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Meshless Polyharmonic Div-Curl Reconstruction
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Abstract. In this paper, we will discuss the meshless polyharmonic reconstruction of vector fields
from scattered data, possibly, contaminated by noise. We give an explicit solution of the prob-
lem. After some theoretical framework, we discuss some numerical aspect arising in the problems
related to the reconstruction of vector fields.
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1. Introduction

Vector field reconstruction is a problem arising in many scientific applications. These include, for
example, fluid mechanic, electromagnetic, meteorology and optic flow analysis. When consider-
ing the approximation of vector fields, a key problem is how to correlate its components. It has
been observed, particularly for meteorological problems, that if no inter-component correlation
is assumed the approximating field may give unrealistic results. In this paper, we present a brief
discussion on the reconstruction of vector fields from scattered data points by using polyharmonic
meshless approximation. The theory of plyharmonic div-curl reconstruction was developed in a
general framework based upon earlier results on generalized pseudo-polyharmonic approximation
[1].

∗Corresponding author. E-mail: a.bouhamidi@lmpa.univ-littoral.fr

55

Article published by EDP Sciences and available at http://www.mmnp-journal.org or http://dx.doi.org/10.1051/mmnp/20105709

http://www.edpsciences.org/
http://www.mmnp-journal.org
http://dx.doi.org/10.1051/mmnp/20105709


M. N. Benbourhim et al. Meshless polyharmonic div-curl reconstruction

2. The functional space

Let n,m ∈ N? := N \ {0} with n ≥ 2, and consider the space

Xm(Rn;Rn) =
{

u = (u1, . . . , un)T ∈ D ′(Rn;Rn) :

∀α ∈ Zn
+, |α| = m, ∂αui ∈ L2(Rn), i = 1, . . . , n

}
,

(2.1)

whereD ′(Rn;Rn) is the space of the vector-valued distributions onRn, and the notationuT stands
for the transpose ofu. We assume that

m >
n

2
. (2.2)

The spaceXm(Rn;Rn) is equipped with the following semi-scalar product and its associated semi-
norm

(u|v)m =
∑

|α|=m

m!

α!

∫

Rn

∂αuT (ξ)∂αv(ξ)dξ, |u|m =
√

(u|u)m. (2.3)

The null space associated to the semi-scalar product is the space, denoted byΠm−1(Rn;Rn) of
vector-valued polynomials ofn-variables with degree≤ m− 1.

Let N be a nonnegative integer and suppose we are given a collection ofN distinct points
x1, . . . , xN in Rn, such that the setΩN = {x1, . . . , xN} contains aΠm−1(Rn)-unisolvent subset.
We recall that a setΩ is Πm−1(Rn)-unisolvent if any polynomial inΠm−1(Rn) which vanishes
on Ω is identically zero. We consider the operatorL : Xm,s(Rn;Rn) −→ RN×n given foru =
(u1, . . . , un)T by

Lu =




u1(x1) . . . un(x1)
...

. . .
...

u1(xN) . . . un(xN)


 . (2.4)

The spaceXm(Rn;Rn) is now equipped with the scalar product associated to the operatorL and
defined by

(u|v)L,m = (u|v)L,m +
〈
Lu|Lv

〉
N×n

. (2.5)

The associated norm is denoted by||u||L,m =
√

(u|u)L,m. Here the notation
〈
.|. 〉

N×n
stands for

the Frobenius scalar product
〈
z|z′〉

N×n
= trace

(
zT z′

)
. Its associated norm is denoted by|| . ||N×n

in RN×n. The following proposition gives some topological properties of the spaceXm(Rn;Rn)
equipped with the scalar product (2.5) and its associated norm.

Proposition 1. The spaceXm(Rn;Rn) endowed with the scalar product( .|. )L,m is a Hilbert
space. The following continuous inclusions hold, for all integerk such thatk < m− n/2,

Xm(Rn;Rn) ↪→ S ′(Rn;Rn), Xm(Rn;Rn) ↪→ C k(Rn;Rn).

Furthermore, the spaceD(Rn;Rn) + Πm−1(Rn;Rn) is dense inXm(Rn;Rn).

Proof. See [1].
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3. Polyharmonic div-curl approximation

Thediv andcurl operators are defined by

div u = ∇T · u =
n∑

i=1

∂iui, curl u = ∇ · uT − (∇ · uT )T = (∂iuj − ∂jui)1≤i,j≤n,

where∇ = (∂1, . . . , ∂n)T stands for the gradient operator andu = (u1, . . . , un)T is a vector-valued
distribution. The general definition of thecurl is classical in multidimensional harmonic analysis,
see [3, 6]. Letρ > 0 denote a positive real parameter. We consider the bilinear formsDm, Rm and
Mρ

m given by

Dm(u, v) =
∑

|α|=m−1

(m− 1)!

α!

∫

Rn

∂α(div u)(ξ)∂α(div v)(ξ)dξ,

Rm(u, v) =
1

2

∑

|α|=m−1

(m− 1)!

α!

∫

Rn

〈∂α(curl u)(ξ)
∣∣∣∂α(curl v)(ξ)

〉
n×n

dξ,

Mρ
m(u, v) = ρDm(u, v) + Rm(u, v).

The quadratic forms associated toDm, Rm andMρ
m are called the div-energy, the curl-energy and

the div-curl energy, respectively.
Let Z ∈ RN×n be aN ×n matrix,ρ > 0, andλ ≥ 0 and consider the following approximation

problem:

min
v∈Im

λ (Z)

(
Mρ

m(v, v) + λ
∥∥∥L[v]− Z

∥∥∥
2

N×n

)
, (3.1)

whereIm
0 (Z) = {v ∈ Xm(Rn;Rn) : L(v) = Z} andIm

λ (Z) = Xm(Rn;Rn) for λ > 0.
We have the following

Theorem 2. For all Z ∈ RN×n, ρ > 0 and λ ≥ 0. The problem (3.1) has a unique solution,
denoted byσλ. The solutionσλ is the unique element inXm(Rn;Rn) characterized by

Mρ
m(σ0, v) = 0, ∀v ∈ ker(L), (3.2)

for λ = 0, and forλ > 0:

Mρ
m(σλ, v) + λ〈L[σλ]− Z|L[v]〉N×n = 0, ∀v ∈ Xm(Rn;Rn). (3.3)

Proof. The results are obtained from some arguments using the variational spline theory, see [1].

Let us consider the functionKm, see [2, 5], defined by

Km(x) =

{
c1,m||x||2m−n log(||x||) if m− n/2 ∈ N?,
c2,m||x||2m−n if m− n/2 6∈ N?,
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The values of the constantsc1,m and c2,m are such that the functionKmsatisfies the following
relation∆mKm = δ, whereδ is the Dirac measure at the origin. Forρ > 0, we introduce the
matrix-functionF ρ

m defined by

F ρ
m,s =

(
− δl,k∆Km+1 + (1− 1

ρ
)∂2

l,kKm+1

)
1≤l,k≤n

,

where the notationδl,k stands for the Kronecker symbol and∂2
l,k stands for the second partial

derivative.
Let d = (m + n− 1)!/(n!(m− 1)!) be the dimension and(q1, . . . , qd) be a basis of the scalar

spaceΠm−1(Rn), respectively. The following theorem gives an explicit expression of the unique
solutionσλ of Problem (3.1):

Theorem 3. There is a unique vector-measureωλ of the form

ωλ = (
N∑

i=1

α
(λ)
i,1 δxi

, . . . ,

N∑
i=1

α
(λ)
in δxi

)T ,

orthogonal to the spaceΠm−1(Rn;Rn), such thatσλ − F ρ
m,s ∗ ωλ ∈ Πm−1(Rn;Rn). Thus, there

are unique vectorsV1,λ, . . . , VN,λ ∈ Rn andW1,λ, . . . , Wd,λ ∈ Rn such that the unique solutionσλ

of Problem (3.1) is explicitly given by

σλ(x) =
N∑

i=1

F ρ
m,s(x− xi) Vi,λ +

d∑
j=1

qj(x)Wj,λ, ∀x ∈ Rn,

with the orthogonality conditions
N∑

i=1

qj(xi)Viλ = 0, for j = 1, . . . , d.

Proof. The result is a consequence of Theorem 2, see [1].

4. Numerical example

In Figure 1, we give an original vector field and the pseudo-polyharmonic vector fields approxi-
mating the original vector field forρ = 0.4, λ = 0 and for a small valueN = 10 and a large
valueN = 1000 of the scattered data points. We point out that whenN becomes large the re-
constructed vector field is similar to the original vector field. The computed relative error was
Re ' 1.5713× 10−1 for N = 10 andRe ' 1.0403× 10−4 for N = 1000.
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Figure 1: Original field (left), reconstructed fields withN = 10 (center) andN = 1000 (right)
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