2.2)

From (S2) in Proposition 1, we have−α + σ
δ

< 0. Hence, according to the Routh-Hurwitz crite-
rion, the steady state(σ

δ
, 0) is unstable for allτ ≥ 0.

In what follows, we study stability of the nontrivial steady state(E∗, T ∗) for various values
of the time delayτ. The characteristic equation associated with the system (1.1)-(1.2) at(E∗, T ∗)
takes the general form

λ2 + pλ + r + (sλ + q)exp(−λτ) = 0, (2.3)

wherep = δ + αβT ∗, r = αβδT ∗, s = −ωT ∗, andq = αωT ∗(1− 2βT ∗).

Proposition 2. For τ = 0, suppose that (S1) and (S2) holds. If one of the following conditions

(S3) ω
β
≤ α,

(S4) β is close enough to 0,
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is satisfied, then the equilibrium(E∗, T ∗) is locally asymptotically stable.

Proof. Whenτ = 0, the characteristic equation (2.3) reads as

λ2 + (p + s)λ + (r + q) = 0. (2.4)

We haver + q = T ∗√∆ > 0, with ∆ is given by (2.1) andp + s = δ + (αβ − ω)T ∗. In view of
hypothesis (S3), it is clear thatp + s > 0. According to the Routh-Hurwitz criterion, the steady
state(E∗, T ∗) is locally asymptotically stable. Ifβ = 0, we haveT ∗ = αδ−σ

αω
. Thenp+ s = σ

α
> 0.

Consequently, the hypothesis (S4) implies that(E∗, T ∗) is locally asymptotically stable.

When τ > 0, Cooke and Grossman [1] proved that if there are real values ofν0 given by

ν0 =
√

A±√A2−4B
2

, whereA = s2 − p2 + 2r, andB = r2 − q2, then stability of the equilibrium
is altered for critical values ofτ depending onν0. For our model we apply this result and the Hopf
bifurcation theorem introduced in [6] to prove the following result:

Theorem 3. Under the hypotheses (S1), (S2) and (S4), there existτn, n = 0, 1, 2... such that

(i) (E∗, T ∗) is asymptotically stable forτ < τ0 and unstable forτ > τ0.

(ii) System (1.1)-(1.2) undergoes a Hopf bifurcation at(E∗, T ∗) whenτ = τn,

where

τn =
1

ν0

arccos
q(ν2

0 − r)− psν2
0

s2ν2
0 + q2

+
2nπ

ν0

, (2.5)

and

ν2
0 =

1

2
(s2 − p2 + 2r) +

1

2

√
(s2 − p2 + 2r)2 − 4(r2 − q2). (2.6)

3. Global existence of periodic solutions

In this section, we investigate global continuation of periodic solutions bifurcated from the point
(E∗, τn), n = 1, 2... for system (1.1)-(1.2) by applying the method given by Wu [4].

Lemma 4. Let (E, T ) denote the solution of system (1.1)-(1.2). Then

(i) E(t) > 0, T (t) > 0, for all t ≥ 0,

(ii) E(t) ≤ M1, T (t) ≤ M2, for all t sufficiently large,

whereM1 = E(0) exp( ω
δM2

exp(δτ)), andM2 = max( 1
β
, T (0)).
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Proof. Let (E, T ) denote the solution of system (1.1)-(1.2). Then we obtain





E(t) = exp(−δt){E(0) +
∫ t

0
[σ + ωE(s− τ)T (s− τ)] exp(δs)ds},

T (t) = T (0) exp(
∫ t

0
[α(1− βT (s))− E(s)]ds).

(3.1)

(i) It is true becauseE(0) > 0, T (0) > 0, and E(θ) ≥ 0, for θ ∈ [−τ, 0).
(ii) Now, we want to show thatT (t) is bounded. From the second equation of system (1.1)-(1.2),
we havedT

dt
≤ αT (t)(1− βT (t)). Thus,T (t) may be compared with solution of

dX

dt
= αX(t)(1− βX(t)), X(0) = T (0).

This concludes the proof. By using the generalized Gronwall Lemma, we get

E(t) ≤ E(0) exp(
ω

δM1

eδτ ). (3.2)

ThenE(t) is uniformly bounded for boundedM1.

Lemma 5. System (1.1)-(1.2) has no nontrivialτ -periodic solution.

Proof. By contradiction, suppose that system (1.1)-(1.2) has a nontrivialτ -periodic solution. Then
the following system of ordinary differential equations has periodic solution:





dE
dt

= σ + ωE(t)T (t)− δE(t),

dT
dt

= αT (t)(1− βT (t))− E(t)T (t).
(3.3)

DenoteP (E, T ) = σ + ωET − δE, Q(E, T ) = αT (1− βT ) − ET, andB(E, T ) = 1
T
, then we

have∂(BP )
∂E

+ ∂(BQ)
∂T

= ω − δ
T
− αβ. By (S3) in Proposition 2, we have that∂(BP )

∂E
+ ∂(BQ)

∂T
< 0.

Due to Dulac’s criterion ([5]), we conclude that the system (3.3) has no periodic solution. The
conclusion follows.

For simplicity of notations, settingz = (E, T ), we may rewrite system (1.1)-(1.2) as the fol-
lowing functional differential equation:

dz

dt
= F (z(t), z(t− τ)), (3.4)

note thatF satisfies the hypotheses(A1) and(A2) in ([4], p. 4813-4814). Following the work of
Wu [4], we need to defineX = C([−τ, 0],R2), Σ = Cl{(z, τ, p) ∈ X×R×R+ : z is a p-periodic
solution of system (3.4)}, and letl(E∗, τn,

2π
ω0

) denote the connected component of(E∗, τn, 2π
ω0

) in
Σ, whereω0 andτn are defined respectively in (2.5) and (2.6).

Lemma 6. l(E∗, τn,
2π
ω0

) is unbounded.
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Proof. We considerτ as a parameter. The characteristic matrix corresponding toE∗ is

∆(E∗,τ)(λ) =

(
λ− ωT ∗ exp(−λτ) −ωE∗ exp(−λτ)

T ∗ λ− (α− 2αβT ∗ − E∗)

)
. (3.5)

It is clearly continuous with respect to(λ, τ) ∈ C × R+. This justifies hypothesis(A3) in ([4],
p. 4814) for the considered system (3.4). A stationary solution(E∗, τ) is called a center if
det(∆(E∗,τ)(im

2π
ω0

)) = 0 for some positive integerm. A center(E∗, τ) is said to be isolated if
it is the only center in some neighborhood of(E∗, τ).

It follows from the discussion regarding the local Hopf bifurcation in Section 2 that(E∗, τn)
is an isolated center and from the implicit function theorem, there existε > 0, ν > 0 and a
smooth curveλ : (τ − ν, τ + ν) → C such thatdet(∆(E∗,τn, 2π

ω0
)(λ) = 0, |λ(τn) − ω0| < ε for all

τ ∈ (τ − ν, τ + ν) andλ(τn) = iω0,
dRe(λ)

dτ
|τ=τn > 0. Let

Ωε := {(u, p); 0 < u < ε, |p− 2π

ω0

| < ε}.

Clearly, if |τ − τn| < ν and(u, p) ∈ ∂Ωε such thatdet(∆(E∗,τ,p)(u + i2π
ω0

))) = 0, thenτ = τn,
and u = 0. This justifies hypothesis(A4) in ([4], p. 4814) form = 1. Moreover, if we put
H±

1 (E∗, τn, 2π
ω0

)(u, p) := det(∆(0,τn±ν,p)(u + im2π
p

))), then for m = 1, we have the crossing
number of(E∗, τ, p)

Γ(E∗, τn,
2π

ω0

) = degB(H−
1 , Ωε, 0)− degB(H+

1 , Ωε, 0) = −1,

wheredegB denotes the classical Brouwer degree. By Theorem 3.3 in [4], we conclude that the
connected componentl(E∗, τn, 2π

ω0
) is unbounded.

Theorem 7. Suppose that hypotheses (S1), (S2) and (S3) in Proposition 1 hold. Then for each
τ > τn (n = 1, 2...), system (1.1)-(1.2) has at leastn + 1 periodic solutions.

Proof. It is sufficient to verify that the projection ofl(E∗, τn,
2π
ω0

) ontoτ -space is[τ ∗, +∞), where
τ ∗ ≤ τn, n = 1, 2, 3... Lemma 5 implies that the projection ofl(E∗, τn, 2π

ω0
) onto z-space is

bounded. Also, note that the proof of Lemma 5 implies that the system (1.1)-(1.2) withτ = 0,
has no nonconstant periodic solution. Therefore, the projection ofl(E∗, τn, 2π

ω0
) onto theτ -space

is bounded below. By the definition ofτn, we know thatτn > 2π
ω0

for eachn ≥ 1. To obtain a
contradiction, we assume that the projection ofl(E∗, τn,

2π
ω0

) onto theτ -space is bounded. Then
there existsτ > τn such that the projection ofl(E∗, τn, 2π

ω0
) onto theτ -space is included in the

interval [0, τ). Inequality 2π
ω0

< τn and Lemma 5 imply that0 < p < τ for (z(t), τ, p) belonging to
l(E∗, τn,

2π
ω0

). Applying Lemma 4 we have thatl(E∗, τn, 2π
ω0

) is bounded. This contradicts Lemma
6 and hence that the projection ofl(E∗, τn, 2π

ω0
) into the τ -space is[τ ∗, +∞), whereτ ∗ ≤ τn,

n = 1, 2, 3... The proof is complete.
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4. Numerical application

In this section, we give a numerical simulation supporting the theoretical analysis given in Sec-
tions 2 and 3. Consider the following parameters:α = 1.636, β = 0.002, δ = 0.3747, σ =
0.1181, ω = 0.01184. System (1.1)-(1.2) has two steady states(0.3152, 0) and (E∗, T ∗) =
(1.5535, 25.2260), and from Theorem 3, the critical delayτ0 = 0.3854. Thus we know that when
0 ≤ τ < τ0, (E∗, T ∗) is asymptotically stable. Whenτ passes through the critical valueτ0,
(E∗, T ∗) loses its stability and a family of a global periodic solutions with periodP (0) = 9.8054
bifurcating fromE∗ occurs (see Fig.1).
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Figure 1: The steady state(E∗, T ∗) is unstable whenτ ≥ 0.3854 and a bifurcation of a periodic
solution from(E∗, T ∗) occurs.
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