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Abstract. This paper is devoted to the study of global existence of periodic solutions of a delayed
tumor-immune competition model. Also some numerical simulations are given to illustrate the
theoretical results.
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1. Introduction

The Hopf bifurcation theorem is a tool for establishing the existence of periodic solutions. How-
ever, these periodic solutions are generally local. Therefore, itis an important subject to investigate
if nonconstant periodic solutions exist globally. In this paper we use a method to prove the global

existence of periodic solutions given by Wu [4] to study the following delayed tumor-immune
competition model [2, 3]:

L=+ wEl—1)T(t—T1)—0E(t),

(1.1)
4L — aT(t)(1 - BT(t)) — E(t)T(t),
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whereFE, T are respectively the local concentrations of the effector cells (ECs) and the tumor cells
(TCs), o is the normal rate of the flow of adult ECs into the tumor sités the immune response

to the appearance of the TGscharacterizes death or migration of EGsis the coefficient of

the maximal growth of tumorg is the environment capacity andis the time needed for the
immune system to develop a chemical and cell mediated response to the presence of the tumor. All
coefficient excepb are positive.

2. Local stability and local Hopf bifurcation

In this section, we discuss the local stability of the possible steady states and the existence of local
Hopf bifurcation of system (1.1)-(1.2) by analyzing the corresponding characteristic equation (see,
for example, [6]). It is easy to show that if the following condition holds> 0, andad > o, then

system (1.1)-(1.2) has two positive steady stafe$)) and (£*,T), where E* = M,
T — a(B0+w) VA | ih

e A = a*(B6 — w)? + dafow > 0. (2.1)
Proposition 1. Under the hypotheses
(S1) w >0,
(S2) ad > o,
the steady statgz, 0) is unstable for allr > 0.

Proof. The characteristic equation for the system (1.1)-(1.2%ab) is given by

)\2+(6—a+%)>\+(—a+%):0. (2.2)

From (S2) in Proposition 1, we havex + § < 0. Hence, according to the Routh-Hurwitz crite-
rion, the steady statg, 0) is unstable for alt- > 0.

In what follows, we study stability of the nontrivial steady state, 7*) for various values
of the time delayr. The characteristic equation associated with the system (1.1)-(1(2) af™)
takes the general form

N+ pA+ 7+ (sA + q)exp(—=AT) = 0, (2.3)

wherep = § + afT*, r = afdT*, s = —wT*, andq = awT™*(1 — 20T).
Proposition 2. For 7 = 0, suppose that (S1) and (S2) holds. If one of the following conditions
(S3) ¢ < o,

(S4) Fis close enough to O,
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is satisfied, then the equilibriuE*, 7) is locally asymptotically stable.

Proof. Whenr = 0, the characteristic equation (2.3) reads as
N4+ (p+s)A+ (r+q) =0. (2.4)

We haver 4+ ¢ = T*v/A > 0, with A is given by (2.1) angh + s = 6 + (a8 — w)T*. In view of
hypothesis (S3), it is clear that+ s > 0. According to the Routh-Hurwitz criterion, the steady
state( £*, T*) is locally asymptotically stable. |§ = 0, we havel™ = % Thenp+s =2 >0.
Consequently, the hypothesis (S4) implies ttfat, 7*) is locally asymptotically stable.

Whenr > 0, Cooke and Grossman [1] proved that if there are real values given by

vy = \/ AEAAE whereA = 5% — p? + 2r, and B = 1% — ¢?, then stability of the equilibrium
is altered for critical values af depending omv,. For our model we apply this result and the Hopf
bifurcation theorem introduced in [6] to prove the following result:

Theorem 3. Under the hypotheses (S1), (S2) and (S4), there exist= 0, 1, 2... such that
(i) (E*,T7)is asymptotically stable for < 7, and unstable for > 7.

(i) System (1.1)-(1.2) undergoes a Hopf bifurcatioffat, 7*) whenr = 7,

where 5 9
T, = i arccos a(v Q_p — g)Sl/O + 2n7r, (2.5)
120 S ]/0 _'_ q 140
and
Vo = %(52 —p?+2r) + %\/(32 —p?+2r) —4(r2 — ¢%). (2.6)

3. Global existence of periodic solutions

In this section, we investigate global continuation of periodic solutions bifurcated from the point
(E*,71,),n =1,2... for system (1.1)-(1.2) by applying the method given by Wu [4].

Lemma 4. Let (£, T') denote the solution of system (1.1)-(1.2). Then
(i) E(t) >0, T(t)>0, forallt>0,
(i) E(t) <M, T(t) <M, foralltsufficientlylarge,

whereM; = E(0) exp(537 exp(d7)), and M, = max(%, T(0)).
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Proof. Let (F, T) denote the solution of system (1.1)-(1.2). Then we obtain

{ E(t) = exp(—0t){E(0) + fot 0 +wE(s —7)T(s — 7)] exp(ds)ds},
(3.1)

T(t) = T(0) exp( fy[a(1 — BT (s)) — E(s)]ds).

(i) Itis true becausé’(0) > 0, T(0) >0, and E() >0, for 0¢c][-T,0).
(i) Now, we want to show thal’(¢) is bounded. From the second equation of system (1.1)-(1.2),
we havell < oT'(t)(1— BT(t)). Thus,T'(t) may be compared with solution of

dd_)t( — aX(t)(1—BX(t), X(0)=T(0).

This concludes the proof. By using the generalized Gronwall Lemma, we get

E(t) < E(0) exp(éi]wleaf). (3.2)

ThenE(t) is uniformly bounded for boundet .
Lemma 5. System (1.1)-(1.2) has no nontriviedperiodic solution.

Proof. By contradiction, suppose that system (1.1)-(1.2) has a nontriypariodic solution. Then
the following system of ordinary differential equations has periodic solution:

{ & — o +wBE(t)T(t) —0E(t),

9 _ o T(t)(1 — BT () — E(t)T(1).

(3.3)

DenoteP(E,T) = 0 + wET — 6E, Q(E,T) = oT(1 — fT) — ET,andB(E,T) = 7, then we

have 25F) ‘r’(aLTQ). = w — & — af. By (S3) in Proposition 2, we have thdgr) + % < 0.
Due to Dulac’s criterion ([5]), we conclude that the system (3.3) has no periodic solution. The

conclusion follows.

For simplicity of notations, setting = (E,7’), we may rewrite system (1.1)-(1.2) as the fol-
lowing functional differential equation:

& Pat), 2t - 7)), (3.4
dt

note thatF satisfies the hypothesed1) and(Az2) in ([4], p. 4813-4814). Following the work of

Wu [4], we need to defin& = C([—7,0],R?), X = Cl{(z,7,p) € X x Rx R : zis a p-periodic

solution of system (3.4) and letl(E*, 7,, i—’g) denote the connected component b, 7,,, i—’g) in

Y, wherew, andr, are defined respectively in (2.5) and (2.6).

Lemma 6. [(E*, 7,,, ¥ ) is unbounded.
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Proof. We consider- as a parameter. The characteristic matrix correspondiiigj ie

A — wT™* exp(—AT) —wE* exp(—A\7)
5) @5

AN = ( T* A—(a—208T* — E

It is clearly continuous with respect {0, 7) € C x R,. This justifies hypothesisA3) in ([4],
p. 4814) for the considered system (3.4). A stationary solutioh 7) is called a center if
det(Ag-7) (imi—z)) = 0 for some positive integem. A center(E*,7T) is said to be isolated if
it is the only center in some neighborhood(éf*, 7).

It follows from the discussion regarding the local Hopf bifurcation in Section 2 (thatr,)
is an isolated center and from the implicit function theorem, there exist 0, » > 0 and a
smooth curve\ : (7 — v, 7 +v) — C such thatiet(A(E*,Tn’i%)(A) =0, |\(7,,) — wo| < ¢ for all

e (r—v,7+v)and\(r,) = iw,, LX)

|;=r, > 0. Let
21

Qa = {(u,p),O <u<Eg, |p_ _| < E}‘
wo

Clearly, if |7 — 7,,| < v and(u,p) € 0. such thatdet(A g« ;) (u + z’f)—’;))) = 0, thent = 7,,
andu = 0. This justifies hypothesi§A4) in ([4], p. 4814) form = 1. Moreover, if we put
HE(B*, Ty 25)(u,p) = det(A o2 (u + im3T))), then form = 1, we have the crossing
number of(E*, 7, p)

2m

L(E*, T, w_) = degp(Hy ,Q:,0) — degp(H; ,Q.,0) = —1,
0

wheredegp denotes the classical Brouwer degree. By Theorem 3.3 in [4], we conclude that the
connected componefttE™, 7,,, = 2m) js unbounded.

Theorem 7. Suppose that hypotheses (S1), (S2) and (S3) in Proposition 1 hold. Then for each
T>1,(n=12..),system (1.1)-(1.2) has at leastt 1 periodic solutions.

Proof. It is sufficient to verify that the projection 6¢fE*, 7,,, Z—”) ontor-space igr*, +o0), where

™ < 1, n = 1,2,3... Lemma 5 implies that the projection &fE", Tn,w—> onto z-space is
bounded. Also, note that the proof of Lemma 5 implies that the system (1.1)-(1.2) wth),

has no nonconstant periodic solution. Therefore, the projectid(t 7, Z—Z) onto ther-space

is bounded below. By the definition af,, we know thatr,, > f}—z for eachn > 1. To obtain a
contradiction, we assume that the projectioni (df*, 7,, f)—g) onto ther-space is bounded. Then
there existst > 7, such that the projection df E*, 7,,, i—“) onto ther-space is included in the
interval[0, 7). Inequallty < 71, and Lemma 5 imply thad < p < 7 for (2(¢), 7, p) belonging to
(E* T, w—) Applying Lemma 4 we have thatE*, 7,,, w—) is bounded. This contradicts Lemma

6 and hence that the projection 4", 7,,, w—o) into the 7-space is[7*, +00), wheret* < 7,
n =1,2,3... The proof is complete.
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4. Numerical application

In this section, we give a numerical simulation supporting the theoretical analysis given in Sec-
tions 2 and 3. Consider the following parameters= 1.636, (= 0.002, ¢ =0.3747, o =
0.1181, w = 0.01184. System (1.1)-(1.2) has two steady states3152,0) and (E*,T*) =
(1.5535,25.2260), and from Theorem 3, the critical delay = 0.3854. Thus we know that when

0 <7 < 7, (E*,T") is asymptotically stable. When passes through the critical valug,
(E*,T™) loses its stability and a family of a global periodic solutions with peditid) = 9.8054
bifurcating fromE* occurs (see Fig.1).
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Figure 1: The steady staté’*, 7*) is unstable whem > 0.3854 and a bifurcation of a periodic
solution from(E*, T*) occurs.

References

[1] K.L. Cooke, Z. Grossmariscrete delay, distributed delay and stability switch&surnal of
Mathematical Analysis and Applications, 86 (1982), No. 2, 592—-627.

[2] M. Gatach.Dynamics of the tumor-immune system competition: the effect of time ttdlay
J. Appl. Comput. Sci., 13 (2003), No. 3, 395-406.

[3] V.A. Kuznetsov, M.A. TaylorNonlinear dynamics of immunogenic tumors: Parameter esti-
mation and global bifurcation analysiBull. Math. Biol., 56 (1994), No. 2, 295-321.

[4] J. Wu.Symmetric functional differential equation and neural networks with menioays.
Am. Math. Sco., 350 (1998), No. 12, 4799-4838.

[5] J. K. Hale, H. Kogak. Dynamics and bifurcations. Springer- Verlag, New York, 1991.

[6] J. K. Hale, S.M. Verduyn Lunel. Introduction to functional differential equations. Springer-
Verlag, New York, 1993.

34



